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1. Introduction

In this paper, we study nonlinear elliptic systems in Hamiltonian form

“Av = f(u) in Q,
v >0, u > 0 in Q, (1.1)
u =0, v = 0 ondQ,

whereQ is a bounded open subset Bf' (N >3), with smooth boundaryQ and 4 is
the Laplace operator.

For the scalar equation-Au = f(u) critical growth is given by f(s) ~ s%.
This is obtained by considering the related functioéan|Vu|2 — [ F(u), where
F(s) = f‘a f(¢)dt. The natural space for the first termﬁi%(Q), and then the maximal
growth allowed for F(s) is given by the Sobolev embedding}(2) c L? (Q). For
the system 1.1) the associated functional is

/ VuVvdx — / (F(u) + G(v)) dx. 1.2)
Q Q

If we consider this functional orHc}(Q) X H&(Q), then we find again the maximal
growths F(s) ~ |s|2" and G(s) ~ |s|®". However, in interesting papers by Hulshof-Van
der Vorst[5] and Felmer—de Figueired@] the use of Sobolev spaces of fractional
order has been proposed. Roughly speaking, these spaces, denctEd by s > O,
consist of the functions whose derivative of ordeis in L2(Q) (these spaces can
be defined via interpolation or via Fourier expansion). Introducing suitable self-adjoint
operatorsA® : H*(Q) — L2(Q), the first term in the functionall(2) can be substituted

by

/ AfuATv  with s +1 = 2.
Q

The maximal growth condition o (s) ~ |s|?t1 and G(s) ~ |s|2t1 is then given by
the largest valuep and q such thatH* ¢ LP*! and H' c L¢*1. This yields the
so-calledcritical hyperbola

——_=1-= (1.3)

One notes that now one of the nonlinearities may have a larger growth |tifan
provided the other nonlinearity has a suitably lower growth.
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We propose here another approach: in order to have the fgyRu Vv well-defined,
we can use Holder’'s inequality to estimate

11
| /Q VuVo|< ||M||W3_,x||v||wé,/i with p + E =1 (1.4)

and hence the first term i @) can be considered on the spaEé’“(Q) X Wol'ﬁ(Q).

Again, the maximal growth foF and G is then given by the embeddings

wEr@) c L@ and Wyl c i@
with
N and o :}_i; (1.5)
P+l o N g+1 B N

thus, this approach yields the same critical hyperbola.

Consequently, the same equations studied2ip] can be treated also by this ap-
proach. However, the second approach has the advantage that it can be generalized to
more general situations by using &nrlicz-spacesetting. Namely, we can replace the
spacesW,* and W&‘ﬁ by Sobolev—Orlicz spaceWlL, and WL ;; here WiL, is
given by the functions such thath A(|Vu|) < oo, whereA is a so-calledN-function,
andu vanishes in a certain sense at the boundary. The fundtisnthe Young-conjugate
function to A (see below). Then we have again a Holder-type inequality

[ Vel o

The maximal growth folr and G are then determined by the Orlicz-space embeddings

WiLa(Q) C Lp(Q) and WIL:(Q) C Ly(Q), (1.6)

where Ly and Ly are Orlicz spaces with suitabl-functions @ and ¥. In this way,
we can treat nonlinearitietand g in Eq. (1.1) that cannot be handled by the Hilbert
space approach of Hulshof and van der Vd&tand de Figueiredo and Felm§t].

Let us call twoN-functions (@, ') a critical Orlicz pair, if they have the maximal
possible growth in the above embeddindst), for suitableN-functionsA and A. For
example, ®(s) = |s|P*! and ¥(s) = |s|*! with p, g € (1, +oo) satisfying (.3
constitute a critical Orlicz pair, withA(s) = |s|* and A(s) = Is|?, wherea and f§ are
given by (.5 (see Example.]).

We will prove
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Theorem 1.1.Let Q ¢ RY be a boundedsmooth domain. Letb € C! be a given
N-function and seto(t) = @'(r). Assume that

. @(s) s _ N
SILmOO Do) Op > N _32' a.7)

Then there exists an associate N-functi#such that(®, ¥) form a critical Orlicz
pair. Furthermore the limit

N 46)
| =0
s|—>moo Y(s) L4
exists and
1 1 2
— 4+ —=1-—. 1.8
0o + Oy N (1.8)

We give some examples of critical Orlicz pairs:
Example 1.1. Let
+1
(s) ~ |s|"*1dogs)* and W(s) ~ |s|"*L(og s|) "+

with o > 0 and p, ¢ € (1, +o00) satisfying (L.3). Then® and ¥ satisfy the two above
limits, with g = p + 1 and 8y = ¢ + 1, respectively, and®, ¥) form a critical
Orlicz-pair (see the proof irSection6).

Remark 1.2. The restrictionfy > N/(N — 2) is necessary in order to obtain #
which is O-regular, in the sense definition 2.1Q Also in the polynomial case such a
restriction, which here i +1 > N/(N — 2), is necessary in order to obtain> 1.

Based on this characterization, we will prove an existence theorem for superlinear
nonlinearities, which have subcritical growth with respect to the above specified Orlicz
criticality.

We make the following hypotheses

(H1) let f, g € C(R) and letF, G denote their primitives;
(H2) there exist constant$ > 2 andry > 0 such that, for alk >,

O0<OF®)<tf(t) and O0< 0G()<tg(r).

(H3) F and G are uniformly superquadratic near zero (for the definition, see
Definition 5.1 below).

Then we prove
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Theorem 1.3. Suppose tha{(®, ¥) is a critical Orlicz pair. Suppose that F and G
satisfy (H1)—(H3), and that F and G have an essentially slower growth th&rand
¥, respectively(see Sectior? below). Suppose also that

Ft) G
m 29 _ ¢ d lim 22 _¢ .
b By CF S and M gy — 6=

Then systenfl.1) has a nontrivial solution.

Example 1.2. Let (@, ¥) denote the critical Orlicz pair given in Examplel. Suppose
that F(s) ~ s”t1(log s)? and G(s) ~ s7t1(log s)~7, for s positive and large with
p<oaandy > ocf,—ﬁ. ThenF and G have essentially slower growth thah and ¥,
respectively.

2. Orlicz spaces
Here we recall some basic facts about Orlicz spaces, for more details see for instance

[1,6,9] LetM be aN-function, that is,M : R — [0, +00) is continuous, convex, even,
M(t) =0 if and only ifr =0,

M(t)/t — 0 ast — 0 andM(t)/t — +o0 ast — +oo.

We say that arN-function A dominatesan N-function B (near infinity) if, for some
positive constank, B(x) < A(kx) (for x >xp), and writeB < A. A andB areequivalent
if A dominatesB and B dominatesA; then we writeA ~ B. Finally, we say thaiB
increases essentially more slowtlyan A if lim;— % = 0, for all £k > 0; in this
case we writeB << A.

Associated to theN-function M we have the following class of functions.

Definition 2.1 (Orlicz clasg. The Orlicz class is defined by
Ky (Q) :={u:Q — R:u measurable angl M (u(x))dx < oo}.
Q

Orlicz classes are convex sets, but in general not linear spaces. One then defines
Definition 2.2 (Orlicz spacg. The vector spacé. () generated by, (Q) is called

Orlicz space.

Fact 1. The Orlicz classK; (L) is a vector space, and hence equalLtp(Q) if and
only if M satisfies the following
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Definition 2.3 (42-conditior). There exist numbers > 1 andz >0 such that
M2y <kM() fort>1.

Furthermore, we define

Definition 2.4 (Vo-condition). There exist numberg > 1 ands >0 such that
1
M) < o M (ht) for t>n.

We call a function satisfying thel,- and theV,-condition 4-regular.

We remark that the Orlicz class depends only on the asymptotic growth of the
function M; therefore, also thely-condition and theVs-condition need to be satisfied
only near infinity.

We define the following norm or , (Q):

Definition 2.5 (Luxemburg norm

llullary = inf{ /1>0:/ M(M)gl}
o A

Fact 2. (Lu. |- i) is a Banach space.

Definition 2.6 (Conjugate functiop Let

M(x) = supfxy — M(y)}.

y>0
M is called the Young conjugate function of M
It is clear thatA~71 = M, andM and M satisfy the Young inequality:
st<M(t) + M(s) Vs, teR,

with equality whens = M’(¢) or ¢t = M’(s). In the spaced .y and L;; the Holder
inequality holds

I /QM(X)U(X)dXI <2lulloan vl g7
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Hence, for everyi € Lj; we can define a continuous linear functiohal := [, itv dx
and!/; € (Ly)*. Then we can define

lalljz = llall= sup u(x)v(x)dx
vl <17 Q

Definition 2.7. ||it]| ;; is called theOrlicz normon the spacé. j;, and analogously one
defines the Orlicz normfu||y; on Lyy.

Thus, we have two different norms dny,, the Luxemburg (or gauge) norti || ()
and the Orlicz norm| - ||»; they are equivalent, and satisfy

el ary < llullar <201l (ary- (2.1)

In order to be precise about which norm is considered in the spaces, we are going to
use from now on the following notations:

and similarly for 4.

Fact 3. It follows from the definition of Orlicz norm that, ifi € Ly, andw € L,
then one has the following Hélder inequality:

[ st < o, (2.2)

Fact 4. L, is reflexiveif and only if M and M satisfy theAs-condition, and then
(L(M))* = LA7I and (L(A7I))* =Ly

(seel4,9, p. 111).

Fact 5. If @ is A-regular, then there exists® ~ @ such thatLy = Lg, as sets, and

their Luxemburg norms (respectively, Orlicz norms) are equivalent, with the following
additional structure:

(a) Ly and Ly, are isomorphic, and both are reflexive spaces,
(b) Lg, is uniformly convex and uniformly smooth (s¢@, Theorem 2, p. 297]

Next, we define thélrlicz—Sobolewspaces: LeA be aN-function. Then set
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Definition 2.8.

WiL, = {u: Q— R; max / A(ID*ul) < +O<>}
lole{0,1} ) @

with Luxemburg norm
lullwig,, = max{||D%ulla) : lof € {0, 1}}.

On the spaceW}L4), i.e. the space of functions iW1L, which vanish on the
boundary, an equivalent Luxemburg norm is given by

[Vu|
;\/

||u||1,(A)=||W||<A>=inf{z>0:/QA( <1},

The equivalence of these two norms is a consequence of the Poincaré inequality,

n
lullony <C Y IDiullr) Yu € WiLu(Q),
i=1

(see[4]). In analogy with the above definition of the Orlicz normiip; we can define
an Orlicz norm inWgLa) by

lillpa = sup{fQ VuV@dx: @ € WeL 5, ||m||1,(;)<1}.

The spaceWj L) endowed with this new norm is denoted By L 4.

Definition 2.9 (Sobolev conjugate (Adanjt], p. 248). Suppose thayf;® fl;—llﬁ)dt =
+o00. Then the Sobolev conjugate functi@n(z) is given by

IA—l(,L.)
1 .
) (l)—/omdf, t>0

Fact 6. Let Q be bounded, and satisfying the cone property. Then
WILA(Q) = Lg(Q) continuously

and compactly intoLg(£2), where G is any N-function increasingessentially more

slowly than @, i.e. lim,_ o %‘l’)) — 0, for all k > O.
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Example 2.1. One easily checks that fab(s) = s+ the above formula yieldd (s) =
cs?, with o satisfying 1 = [7_-::-1 + 1, i.e. we have the classical Sobolev imbedding

theorem forw1*(Q) — LP1(Q).
Next, we make the following:

Definition 2.10. Let g € C(R) be an N-function, and> its primitive. Then we say
that G is 0-regular, if there exists a constafi > 1 such that

im S8 _
s—>oo G(s)

Oc. (2.3)

Let F(r) = G~1(r), and f(r) = F'(r). Then the above condition is equivalent to

tf@ 1
lim O = 0o (2.4)

Indeed, we haveG(s) =t < F(t) = s, and f(t) = £[G7L(1)] = }%.
Note that by Rao-Ref9, p. 26] we have

Fact 7. If G is 0-regular, thenG is 4-regular, i.e.G € 42NV, .

3. Orlicz-space criticality

Definition 3.1 (Critical Orlicz pair). Let @ and ¥ be A-regular N-functions. Then
(®, V) are acritical Orlicz pair if there existA-regular and conjugatél-functions
A and A such thatLg and Ly are the smallest Orlicz spaces with

WLy < Lo, WLy Ly.
Consider the following example:

Example 3.1.In Example2.1 we saw that to®(s) = s”*1 corresponds the inverse
Sobolev conjugatet(s) = cs*, with

1 1 1

p+1 + N «
The conjugate functiont to A is given by A(s) = cs”, with %+% = 1, which in turn

has as Sobolev conjugaté(s) = s?*1, with

1
q+

+

'_\
2|~

1
5
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Adding the two equation yields

1 1 2

- 4= 1=

p+1 qg+1 N

This is the critical hyperbola, sd&,5]. Thus, (|s|?*1, |s|9t1) are a critical Orlicz pair,

and so the above theorem contains the critical hyperbola as a special case. We remark
that the proof given here is also new in the polynomial cas¢2 i) fractional Sobolev
spacesH® were used in order to conserve the Hilbert space structure.

3.1. Proof of Theorem 1.1
(1) Hypothesis 1.7) expresses the fact that the functidnis O-regular with 0 >

N/(N —2). Let A be the inverse Sobolev conjugate ®f see Definition2.9. Note
that W1L, is the largest Orlicz—Sobolev space that embeds injo

Claim 1. A is 0-regular, with 04 = N()(”@ > 1.

Indeed, letF(s) = @ 1(s) and B(r) = A=1(t). ThenF(s) = fo ,1+(f/)N dt, and hence

Then we have by2.4)

O0p - s—o0 F(s) - sLoo F(s)

Then, by I'Hospital’s rule

OB YN b s YN L IBs) bs)s 1
lim ——— = |im = |lim - —.
§—>00 F(s) §—>00 _B(s)_ s—o00 B(s) N

SITI/N

We conclude that
b(s)s 1

O TLmoo B(s) N

and thus

b(s)s 1 1
lim =—+—<1
s—oo B(s) 0¢ + N =

This implies thatA is (-regular, with0y = X% > 1,
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(2) Next, let A be the conjugate function of, given by Definition2.6. A is a
N-function, andA-regular, seg9, Corollary 4, p. 26]
In the following, suppose that= A'(¢) (iff t = A’(s)); note thatr — oo iff s — oo.

Then
1 A A —A
L im A iy AD oy SE2AG _ .
0n 1 tA/(1)  t>00 fs  s—ooo st s=00 5 Al(s) 0z

~

~(s) _1 1

Thus,Z is 0-regular, with0z; > 1.
We can now define the corresponding Orlicz—Sobolev spﬁ&e;.
(3) Next, use Definitior2.9 again to define the functiol; by AdamsJ[1, p. 248] ¥
is an N-function.

NO7
N-03"

Claim 2. ¥ is 0-regular, with 6y =

This follows similarly as in Claim 1, reversing the direction in the arguments.
Finally, Ly is the smallest Orlicz space into WhidﬁlL; imbeds continuously.
Thus, we have shown th&tb, V) is a critical Orlicz pair.

Finally, we have

1 1 N—0 N —07 1 1 1 1
44 A — —=1-=. O
N N

0o Oy NOa NA 0. N 0;

4. The tilde-map

In this section we define a map frofWOlLA to the spacewolL(;), where A is the
Young conjugate ofA.

Theorem 4.1. For eachu € W(}LA consider
S = sup[ /Q Vu)Voe)dx: @ € WiL g, 1@l 5 = ||u||17A}. (4.1)
Then there exists a uniquée WLz, such that
Il z) = lullia and S = /Q Vu)Vii(x)dx = llulla,allully 3

Furthermore &z depends continuouslfbut nonlinearly on u

Proof. We first remark that by Fact 5 we may assume that all the spucks,,
WILia), WLz and WL 7 are reflexive and uniformly convex. Observe also that by
2.2

~ 2
S < supllilly, i lullza = lul3 4.
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e Existence Let {v,} be a maximizing sequence fo#.(). Since the sequence is
bounded, we have by reflexivity that (for a subsequetice) v weakly in W&L(g). So
JoVuVy, — S, and consequently, VuVi = §, that is, the supremum is attained.
It remains to prove than17||1,(;) = |lu|l1,.4. Suppose by contradiction thaﬁnlﬁ(g) =
k < |lullra- Takew = (@/k)||lull1,4- Then for thisw we have

S>/ vuva/ vuvi 1A
Q Q

which is impossible.

e Uniquenessby the uniform convexity ofWolLA, u is unique.

e Continuity. Let u, — u # 0 in WgL4. By the above we havii,lly 7y = llunll1.a
and ||ﬁ||1’(;) = |lull1.4- Consequentlwﬁnnl’(;) — ||u|l1.4. So we have that, for some
subsequenceés, — 7' in WC}L(;). If we prove thafy = u, then in fact we are concluding

that the whole sequendg, converges strongly t@ in W(}L(g). To this end observe
that

> S,

/ Vit Vit = [inlly 5 lenl
Q
implies

fg VUV = 7l 5 el a-

We claim that||5||1,(;) = |lull1.4, and then by the uniqueness Bfit follows that
v = u and the proof is complete. The claim is proved by contradiction as we did in
the existence above assuming tmﬁﬂlﬁ(g) =k <|ullpa. O

Using the previous theorem we now define thigdé-map

~. 1 17
: WogLka — ~VJVOL(A),
u > u,

which is continuous.

Remark 4.2. It follows from the construction that the tilde-map is positively homoge-
neous, i.e.

pi=pii VYueWL, Vp>=0
With the help of the tilde-map, we define two continuous sub-manifolds of

E:=WgLa x WoL 3
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by
+ _ ~. 1 - _ ~. 1
E" ={(u,u); ue WL} and E~ ={(u, —u); u € WyLa}.

We remark thatE™ and E~ are nonlinear submanifolds d& when regarded with
respect to the standard vector space structurE. durprisingly, E* and E~ turn out
to belinear with respect to the following notion dilde-sum

Definition 4.3 (Tilde sun). Given elementsu,v) € E and (y,7) € E, we set
@, F 0,2 :=w+y,0+2).
Indeed, with this notion we can prove
Lemma 4.4. (1) Let (u, %) € ET and (v, v) € ET; then for all o, B € R
a(u, @) F P,V € EY and a(u, i) F P, V) = (om + P, ocmw.

(2) For every(y,?Z) € E there exist unique elements, n) € ET and (v, —v) € E~
such that

(y,2) = (u,ii) T (v, —7),

i.e. we can write

Proof. (1) We have

o, 0) F By, 2) = (o, o0) F (By, f2)
= (o, §0) F (By, fz) = (o + By, ov + ).
(2) e Uniqueness Suppose thatu + v, 1 — v) = (u1 + v1, u1 — v1); thenu + v =

u1+v1 and i — v = uq — v1, which impliesu = u; and v = v1.
e Existence We look for elementss andv in W&LA such that

(7,2 =@, i) F (v,=0) = (u+v,u—0).

That is,y =u +v andz = u — v, and hencet=y—J2rZ andv ==, [
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5. An existence theorem

In this section we prove the existence of a nontrivial solution for syster, (in
the case of superlinear nonlinearities which have subcritical growth with respect to a
given critical Orlicz pair.

5.1. The functional

In this section, we define the framework for the functiohassociated to problem
(1.1 and given in L.2).
We first give the precise definition afniformly superquadratic near zero

Definition 5.1. A continuous functionH : R — R is uniformly superquadratic near
zerq if there exist numberg > 2 andc>1 such that

H(st)<cs® H(t) Vt>0 Vsel0 1]

Note that if H(r) = ¢? with p > 2, thenH satisfies the definition witls = p.

In Section 3 we have proved the existence of critical Orlicz pais?). As specified
in Theorem1.3, we assume that the functioi'sand G grow essentially more slowly
than @ and ¥, respectively. Since we are interested in positive solutions we redefine
F andG to be zero on(—oo, 0].

Consider the functional : WIL4(Q) x WolL(;)(Q) — R given by

I(u,ﬁ):/ VuVde—/ [F(u) + G@)]dx (5.1)
Q Q

Here v € W&L(;)(Q) is an independent variable; we write to emphasize thab
belongs to the spac#gL z,(Q).
The functionall is well defined and belongs to the clag$ with

w93 = / IV + V) d - / Lrwn+s@Elds (652)

for all (11,2) € WolLA(Q) X WolL(;)(Q). Consequently, critical points of the functional
| correspond to the weak solutions df.1).

5.2. The geometry of the linking theorem

We first prove that the functiondl given in (6.1) has the geometry of the linking
theorem.
Let ET and E~ be as in Section 4.
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Lemma 5.2. There existpy, oo > 0 such that/(z) >ao, for all z € dB,; N ET.

Proof.
I(u, ) =/ Vquidx—/ F(u)dx—/ G@)dx.
Q Q Q
Now, using that
/Q VuVidx = llulla 1@y 5 = lulf, = 1717 7,

and by @.1)

llll1,a 2= Null,ca)

we obtain that
1 1 ~
IT(u,u)>= ||u||1(A) / Fu)dx + = ||u||1(A) /QG(u)dx.

Assume thatp € (0,1), u € WC}LA(Q) and |lull1,a) = cl‘l, wherecy > 0 is such that

lull (@) <cillullz,ay-

Since
llull(@) =inf{ 4> 0: / (—)<1}<1

it follows that [, ®(|u])<1, and thus/, F(lu|)<c. By hypothesis (H3) we get for
0<p<l

/ F(pu)dxécp”/ Fu)dx<cp®.
Q Q
Hence we obtain that

1 2 1 2 2
5 ||p’/l||1,(A) - /Q F(pu)dx}z P ||””1,(A) —cp°.
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Arguing similarly for G andz we get

2 ~12
p= llull =

L2 Glpiydx >
2 19013 = | Goindx >3 2 —cp

2

By joining the two estimates we can findgg > O such that
I(u,i)=>00>0 for|(u, )| =pg>0

This concludes the proof.[]

Let ¢; denote the first eigenfunction of the Laplacian, witfe1, 21)|| = 1 and set
Q ={r(er,e1) ¥+ w:we E~, |w|<Ro and 0<r < Ry}.

Lemma 5.3. There exist positive constanf, R1 such that/(z) <0 for all z € 60Q.

Proof. Notice that the boundaryQ of the setQ is taken in the seR(e1, €1) ¥ E-,
and consists of three parts.

@) If zedQNE~ we havel(z)<0 because, for alt = (v, —®) € E—,
1) = —lol3 ) — / IF(@)+ G- dx <0,

(i) If z=r(e1. &) T (0, @) = (re1+w, re; — ) € AQ with [[(w, —@)|l = Ro and
0<r <R3, we proceed as follows:
First step Assume thatR; = 1:

1(2) <[ V(re1 + o)V (re1 — w) dx
Q

_/ Vo — rel)V(a)/—\_r/el) dx — Zr/ Velv(a)/—\_r/el)
Q Q

N

, -
—lo —rell? 4 + 2llreslzallo — reilly

2
< —llo —really 4 + 2lretllnallo —reillsa

N

2 2
—llollf 4 — llreall] 4 + 2llrerllrallwlsa
+2llresllz,a (lollya + lrelisa)

2 2
< —llolg o +4rllollza +re.
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Since Qw3 , >l , + l®l? ~ = R3, we conclude that the last expression is

<0, for Rg sufficiently large. L
Second stepObserve that using homogeneity this now holds for @it 1 with
0<r<p and (@, =®)| = pRo. _ -
(iii) Finally, let z = p(e1,e1) + p(w, —®) = (pe1 + pw, per — pw) € 0Q with
lells,a) = 3 andl(@, —=®)]| < Ro.

We show: there exist®1 > 0 sufficiently large such that for app> R1, we have
1(z)<0. We use thatW}L,(Q) = La(Q), WiL7(Q) <= Ly(Q), and that by as-
sumption (H2):F(s)>cls|” — c1 and G(s) >c|s|” — ¢1, for somel > 2; then

1) = /  Vlper + po)V(per = poo) d — / [F(per + po) + G(pez = po]ds

< Pller + ollalles ~olly 7, — c/ pes + poldx + 1

—c/ |pe?/pw|0dx +c1
Q

< p?lllellna + llollnal? — cp”[ / ler + o)’ dx + /Q |efr/w|0dx} + 2c1.
Thus
2 2 0
1(2) <p*(L+ Ro)? — ¢p?o + 2c1, (5.3)

where

So:=  inf {/ |e1+w|9dx+/ Iefl/w|9dx}>o.
l@—-ol<ko L) g 0

Indeed, suppose by contradiction that there exists a sequengec W(}LA(Q) such
that [l (s, _a)n)|| <Ro and

lim {/ |e1+wn|9dx+/ |e1—/vwn|9dx}:o.
n—oo Q Q

Taking a subsequence, we may assumedh,at» welL! (smcerLA cc Ly c LY
which implies thate; + w,, — e1 + w ande; — a)n — e1—w in LY, where we have
used the continuity of the tilde mapping. Thus, taking the limit we see that

/|el+w|9dx+f len —w|?dx =0
Q Q

which implies thate; + v = eT:/w = 0. S0,e1 = w = 0, which is a contradiction.
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Finally, using 6.3) we can findR1 > 0 such that/ (z) <O for all p> R1, and hence,
the geometry of the linking theorem holds]

5.3. On Palais—Smale sequences

Proposition 5.4. Let (u,,, v,,) € E such that

(1) I(m, V) = ¢ 4 O, whered,, — 0 asm — +oo;

(12) ' (m, U, O] < emll(, O, for n, & € {um, v}, wheree,, — 0 asm —
+OO,

then

lumll1,a<C, (U ”17(5) <C,
fQ Sum)um dx <C, fgg(ﬁm)'ﬂm dx <C,
fQF(um)dxgc, fQG(Um)dxgc.

Proof. From (li) we have
/ Vi, VU, dx — / F(u,y,)dx — / GV dx =c+ 0. (5.4)
Q Q Q
Taking (;7,2) = (U, V) in (I2) we have
| 2/ Vunzvgnz dx _/ f(”m)um dx _/ g(’{;m)im dx | <éemll(um, Hm)||v (55)
Q Q Q
which together with () and (H) implies that
(9 -2 / [F(um) + G@dm)] dx <2c¢ + 20, + Emll (Um, Um)”
Q
Thus

/ F(um)dx<0(1+5m+8m”(uma ) )s
Q

/ G @) dx <c(L+ Sm + o |t o))
Q

and then by %.4)

|fQ Vit Vi dx| <L+ Sm + & Gtms o))
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and finally by 6.5 also

/ Fm)um dx <c(L+ 6y + emll m, va)l)),
Q

/Q gm0 dx <c(X4 O + em|l (Um, vi) D).
Taking (r],z) = (0, uy,) in (I2) we have
I/QVumVﬁm dx — /Qg(im)ﬁm dx| < &m0, up)ll = emlltmlly 7).,
thus,
2, — / @) dx <ol i (5.6)

Setting U = tim/Colliimlly, 3y @nd Vi = vm/Callvmllna we have[|Unly 5 = 1/Co
and | Un Iy < CollUnlly 3y <1 and thus by %.6)

”um”l,A <CO/Qg(Fm)ﬁm + &p. (57)
Note also that

1 ~ ~
CJo 0

since | Unllw) = inf{A: [ P(Yr)<1).
We now rely on the following elementary inequalities

xy<F)+ 1)y and xy<Gx) +g (). (5.8)

Applying (5.8) to the first term on the right-hand side i6.7), with y = ¢(v,) and
x = U, yields

/ ¢@n) T dx < / G + / @) dx
Q Q Q

< CA+0m + emll Wm, Om) ).



490 D.G. de Figueiredo et al./Journal of Functional Analysis 224 (2005) 471-496
Now using 6.7), we get

ltmlle,a <em + CL+ O + emll@m, V) ).
Arguing similarly, choosing(, E) = (vp, 0), yields

1By 5, <em + CQLA+ S + el G, T ).

Joining the two estimates yields the claini]

5.4. Approximation by finite-dimensional problem

The functionall given by (.2) is strongly indefinite near zero, since the first term is
positive on the submanifol&*, and negative on the submanifol~. Since bothE™
and E— are infinite dimensional, the standard linking theorems do not apply. We over-
come this difficulty by using a finite-dimensional approximation. Denotinghy»>, ...
an orthonormal basis of eigenfunctions associated to the eigenvalués, ... of the
Laplacian (with Dirichlet boundary conditions), we sBt = spaties, e, ..., e,}. Let

Ef:={(z2): z€Ey., E;:={@z —2;: z€E}.
Setting E,, ={v | v € E,}, one shows exactly as in Lemnda4 that
E,xE,=E' & E].

We recall once more thaf ™ and E~ arelinear with respect to the “tilde-sum”. Thus,
we can define the following “projections”:

Pyt Ef @ Ey — E;, Py (D) = ("7% =59,
P Ef ® E; — Ef, PH(u,v) = ("4, Y,

n

which are clearly continuous mappings.
We now restrict the functiondl to E, x E, = E;; & E, . Consider the set

Qu:=1{w ¥ r(er,21); wek,, |[w|<Ro and O<r<Ri)CES & E,,
where Rp and Ry are as in Lemmd.3. Furthermore, define the class of mappings

H, ={h € C(Qn, E;LéE;)v h(z) =z on 0Q,},
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where dQ, is the boundary ofQ, relative to E; & E, . Finally, set

¢, = inf maxI(h(z)).
heH, z€Qy

We show

Lemma 5.5. The setsQ, and dB,, N E;; link, i.e.

h(Qn) N (0Bpy, NE;) #0 Vh € H,. (5.9)

Proof. The statement59) is equivalent to saying that
3(u, V) € Q, such that||h(u,v)|| = po and P, h(u,v) =0. (5.10)
Let (u, 7) = w¥s(e1, 1) € Q,. Define the continuous maps (here we use Rerda2k

Y, 0 Qn = E; F [(e1, D],
¥, (w ¥ s(e1,€1)
=P h((u, ) F L —0w F [ Pfh(w, 9)| + (L —1)s — pgl(er, €1).

Note that for(u, 7) = w F t(e1, 1) € 0Q,, we have
Y (w F s(e1,21) = w F (s — po)(er, e1) # (0,0) Ve €[0,1]
and hence
Yow F s(e1,21) = w + (s = p)(e1, 21)
is homotopic to
Yi(w F ser, e1)) = Py h((u, ©) F (1 P h((u, 9) ]| — po)(e1. e1).

By the properties of the topological degree on oriented manifolds [[Bgewe have
that the degree of the mapgg with respect toQ, and (0, 0) is well defined, and that

degy/q, On, (0,0)) = dedyg, 0n, (0,0) = 1.
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Hence, there exists an elemefit, v) € Q, such thaty,(u,v) = (0,0), and hence
satisfying 6.10. O

Choosingpy as in Lemmab.2, we now conclude that

cpn=00>0 forallneN.
Furthermore, sincédE:éE; e I',, we have forz = r(e1,21) + (u, —it) € Oy
cn < mgxl(z)gR% lexl*<c RE.
zeln
Thus, by the linking theorem (s48]), we obtain a PS-sequence, which is bounded in

view of Proposition5.4. Since E} @ E; is finite dimensional, we therefore get that

¢y Is a critical level ofI|En+éE;, for eachn € N, with a corresponding sequence of

critical pointsz, € E," & E; with ||z,]| <c, wherec does not depend on.
5.5. Limit forn — oo
By the last subsection we have a sequepce- (u,, v,) € E, x E, with
[(zy) = ¢y € [00,cRZ] and I'(z,) =0. (5.11)
By Proposition5.4 we have||z,||<c¢ and hence, for a subsequeneg,= (u,, v,) —
2=, ) INE=WiLa xW&L(g). Again by Propositiors.4 we have/, F(u,)dx <c,

JoG@dx<c and [ fup)uydx<c, [o8un)u,<c. Using Lemma 2.1 irff3] we
conclude that

fluy) — f) and g@,) — g@®) in LY(Q)

Taking arbitrary test functiong0, 7)) and ({,0) in E, x E, we get

/ VM,IVﬁdx:/ g)dx, / VEHVCdxzf fu)ldx Vi, (€E,.
Q Q Q Q
(5.12)

Using the fact that, ¢y (E, X En) is dense irE, we obtain by taking the limit — oo,
f VuVidx =f gMdx Yije Wng,
Q Q
f VIV{dx =f fa)ldx V(e WiLa .
Q Q

Thus, (u, ) € WgLa x W3L 3, is a weak solution of problemi(1).
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It remains to show thatu, v) is nontrivial; assume by contradiction that= 0, then

by the Eq. L.1) alsov = 0. Note that we can find a suitabl&regular N-function F;
with F; << @ and the properties (x) < F1(x), f(x) < fai(x) Vx € R*. Thus

lnll(ry) — O, i.e. inf{i>0; / Fl(M;—")gl} =, — 0.
Q 8

Since, fori, <1 holdsifQ Frun) < [ Fl(%)gl, we conclude that

/ Fup) < / F1(up) </p — O.
Q Q

Since F1 is A-regular, we havefi(x) <cFi(x), for somec > 1, and hence
0< f S < f S, <c / Bl dx = 0. (5.13)

This implies now by $.12, choosing{ = u,, that [, Vu, V7, dx — 0, and thus also
I (u,,v,) — 0. But this contradicts thaf (u,,, v,,) > 00 > 0, for all n € N.
This concludes the proof of Theorein3. [

6. Critical Orlicz pairs near the critical hyperbola

In this section, we consideX-functions of the (asymptotic) type
@(s) ~ sP*(log(1 + 5))* (6.1)

with p > 1 anda > 0.
It is natural to expect that the critical Orlicz associ#te(i.e. such that @, ¥) form
a critical Orlicz pair) will be given by a-function ¥ of the asymptotic form

¥(s) ~ s7T(log(1 + 5)) P, (6.2)

where q satisfiesp%1 + q__lu = 1- 2, and some relation betweenand p. This is
indeed so, and the relation betweerand  will be given in Proposition6.3 below.
We begin by showing that functions of typé.1) and 6.2 satisfy the hypotheses

of Theorem1.3.

Lemma 6.1. Suppose thatb(r) is of the form

() =P g (),
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where p > 1, and g € C(R*, R™) satisfying one of the following conditions
(1) g(¢) increasing
(2) g(r) v 0 and g(r)t® increasing for large tfor any ¢ > O.

Then @ is uniformly superquadratic near zei@ee Definition5.1).

Proof. Let 0 <s<1 andr > 0.

(1) We have, using thag is increasing,

B(st) = (s1)PHLg(st) = sPHLPTL (r)g((s;)) P+1‘2(( )) (1) <sPHLD().

(2) We have, for some &6 < p—1

B(st) = (st)P g (st) = "“g((s’))am) sZHOP(r) sP1- 52(5)) <sZHp(r),

indeed, lete = p —1— 9, and suppose thafg(r) is increasing for >r. Then we
have, since &s<1

gg(st) ax 8(st) (st)®g(st)
g() 0<t<t0 g(t) t>10  tfg(t)

Lemma 6.2. Suppose thatp is of classC!, and (asymptotically of the form

O(s) ~ esPHt ith 1
(s) ~csPTog(s) with p+ >N—2

and

im &)
§—>00 g(s)

Then @ is 0-regular, with 6 = p + 1 (see Definition2.11).

Proof. Indeed, we have

+1 +1,/
im se(s) _ im (p+DsPTg(s) +sP7g"(s)
o D(s) §—00 Sp+lg(s)

=p+1 O
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Proposition 6.3. Suppose thatP is (asymptotically of the form

D(s) = csPT(log )% with 1 .
(s) =csP"(log s)* with p+ >N—2

Then the associate critical Orlicz functioH is (asymptotically given by

1

P(s) = dsit(log s) i+l
with

i+L:1—E. (6.3)
p+1 g+1 N

Proof. It is easy to check that (asymptotically)

1) o) ~ eyt 7L (Iog £)" P,

(2) (@Y (0) ~ car 71 L(log 1) 741
(3) Using Definition2.9;

1 N+(p+1)
([) ~ c3t N(p+D (log [) p+l

N(p+1) o N
(4) A(S) ~ c48 N+(p+D (log s) N+(p+D) |

~ N(p+1) N
5) A(s) ~ cgs ¥r=+D (log s) ~Ne=(+D
(8) A(s) ~ ess ™ 770 (log )™
(6) A~%(t) ~ cot N<P+1> (log t)P*l
—2p—
(7) J“cr ' (log 17,
(8) Usmg again Definitior2.9:

1 (N=2)(p+D—-N o
Y= t) ~cpt VoD (log s) P 1,

TS 1% i — N(p+1)
(9) V(s) ~ cgs @2 DN (logs) PH V-2 Settingg + 1 :=

N=2)(p+1)—N°
once checks that6(3) holds, and thus flnaIIy
1
(10) ¥(s) ~ ds?*t (log s) %1, O

We remark that M.A. Krasnoselskand J.B. RuticKij in their book on Orlicz spaces
[6, Chapter |, Section 7]consider the class dfl-functions

D(s) = csP(log s)*(log log s)*2... (log log...log s)%*, o; € R.
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Repeating the above calculations one shows that the critical Orlicz associates to these
functions are given by

¥(s) = ds?(log s)P1(log log s)~P2 ... (log log. . .log s) P
with

1 1 2 1
S 4 —1-% and f=wltS i1k
p+1 g+1 N p+1
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