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Abstract

In this paper, we deal with a class of Schrédinger equation in R" involving critical Sobolev
exponent and jump discontinuities. The basic tool employed here is an approximation technique
with periodic functions and variational arguments based on a linking theorem for locally Lipschitz
functionals.
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1. Introduction

The main purpose of this paper is to establish the existence of solution for the
Schrodinger equation
—Au+V(@)u=K®)u* 2u+ f(,u) in R, (1.1)
where 2* =2N/(N —2), N > 3, is the critical Sobolev exponent and f : R x R — R
is given by
f(x’t) = p(x)tpilH(t - a)a
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where H is the Heaviside function, @ > 0 and p € (2,2*). We assume that V, p and K
are continuous and 1-periodic functions in each variable. Furthermore, p is nonnegative
and K is positive in RY.
We notice that by a solution for (1.1) we mean a function u € Wlf;CS(RN ), for some

s > 1, verifying, in an appropriate weak sense, the following inequalities:

O u(x) —0) < — Au+ V(o )u — K@)|u()> 2ulx) < fOnu(x)+0), (12)
where

flx,t+0)= lifn f(x,s) and f(x,t—0)= li%nf(x,s).

st sTt

Throughout this paper we will be using the following assumptions:

(h;) 0 is in the spectral gap of the operator — A + V,

(h,) 0 <maxg K =K(0) and K(x)=K(0)+ O(|x|) for x €B,(0).
The main result of this paper is stated as follows:

Theorem 1.1. Suppose (hy)—(hy) hold. Furthermore assume that there is 0 <r <1
such that

(h3) pX)(x|*+1)=1 for all x€ B,(0),
where o is a positive real number verifying

max{2,N — 1 — p(N = 2)} if 2< p < (N +2)/(N —2),
* p(N—2)—N if (N+2)/(N—2)< p<2N/N —2).

Then, for each a > 0 fixed, there is a solution u=u, of (1.1).

Remark 1.2. Assumptions like (h;)—(hy) are quite natural and have already appeared
in the papers [12,14,25].

Furthermore, it should be remarked that in the proof of Theorem 1.1, in place of
(h3) we use the technical assumption

e p(N=2)/2
p(x) () dx > O(¢"),
/Bﬁ(O) x| + &

where T < min{(N — 2)/2, N — p(N — 2)/2}, which included the family of functions
p satisfying (h3).

Remark 1.3. The set defined by

Ag(u)={x€RY, u(x)=a}
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has a great importance relating to the regularity of the solution u. In fact, if the
Lebesgue measure of A,(u) is zero, then u is a solution in the almost everywhere
sense, that means, u satisfies

= Au(x) + V(@ulx) = K@)u@o)l " ux) + £ u(x)), (1.3)

almost everywhere in RY. Now, by applying Stampacchia theorem in the set A,(u)
(see [28]), we obtain the relation

K(x)d® 2 < V(x) < K(x)a® 2+ p(x)a? 2, (1.4)

which represents a condition involving K, V, p, and a. Therefore, if the set character-
ized by condition (1.4) has measure zero, then the set A,(u) also has measure zero.
We can deduce that u satisfies (1.3). Thus, a natural assumption to get a solution in
the almost everywhere sense is the following:

meas({x € RY K(x)d® 2 <V (x) < K(x)d® 2+ p(x)a?2})=0.

We notice that we can present a simple case where this hypothesis holds, for instance
in condition

sup V(x) < sup K(x)a> 2.
xERV xERY

An equation of type (1.1) is related to the so-called Grad-Schafranov equation
of Plasma Physics and obstacle problems. For the background and related results
on some typical models involving discontinuous nonlinearities we refer the reader
to [3-5,10,11,15-17,20]. There is an extensive bibliography dealing with semilinear
Schrodringer equations with periodic potential. At first, let us recall the so-called def-
inite case, that is, when V is strictly positive. In [24], Pankov using the Nehari vari-
ational principle, proved the existence of ground states, i.e., solutions having smallest
energy among all nontrivial solutions. Rabinowitz in [26], under less restrictive assump-
tions on f(x,s), has obtained a result of existence but not necessarily a ground state.
Moreover, in [18], Coti Zelati and Rabinowitz have proved the existence of infinitely
many solutions under some additional technical assumptions.

When it is the case that V is indefinite and 0 lies in a gap of the spectrum, H'(RY)
is the direct sum of two infinite dimensional subspaces where the quadratic part of
the variational functional is negative and positive, respectively. Thus it is not possible
to use the Leray—Schauder degree like in the proof of the Benci—Rabinowitz mountain
pass theorem (see [6]). This class of problems, under the additional assumption that the
primitive F is strictly convex, has been explored by many authors including [1,9,19,22].
This assumption has allowed them to solve the problem via a reduction method by
applying the mountain-pass theorem.

In recent papers Troestler and Willem [30], and Kryszewski and Szulkin [21] have
proved a result of existence for this class based on the generalized linking theorem.
This linking theorem requires the construction of a new degree theory. This approach
has been simplified by Pankov and Pfliiger [25] by using the approximation technique
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with periodic functions. Later, Chabrowski and Jianfu [12], used this same approach in
dealing with a periodic semilinear Schrodringer equation and critical Sobolev exponent.
In this paper, we also apply this technique to obtain an existence result for Eq. (1.1).
The crucial point in the approach presented here lies in the fact that the approximation
technique of [25] can be combined with the methods developed in [13] to determine the
range for level sets of the energy functional for which the Palais—Smale condition holds.
This allows us to obtain an approximating sequence by applying a linking theorem for
local Lipschitz functionals.

This paper is composed of three sections. In the next section we shall prove prelim-
inary results and the main result in the third section.

Notation. In this paper we make use of the following notation:

¢, c1,03,... denote (possibly different) positive constants;

Br(p) denotes the open ball with the radius R centered at point p of RY;

LP(Q), 1 < p < oo, denote Lebesgue spaces; the norm in L7(£) is denoted by |u|,;
S is the optimal constant to the Sobolev embedding, D"2(R") — L2 (R"), that is,

2% = 1},

where D""2(R") is the completion of C§°(R") in the norm [Jul| := ([5v [Vu/* dx)"/2.
It is known (see [29]) that the optimal constant S is attained by the functions

S =inf{|Vul3: uc D"*(R") and |u

CNE

(N=2)/2
(82+|x—x|2)> ,  where ¢y := (N(N —2)"2. (1.5)

‘/é,x(,(x) = (

2. Preliminary results

To prove Theorem 1.1 we will combine variational methods applied to locally lip-
schitzian functionals and an approximation technique as in [12,25]. As starting point,
we solve the problem

—Au+V(xu=K@)u* 2u+ f(x,u) in O,
(1~1a,k)

u€Hy (Ok)

where Oy is a cube in RV with length of edge k € N, Lﬁer(Qk) is the space of k-periodic
functions of L?(Qy), and

H(Or) = H'(Q) N L (Ok).

The proof of the result of existence for problem (1.1),4 will be based on the next
critical point theorem and its proof follows the same kind of ideas as those used in
the proof of an analogous result for differential functionals (see [2,7]).

In what follows let X be a Banach space, @ € Li pjo.(X, R) means that the functional
& is locally lipschitzian from X to R and we denote by d@ the generalized gradient
at the point u € X of @ (see [16]).
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Theorem 2.1. Let X =Y © Z with dimY < oco. Let R > Ry > 0 and z € Z such that
=]l = Ry. Define

M={u=y+tz ||u| <R t=0, yeY},

Ir={yceMX);yloy =id} and ¢ = inf max /(y(u)), (2.1)

where I € Lip1o(X; R) verifying

inf  I(u) > I(u). 2.2
i, 160 > e 1) @2
uezZ

Then there exists a sequence u, € X such that

I(u,) — ¢ and Hﬁlll(l’l )||,u||X/ — 0, both of limits taken when n — oc. (2.3)
pneol(uy

The variational functional associated with (1.1), is defined by

1 1
Jus@) =3 [ (Vuf + VW) dx = 52 Wal) = Papl),  wE Hy(O0).
Ok

where
qj"’k(u):/gk /Ouf(x,a)dadx and lpk(u)z/QkK(x)|u|2*—‘u(x)dx.

Using standard arguments (see [16]) we can find that @, € Lipioc(L°(Ok), R) for
2 <s<2% and djﬂak‘Hp‘er(Qk) ELiploc(leer(Qk ), R). Furthermore, if € 0@, (u) then

S u(x) = 0) < p(x) < fCxu(x) +0), (2.4)

in the weak sense.

We recall that the operator —4 + V' on Lger(Qk) has discrete spectrum with eigen-
values Ay < -+ Jg; < -+ — oo and there is a finite p(k) minimum of {i: Ax; > 0}.
Moreover, every eigenvalue /;; is contained in the spectrum of —4 + V' on the whole
space and then if (o, ), « > 0 is the spectral gap around 0, we find that A ; & («, f)
for all k,i € N. We denote by ¢, ; the corresponding eigenfunctions. Since every func-
tion uEleer(Qk) is, by periodicity, also in leer(ka) for every natural number m,
we claim that every eigenvalue of —4 + ¥ on Lf)er(Qk) is also an eigenvalue of this

operator on L2, (O ) (see [27]).

per
Furthermore, the space leer(Qk) can be decomposed in the direct sum of the spaces
Y, finite dimensional, and Z; both generated by the eigenfunctions corresponding to
negative and positive eigenvalues, respectively.
The quadratic part of J, 4,

L) = [ (IVul’ + V() dx,  u€ Hy(Or)
O
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is positive on Z; and negative on Y;. We may define a new scalar product (-,-); on
H)..(Ox) and a corresponding norm || - [|; such that

, (Vy +V@)yH)dx=—||y|} for ye,
k

(IVz]* + V(x)z*)dx = ||z||f for z€ Z.
Ok

Let Pk:leer(Qk) — Y, and Ty :leer(Qk) — Z; be the orthogonal projections of

lecr(Qk) onto Y; and Z, respectively. Using these projections we can write the vari-
ational functional J,; by the formula

1 1
Jar) = S Teulli = 1Peaale) = 3 Pr(e) = Par(), € Hyer(Qp).

In order to prove our main result of this section, we begin stating some basic lemmas.
Set

Mk’R(Z()):{u:y—f—tZo, Hu||k <R t=0, yEYk} (2.5)
for some fixed zp € Z; and R > 0, to be determined later, and
I = {y € 6(Mir(20)s Hyor(O0)); Vo, , = i} (2.6)

We notice that the set dJ, x(u) is weakly* compact (see [16]) and, as a consequence,
the minimum of {||u||x, u€ dJ,x(u)} is attained by some pk € dJ, 4 (ut). We will use
this fact in the next lemma.

Lemma 2.2. If u, € leer(Qk) is a sequence verifying
SN/Z

J,k(uk) —c& with < < —————
a n N‘K‘g]g_z)/z

2.7)

and
,ul,j —0 asn— o0, (2.8)

then uk is relatively compact in leer(Qk)'

Proof. First we prove that the sequence u, is bounded in H.(Qx). Let uf and
ok € 0@, 1 (1) such that

Wy = 3 (dy) = Wr(uy) — oy (2.9)
We have for ||v][x =1 that [{(u%,v)| < ||uk]|x, as n — oo, so that we can write

[t )| = eulliylle - with &, — 0.



A.M. Bertone, J.M. do O/ Nonlinear Analysis 54 (2003) 885—-906 891

Using (2.4) with u_(x) = max{—u(x),0} as a function test we get

0= / p(x)(u’;)p_]uﬁ_ dx < / aﬁuﬁ_ dx < / p(x)(uﬁ)p_lu/,‘,_ dx=0
uk>a O uk>a

n

and then

<MII;’ uﬁ—> = 0

Consequently, using again (2.4) with u; (x)=max{u(x),0} as a test function, we obtain
1
Ja,k(uﬁ) - 5 <:ufn u£>

1 * 1
=— [ K@)|u* dx+ =

(k) — @, ()
N O 2

1 * 1
= QAK(x)|u|2 dx + E(aﬁ,u’,ﬁﬁ

. / (W) — aH (s — a)dx
P

Ok

1 1 1

>~ A K(x)[u? dx + (2 - p) /Qk p()(WYPHu — a)dx.

This fact combined with (2.7) infer the following crucial inequalities:

1 * &n
— [ K@)u)* dx <4 0,(1) + 2 ||ub]x (2.10)
N Jo, 2

and
p—2 NI k Eny k
S— | p()uy) H(u, — a)dx < ¢ 4 0,(1) + - ||uty [|x- (2.11)
Zp Ok 2
On the other hand, we have

1 1
k() — 27(#’2,”9 > ﬁ(llTkufilli )

1 1 k k
+ (2 - p) /Q L) H(, — @) dx.

Denoting Tj(uf) =z, and P(u¥) = y, one obtains

1 1 1 1
gl < i (5= 50) [ ottt - apas
N N p 2) ),

&

+ et 2 Ml + on(1),
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so that from (2.11) follows

1 2 —p)lp (c

7 Il < 57 Ul + S (e 2 k) + ¢ 2 e+ 0n(D),

Now, since [[uf||2 =|z,]|? + || ya||? and ||y.]|? < c1]ut]3 holds, and using (2.7), one gets

IR — ealll — 5 < ealu 212)
for large n. We notice that, from (2.12), it is sufficient to prove that the L?> norm of
uk on Qy is bounded to obtain the same result for ||u%||;, for each fixed k. Suppose,
by contradiction, taking a subsequence if necessary, that |uf|3 — oo as n — oo and
define v, = u*/|uk|,. Thus, one has |v,|; =1 and ||v,||x < c. In fact, by letting n; such
that |uf|, > 1 for n > ny, and from (2.12), it follows

1 1 /1 .
I [oalli = callonlls — 3 < I ||u 7 — calluylle — 3 ) < ca,
2

which implies that ||v,||x is bounded.
Now, we take ¢ € C5°(Or) and use (2.9) to obtain

(VilV e + V(x)ubp)dx = / K@)k 7' dx+ (af, d) +0u(1).  (2.13)
Ok Ok

To proceed further, we shall estimate the two terms on the right-hand side using
inequalities (2.10) and (2.11) as follows:

K(x)|u 2**1|q§|d)c
Ok
@*—1)2
< ([ woor a0}
k
<@l [KIZ NG D2 4 0,(1) + auy )2 (2.14)

On the other hand, from (2.4) we have

(%, 4)] < / p()( P | dx

n

< [ oty iol+ar [ polglas (215)

n

Besides, using (2.11) we get

| sty

(p—D/p _
2p g (p—D)/p
< ol2191, (,,_z) (" + oD+ 5 luklie) ™ (2.16)
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Consequently from (2.13)—(2.16) follow that

‘/ (Vu,V + V(x)v,¢)dx
Ok

1 *
< Tkl </ K(X)|u£|2 |¢|dx+ |<o'1;7¢>‘ +On(1))
|un|2 O
C . e 1ya* A -
< s O oD+ Bl IV 4 a0,

where &,, & — 0 and c(k) is a constant which depends on k. This implies that

Vo,V + V(x)v,p)dx

‘ Ox
~ —1/2* 2*—1)/2* A —1 —1
< 0u(1) + &b |2 N0l &7 Balulk P ol
=0,(1), (2.17)

where here we use that [[v,[|x is bounded. Therefore, there exists vy € Hj (Ox) such
that v, — vf in leer(Qk) and v, — v in L2(Qy). Since |v,|» =1 one has |vf|, = 1.
Consequently, v* # 0. But, from (2.17) it would hold

(VEV o + V(x) p)dx =0, Ve C(0r),
Ok

which contradicts assumption (h;). This proved that |u£|, is bounded. As a consequence,
the norm ||uf||; is as well bounded.

Now, taking subsequence if necessary, we have a function uy erler(Qk ), ub — uy
in leer(Qk) and uf — wy in L5(Qx), 2 < s < 2%

Next, we will prove that the convergence of u* to u; is a strong one. Indeed, let

wh=uk —u; and 0 < 7= lim |Vwk|? dx.
n—oo
Ok

Then, we have wf — 0 in H),(Ox), wi — 0 in L*(Qy) for all 2 <s < 2*, and

ol > [

|Vw,]§|2—|—/ VukVW,ljdx—|V|Oc\uﬁ|z|wﬁ\2
Ok Ok

Wl [ PN [ et
k U, >a

Thus,

I+ 0,(1)

< K] / k[~ wk dx + / p(x) (s — uy ) dx
Ok uk>u
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<K / P ks [ poady = [ peod) uds
uk>u uk >u

=o0,(1)+ |K|OO (/ |uﬁ‘2* dx — |uﬁ|2*_luk dx)
Ok Ok

=0,(1) + |K|s (/ |ug | dx—|—/ |wk|> dx+0n(1)—/ |u’,§|2*_1ukdx>
Ok Ok Ok

=0,(1) + |K|oo [ [WE]> dx
O

22
<o)+ Kl (57 [ [OutPar)
Ok

where here we used the Brézis—Lieb lemma (see [8], Theorem 1). As a consequence,
taking limit

SN/Z

W <! (2.18)

On the other hand, since we have
|<O’5, ¢>| ‘ l‘n, / (Vukv¢+ V(x)ukqﬁ)dx_/ K(x)|u |2 71¢dx

< eal|Blle + |ty )| + K |oolul] o | ¢

< cllollx

2

for each test function ¢, there is oy Gleer(Qk) such that of — 00 in per(Qk) and
ok — of in L* for all 2 <s < 2*.
Now, we will show that the following estimate holds to be true:

1 i :
Juatil = 5 [ 1OkP 45 [ KR
Ok Ok

1 1 .
= lam W) =5 | K@ + (1), (2.19)
Ok

In fact,

1 1
Jar(W) = = |Vw',§|2dx—f/ |Vuk|2dx—|—/ VbV, dx
2 Jo, 2 Jo, Ok

1 1
—|-f/ V(x)w dx — f/ V(x)u%—k/ V(x)uﬁukdx
2 e 2 Ok Ok
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1 1 *
L / Py dx — L / Kl dx
P Juk>a 2 Ok

1 1 1
> 7/ |wa,|2dx+f/ |Vuk|2dx+f/ V(x)ui dx
2 Ok 2 Ok 2 Ok

=

1 1 "
- —(a%, u§>——*/ K@)|uh]* dx + 04(1)
p 27 Jo,

1
:5/ |Vw,’j| dx—&-—/ K(x)|uk| 1|uk\dx
k

1 1 N
~ Lt why - 7/ KGO dx + 0,(1),
P 2 Ok

where here we have used that the equality

o ) = / (Vi g dx + V(o) dx
Ok

[ KGO el dx ~ (]
Ok
holds. Consequently,
tim [ KGOl dx = | (Tl dx + ¥l Py dx = (o, ]
e J o Ok

Hence, from this and (2.19), we conclude

1
Ja,k(uﬁ) 2*

(i, why / |Vwh 2 dx 4 = / K ()b |uge| dx
Ok
+ L (ak, whY +0,(1)
2* p n>"n n
1
= — [ VWP dx + 0,(1). (2.20)
N Ok
Finally, taking limit when n — oo in (2.20) it would be seen, from (2.18), that
‘ Ji SN/Z
¢ = N = Wa

which contradicts that 0 < ¢t < SV2/N|K|% 22 This proved the lemma. [J

In the next lemma we shall check the linking condition (2.2) of Theorem 2.1.
Take 79 > 0 such that By, (xo) C Q;, where xo is a center of the cube Q). Let
(e CP(RN,[0,1]) be a cut-off function such that { = 1 in B, (x) and { = 0
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in RY\By,,(xo). For each ¢ >0 we set ¢.(x) = {(x)o(x) (see (1.5)) and extending
as a periodic function we have ¢, Eleer(Qk). Let ¢, = ¢./k" and denote M; z(¢) the
set {y+ 1T ||y + tThoellk <R, t =0, y€ Y}, defined in (2.5).

Lemma 2.3. There exist R > Ry > 0, independent of k, such that

mf Jak(u) sup  Jar(u).

lleelle= uEAM; p(e)
MGZ](

Proof. Since p is continuous and periodic we have, for z € Z;, that

|Bui(2)] < c/ 12(0)|? dx < eflz])7,
Ok

where ¢ depends only on |p|~. Thus,

|K|oo

Jas(2) = 5 |zl - ~ el it

and since p > 2, we obtain R; > 0, independent of £, such that if ||z||y = R; then
Jui(z) = a0 > 0.

On the other hand, notice that if u € OM; g(¢) and ¢ =0, then J, 4 (u) < 0. Hence, let
R =y + tTyo.||x with ¢ > 0. Therefore,

Ja (¥ +tTi ;)
=V +5 T2 > / KOOy + Tigs dx — @ 4(u)
Or

| «
<~ 3R+ STl — e ind K6 [ Lyt T ax
veRY Ok

where here we used (hy). In accordance with (see [14])

|tTkQDt; 12" < Cly + tTk(pE 2"
we obtain
Jap(y +tTepe) < — 5 ||y||k +Z HtTk(/)s”k — t? |tTy |}

Moreover, since ||y + tTr |7 = |¥)7 + t| Te:ll7 we infer ||y + tThp.llx — oo if
|32 — oo or t — occ. Therefore, J, k(¥ + tTkp,) — —oo when ||y||2 — oo or t — o,
which proved the lemma. [

In the next step we will be using assumption (hs) to get appropriate estimates for
the minimax levels.
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Lemma 2.4. For each a >0 we have u* critical point of J,; at minimax level c*
given by

&= inf max J u
jnf | Jmmax ak(y(u)).

Furthermore, 0 < ¢* < SN2/N|K|&22,

Proof. Here we will use some ideas from [13]. From Lemma 5 in [13] there exists &
such that Ty, # 0 for each 0 < ¢ < g. Now, let

Mi(e)={x=y+tTyp,, y€Y; and t > 0}.

We are going to prove that for each a > 0 and p verifying (h;) it holds
SN/2

sSup Jro < ——w-
TNk

uEM (&)

In fact, let s > 0, u #Z 0 and define
I(u) = 5/ (IVul® + V(x)? )dx— — / K(x)|u* dx.
Ok

Then, we have
I(u) > Jox(w) (2.21)

and

1 o, (IVul + ¥ (xu?) dx)™?

1 < =
Isnzaéi (su) N (kaK(x)\uz* dx)V-2)2

Next we will be using the following estimates with respect to ¢, (see [13]):

(2.22)

IVo.l3 ="+ 0" 2),
IV.|i = 0N =212,

L =82 L oM,

|

201 =0E"IR,

|
|9:1 = OG"27).
Set |[|ul[3- K= ka K(x)[ul* dx, and u=u~ + tTy@,, with Pru=u—, t > 0. Thus

2*K+0(6N 2))(N 2)/N

”Tk(pa 2% K = (||(PL

< K| WDV SWN=2)2 4 (N =27 /Ny (2.23)
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+/ |V ,|* dx
Ok

=0V ") + SV2 £ o). (2.24)

and

‘/ |V<pg|2dx—/ IV (Ti,)* dx
Ok Ok

Now, by using (hy) and the previous estimates we obtain

%*,K = (”Tk(PSH%*,K)Z/Z

”Tk(Ps

= ([lo: %*,K + 0(8N72))(N*2)/N
< (K(0)SV2 + O(e) + O(eN ~2)) V-2V
= [K|QDINSND2 1 o2, (2.25)

Thus, setting ||u

% x = 1 and taking into account (2.21)—(2.25) in the equation

V(T @,
(Va2 + V() dx = — u | + Mw oul2.

Ok |tTk o

P / V)T, dx,

we deduce
2 2 SN2 N 2 N(N=2)/2
(Vu| + V(x)u )dx = TZ)/ZHT]{('DS 2% K +t Ccé . (226)
Ok N|K|oo
Now, we have that ¢ is bounded and if
™[5+ g < 2cq2> N VTRINED)
then
[¢Tkpsl 3 x < 1+ ce" 2,
since it holds that
" 1 -~
1=|u % = ||tTh @ 2*K+ || H2 — TNV=2)IN2)
||(pg 2* K + ||u 2* K Cztz 8N 2 C t ?N(N 2)/(N+2).

Otherwise we get

”[TkﬁosH%I,K <1
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Hence, in any case, we have

3ok S1+0@E"2). (2.27)

”tTk(Ps

Now we estimate the part related to the discontinuity f, namely, the expression
involving the primitive F(x,v) = p(x)H (v — a)v?:

‘/ F(x,u_—i—tqu)x)dx—/ F(x,u_)dx—/ F(x,tTrp.)dx
k k k

tTy .
N ’/ / p p(X)Hu™ 40 —a)u +0)’ " dx
O J0

1Tk s
—// p(X)H (o — a)o? ' dx
0 J0

<c(/ |tTk€0;:||”7|p71 dx+2/ |tTk(Pe:pdx)
{ (3

/ 1Tk e|” — |gpe|” dx
Ok

<c (t|u_|oo|Tk(pe|L1 + 2t

+ 2tP |@e|? dx)
Ok

< (622 | N-pN=2)2)
where ¢ is independent of ¢ since (2.27) holds. Analogously one gets

< V=22,

\ / F(x (Tp,) dx — / F(x, 0,)dx
Ox Ok

Consequently, going back to (2.26) and joint up the previous facts, we get

SN/Z
Jur(o0) S ooy e ) - / F(x.g)dx.  (228)
N|K|so

k

Let ¢; < g such that the inequality a < cN/sgN_z)/ 2 holds for @ > 0 fixed. Hence, for
all e <& we get a < cy/e™ =22 Thus the positive radius 7(¢) defined by

_ CcNE B 2)1/2
r(g)_(azmvfz) ¢

is well defined and less than » given by (hz). Furthermore, the following inclusion
holds:

Br(s)(o) C {x €0 @ > a}~

Hence, by using (h3), we can conclude

/ P (P(x) — aP) dx
(P,,>a
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/. o Y Illcor(e)"
= p(x) <) dx — a?||p|lcor(e)” uv
Byo(0) x| + &

=0(c") — O(M?),

where py is the volume of the unit ball in RY. Now, using this estimate together with
(2.28) and taking & small enough, the conclusion of the lemma readily follows. [

Lemma 2.5. Any critical point u of Jux satisfies ||ux||x < ¢ (independent of k).

Proof. We have M r(e) C Mi41(¢). In fact, since we can write

oo

Tepo(x) = > oiej(x)

J=k+1

with of = [o @u(x)e;(x)dx then
Tier196(x) = Trps(x) — (/RN %(x)ek(x)dx) ex(x)
so that, if ye Y, and # > 0 one gets
VAt 9:(x) = ¥ + tTipe(x) — t (/RN (Pe(x)ek(x)dx) ex(x).
Hence, if u =y + tTi . € My r(¢), then
u=yti ( /R i <pg<x>ek<x)dx) 40+ 1T 0o00) = F1T1 (), with F€ Ve,

Therefore, for & € I'; (defined in (2.6)) we have

sup  Jor1(h(u)) = sup  Jopr1(h(u))
uEMiy1(¢) u€Myr(e)

On the other hand, if u € M r(¢), one has
Ja,k(h(u)) = Ja’k+1(h(u)) and I} C Iy,
then

inf sup Ja,k+1(h(u)) < inf sup Ja,k(h(u)),
M€kt ueMys (¢) hETk yeMyp(e)
which proved
N/2
Ck+1<0k<”.<cl<S7-
N|K| Y272

Finally, using the same arguments of the proof of Lemma 2.4, we can establish a
uniform bound for ||uy|;. O
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Remark 2.6. As a consequence of these lemmas and from Theorem 1.2, we have
already proved, up to this moment, that for each & the functional J,; associated to

(1, 1), has a critical point u; at level ¢t € (0, SM2/N|K|¥™2?) and ||ug || < ¢, for all
keN.

Proposition 2.7. There is a sequence & € RY and s,n > 0 such that
tim sup [ue 720,20 = 11
k—o00
where Qy(&y)) is a cube with edge length s and centered at &.
The proof of this proposition follows immediately from the next auxiliary lemmas.

Lemma 2.8. There exists ¢ > 0 independent of k such that ||ux||x = & and J, ;(uy) =
hold for each nontrivial critical point uy of Jur.

Proof. Since (o, f8) is in the spectral gap, there exists ¢ = c¢(a, f) > 0 such that
|[k(u)| = cl”'iz(Qk)a u eH;}er(Qk)‘

Therefore for ¢ < 1 we get

(|Vul* + V(x)u?)dx
Ok

|/k(ui)| = +(1—¢)

/ (|Vul* + V(x)u?)dx

\V

/ (Vu| — emax V(x)> lul 20, dx + (1 — &)clul 20,
Ok

= ¢lul} + <(1 — &)c — emax V(x)) |u|iz(Qk).
xX€0k
Thus, taking & small enough, we obtain
kol = erllulli, € Hpe(O). (2.29)
Let u; be a nontrivial critical point of J, . Then, by using (2.29), one gets
erllullf < 12| < eallunlF + sl

So that, since the polinomium p(t) = cytk> 2 + ¢3tP~2 — ¢, is nonnegative for # > ¢
for some ¢; > 0, the conclusion readily follows.

Finally, using the fact u; is a critical point of J, x, we have oy € 09, (ux) such that
0=/} (ux) — V;(ux) — o. Therefore

Jux(ue) > /mw-—/Kmum—4%mw

= 5 (4w = [ Ky s (o) )
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1 1 x 1 1
+ (2 - 2*) /Qk K(o)|ue* dx + (2 - p) {0k, |ux])

> min{1/N,(p — 2)/2p}e(ur)| = |uell7,

and the proof is completed. [

Remark 2.9. The same arguments could be used to prove the result above for J the
functional associated with (1.1).

Next we shall use a modification of the well-known concentration-compactness lemma
of Lions [23].

Lemma 2.10. Let Q, be the cube of edge length [, — 0o as n — oo centered at the
origin, and K,.(&) be the closed cube with the edge length r centered at the point £.
Let u, € H) (RY) of l,-periodic functions such that ||ug| i o,) < c for some constant
independent of n. Suppose that there is r > 0 such that

lim inf | sup / |u,|*dx | = 0.
oo ¢ JK(Q)

Then ||uyl|ra0,) — 0 as n — oo for q € (2,2%).
Proof. For the proof see [25]. [J

Lemma 2.11. Let u; be a sequence verifying

SN/Z
J, =< —____ d min 0 k )
o) =e NKED? el il =0 as k= oo

Then either

(1) ||ukllx — O when k — oo, or
(2) there is a sequence &, € RN, and s,n > 0 such that

. 2
(a0, 60y = 1

Proof. Suppose that (ii) does not hold. By concentration-compactness arguments (see
Lemma 2.10) one has

luk|ze — 0 for 2 < g <2

Following [13] we have

/ V(x)ui — 0.
Ok
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On the other hand, it holds

[{ok, ui)] <c/ |ug|dx — 0
&

and

| P i ()| < c/ lug|? dx — 0.

Ok
Thus
1 , 1 )
Jar(ug) = = |[Vug|"dx — — | K(@)|ux|® dx + ox(1)
2 Ok 2" Ok

and

0= / |V |* dx — / K(xX)|ux> dx 4 o(1).

Ok Ok
Consequently,
1 .
k 2
== K&)|ul|” dx
N Jo,
and
|V > dx + ox (1) = S||ug|3. + ox(1)
Ok
2/2
> S|K|*? (/ K(x)|u|? dx> + or(1). (2.30)
Ok

Therefore,

1> SV2K|ZW -2,
This and (2.30) imply that

‘ SN/Z

lim ¢* > ————,
koo NIK|Q -2

which is a contradiction.
Finally, since u; verifies 0 = I} (ux) — ¥} (ux) — ok, we obtain

0= ||zl - / KO e gz dx — (00,2)
Ox
and

0= |y /Q K@)|ur* 2w yi dx = (o5, i),
k
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where z; = Tru; and y; = Pruy. So that, since

(o0 22)| < / P ] dx
ur=a

o [ st
Ok

< clug f,,_l|zk|u — 0,

it follows |jux||x — 0 and (i) holds. [J

3. Proof of the main result

As a consequence of the results of the previous section, we have a bounded sequence
of solutions u; of (1.1), which verifies

2
el 20,0y = 1> 0,

for all k£ and for some s € (0,1).

Now, we denote by & the ith component of vector &, the center of cube Oy (&)
given in Proposition 2.7 and b}, =[&,], i=1,...,N is the greatest integer equal or less
than &/. Next, defining a new sequence i as

ur(x) = ug(x + by)
we find that
ikl 0. 0 = 1 (3.1

On the other hand, since K, ¥ and p are 1-periodics we get, by taking O centered at
the origin,

)= [ (TP + Vo) d
1 .
g [ KMutP dx— [ peoHue) — a)u ) - a?)d
2*/Qk X)|u(x)|” dx /Qkpx u(x) — a)wf(x) —a?)dx
=5 [, (VP + V@i ds = 5 [ Kl dx

- /Q PO (i3 (x) — a)@2(x) — a?) dx
= ja,k(ﬁk):

where Oy is the cube in RV with length k and centered in —by.
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Now using that u is a critical point of J, x, we have o, € 09, 4 (uy) verifying

S ue(x) — 0)p(x) dx < / or(X)p(x)dx < [ f(xu(x)+ 0)p(x)dx
Ok Ok

k

for ¢ € C5°(Qk), ¢ = 0. Then
0= / (Vi (V) + V(0 u(x)p(x)) d

- / KGO ™ ) p() dx — / aL()(x) dx

Ok Ok

=/, (Vitr(x)Vh(x) + V(x)ip(x)d(x)) dx

—~ / K()|a% i) d(x) dx — / G4 (x)p(x) dx (32)
Ok Ok
and

 fin(x) — 0 dx < / 61(1)b(x) dx
Ok Ok

< [ f(xd(x) + 0)g(x) dx, (3.3)
O

where here 6;(x) = ox(x + b;) and qAS(x) = ¢(x + by).

Thus from (3.2) and (3.3), we have #; as a critical point of ja’k. Now, by using
the same arguments as before, we can conclude that #i; is bounded in HILC([RN ) and,
taking subsequence if necessary, we obtain u € H! (R") such that 4, — u.

Furthermore, from the assumption on the growth of the function f it follows that
I6 |l < ¢, where ¢ is independent of k. Hence, taking a subsequence we have 6; — gy
and 64(x) — ao(x) almost everywhere x € R for some g € H,. .(R"). Therefore, by
taking limit in (3.3), we get

oo(x) € [f (u(x) = 0), f(u(x) + 0)],
almost everywhere in R". Then passing to the limit in (3.2) and from the interior

o . 2,2*
elliptic estimates one gets u € W_; (RY) and

—Au(x) + V(@u(x) + K@ux)” " € [f(w(x) = 0), f(u(x) + 0)],

almost everywhere in R, which proved that u is a solution of (1.1). Finally we observe
that, by (3.1), u#0. O
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