ANOTHER LOOK AT SOBOLEV SPACES

JEAN BOURGAIN®, HAIM BREZIS®):3) AND PETRU MIRONESCU®

Dedicated to Alain Bensoussan with esteem and affection

1. Introduction

Our initial concern is to study the limiting behavior of the norms of fractional Sobolev
spaces WP 0 < s<1,1<p<oo,ass— 1. Recall that a commonly used (semi-) norm
on W*P_ introduced by Gagliardo, is given by

@) = f(y)lP
1 e = _y|N+sp ddy

where ) is a smooth bounded domain in R¥ (see e.g. Adams [1]). A well-known “defect”
of this scale of norms is that || f||w=»r does not converge, as s /' 1, to || f|lw1.», given by
the (semi-) norm

17120 = / V|Pde,
Q

where | | denotes the euclidean norm.

In fact, it is clear that if f is any smooth nonconstant function, then ||f|ws»r — o0
as s / 1. The factor(l — s)'/? in front of ||f|[s» “rectifies” the situation (see Corollary
2 and Remark 6). This analysis leads us to a new characterization of the Sobolev space
Whr 1< p< .

First, an easy observation
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Theorem 1. Assume f € WIP(Q), 1 <p < oo and let p € LY(RY), p > 0. Then

. P
// |f(ﬂ|2 - ;(py)\ p(z —y)dzdy < O\ f|% o)zt

Q Q

where C' depends only on p and 2.

Next, we take a sequence (p,,) of radial mollifiers, i.e.

pul(@) = pu(lzl),  pn >0, / o) = 1

and
(e @]

lim pn(r)rN"ldr =0 for every § > 0.

n—oo F)

Theorem 2. Assume f € LP(Q),1 < p < co. Then

i [ [T o iy = 1

n— 00
Q Q

with the convention that || f||wi.» = oo if f ¢ WP, Here K, y depends only on p and N.
When p = 1 we have the following variants

Theorem 3. Assume f € WH1(Q). Then

n—oo

i [ [T @ ey = 1wl e,
Q Q

where K1 n depends only on N.

Theorem 3°. Assume f € L'(Q). Then f € BV (Q) if and only if

O O () PP
hmmf// — P y)dxdy < oo,

n—oo

Q Q

and then



ANOTHER LOOK AT SOBOLEV SPACES 3

Cillfllsy < tmint [ [ wpm—ymm
Q Q

(1) < limsup//w,l)n(x —y)dxdy < Csl| fllBVv-

n—o00
Q Q

Here C and C5 depend only on 2, and

1flav = / Vf| = sup /f div ¢ 5 € C(URY), [p(@)| < 1 on Q
Q Q

Remark 1. In dimension N = 1 we can prove that for every f € BV (0,1)
1,1 1
: flx) = fly
lim / / M/)n(fb —y)dzedy = [ |f'].
n—eeJo Jo |z —y| 0

We do not know whether a similar conclusion holds when N > 2 (even for a special
sequence of mollifiers), i.e., whether

lim //|f(T;:§|S)y)|an(x—y)dmdy=K1,N/!Vf!.
Q 0 Q

n—oo

Here are some simple consequences of the above results (and their proofs), where K
denotes various constants depending only on p and N.

Corollary 1. Assume f € W1P(Q) with 1 < p < co. Then

i [ L@ =IO ay = K V@) i L ().

n—oo |z —yl|?
Q

Corollary 2. Assume f € LP(Q2),1 < p < co. Then

Eh_I% € ||f||€vl—6,p =K ||f||€[/1p

Remark 2. In the special case where p = 2 and Q = R a similar conclusion follows from
the result of Masja and Nagel [5] using the Fourier characterization of H®.
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Corollary 3. Assume f € LP(Q),1 < p < co. Then

e [ @@
i &= [ TR daay = k11,

e—0

lz—y|<e

Corollary 4. Assume f € LP(2),1 < p < co. Then

f(z) = f(y)IP
a—>0|10g5| // |:z:— |N+p dzdy = K| flI7y1.»-

|z—y|>e

Remark 3. P. Mironescu and I. Shafrir [7] have studied related limits, e.g., when N =1

and f € BV(0,1),
y)?
5—>0 ]logs] // y]2 dudy.

|z—y|>e

The case where f € BV(€) is not fully satisfactory; we have only partial results, for
example

Corollary 5. Assume f € L'(Q). Then

C1||f||Bv<hm1nf5//‘x_ ’N+1 E0l xdy

glimsups// ’N+1 8d zdy < Col| f] v

e—0

Remark 4. In particular when f = x4 is the characteristic function of a measurable set
A C Q) having finite perimeter, then

dxdy
||XA||Bv<C'hm1nfe//|x_ e

Q\A A

Combining this with the Sobolev inequality yields

(N-1)/N dzdy
(jA)Q\ AN <Cl1m1nfz—://|x_ SN

Q\A A
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In particular, if A is a measurable subset of 2 C RY, N > 1, such that

dxdy
o — VT =%

O\A A

then either |A| = 0 or |2\ A| = 0. This fact was already established in Bourgain, Brezis
and Mironescu [2] (Appendix B) with a different proof (see also Bourgain, Brezis and
Mironescu [3] and Brezis [5]).

2. Proofs

Proof of Theorem 1. By standard extension we may always assume that f € WP (RY)
and then there is some constant C' = C(p, ) such that

(2) (/ [Flo+h) = f@)Pdz)""" < |l fllwro@y) < ClRlFlws @),

for all f € WP and h € R (see, e.g., Brezis [4], Proposition IX.3). By (2), we obtain

//|f(5|12:£|(py)|pp(:c— )dwdy_/|h| /|f +h) — f(x)Pdzdh
Q0

RN

< C”Hf||€vl,p/p(h)dh = CPIlf IRyl 2o

RN
Proof of Theorem 2. For f € LP, let

Assuming first that f € WP, we have to prove that

F.(z,y)

(3) lim —|F 7, = K fl%.,

n—oo

for some K = K, n.

By Theorem 1, we have, for any n and f,g € WP,

(4) IEallze = Gallee| < 1w = Grllze < CIIf = gllwa,
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for some constant C' independent of n, f and g. Therefore it suffices to establish (3) for f
in some dense subset of W1P e.g. for f € C?(Q).

Fix some f € C?(Q). Then

5@ S0 i pyay. 22 |+ ot
DI 2] 0 - o,

For each fixed x € Q, let R = dist (x,02). We have

U IO,

RECE I

B(z,R) Q\B(z,R)

f(x) = f(y)IP

|z —y|P

(5) pn(T — y)dy.

Clearly, the last integral in (5) tends to 0 as n — oo. On the other hand,

B(ac,/R) |f(9|iZ = 5|(py)’ppn(aj V)

_ anm (V@) 2 " 4 Oz — yl?) ) dodr
0 y—z|=r [z =y

= [Tt [ ([wnwr & + 06 )aoas
0 wj=r

R R
= K|V i) / V1N (rydr 4+ O / NP () dr),
0 0

where K = K,,; =1forallp>1and for N >2,p>1,

1

_ _ . elPdo

K=K,n= SV lw - e|Pdo;
weSN-1

here e is any unit vector in R¥.

Therefore,

) JEIOE o -ty — w9 s@p, v o
Q
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If L is such that |f(x) — f(y)| < Llz —y|, Vz,y € Q, then

(7) / |f(”|2 - §|(py)|ppn(:c —y)dy < LP, V€ Q.

Hence, for f € C?(Q2), (3) follows by dominated convergence from (6) and (7).
In order to complete the proof of Theorem 2, it suffices to prove that, if f € LP and

. f(z) = fy)l? e
(8) Ap = lim inf { ———pn(z — y)d:vdy} < o0,
Q/Q/ |z — y|

then f € WP, We will use the following

Lemma 1. Assume f € LY(RY), ¢ € C(RY), p € LYRY), p radial, p > 0 and let e be
any unit vector in RN . Then

'/f(w)d:c e \ [ = oot~ yyasay

zERN (y—x)-e>0 RN RN

Note that the integral on the L.h.s. makes sense and is finite since |p(y)—¢(x)| < L|z—yl;
the integral on the r.h.s. makes sense but is possibly infinite.

Proof. For any § > 0 set
0 ift<d

palt) = {p(t) if ¢ > 6.

It suffices to prove the lemma when p is replaced by ps and then pass to the limit as § — 0.
Note that the two functions

M an M
| (@)l (y)] P d | f(2)]le()] Y — 2]

are integrable on RV x R¥: therefore we have

/ f(x / Mps(y—w)dy

ly — x|
zERN (y—x)-e>0
Y it et
(y—x)-e>0 (y—z)-e>0

=1 — L.
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Changing = into y and y into x in Iy yields

[ 1o sy

(z—y)-e=0

[ et =Pz,

(z—y)-e<0

where the last equality holds since p; is radial. Hence we obtain

/ / |y — £|(y) ps(y — z)dzdy
(y—z)-e>0
<[ [ |y |||s0( Vos(z — y)drdy,
RN RN

which is the desired conclusion.

Proof of Theorem 2 completed. Let ¢ € C§°(2) (extended by 0 outside €2) and let
e be a unit vector in RY. As above, for every € RV,

(9) / %pn(y—w)dy =¥ KVp(z)-e
(y—a)-e>0

where

1 1
K = m / |w . e]da = §K]_’N

wesN-1

depends only on N.

Applying Lemma 1 with f replaced by f,

B f(x), ifzeQ
f(x)_{ 0, ifzdQ,
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we obtain

Jo = ‘ [rwar [ Mpn@—x)dy‘
Q

ly — x|
(y—=)-e>0

(10)
F(@) — F(w)
< / da / —| L) (o — )y

supp ¢
’f y)| . pn(T — )
/ / eWlene—nay+ [ de [ 1wl 2 ay
RN\Q suppp
:Jl,n+J2,n-

By Holder we have

i < ( Q/ Q/ 0] (T;jg |§§f>'ppn<x—y>)1/p||soum/

1
Ton < el Il [ a1t

1€1>d

and

where d = dist (R \ Q, suppy), so that Ja,, — 0 as n — oo.
Passing to the limit in (10) as n — oo yields

K\ Q/ F(@) (Vo() -¢)

< Apllell Lo

where A, is defined in (8). Choosing e =e;, i =1, 2, ..., N, we obtain
Op A,
Fl<lp ,
[ 152] < 220l
Q

and consequently f € WP, The proof of Theorem 2 is complete.
Proof of Corollary 1. The conclusion is clear when f € C?(Q). For a general f € WP,
the statement follows by density using (4).

The proof of Theorem 3 is the same as the first part of the proof of Theorem 2, since
smooth functions are dense in Wb,
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Proof of Theorem 3’. The last inequality in (1) is proved as in Theorem 1. The first
inequality in (1) is proved as in the second part of the proof of Theorem 2 (using duality).

In fact, a more precise computation in Lemma 1 yields

‘ // !y—x| p( —:L‘dxdy‘ ‘ // !y—x\ p(y—m)da:dy

(y—x)-e>0 (y—z)-e<0
[f(z) — f(y) B
SR[R{ P le(y)lp(x — y)dady.

If we proceed as above we then obtain

Kun| [ £@)(Vo(e) - )da| < 4yl
In particular, when p =1, N =1 and Q = (0,1), we find

1 1,1 .
‘/ f(x)p d.r| < hmmf/ / wpn(l‘ —y)dzdy, Ve € Cy° with |¢| <1,
0 0 =Yy

n—oo

ie.,

(11) | fllBv <11m1nf/ / ‘p (x — y)dzdy.

\x—yl

On the other hand, for every f € BV (0,1) we have, as in the proof of Theorem 1,

1 1 B
(12) lirnsup/0 /0 Wﬂn(l’ —y)dxdy < || f|Bv-

n—oo

Combining (11) and (12) we see that for every f € L1(0,1),

(13) i [ [ IO IO o gy =

n—oo

which is the content of Remark 1 for N = 1.

3. The case of a sequence (f,)
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In the previous sections f was a fixed function. Throughout this section we assume that
(fn) is a sequence of functions in LP({2) satisying the uniform estimate

(14) // |f”(|m;:f”(y”ppn(x—y)dxdy < CO,

ylP
Q Q

where Q is a smooth bounded domain in RY,1 < p < oo, and (p,,) is a sequence of radial
mollifiers. Without loss of generality, we may also assume the normalization condition

(15) fu(z)dx =0, Vn.
/

Theorem 4. Assume (14), (15) and

(16) for each n, the function t € (0,00) — p,(t) is non-increasing .
Then the sequence (fy) is relatively compact in LP(2) and (up to a subsequence) we may
assume that f, — f in LP(Q)). Moreover,

a) if 1 <p < oo, then f € WHP(Q) and || f||51, < C(p,Q)Co,
b)if p=1, then f € BV(Q) and ||f||zv < C(Q)Cy.

Remark 5. In view of Theorems 2 and 3, the additional assumption (16) may seem artificial.
Actually, it is possible to slightly weaken (16); for example we may assume

(17) pn(t) > Cipn(s), Vn, Vt<s,

for some C; independent of n,t, s.

However, the conclusions of Theorem 4 fail for general p/ s. We shall give below a coun-
terexample where the sequence (f,,) need not be relatively compact in LP (Counterexample

2).

Here are two examples of interest
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Corollary 6. For 1 <p < oo, let (f.) be a family of functions in LP(QY) such that

[ EOZLOF 4y, v

lz—y|<e

Then, up to a subsequence, (f.) converges in LP(Q) to some f € W1P(Q)
(forl<p<oo)orfeBV(Q) (forp=1).

Corollary 7. For1 <p < oo, let f. € W1=5P(Q). Assume that

€||f€HW1 e,p = CO

Then, up to a subsequence, (f.) converges in LP(Q)) (and, in fact, in W1=%P(Q), for all
§>0) to some f € WHP(Q).

Proof of Theorem 4. The heart of the proof consists of showing that (f,) is relatively
compact in LP. The rest is done as in the second part of the proof of Theorem 2.

Without loss of generality, we may assume that Q = R and that supp f, C B, a ball
in RV of diameter 1. This can be achieved by extending each function f,, by reflection
across the boundary in a neighborhood of 9€2. Using the monotonicity assumption (16),
we see that assumption (14) still holds.

In order to prove compactness in LP, we rely on the following variant of the Riesz-
Fréchet-Kolmogorov theorem(which can be proved combining the arguments in Brezis [4],
Théoréeme IV.25 and Corollaire IV.27) : let, for § > 0,Ps be the mollifier

1
)
5§ = |B ( )|XB(;(O)

A sequence (fy,) is relatively compact in LP((2) if and only if

(18) | fullLr <C
and
(19) tim (Hmsup [ fo — fu * sl 20) = 0

For each n and ¢t > 0, let
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FO= [ [+ ) - f@Pdsdo

weSN-1 RN

(x 4+ h) — fn(z)|Pdzdo.

|h|=t RN

Using the triangle inequality, we obtain

(20) F(2t) < 2PF, (1),

In terms of F,, assumption (14) can be expressed as

Y ON ()
(21) /OtN ! m pn(t)dt < Co.
We claim that
1

292 (x)|Pdz < C N=1p (t)d
(22) [ 15t < /Ot (t)dt
and

)
23 - (fn*® Pe < C6N N=1p (t)dt,
(23) [ 1520) = (o 5) )P /Ot (t)dt

for some C' independent of n and 4.

We prove for example (23):

[ 1520 = s @p)@Par = [

1 p
Ful®) = T / Fuly)dy| dr

|y z|<o
p
‘BW /‘ — fuly))dy| da
ly—z|<d
@6 N / Fu@) — Fuly)Pdady
ly—z|<d
1
- g / ( / Fula + h) — fulw)Pde)dh
|h|<é

é
:C’cS_N/ tNTLE, (t)dt.
0

13
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The proof of (22) is similar, since
1
@) = @) = oz [ Fula
B

We are going to establish below the key inequality

(24) o /OétNlFZ—]Et)dt < O(/OgtNlFZ—]Et)pn(t)dt)/< / pn(x)dac).

|z|<6

Assuming (24) has been proved, we proceed as follows : since

lim / pn(x)dr =1,

n—oo

|z|<d
by combining (21) with (24) we find
° Fn(t)
(25) 5_N/ tN_lt—pdt <(C forn>ns.
0
In particular, we have
1)
(26) 5N/ tNTLE, (H)dt < C6P  for n > ng.
0

Inequalities (18), (19) —and thus the conclusion of Theorem 4— follow from (22), (23)
and (26).

It remains to establish inequality (24). Note that it is a particular case (g(t) =
F;—,St), h(t) = pn(t)) of the following variant of an inequality due to Chebyshev:

Lemma 2. Let g,h : (0,0) — Ry. Assume that g(t) < g(t/2),t € (0,0), and that h is
NON-INCreasing.

Then, for some C'= C(N) > 0,

1 ) é
/tN_lg(t)h(t)dtZC(S_N/ tN_lg(t)dt/ tNTLh(t)dt.
0 0 0
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Proof of Lemma 2. It suffices to consider the case § = 1; the general case follows by
scaling. We have

1 1/27
/tN ! Z/ tN"lg(t)h(t)dt
0

So Ji/2t

—sz/ ) (z)e

j>0

[ T

1

and a similar equality holds for [ tN=1g(t)dt. We recall the classical Chebyshev inequality:
0
if G,H : X — R,y a positive measure on X and

(G(z) = G(y)(H(x) - H(y)) 20, Va,y € X,

then

In particular, if o; > 0 and the sequences (a;), (b;) have the same monotonicity, then

1
(28) > ajajb; > Sa, doaja; Yo ajb;

Since for each s € (1/2,1), the sequences (g(57)) and (h(55)) are non-decreasing, (28) with
— 1 ;
a; = 5x7 yields

o Eb(E) T ()T

320

Now clearly, for each s € (1/2,1) and each j > 1,

1 (s 1 /1 vt

for some C depending only on N, so that

(30) Zz%h(%) > C [ N Lh(t)dt.
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It follows from (29) and (30) that

31 LoV s o [ enmar ST g 2

& > awit\ g )il) 2 € ) 0 g9\ 5 )
j=0 7>0

Inserting (31) into (27), we find

/OltN_lg(t)h(t)dt > C/1 tN_lh(t)dt/l sN—lz% (%)ds

0 1/2 >0
1 1
:C/ tN—lh(t)dt/ tN=1g(t)dt.
0 0

The proof of Theorem 4 is complete.

Returning to Corollary 7, we still have to prove that, for any fixed 6 > 0, we have, for
small € > 0,

I fellwr-s0 < C.

Considering the same functions F.(t) as above (relative to the parameter ¢ instead of n)
we have to prove that

1
F.(t
(32) / t(l_eé%dt < C, for small € > 0,
0

under the assumption

(33) e /01 EEEORA

t(1—e)p+1

The proof of (32) is similar to that of Lemma 2, so we just sketch it. We start by rewriting
(32) and (33) as

Y1 F(t)
(34) /0 T <0

1
1 F.(t) -«
(35) /O T e <O
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We apply Lemma 2 with § = 1, N = &p, g(t) = =W
We find

(36) /01 L) & s /01 LR,

= ;oo and take 0 <& < 4.

Q

tl=0p ¢p  (6—e)p " =

for some C depending on § and p, but not on €.

Remark 6. If we renorm the W*P () spaces by

_ {(1—S)Hf||€w,p, 0<s<l

|f s
e ”f”Wl P s=1,

the above computation yields
|f’WU,p < C‘f|Ws,p, O0<o<s<l1
for some constant C' independent of s and o.

Counterexample 1: asequence (f,) unbounded in LP and a sequence of radial mollifiers(p,,)
such that

(37) //'f” ,x_w W (@~ yydady < C.

We take Q@ = (0,1). Fix some function f € L (R), non-constant, periodic of period 1,
such that

1
/ f(z)dz =0 (eg. ,f(x)= sin (2mz)).
0
1
Define g, (z) = f(nz), so that HgnHip(Q) = fo |f(x)|Pdx = C.
Clearly, fol |gn(z £ ) — gn(x)[Pdz = 0. Since the translations are continuous in L, we

1
may find some 0 < 6, < 5 such that [|g,(z + h) — gn(z)|Pdz < 5 for |h+ 1| < §,,.
0

Let p, = ﬁ(X(% 15 F X( 1_5,,~145,))- Then clearly

‘gn )’ C
// |x — y|p pn(x y)dacdy S

Finally, the functions f,, = ng, satisfy the desired inequality (37) and || fy||zr ) ~ 7.

nan

Counterexample 2: the sequence (g, ) constructed above is bounded in LP, is not rela-
tively compact in LP, and yet it satisfies
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