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 A B S T R A C T

In this work, we deal with the heat equation perturbed by an anomalous diffusion term scaled by a large 
parameter. More precisely, we study the cost of null controllability for the system as the parameter goes to 
infinity. We show that is possible to construct null controls that exhibit exponential decay with respect to the 
parameter. Our study gives a positive answer to a conjecture raised by J.-L. Lions and E. Zuazua [Rev. Mat. 
Univ. Complut. Madrid, 10 (2)(1997), 481-524]. Additionally, using the so-called source term method and an 
inverse mapping theorem, we prove that it is possible to achieve controllability results for certain nonlinear 
systems with a control with a cost decaying to zero as well.
1. Introduction and main results

Let 𝛺 ⊂ R𝑁 (𝑁 ≥ 1) be a bounded connected open set, whose 
boundary 𝜕𝛺 is regular enough. Let 𝑇 > 0 and let 𝜔 be a nonempty 
subset of 𝛺 which will usually be referred to as control domain. We will 
use the notation 𝑄 ∶= 𝛺 × (0, 𝑇 ) and 𝛴 ∶= 𝜕𝛺 × (0, 𝑇 ).

In this paper, we deal with the heat equation with an anomalous 
diffusion term given by 
|

|

|

|

|

|

|

𝑢𝑡 − 𝛥𝑢 + 𝑘(−𝛥)𝜃𝑢 = 𝑓𝑘1𝜔 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺,

(1.1)

where 0 ≤ 𝜃 < 1, 𝑘 ∈ R, and the operator (−𝛥)𝜃 stands for the spectral 
fractional Laplacian, i.e. 

(−𝛥)𝜃𝑢(𝑥) ∶=
∞
∑

𝑗=1
𝜇𝜃
𝑗
⟨

𝑢, 𝑒𝑗
⟩

𝐿2(𝛺) 𝑒𝑗 (𝑥) (1.2)

with (𝜇𝑗 , 𝑒𝑗 ) denoting the eigenvalues and corresponding eigenfunctions 
of the Laplace operator −𝛥 with homogeneous Dirichlet boundary 
conditions. For more details on this operator, we refer the reader to 
the article [1].

It is not difficult to prove that for every 𝑇 > 0, each initial condition 
𝑢0 ∈ 𝐿2(𝛺), and any 𝑘 ∈ R, there exists a control 𝑓𝑘 ∈ 𝐿2(𝜔 × (0, 𝑇 ))
such that the associated solution 𝑢 of system (1.1) satisfies 

𝑢(𝑇 ) = 0 in 𝛺. (1.3)
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Moreover, there exists a constant 𝐶𝑘(𝑇 ) > 0, such that 
‖

‖

𝑓𝑘‖‖𝐿2(𝜔×(0,𝑇 )) ≤ 𝐶𝑘(𝑇 ) ‖‖𝑢0‖‖𝐿2(𝛺) . (1.4)

The problem of finding a control function 𝑓𝑘 such that the solution 
of (1.1) satisfies (1.3) is known as the null controllability problem 
for Eq.  (1.1).

The constant 𝐶𝑘(𝑇 ) in (1.4) is referred to as the cost of controllability
at time 𝑇 . This constant measures the difficulty of driving the initial 
state 𝑢0 to zero at time 𝑇 . Understanding the behavior of this constant 
is important in Control Theory and has been a subject of intensive 
research in recent years. Notably, in [2], Fernández-Cara and Zuazua 
investigated the cost of approximate controllability for the heat equa-
tion with Dirichlet boundary conditions. We also refer to [3] for recent 
developments in the case of dynamic boundary conditions. In the null 
controllability case, the works [4,5] by T. Seidman provide optimal 
estimates on the cost with respect to time for the heat equation. These 
results were later revisited and further formalized by L. Miller in [6], 
who used the spectral approach of G. Lebeau and L. Robbiano in [7] 
to recover and refine Seidman’s estimates. It is also worth mentioning 
results for fluid models: in [8], the optimal cost for the Stokes system 
is obtained, and in [9], the authors study the cost for the Oseen system 
in the two-dimensional case.

For equations depending on parameters, several results have also 
been established. In [10], S. Guerrero and G. Lebeau analyze the null 
controllability cost for a transport-diffusion equation in the vanishing 
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viscosity limit, showing that the cost may either blow up or become ex-
ponentially small depending on the time and the associated vector field. 
See also [11] for recent advances on compact manifolds, and [12–15] 
for results in one-dimensional settings. We also mention [16,17], where 
the behavior of the null controllability cost with respect to the viscosity 
for the heat and the Stokes system is investigated. Finally, we cite [18], 
where the controllability of the heat equation with vanishing viscosity 
in networks is studied.

Our interest in studying Eq. (1.1) is motivated by the work [19] of 
J.-L. Lions and E. Zuazua. In their work, they consider the problem in 
the case 𝑘 → −∞, and showed that, due to the instability of the system, 
the cost of controllability, i.e. constant 𝐶𝑘(𝑇 ) in (1.4), blows up. That 
is to say, when 𝑘 → −∞, it costs more and more to drive the solution of 
(1.1) to rest at a given final state. Conversely, the following conjecture 
was proposed in [19]:

Conjecture 1 (Lions-Zuazua). As 𝑘 → +∞, the cost of controllability for 
system (1.1) goes to zero, i.e. system (1.1) becomes cheaper and cheaper to 
be controlled.

The main purpose of this work is to give a positive answer to this 
conjecture. To achieve this, we will analyze the behavior of the constant 
𝐶𝑘(𝑇 ) as 𝑘 → +∞. Specifically, we prove the following result. 

Theorem 1.1.  Let 0 < 𝑇0 ≤ 1 and let 𝑢0 ∈ 𝐿2(𝛺). Then, for every 
𝑇 ∈ (0, 𝑇0), there exists a control function 𝑓𝑘 ∈ 𝐿2(𝜔× (0, 𝑇 )) such that the 
solution to (1.1) satisfies 

𝑢(𝑇 ) = 0 in 𝛺. (1.5)

Moreover, for any 𝑘 > 0, we have the estimate

‖𝑓𝑘‖𝐿2(𝜔×(0,𝑇 )) ≤ 𝐶1𝑒
−𝐶2𝑘𝑇 𝑒

𝐶3
𝑇
‖𝑢0‖𝐿2(𝛺),

where the constants 𝐶1, 𝐶2, 𝐶3 are positive and do not depend on 𝑘.

In particular, Theorem  1.1 gives a positive answer to the conjecture 
posed by Lions and Zuazua. Moreover, our result extend beyond the 
original conjecture by showing that the cost of controllability actually 
decreases exponentially to zero as 𝑘 → +∞.

Remark 1.2.  Using the classical Lebeau–Robbiano strategy (see [7]), 
it is not difficult to see that for any 𝑇 > 0, any initial condition 
𝑢0 ∈ 𝐿2(𝛺), and every 𝑘 > 0 there exists a control 𝑓𝑘 such that the 
solution of (1.1) satisfies (1.5), and the control 𝑓𝑘 has the estimate (1.4) 
with 𝐶𝑘(𝑇 ) bounded with respect to 𝑘. Thus, the importance of Theorem 
(1.1) is the precise estimate for the decay of the norm of the control.

To prove Theorem  1.1, we use the well-known fact that null control-
lability for a system is equivalent to a suitable observability inequality 
for its adjoint system. More precisely, Theorem  1.1 is a consequence of 
the Proposition below. 

Proposition 1.3.  Let 0 < 𝑇0 ≤ 1. There exists three positive constants 
𝐶1, 𝐶2, 𝐶3 such that, for every 𝑇 ∈ (0, 𝑇0), the observability inequality 

‖𝑧(𝑇 )‖2
𝐿2(𝛺)

≤ 𝐶1𝑒
−𝐶2𝑘𝑇 𝑒

𝐶3
𝑇
∫

𝑇

0 ∫𝜔
|𝑧|2 𝑑𝑥𝑑𝑡 (1.6)

holds for any 𝑘 > 0 and for all solution 𝑧 of the adjoint system 
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|

|

|

|

|

|

𝑧𝑡 − 𝛥𝑧 + 𝑘(−𝛥)𝜃𝑧 = 0 in 𝑄,
𝑧 = 0 on 𝛴,
𝑧(0) = 𝑧0 in 𝛺,

(1.7)

with 𝑧0 ∈ 𝐿2(𝛺).
The constants 𝐶1, 𝐶2, 𝐶3 in (1.6) are independent of 𝑘.

We prove Proposition  1.3 using some arguments of T. Seidman 
in [5]. 
2 
Remark 1.4.  Observe that when 𝜃 = 0, system (1.1) reduces to the 
standard heat equation with a zero-order term that becomes unbounded 
as 𝑘 → +∞. In this case, the combination of the Hilbert Uniqueness 
Method (HUM) and the intrinsic dissipation of the system allows us to 
derive the result stated in Theorem  1.1.

Indeed, if 𝑢 is a solution of system (1.1) with 𝜃 = 0, then 𝑣(𝑥, 𝑡) =
𝑒𝑘𝑡𝑢(𝑥, 𝑡) satisfies the following system: 
|

|

|

|

|

|

|

𝑣𝑡 − 𝛥𝑣 = 𝑝1𝜔 in 𝑄,
𝑣 = 0 on 𝛴,
𝑣(0) = 𝑢0 in 𝛺.

(1.8)

It is straightforward to verify that if 𝑝 is a control for (1.8), then 
𝑓 = 𝑒−𝑘𝑡𝑝 is a control for system (1.1) with 𝜃 = 0. Moreover, for any 
fixed 𝑇 > 0 and every 𝑢0 ∈ 𝐿2(𝛺), there exists a control function 
𝑝 ∈ 𝐿2(𝜔 × (0, 𝑇 )) such that
𝑣(𝑇 ) = 0 in 𝛺,

with

‖𝑝‖𝐿2(𝜔×(0,𝑇 )) ≤ 𝐶𝑒𝐶∕𝑇
‖𝑢0‖𝐿2(𝛺).

In particular, this estimate implies that the associated control 𝑓 satisfies 
the bound
‖𝑓‖𝐿2(𝜔×(0,𝑇 )) ≤ 𝐶𝑒𝐶∕𝑇

‖𝑢0‖𝐿2(𝛺),

which is independent of 𝑘, but does not yield any decay with respect to 
𝑘. To obtain an estimate that reflects exponential decay in 𝑘, it suffices 
to fix 𝜀 > 0 and define the control for system (1.1) with 𝜃 = 0 as

𝑓 =
{

0, if 𝑡 ∈ (0, 𝜀),
𝑒−𝑘𝑡𝑝, if 𝑡 ∈ (𝜀, 𝑇 ),

and then one has
‖𝑓‖𝐿2(𝜔×(0,𝑇 )) ⩽ 𝐶𝑒−2𝑘𝜀𝑒

𝐶
𝑇−𝜖

‖𝑢0‖𝐿2(𝛺),

with 𝐶 = 𝐶(𝛺,𝜔) > 0. This estimate gives an explicit exponential decay 
with respect to the parameter 𝑘.

In this paper, we also analyze some nonlinear versions of system 
(1.1). The motivation for this arises from realizing that the strategy 
used to deal with the linear system allow us go further and handle 
certain nonlinear problems as well. To do this, first we must study 
the null controllability problem for the linear system (1.1) with an 
additional term on the right-hand side, namely: 
|

|

|

|

|

|

|

𝑢𝑡 − 𝛥𝑢 + 𝑘(−𝛥)𝜃𝑢 = 𝑔 + 𝑓1𝜔 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺,

(1.9)

with 𝑔 being a right-hand side which belongs to an appropriate
weighted space.

The approach of using the controllability of a linear system without 
external forces to derive the controllability of the same system with 
appropriate external forces was introduced by Y. Liu, T. Takahashi, 
and M. Tucsnak in [20] (see also [21]). This technique, known as the
source term method, relies on obtaining a precise estimate of the cost of 
controllability for the linear system.

The source term method has been extensively used in recent years. 
For instance, combining the source term method with Banach’s fixed-
point theorem, in [22], a local null controllability result is established 
for a nonlinear stochastic parabolic equation. In [23], this method was 
used to achieve local controllability to trajectories for a nonlocal vis-
cous Burgers equation. Similarly, [24] applied it to obtain a local exact 
boundary controllability result for constant trajectories of the nonlinear 
phase-field system. Here, we combine the source term method with an 
inverse mapping theorem as done, for instance, by M. Duprez and P. 
Lissy in [25] to achieve a bilinear local controllability to trajectories 
for the Fokker–Planck equation.

As mentioned earlier, in the final part of this paper, we consider 
nonlinear versions of (1.1). More precisely, we show that it is possible 
to control nonlinear systems with large parameter uniformly with 
respect to the parameter. The results are stated as follows: 
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Theorem 1.5.  Let 1 ≤ 𝑁 ≤ 4, and let 0 < 𝑇0 ≤ 1, 𝑇 ∈ (0, 𝑇0). For each 
𝑘 > 0, consider the system 
|

|

|

|

|

|

|

𝑢𝑡 − 𝛥𝑢 + 𝑘(−𝛥)𝜃𝑢 + |𝑢|𝑙−1𝑢 = 𝑓1𝜔 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺,

(1.10)

with 
⎧

⎪

⎨

⎪

⎩

1 < 𝑙 < ∞ if 𝑁 = 1, 2,
1 < 𝑙 < 5 if 𝑁 = 3,
1 < 𝑙 < 3 if 𝑁 = 4.

(1.11)

Then, there exists 𝛾 > 0 such that, for any 𝑢0 ∈ 𝐿2(𝛺) satisfying ‖𝑢0‖𝐿2(𝛺) ≤
𝛾, there exists a control 𝑓𝑘 ∈ 𝐿2(𝜔 × (0, 𝑇 )), and constants 𝐶1, 𝐶2 > 0, 
satisfying

‖𝑓𝑘‖
2
𝐿2(𝜔×(0,𝑇 ))

≤ 𝐶1𝑒
−𝐶2𝑘𝑇 ,

such that the corresponding solution to (1.10) satisfies
𝑢(𝑇 ) = 0 in 𝛺.

Here, the constants 𝛾, 𝐶1 and 𝐶2 do not depend on 𝑘.
The next result addresses nonlinearities that involve the gradient of 

the solution. 

Theorem 1.6.  Let 1 ≤ 𝑁 ≤ 3, and let 0 < 𝑇0 ≤ 1, 𝑇 ∈ (0, 𝑇0) and let 
𝐴 ∈ R𝑁  be a constant vector. For each 𝑘 > 0, consider the following system 

|

|

|

|

|

|

|

𝑢𝑡 − 𝛥𝑢 + 𝑘(−𝛥)𝜃𝑢 + 𝑢(𝐴 ⋅ ∇𝑢) = 𝑓1𝜔 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺.

(1.12)

Then, there exists 𝛾 > 0 such that, for any 𝑢0 ∈ 𝐿2(𝛺) satisfying ‖𝑢0‖𝐿2(𝛺) ≤
𝛾, there exists a control 𝑓𝑘 ∈ 𝐿2(𝜔 × (0, 𝑇 )), and constants 𝐶1, 𝐶2 > 0, 
satisfying

‖𝑓𝑘‖
2
𝐿2(𝜔×(0,𝑇 ))

≤ 𝐶1𝑒
−𝐶2𝑘𝑇 ,

such that the corresponding solution to (1.12) satisfies
𝑢(𝑇 ) = 0 in 𝛺.

Here, the constants 𝛾, 𝐶1 and 𝐶2 do not depend on 𝑘.
We prove both Theorems  1.5 and 1.6 in Section 4.

Remark 1.7.  For the case 𝑁 = 4, following the proof, one can show 
that if 𝑢0 ∈ 𝐻1

0 (𝛺) with ‖𝑢0‖𝐻1
0 (𝛺) small enough, then there exists a 

control 𝑓𝑘 ∈ 𝐿2(𝜔 × (0, 𝑇 )), uniformly bounded with respect to 𝑘, i.e 
‖𝑓𝑘‖2𝐿2(𝜔×(0,𝑇 ))

≤ 𝐶, that drives the solution of (1.12) to zero at time 𝑇 . 
However, in this case, we are unable to obtain an exponential decay 
for the norm of the control because we do not have a regularity result 
as Proposition  A.2.

Notice that both Theorems  1.5 and 1.6 establish local uniform 
controllability results, and their proofs rely on the application of the 
Graves inverse mapping theorem (see [26]). This approach has been 
extensively used in the literature for systems without parameters (see, 
for instance, [27–31]). The case of equation which depends on a 
parameter is more delicate and has been less studied. In this regard, 
we are only aware of the works [32,33], in the first they show local 
uniform controllability for the Keller–Segel system around a constant 
solution, in the second they prove local-controllability to positive con-
stant trajectories of a nonlinear system of two coupled ODE equations 
modeled for the nonlinear reaction–diffusion Gray–Scott model.

This article is organized as follows. In Section 2, we focus on the 
proof of Theorem  1.1, which also provides a positive answer to the 
conjecture proposed by Lions and Zuazua. Section 3 addresses the null 
controllability of system (1.1) in the presence of a right-hand side 
term exhibiting suitable exponential decay. In Section 4, we extend our 
analysis to the nonlinear setting, tackling the corresponding controlla-
bility issues. Finally, in Section 5, we outline some open problems and 
possible directions for future research.
3 
2. Cost of controllability for the linear system

This section is devoted to give the proof of Proposition  1.3. As 
we said before, this result answers positively for the Lions–Zuazua’s 
Conjecture in [19]. The main difficulty we face is the obtainment of the 
optimal cost of controllability with respect to 𝑘, i.e., estimate (1.6). Our 
approach is based on some ideas of T. Seidman in [5] (see also [6,8]) 
to prove the estimate in a direct way. The most important ingredient 
in the proof is the following spectral inequality. 

Proposition 2.1.  Let 𝜔 ⊂⊂ 𝛺 be a nonempty open set. There exist 
constants 𝑀 > 0, 𝐾 > 0 such that, for every sequence of complex numbers 
𝑎𝑗 and every real 𝛬 > 0, we have

∑

𝜇𝑗≤𝛬

|

|

|

𝑎𝑗
|

|

|

2
= ∫𝛺

|

|

|

|

|

|

∑

𝜇𝑗≤𝛬
𝑎𝑗𝑒𝑗 (𝑥)

|

|

|

|

|

|

2

𝑑𝑥 ≤ 𝑀𝑒𝐾
√

𝛬
∫𝜔

|

|

|

|

|

|

∑

𝜇𝑗≤𝛬
𝑎𝑗𝑒𝑗 (𝑥)

|

|

|

|

|

|

2

𝑑𝑥,

where {𝑒𝑗}+∞𝑗=1 is the sequence of eigenfunctions for the Laplace operator 
with Dirichlet boundary condition and the sequence {𝜇𝑗}+∞𝑗=1 the respective 
eigenvectors.

A proof of Proposition  2.1 in the case of opens sets can be found 
in [7], and in [34] for the case of measurable sets when the domain is 
star-shaped.

Before turning to the proof of Proposition  1.3, we give two auxiliary 
lemmata that play a fundamental role in the forthcoming estimates. 
These results are central to the argument and will be used at key steps 
of the proof. Throughout this section, the constant 𝐶 > 0 may change 
from line to line.

The first lemma provides a decay estimate for solutions of system 
(1.7), while the second concerns an estimate that is valid in the 
short-time regime.

Lemma 2.2.  Let 𝑧0 ∈ 𝐿2(𝛺). For any 0 ≤ 𝑡1 < 𝑡2, the solution 𝑧 of (1.7) 
satisfies

‖𝑧(𝑡2)‖2𝐿2(𝛺)
≤ 𝑒−𝐶𝑘(𝑡2−𝑡1)

‖𝑧(𝑡1)‖2𝐿2(𝛺)
,

where 𝐶 > 0 does not depend on 𝑘.

Proof.  This follows directly by writing 𝑧(𝑡) in terms of the eigenfunc-
tions of the Laplace operator with Dirichlet boundary condition. □

Lemma 2.3.  Let 𝑇 > 0, 𝑧0 ∈ 𝐿2(𝛺) and 𝑧 the solution of (1.7). Then, 
for any 0 < 𝜖 < 1, it holds

‖𝑧(𝑇 )‖2
𝐿2(𝛺)

≤ 2
𝜖𝑇

𝑒−𝐶𝑘𝜖𝑇
∫

𝑇

(1−𝜖)𝑇
‖𝑧(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡,

where 𝐶 > 0 does not depend on 𝑘.

Proof.  From Lemma  2.2, one has
‖𝑧(𝑇 )‖2

𝐿2(𝛺)
≤ 𝑒−𝐶𝑘(𝑇−𝑡)

‖𝑧(𝑡)‖2
𝐿2(𝛺)

.

Integrating this inequality from (1 − 𝜖)𝑇  to 𝑇+(1−𝜖)𝑇
2 , the result

follows. □

Let us now prove Proposition  1.3. 

Proof of Proposition  1.3.  Let 𝑇 ∈ (0, 𝑇0), for some 𝑇0 > 0 to be chosen 
later, and 𝑧0 ∈ 𝐿2(𝛺). For any 𝛬 > 0, define the low-frequency space
𝐻𝛬 = span{𝑒𝑗 ∶ 𝜇𝑗 ≤ 𝛬},

where 𝜇𝑗 and 𝑒𝑗 are the eigenvalues and corresponding eigenfunctions 
of the Laplace operator with Dirichlet boundary conditions.

We decompose the initial datum as 𝑧0 = 𝑢0 + 𝑣0, with 𝑢0 ∈ 𝐻𝛬 and 
𝑣0 ∈ 𝐻⟂

𝛬 . Accordingly, we write the solution 𝑧 of (1.7) as 𝑧 = 𝑢 + 𝑣, 
where 𝑢 and 𝑣 solve (1.7) with initial data 𝑢0 ∈ 𝐻𝛬 and 𝑣0 ∈ 𝐻⟂

𝛬 , 
respectively.
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It is not difficult to see that the high-frequency component, whose 
spectral support lies in the region where 𝜇𝑗 > 𝛬, decays exponentially. 
More precisely, we have the estimate 
‖𝑣(𝑡)‖𝐿2(𝛺) ≤ 𝑒−(𝛬+𝑘𝛬

𝜃 )𝑡
‖𝑣0‖𝐿2(𝛺), ∀𝑡 > 0. (2.1)

On the other hand, since 𝑢(𝑡) ∈ 𝐻𝛬 for all 𝑡 > 0, from Lemma  2.3 
and Proposition  2.1, it follows that 

‖𝑢(𝑇 )‖2
𝐿2(𝛺)

≤ 2𝑀
𝑀1

𝑒−𝐶𝑘𝜖𝑇 𝑒
𝑀1
𝜖𝑇 𝑒𝐾

√

𝛬
∫

𝑇

(1−𝜖)𝑇 ∫𝜔
|𝑢(𝑡)|2 𝑑𝑥𝑑𝑡, (2.2)

for some 𝑀1 > 0 to be chosen, and any 0 < 𝜖 < 1.
By taking the 𝐿2(𝜔)-norm of 𝑧 = 𝑢 + 𝑣 and then integrating over 

((1 − 𝜖)𝑇 , 𝑇 ), we obtain

∫

𝑇

(1−𝜖)𝑇 ∫𝜔
|𝑢(𝑡)|2 𝑑𝑥𝑑𝑡 ≤ 2

(

∫

𝑇

(1−𝜖)𝑇 ∫𝜔
|𝑧(𝑡)|2 𝑑𝑥𝑑𝑡

+∫

𝑇

(1−𝜖)𝑇 ∫𝜔
|𝑣(𝑡)|2 𝑑𝑥𝑑𝑡

)

. (2.3)

To simplify notation, we define 

𝑓 (𝑇 ) ∶=
𝑀1
2𝑀

𝑒𝐶𝑘𝜖𝑇 𝑒−
𝑀1+𝐾
𝜖𝑇 . (2.4)

Now, setting the frequency 
√

𝛬 = 1
𝜖𝑇 , from (2.2)–(2.3), we obtain that 

𝑓 (𝑇 )‖𝑢(𝑇 )‖2
𝐿2(𝛺)

≤ 2∫

𝑇

(1−𝜖)𝑇 ∫𝜔
|𝑧(𝑡)|2 𝑑𝑥𝑑𝑡 + 2∫

𝑇

(1−𝜖)𝑇 ∫𝜔
|𝑣(𝑡)|2 𝑑𝑥𝑑𝑡.

(2.5)

We estimate the last integral on the right-hand side of (2.5) using 
the following claim. 

Claim 2.1.  For any 0 < 𝜖 < 1, we have the estimate

∫

𝑇

(1−𝜖)𝑇
‖𝑣(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡 ≤ 𝜖𝑇 𝑒

(

−𝐶𝑘−2𝛬−2𝑘𝛬𝜃
)

(1−𝜖)𝑇
2

‖𝑣0‖
2
𝐿2(𝛺)

.

Proof of the Claim  2.1.  Let 𝑡 > 0. From Lemma  2.2, we have the 
estimate

‖𝑣(𝑡)‖2
𝐿2(𝛺)

≤ 𝑒−𝐶𝑘 𝑡
2
‖

‖

‖

‖

𝑣
(

𝑡
2

)

‖

‖

‖

‖

2

𝐿2(𝛺)
.

Moreover, from (2.1) we also have that
‖

‖

‖

‖

𝑣
(

𝑡
2

)

‖

‖

‖

‖𝐿2(𝛺)
≤ 𝑒−(𝛬+𝑘𝛬

𝜃 ) 𝑡2
‖𝑣0‖𝐿2(𝛺)

Therefore, Claim  2.1 follows by combining these two estimates and 
then integrating from (1 − 𝜖)𝑇  to 𝑇 . □

From (2.5) and Claim  2.1, we readily see that

𝑓 (𝑇 )‖𝑧(𝑇 )‖2
𝐿2(𝛺)

≤ 2∫

𝑇

(1−𝜖)𝑇 ∫𝜔
|𝑧(𝑡)|2 𝑑𝑥𝑑𝑡

+ 2𝜖𝑇 𝑒
(

−𝐶𝑘−2𝛬−2𝑘𝛬𝜃
)

(1−𝜖)𝑇
2

‖𝑣0‖
2
𝐿2(𝛺)

+ 𝑓 (𝑇 )‖𝑣(𝑇 )‖2
𝐿2(𝛺)

.

Using that ‖𝑣0‖𝐿2(𝛺) ≤ ‖𝑧0‖𝐿2(𝛺), and applying estimate (2.1) at 
𝑡 = 𝑇 ∕2, we get

𝑓 (𝑇 )‖𝑧(𝑇 )‖2𝐿2(𝛺)−
(

2𝜖𝑇 𝑒
(

−𝐶𝑘−2𝛬−2𝑘𝛬𝜃
)

(1−𝜖)𝑇
2 + 𝑓 (𝑇 )𝑒

(

−𝐶𝑘−2𝛬−2𝑘𝛬𝜃
)

𝑇
2

)

‖𝑧0‖
2
𝐿2(𝛺)

≤ 2∫

𝑇

(1−𝜖)𝑇 ∫𝜔
|𝑧(𝑡)|2 𝑑𝑥𝑑𝑡.

In particular, this gives

𝑓 (𝑇 )‖𝑧(𝑇 )‖2
𝐿2(𝛺)

− 𝑒
(

−𝐶𝑘−2𝛬
)

(1−𝜖)𝑇
2

(

2𝜖𝑇 + 𝑓 (𝑇 )
)

‖𝑧0‖
2
𝐿2(𝛺)

≤ 2∫

𝑇

(1−𝜖)𝑇 ∫𝜔
|𝑧(𝑡)|2 𝑑𝑥𝑑𝑡.

Since 𝛬 = 1
𝜖2𝑇 2 , we can use the estimate

2𝜖𝑇 + 𝑓 (𝑇 ) ≤ 2𝜖𝑇 +
𝑀1 𝑒𝐶𝑘𝜖𝑇 𝑒

−𝑀1+𝐾
𝜖𝑇0 , ∀𝑇 < 𝑇 ,
2𝑀 0

4 
and the definition of 𝑓 (𝑇 ) in (2.4) to see that

𝑓 (𝑇 )‖𝑧(𝑇 )‖2
𝐿2(𝛺)

−𝑒−𝐶𝑘 (1−𝜖)𝑇
2 𝑒−

(1−𝜖)
𝜖2𝑇

(

2𝜖𝑇 +
𝑀1
2𝑀

𝑒𝐶𝑘𝜖𝑇 𝑒
−𝑀1+𝐾

𝜖𝑇0

)

‖𝑧0‖
2
𝐿2(𝛺)

≤ 2∫

𝑇

(1−𝜖)𝑇 ∫𝜔
|𝑧(𝑡)|2 𝑑𝑥𝑑𝑡. (2.6)

To finish, we need the following lemma, in which we choose both 
𝑀1 and 𝑇0. 

Lemma 2.4.  Let 𝑇0 ≤ 1. There exists 𝜖0 > 0 such that, for each 𝜖 ∈ (0, 𝜖0), 
there exists a constant 𝑚 ∈ (0, 1), independent of 𝑇0 and 𝑘, such that 

𝑒−𝐶𝑘
(1−𝜖)𝑇

2 𝑒−
(1−𝜖)
𝜖2𝑇

(

2𝜖𝑇 +
𝑀1
2𝑀

𝑒𝐶𝑘𝜖𝑇 𝑒
−𝑀1+𝐾

𝜖𝑇0

)

≤ 𝑓 (𝑚𝑇 ), (2.7)

for all 𝑇 ∈ (0, 𝑇0) and all 𝑘 > 0.

Proof of Lemma  2.4.  We begin noticing that, for any 𝑘 > 0 and every 
𝑚 ∈ (0, 1), we have 
𝑀1
2𝑀

𝑒−
𝑀1+𝐾
𝜖𝑇𝑚 ≤ 𝑓 (𝑚𝑇 ). (2.8)

We divide the proof into two cases:
Case 1: 0 < 𝑘 ≤ 1.

In this case, it is not difficult to see that 

2𝜖𝑇 +
𝑀1
2𝑀

𝑒𝐶𝑘𝜖𝑇 𝑒
−𝑀1+𝐾

𝜖𝑇0 ≤ 𝑒𝐶𝜖𝑇
(

2
𝐶

+
𝑀1
2𝑀

𝑒−
𝐾
𝜖

)

. (2.9)

Therefore, from estimates (2.8) and (2.9), it is sufficient to find 
𝑚 ∈ (0, 1) such that 

𝑒−𝐶𝑘
(1−𝜖)𝑇

2 𝑒−
(1−𝜖)
𝜖2𝑇 𝑒𝐶𝜖𝑇

(

2
𝐶

+
𝑀1
2𝑀

𝑒−
𝐾
𝜖

)

≤
𝑀1
2𝑀

𝑒−
𝑀1+𝐾
𝜖𝑇𝑚 , (2.10)

or equivalently, 

𝑀1 +𝐾
𝜖𝑇𝑚

≤ (1 − 𝜖)
𝜖2𝑇

+ln

⎛

⎜

⎜

⎜

⎜

⎝

𝑀1

2𝑀
(

2
𝐶 + 𝑀1

2𝑀 𝑒−
𝐾
𝜖

)

⎞

⎟

⎟

⎟

⎟

⎠

+𝐶𝑘
(1 − 𝜖)𝑇

2
−𝐶𝜖𝑇 . (2.11)

The result follows from the fact that there exist 𝜖0 > 0 and 𝑀1 > 0 such 
that, for any 𝜖 ∈ (0, 𝜖0) and 𝑀1 ≥ 𝑀1, one has
(1 − 𝜖)
𝜖2𝑇

− 𝐶𝜖𝑇 ≥ 1
2
(1 − 𝜖)
𝜖2𝑇

and 1
2(𝑀1 +𝐾)

(1 − 𝜖)
𝜖

> 1,

and
𝑀1

2𝑀
(

2
𝐶 + 𝑀1

2𝑀 𝑒−
𝐾
𝜖

) ≥ 1.

In this case, we may take

1 < 𝑚−1 ≤ 1
2(𝑀1 +𝐾)

(1 − 𝜖)
𝜖

.

Case 2: 𝑘 > 1.
Here, using the estimate 

2𝜖𝑇 +
𝑀1
2𝑀

𝑒𝐶𝑘𝜖𝑇 𝑒
−𝑀1+𝐾

𝜖𝑇0 ≤ 𝑒𝐶𝑘𝜖𝑇
(

2
𝐶

+
𝑀1
2𝑀

𝑒−
𝐾
𝜖

)

, (2.12)

we seek 𝑚 ∈ (0, 1) such that 

𝑒−𝐶𝑘
(1−𝜖)𝑇

2 𝑒−
(1−𝜖)
𝜖2𝑇 𝑒𝐶𝑘𝜖𝑇

(

2
𝐶

+
𝑀1
2𝑀

𝑒−
𝐾
𝜖

)

≤
𝑀1
2𝑀

𝑒−
𝑀1+𝐾
𝜖𝑇𝑚 . (2.13)

Proceeding as in the first case, we may take

1 < 𝑚−1 ≤ 1
𝑀1 +𝐾

(1 − 𝜖)
𝜖

,

where 𝜖 is sufficiently small and 𝑀1 is large enough. □

Let us now finish the proof of Proposition  1.3. From (2.6) and 
Lemma  2.4, we have 

𝑓 (𝑡)‖𝑧(𝑡)‖2 2 − 𝑓 (𝑚𝑡)‖𝑧0‖2 2 ≤ 2
𝑡

|𝑧(𝑠)|2 𝑑𝑥𝑑𝑠. (2.14)

𝐿 (𝛺) 𝐿 (𝛺) ∫0 ∫𝜔
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Next, we take 𝜏𝑗 = 𝑚𝑗 (1 − 𝑚)𝑇 = 𝑚𝑗+1𝑇 , 𝑗 ∈ N, and consider a disjoint 
partition ∪(𝑇𝑗+1, 𝑇𝑗 ] of (0, 𝑇 ] with 𝑇𝑗+1 = 𝑇𝑗 − 𝜏𝑗 , 𝑇0 = 𝑇 .

We apply (2.14) to 𝑧0 = 𝑧(𝑇𝑗+1) and 𝑡 = 𝜏𝑗 , obtaining

𝑓 (𝜏𝑗 )‖𝑧(𝑇𝑗 )‖2 − 𝑓 (𝜏𝑗+1)‖𝑧(𝑇𝑗+1)‖2 ≤ 2∫

𝑇𝑗

𝑇𝑗+1
∫𝜔

|𝑧|2 𝑑𝑥𝑑𝑡, 𝑗 ∈ N.

We add these inequalities, to get

𝑓 (𝜏0)‖𝑧(𝑇 )‖2 − 𝑓 (𝜏𝑗 )‖𝑧(𝑇𝑗 )‖2 ≤ 2∫

𝑇

𝑇𝑗
∫𝜔

|𝑧|2 𝑑𝑥𝑑𝑡, 𝑗 ∈ N.

Finally, taking 𝑗 ⟶ ∞, and using that the function 𝑡 ↦ ‖𝑧(𝑡)‖ is 
bounded in [0, 𝑇 ] and that, for each 𝑘, 𝑓 (𝜏𝑗 ) ⟶ 0, we obtain

‖𝑧(𝑇 )‖2 ≤ 2
𝑓 ((1 − 𝑚)𝑇 ) ∫

𝑇

0 ∫𝜔
|𝑧|2 𝑑𝑥𝑑𝑡,

for any 𝑇 ∈ (0, 𝑇0), 𝑇0 small, and 𝑘 large. This finishes the proof of 
Proposition  1.3. □

3. Linear case with a right-hand side

In this section, we show that one can obtain null controllability 
for the linear system (1.1) with a right-hand side in an appropriate 
weighted space. A crucial step here is the construction of the weighted 
spaces where the external forces may live. The construction of such 
spaces has been formalized by Y. Liu, T. Takahashi and M. Tucsnak 
in [20]. Establishing this result will be crucial to derive the local null 
controllability of (1.1) in the following section.

Given 𝑔 in a space to be defined (see Theorem  3.2 below), we would 
like to find a control function 𝑓𝑘 ∈ 𝐿2(𝜔× (0, 𝑇 )) such that the solution 
of 
|

|

|

|

|

|

|

𝐿𝑘(𝑢) = 𝑔 + 𝑓𝑘1𝜔 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺,

(3.1)

where

𝐿𝑘(𝑢) = 𝑢𝑡 − 𝛥𝑢 + 𝑘(−𝛥)𝜃𝑢

verifies 
𝑢(𝑇 ) = 0 in 𝛺. (3.2)

As said before, to deal with the nonlinear problems, we must 
solve the previous problem in an appropriate weighted space. Before 
introducing the spaces where we solve (3.1)–(3.2), we need to define 
several functions that will be used in the sequel.

For 𝑇 > 0, consider the function 𝛾 ∶ (0, 𝑇 ] ⟶ R, given by 

𝛾(𝑡) = 𝐶1𝑒
𝐶3
𝑡 , (3.3)

where 𝐶1, 𝐶3 are the same constants given in Theorem  1.1.
Let 𝑞 > 1 and 𝑠0 > 0 such that 

𝐶3𝑞
2 − 𝑠0(𝑞 − 1) < 0. (3.4)

We introduce the basic weight 𝜌0 ∶ [0, 𝑇 ] ⟶ (0,∞) given by 

𝜌0(𝑡) = 𝑒−
𝑠0
𝑇−𝑡 𝑒𝑠1𝑘(𝑇−𝑡), (3.5)

with 𝑠1 > 0.
Let us define the function 𝜌𝑘 ∶ [𝑇 (1 − 1

𝑞2
), 𝑇 ] ⟶ (0,∞) by 

𝜌𝑘(𝑡) ∶= 𝜌0
(

𝑞2(𝑡 − 𝑇 ) + 𝑇
)

𝛾
(

(𝑞 − 1)(𝑇 − 𝑡)
)

. (3.6)

In particular, using the definition of 𝛾 and 𝜌0 in (3.3) and (3.5), 
respectively, 𝜌𝑘 can be expressed as:

𝜌𝑘(𝑡) = 𝐶1𝑒
𝑠1𝑘𝑞2(𝑇−𝑡)𝑒

𝐶3𝑞
2−𝑠0(𝑞−1)

𝑞2(𝑞−1)(𝑇−𝑡) ,

with 𝐶 ,𝐶  the same constants in Theorem  1.1. 
1 3

5 
Remark 3.1.  Note that both functions 𝜌0 and 𝜌𝑘 are non-increasing 
and satisfy
𝜌0(𝑇 ) = 𝜌𝑘(𝑇 ) = 0.

We extend 𝜌𝑘 to [0, 𝑇 ], i.e. 𝜌𝑘 ∶ [0, 𝑇 ] ⟶ (0,∞), by the formula

𝜌𝑘(𝑡) =

{

𝜌𝑘(𝑡), [𝑇 (1 − 1
𝑞2
), 𝑇 ]

𝜌𝑘(𝑇 (1 −
1
𝑞2
)), [0, 𝑇 (1 − 1

𝑞2
)].

Now, we proceed to the definition of the spaces where (3.1)–(3.2) 
will be solved. We introduce:
𝐸0 =

{

(𝑢, 𝑓 ) ∶ 𝜌−10
(

𝐿𝑘(𝑢) − 𝑓1𝜔
)

∈ 𝐿2(𝑄), 𝑢 = 0 on 𝛴,

𝜌−1𝑘 𝑢 ∈ 𝐿∞(0, 𝑇 ;𝐿2(𝛺)) ∩ 𝐿2(0, 𝑇 ;𝐻1
0 (𝛺))and 𝜌−1𝑘 𝑓1𝜔 ∈ 𝐿2(𝑄)

}

.

Notice that 𝐸0 is a Banach space with norm
‖(𝑢, 𝑓 )‖𝐸0

∶= ‖𝜌−1𝑘 𝑢‖𝐿∞(0,𝑇 ;𝐿2(𝛺))∩𝐿2(0,𝑇 ;𝐻1
0 (𝛺)) + ‖𝜌−1𝑘 𝑓1𝜔‖𝐿2(𝑄).

The first result of this section is the following. 

Theorem 3.2.  Let 𝑇0 > 0 be the same as in Theorem  1.1 and let 
𝑇 ∈ (0, 𝑇0). Then, for every 𝑢0 ∈ 𝐿2(𝛺) and 𝑔 such that
𝜌−10 𝑔 ∈ 𝐿2(𝑄),

there exists (𝑢, 𝑓 ) ∈ 𝐸0 satisfying 
|

|

|

|

|

|

|

𝑢𝑡 − 𝛥𝑢 + 𝑘(−𝛥)𝜃𝑢 = 𝑔 + 𝑓1𝜔 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺.

(3.7)

Moreover, there exists constants C1,C2 > 0, not depending on 𝑘, such that 
the following estimate holds 

‖𝜌−1𝑘 𝑢‖2
𝐶([0,𝑇 ],𝐿2(𝛺))∩𝐿2((0,𝑇 );𝐻1

0 (𝛺))
+ ‖𝜌−1𝑘 𝑓1𝜔‖2𝐿2(𝑄)

≤ C1

(

𝑒−2𝑠1𝑘𝑇 𝑒
C2
𝑇
‖𝑢0‖

2
𝐿2(𝛺) + ‖𝜌−10 𝑔‖2𝐿2(𝑄)

)

.

(3.8)

In particular, the above relation yields 𝑢(𝑇 ) = 0.

Proof of Theorem  3.2.  Let us begin by defining the sequence

𝜏𝑗 = 𝑇 − 𝑇
𝑞𝑗

𝑗 ≥ 0.

For each 𝑗 ≥ 0, we solve the equation 
|

|

|

|

|

|

|

𝑧𝑡 − 𝛥𝑧 + 𝑘(−𝛥)𝜃𝑧 = 𝑔 in 𝛺 × (𝜏𝑗 , 𝜏𝑗+1),
𝑧 = 0 on 𝜕𝛺 × (𝜏𝑗 , 𝜏𝑗+1),
𝑧(𝜏𝑗 ) = 0 in 𝛺

(3.9)

and introduce the sequence of data {𝑢𝑗0
}

𝑗≥0, given by 

𝑢00 = 𝑢0, 𝑢𝑗+10 = 𝑧(𝜏𝑗+1), for 𝑗 ≥ 0. (3.10)

Then, we consider the controlled system
|

|

|

|

|

|

|

𝑤𝑡 − 𝛥𝑤 + 𝑘(−𝛥)𝜃𝑤 = 𝑓𝑗1𝜔 in 𝛺 × (𝜏𝑗 , 𝜏𝑗+1),
𝑤 = 0 on 𝜕𝛺 × (𝜏𝑗 , 𝜏𝑗+1),
𝑤(𝜏𝑗 ) = 𝑢𝑗0 in 𝛺.

From Theorem  1.1, there exists a control function 𝑓𝑗 such that
𝑤(𝜏𝑗+1) = 0 in 𝛺,

and satisfying the estimate
‖𝑓𝑗1𝜔‖2𝐿2((𝜏𝑗 ,𝜏𝑗+1);𝐿2(𝛺)

) ≤ 𝐶2
𝑘 (𝜏𝑗+1 − 𝜏𝑗 )‖𝑢

𝑗
0‖

2
𝐿2(𝛺)

.

where 𝐶𝑘(𝑡) = 𝐶1𝑒−𝐶2𝑘𝑡𝑒
𝐶3
𝑡  is the cost of controllability of the linear 

system without external force.
By the definition of the function 𝛾, we then have 

‖𝑓 1 ‖

2
( ) ≤ 𝛾2(𝜏 − 𝜏 )‖𝑢𝑗‖2 . (3.11)
𝑗 𝜔 𝐿2 (𝜏𝑗 ,𝜏𝑗+1);𝐿2(𝛺) 𝑗+1 𝑗 0 𝐿2(𝛺)
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Since Eq.  (3.9) satisfies the energy estimate

‖𝑧‖2
𝐶([𝜏𝑗 ,𝜏𝑗+1];𝐿2(𝛺))

≤ 𝐶 ∫

𝜏𝑗+1

𝜏𝑗
‖𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡,

we readily see that 

‖𝑢𝑗+10 ‖

2
𝐿2(𝛺)

≤ 𝐶 ∫

𝜏𝑗+1

𝜏𝑗
‖𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡, (3.12)

where the constant 𝐶 does not depend on 𝑘.
Now, recalling the definition of 𝜌𝑘 in (3.6), we have that 

𝜌𝑘(𝜏𝑗+2) = 𝜌0(𝜏𝑗 )𝛾(𝜏𝑗+2 − 𝜏𝑗+1). (3.13)

Hence, from (3.11)–(3.13), and the fact that 𝜌0 is non-increasing, it 
is not difficult to see that

‖𝑓𝑗+11𝜔‖2𝐿2((𝜏𝑗+1 ,𝜏𝑗+2);𝐿2(𝛺))
≤ 𝐶𝜌2𝑘(𝜏𝑗+2)∫

𝜏𝑗+1

𝜏𝑗
‖𝜌−10 𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡,

where the constant 𝐶 does not depend on 𝑘.
In particular, since 𝜌𝑘 is non-increasing, we conclude that 

‖𝜌−1𝑘 𝑓𝑗+11𝜔‖2𝐿2((𝜏𝑗+1 ,𝜏𝑗+2);𝐿2(𝛺))
≤ 𝐶 ∫

𝜏𝑗+1

𝜏𝑗
‖𝜌−10 𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡, (3.14)

where 𝐶 does not depend on 𝑘.
Let us now define the control 

𝑓 ∶=
∞
∑

𝑗=0
𝑓𝑗1(𝜏𝑗 ,𝜏𝑗+1). (3.15)

Claim 3.1. 𝜌−1𝑘 𝑓 ∈ 𝐿2(𝑄).

Proof of the Claim  3.1.  Using (3.11) for 𝑗 = 0, we have that 
‖𝑓01𝜔‖2𝐿2((0,𝜏1);𝐿2(𝛺))

≤ 𝛾2(𝜏1)‖𝑢0‖2𝐿2(𝛺)
. (3.16)

From the fact that 𝜌𝑘 is constant in [0, 𝑇 (1 − 1
𝑞2
)], i.e.

𝜌𝑘(𝜏1) = 𝜌𝑘
(

𝑇 (1 − 1
𝑞2
)
)

,

estimate (3.16) implies that 

‖𝜌−1𝑘 𝑓01𝜔‖2𝐿2((0,𝜏1);𝐿2(𝛺))
≤ 𝑒−2𝑠1𝑘𝑇 𝑒

2𝐶3𝑞−2(𝐶3𝑞
2−𝑠0(𝑞−1))

𝑇 (𝑞−1)
‖𝑢0‖

2
𝐿2(𝛺)

. (3.17)

Thus, from (3.14), (3.17) and the definition of 𝑓 in (3.15), the 
following estimate holds 

‖𝜌−1𝑘 𝑓1𝜔‖2𝐿2((0,𝑇 );𝐿2(𝛺))
≤ 𝑒−2𝑠1𝑘𝑇 𝑒

2𝐶3𝑞−2(𝐶3𝑞
2−𝑠0(𝑞−1))

𝑇 (𝑞−1)
‖𝑢0‖

2
𝐿2(𝛺)

+ 𝐶 ∫

𝑇

0
‖𝜌−10 𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡,

(3.18)

where 𝐶 does not depend on 𝑘. This finishes the proof of Claim  3.1. □

Now, we set
𝑢 = 𝑧 +𝑤

which solves 
|

|

|

|

|

|

|

𝑢𝑡 − 𝛥𝑢 + 𝑘(−𝛥)𝜃𝑢 = 𝑔 + 𝑓𝑗1𝜔 in 𝛺 × (𝜏𝑗 , 𝜏𝑗+1),
𝑢 = 0 on 𝜕𝛺 × (𝜏𝑗 , 𝜏𝑗+1),
𝑢(𝜏𝑗 ) = 𝑢𝑗0 in 𝛺.

(3.19)

We have following decay in time for 𝑢.

Claim 3.2. 𝜌−1𝑘 𝑢 ∈ 𝐶([0, 𝑇 ];𝐿2(𝛺)) ∩ 𝐿2((0, 𝑇 );𝐻1
0 (𝛺)).

Proof of Claim  3.2.  To prove this claim, we use the following result, 
whose proof is straightforward. 

Lemma 3.3.  Let 𝑇 > 0, 𝑢0 ∈ 𝐿2(𝛺) and let 𝑔 ∈ 𝐿2(𝑄). The solution of
|

|

|

|

|

𝑢𝑡 − 𝛥𝑢 + 𝑘(−𝛥)𝜃𝑢 = 𝑔 in 𝑄,
𝑢 = 0 on 𝛴,

|

|

𝑢(0) = 𝑢0 in 𝛺
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satisfies 

‖𝑢‖2
𝐶([0,𝑇 ];𝐿2(𝛺))∩𝐿2((0,𝑇 );𝐻1

0 (𝛺))
≤ 𝐶

(

‖𝑢0‖
2
𝐿2(𝛺)

+ ∫

𝑇

0
‖𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡
)

,

(3.20)

where 𝐶 > 0 does not depend on 𝑘.
Furthermore, if 𝑢0 ∈ 𝐻1

0 (𝛺), then 

‖𝑢‖2
𝐶([0,𝑇 ];𝐻1

0 (𝛺))∩𝐿2((0,𝑇 );𝐻2(𝛺))
≤ 𝐶

(

‖𝑢0‖
2
𝐻1

0 (𝛺)
+ ∫

𝑇

0
‖𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡
)

,

(3.21)

where 𝐶 > 0 does not depend on 𝑘.
Applying this lemma to system (3.19), from (3.20) we get 

‖𝑢‖2
𝐶([𝜏𝑗 ,𝜏𝑗+1];𝐿2(𝛺))∩𝐿2((𝜏𝑗 ,𝜏𝑗+1);𝐻1

0 (𝛺))

≤ 𝐶

(

‖𝑢𝑗0‖
2
𝐿2(𝛺)

+ ∫

𝜏𝑗+1

𝜏𝑗
‖𝑓𝑗 (𝑡)1𝜔‖2𝐿2(𝛺)

𝑑𝑡

+ ∫

𝜏𝑗+1

𝜏𝑗
‖𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡

)

,

(3.22)

with the constant 𝐶 > 0 not depending on 𝑘.
For 𝑗 ≥ 1, combining (3.11) with (3.12), and using (3.13), estimate 

(3.22) reads

‖𝑢‖2
𝐶([𝜏𝑗 ,𝜏𝑗+1];𝐿2(𝛺))∩𝐿2((𝜏𝑗 ,𝜏𝑗+1);𝐻1

0 (𝛺))
≤ C𝜌2𝑘(𝜏𝑗+1)∫

𝜏𝑗+1

𝜏𝑗−1
‖𝜌−10 𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡,

where the constant C does not depend on 𝑘.
Since 𝜌𝑘 is non-increasing, this last inequality leads to 

‖𝜌−1𝑘 𝑢‖2
𝐶([𝜏𝑗 ,𝜏𝑗+1];𝐿2(𝛺))∩𝐿2((𝜏𝑗 ,𝜏𝑗+1);𝐻1

0 (𝛺))
≤ C∫

𝜏𝑗+1

𝜏𝑗−1
‖𝜌−10 𝑔(𝑡)‖2𝐿2(𝛺)𝑑𝑡, 𝑗 ≥ 1.

(3.23)

For 𝑗 = 0, we know that

‖𝑢‖2
𝐶([0,𝜏1];𝐿2(𝛺))∩𝐿2((0,𝜏1);𝐻1

0 (𝛺))
≤ 𝐶

(

𝐶2
1 𝑒

2𝐶3𝑞
𝑇 (𝑞−1)

‖𝑢0‖
2
𝐿2(𝛺) + ∫

𝜏1

0
‖𝑔(𝑡)‖2𝐿2(𝛺)𝑑𝑡

)

.

Then, using that 𝜌𝑘 is constant in [0, 𝜏1], we see that

𝜌−2𝑘 (𝜏1) = 𝐶−2
1 𝑒−2𝑠1𝑘𝑇 𝑒−

2(𝐶3𝑞
2−𝑠0(𝑞−1))
(𝑞−1)𝑇 .

Thus, 

‖𝜌−1𝑘 𝑢‖2
𝐶([0,𝜏1];𝐿2(𝛺))∩𝐿2((0,𝜏1);𝐻1

0 (𝛺))
= 𝐶𝑒−2𝑠1𝑘𝑇 𝑒

2𝐶3𝑞−2(𝐶3𝑞
2−𝑠0(𝑞−1))

𝑇 (𝑞−1)
‖𝑢0‖

2
𝐿2(𝛺)

+ 𝐶𝐶−2
1 𝑒−

2𝐶3𝑞
2

𝑇 (𝑞−1)
∫

𝜏1

0
‖𝜌−10 𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡.

(3.24)

Combining (3.23) and (3.24), we obtain the estimate

‖𝜌−1𝑘 𝑢‖2
𝐶([0,𝑇 ];𝐿2(𝛺))∩𝐿2((0,𝑇 );𝐻1

0 (𝛺))
≤ 𝐶𝑒−2𝑠1𝑘𝑇 𝑒

2𝐶3𝑞−2(𝐶3𝑞
2−𝑠0(𝑞−1))

𝑇 (𝑞−1)
‖𝑢0‖

2
𝐿2(𝛺)

+ 𝐶𝐶−2
1 𝑒−

2𝐶3𝑞
2

𝑇 (𝑞−1)
∫

𝑇

0
‖𝜌−10 𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡

+ 𝐶 ∫

𝑇

0
‖𝜌−10 𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡.

This last inequality readily implies that 

‖𝜌−1𝑘 𝑢‖2
𝐶([0,𝑇 ];𝐿2(𝛺))∩𝐿2((0,𝑇 );𝐻1

0 (𝛺))
≤ Ĉ

(

𝑒−2𝑠1𝑘𝑇 𝑒
2𝐶3𝑞−2(𝐶3𝑞

2−𝑠0(𝑞−1))
𝑇 (𝑞−1)

‖𝑢0‖
2
𝐿2(𝛺)

+
𝑇
‖𝜌−1𝑔(𝑡)‖2 2 𝑑𝑡

)

∫0 0 𝐿 (𝛺)
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(3.25)

where the constant Ĉ does not depend on 𝑘. This finishes the proof of 
the Claim  3.2. □

Finally, combining (3.18) and (3.25), we deduce that
‖𝜌−1𝑘 𝑢‖2

𝐶([0,𝑇 ];𝐿2(𝛺))∩𝐿2((0,𝑇 );𝐻1
0 (𝛺))

+ ‖𝜌−1𝑘 𝑓1𝜔‖2𝐿2((0,𝑇 );𝐿2(𝛺))

≤ C1

(

𝑒−2𝑠1𝑘𝑇 𝑒
2𝐶3𝑞−2(𝐶3𝑞

2−𝑠0(𝑞−1))
𝑇 (𝑞−1)

‖𝑢0‖
2
𝐿2(𝛺)

+ ∫

𝑇

0
‖𝜌−10 𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡

)

,

which proves Theorem  3.2. □

When the initial data 𝑢0 is more regular, we can improve Theorem 
3.2. This result will be important in the next section when dealing with 
the nonlinear problem.

Before stating the result, let us introduce the following Banach 
space: 

𝐸 =
{

(𝑢, 𝑓 ) ∶ 𝜌−10
(

𝐿𝑘(𝑢) − 𝑓1𝜔
)

∈ 𝐿2(𝑄), 𝑢 = 0 on 𝛴,

𝜌−1𝑘 𝑢 ∈ 𝐿∞(0, 𝑇 ;𝐻1
0 (𝛺)) ∩ 𝐿2(0, 𝑇 ;𝐻2(𝛺))and 𝜌−1𝑘 𝑓1𝜔 ∈ 𝐿2(𝑄)

}

,

(3.26)

with the norm
‖(𝑢, 𝑓 )‖𝐸 ∶= ‖𝜌−1𝑘 𝑢‖𝐿∞(0,𝑇 ;𝐻1

0 (𝛺))∩𝐿2(0,𝑇 ;𝐻2(𝛺)) + ‖𝜌−1𝑘 𝑓1𝜔‖𝐿2(𝑄).

We have: 

Theorem 3.4.  Assume 𝑢0 ∈ 𝐻1
0 (𝛺). Under the same assumptions of 

Theorem  3.2, the state-control pair (𝑢, 𝑓 ) ∈ 𝐸 satisfies:
‖𝜌−1𝑘 𝑢‖2

𝐶([0,𝑇 ],𝐻1
0 (𝛺))∩𝐿2((0,𝑇 );𝐻2(𝛺))

≤ C1

(

𝑒−2𝑠1𝑘𝑇 𝑒
C2
𝑇
‖𝑢0‖

2
𝐻1

0 (𝛺)
+ ‖𝜌−10 𝑔‖2

𝐿2(𝑄)

)

, (3.27)

for some constants C1,C2 > 0 which does not depend on 𝑘.

Proof of Theorem  3.4.  Since 𝑢0 ∈ 𝐻1
0 (𝛺), the sequence of data in 

(3.10) satisfies 𝑢𝑗0 ∈ 𝐻1
0 (𝛺) for each 𝑗 ≥ 0.

By construction, we know that, for each 𝑗 ≥ 0, 𝑢 solves system 
(3.19). Then, energy estimate (3.21) gives
‖𝑢‖2

𝐶([𝜏𝑗 ,𝜏𝑗+1];𝐻1
0 (𝛺))∩𝐿2((𝜏𝑗 ,𝜏𝑗+1);𝐻2(𝛺))

≤ 𝐶

(

‖𝑢𝑗0‖
2
𝐻1

0 (𝛺)
+ ∫

𝜏𝑗+1

𝜏𝑗
‖𝑓𝑗 (𝑡)1𝜔‖2𝐿2(𝛺)

𝑑𝑡

+ ∫

𝜏𝑗+1

𝜏𝑗
‖𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡

)

,

where the constant 𝐶 > 0 does not depend on 𝑘.
For 𝑗 ≥ 1, estimate (3.11) implies

‖𝑢‖2
𝐶([𝜏𝑗 ,𝜏𝑗+1];𝐻1

0 (𝛺))∩𝐿2((𝜏𝑗 ,𝜏𝑗+1);𝐻2(𝛺))

≤ 𝐶

(

𝛾2(𝜏𝑗+1 − 𝜏𝑗 )‖𝑢
𝑗
0‖

2
𝐻1

0 (𝛺)

+ ∫

𝜏𝑗+1

𝜏𝑗
‖𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡

)

.

Next, since 𝑢𝑗0 ∈ 𝐻1
0 (𝛺), we have that

‖𝑢𝑗+10 ‖

2
𝐻1

0 (𝛺)
≤ 𝐶 ∫

𝜏𝑗+1

𝜏𝑗
‖𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡.

Thus, for each 𝑗 ≥ 1, we have

‖𝑢‖2
𝐶([𝜏𝑗 ,𝜏𝑗+1];𝐻1(𝛺))∩𝐿2((𝜏𝑗 ,𝜏𝑗+1);𝐻2(𝛺))

≤ 𝐶𝛾2(𝜏𝑗+1 − 𝜏𝑗 )∫

𝜏𝑗+1
‖𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡.
0 𝜏𝑗−1
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Now we recall that
𝜌𝑘(𝜏𝑗+1) = 𝜌0(𝜏𝑗−1)𝛾(𝜏𝑗+1 − 𝜏𝑗 ), 𝑗 ≥ 1.

Then, it follows that

‖𝑢‖2
𝐶([𝜏𝑗 ,𝜏𝑗+1];𝐻1

0 (𝛺))∩𝐿2((𝜏𝑗 ,𝜏𝑗+1);𝐻2(𝛺))
≤ 𝐶𝜌2𝑘(𝜏𝑗+1)∫

𝜏𝑗+1

𝜏𝑗−1
‖𝜌−10 𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡.

Using again that 𝜌𝑘 is non-increasing, we have that

‖𝜌−1𝑘 𝑢‖2
𝐶([𝜏𝑗 ,𝜏𝑗+1];𝐻1

0 (𝛺))∩𝐿2((𝜏𝑗 ,𝜏𝑗+1);𝐻2(𝛺))
≤ 𝐶 ∫

𝜏𝑗+1

𝜏𝑗−1
‖𝜌−10 𝑔(𝑡)‖2

𝐿2(𝛺)
𝑑𝑡,

𝑗 ≥ 1. (3.28)

For 𝑗 = 0, we have the estimate

‖𝑢‖2
𝐶([0,𝜏1];𝐻1

0 (𝛺))∩𝐿2((0,𝜏1);𝐻2(𝛺))
≤ 𝐶

(

𝑒
2𝐶3𝑞
(𝑞−1)𝑇

‖𝑢0‖
2
𝐻1

0 (𝛺)
+ ∫

𝜏1

0
‖𝑔(𝑡)‖2𝐿2(𝛺)𝑑𝑡

)

.

Using that 𝜌𝑘 is constant in [0, 𝜏1], i.e.

𝜌−2𝑘 (𝜏1) = 𝐶−2
1 𝑒−2𝑠1𝑘𝑇 𝑒−

2(𝐶3𝑞
2−𝑠0(𝑞−1))
(𝑞−1)𝑇 ,

it follows that 

‖𝜌−1𝑘 𝑢‖2
𝐶([0,𝜏1];𝐻1

0 (𝛺))∩𝐿2((0,𝜏1);𝐻2(𝛺))
≤ 𝐶

(

𝑒−2𝑠1𝑘𝑇 𝑒
2𝐶3𝑞−2(𝐶3𝑞

2−𝑠0(𝑞−1))
(𝑞−1)𝑇

‖𝑢0‖
2
𝐻1

0 (𝛺)

+ ∫

𝜏1

0
‖𝜌−10 𝑔(𝑡)‖2𝐿2(𝛺)𝑑𝑡

)

.

(3.29)

Finally, combining (3.28) and (3.29), we obtain

‖𝜌−1𝑘 𝑢‖2
𝐶([0,𝑇 ];𝐻1

0 (𝛺))∩𝐿2((0,𝑇 );𝐻2(𝛺))
≤ 𝐶

(

𝑒−2𝑠1𝑘𝑇 𝑒
2𝐶3𝑞−2(𝐶3𝑞

2−𝑠0(𝑞−1))
(𝑞−1)𝑇

‖𝑢0‖
2
𝐻1

0 (𝛺)

+ ∫

𝑇

0
‖𝜌−10 𝑔(𝑡)‖2𝐿2(𝛺)𝑑𝑡

)

,

which proves Theorem  3.4. □

Remark 3.5.  Note that, in Theorem  3.4, we do not have boundedness, 
with respect to 𝑘, for the norm of 𝜌−1𝑘 𝑢𝑡 in 𝐿2(𝑄). This has implications 
in the range of the powers of the nonlinearities we can address in the 
next section. In particular, it prevents the use of embedding results such 
as the Aubin–Lions Lemma.

We finish this section with the following result. 

Lemma 3.6.  Let 𝑙 > 1. Suppose that 1 < 𝑞 <
√

𝑙 and that 𝑠0 > 𝑙𝐶3𝑞2

(𝑞−1)(𝑙−𝑞2) . 
Then, there exists 𝐶 > 0 such that
𝜌−20 (𝑡)𝜌2𝑙𝑘 (𝑡) ≤ 𝐶𝑒𝑠1𝑘𝑇 (4𝑞

2−2), ∀ 𝑡 ∈ [0, 𝑇 ].

Proof.  Indeed, we have

𝜌−20 (𝑡)𝜌2𝑙𝑘 (𝑡) = 𝐶2𝑙
1 𝑒

2𝑙𝐶3𝑞
2+2𝑠0(𝑞−1)(𝑞

2−𝑙)
𝑞2(𝑞−1)(𝑇−𝑡) 𝑒2𝑠1𝑘(𝑇−𝑡)(𝑙𝑞

2−1).

The result then follows from the fact that
2𝑙𝐶3𝑞

2 − 2𝑠0(𝑞 − 1)(𝑙 − 𝑞2) < 0. □

Remark 3.7.  The choice of the parameter 𝑠0 in the previous lemma 
readily implies inequality (3.4). Indeed, just notice that, by the choice 
of 𝑞, we have that 𝑙

𝑙−𝑞2 > 1.

4. The nonlinear case

In this section, we prove Theorems  1.5 and 1.6. To do this, we 
borrow some ideas from [30,32]. We will see that the results obtained 
in the previous section allow us to locally invert the nonlinear system 
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(1.1). In fact, the regularity deduced for the solution of the linearized 
system (1.9) will be sufficient to apply a suitable inverse function 
theorem (see Theorem  4.1 below).

To address the nonlinear problem, we notice that the norms on the 
left-hand side of (3.8) and (3.27) depend on 𝑘, but we still did not 
choose the parameter 𝑠1. So, to make things uniform with respect to 
𝑘, we choose 𝑠1 = 1

𝑘 . Then, for 𝑢0 ∈ 𝐻1
0 (𝛺), we can rewrite estimates 

(3.8) and (3.27) as 
‖𝜌−1𝑢‖2

𝐶([0,𝑇 ],𝐻1
0 (𝛺))∩𝐿2((0,𝑇 );𝐻2(𝛺))

+ ‖𝜌−1𝑓1𝜔‖2𝐿2(𝑄)

≤ C

(

‖𝑢0‖
2
𝐻1

0 (𝛺)
+ ‖𝜌−10 𝑔‖2

𝐿2(𝑄)

)

,
(4.1)

where C = C(𝑇 ) does not depend on 𝑘, and

𝜌0(𝑡) = 𝑒−
𝑠0
𝑇−𝑡 𝑒𝑇−𝑡, 𝜌(𝑡) = 𝐶1𝑒

𝑞2(𝑇−𝑡)𝑒
𝐶3𝑞

2−𝑠0(𝑞−1)
𝑞2(𝑞−1)(𝑇−𝑡) .

Moreover, arguing as in Lemma  3.6, one can prove that
𝜌−20 (𝑡)𝜌2𝑙(𝑡) ≤ 𝐶,

where 𝑙 > 1 and the constant 𝐶 > 0 does not depend on 𝑘.
For what follows, we use an inverse map result due to Lawrence M. 

Graves (see [26]). 

Theorem 4.1.  Let 𝐸 and 𝐺 be two Banach spaces and let A ∶ 𝐸 → 𝐺
be a continuous function from 𝐸 to 𝐺 defined in 𝐵𝜂(0) for some 𝜂 > 0 with 
A(0) = 0. Let 𝛬 be a continuous and linear operator from 𝐸 onto 𝐺 and 
suppose there exists 𝐶0 > 0 such that
‖𝑒‖𝐸 ≤ 𝐶0‖𝛬(𝑒)‖𝐺

and that there exists 𝛿 < 𝐶−1
0  such that 

‖A(𝑒1) −A(𝑒2) − 𝛬(𝑒1 − 𝑒2)‖ ≤ 𝛿‖𝑒1 − 𝑒2‖ (4.2)

whenever 𝑒1, 𝑒2 ∈ 𝐵𝜂(0). Then, the equation A(𝑒) = ℎ has a solution 
𝑒 ∈ 𝐵𝜂(0) whenever ‖ℎ‖𝐺 ≤ 𝑐𝜂, where 𝑐 = 𝐶−1

0 − 𝛿.

For a proof of Theorem  4.1 we refer the reader to [35] (see also [26,
36]).

Remark 4.2.  In the case where A ∈ 𝐶1(𝐸;𝐺), using the mean value 
theorem, it can be shown, that for any 𝛿 < 𝐶−1

0 , inequality (4.2) is 
satisfied with 𝛬 = A′(0) and 𝜂 > 0 the continuity constant at zero, i.e.,
‖A′(𝑒) −A′(0)‖L(𝐸;𝐺) ≤ 𝛿

whenever ‖𝑒‖𝐸 ≤ 𝜂.

The strategy to prove both Theorems  1.5 and 1.6 is as follows. We 
begin by letting the system evolve freely (i.e., with 𝑓 ≡ 0) over the time 
interval 

[

0, 𝑇2
]

, and then apply a control on the interval 
[

𝑇
2 , 𝑇

]

. During 
the first part, we use a precise decay of the system to gain regularity at 
a precise rate. In the second part, we control the system with a control 
which is uniformly bounded. By combining these two steps, we are able 
to obtain a decay estimate for the control.

In what follows, we will use Theorem  4.1 with the space 𝐸 given 
by (3.26) and the space
𝐺 = 𝐿2 (𝜌−10 ;𝑄

)

×𝐻1
0 (𝛺),

both adapted to the interval 
[

𝑇
2 , 𝑇

]

.

The space 𝐺 is endowed with the norm
‖(𝑔, 𝑣0)‖2𝐺 = ‖𝑣0‖

2
𝐻1

0 (𝛺)
+ ‖𝜌−10 𝑔‖2

𝐿2(𝑄)
.

Let us prove Theorem  1.6. 

Proof of Theorem  1.6.  We divide the proof into two steps. In the 
first step, we obtain a decay estimate for the uncontrolled system on 
8 
the time interval 
[

0, 𝑇2
]

. In the second step, we apply Theorem  4.1 to 
control the system on the interval 

[

𝑇
2 , 𝑇

]

.
We begin with the first step, stated as the following claim:

Claim 4.1.  Let 0 < 𝑇 ≤ 1 be fixed and 𝑢0 ∈ 𝐿2(𝛺) with ‖𝑢0‖2𝐿2(𝛺)
≤ 𝛾 𝑇

2 , 
for some 𝛾 ≤ 1 sufficiently small.

If 𝑓 ≡ 0 in [0, 𝑇2 ], then the solution 𝑢 of (1.12) satisfies the following 
estimates:

For 𝑁 = 1 or 𝑁 = 2, one has 
‖

‖

‖

∇𝑢
( 𝑇
2

)

‖

‖

‖

2

𝐿2(𝛺)
≤ 𝐶1𝑒

−𝐶2𝑘𝑇 𝛾, (4.3)

for some constants 𝐶1, 𝐶2 > 0.
For 𝑁 = 3, one has 

‖

‖

‖

∇𝑢
( 𝑇
2

)

‖

‖

‖

2

𝐿2(𝛺)
≤ 𝐶1𝑒

−𝐶2𝑘𝑇
√

𝛾, (4.4)

for some constants 𝐶1, 𝐶2 > 0.

Proof.  Multiplying Eq. (1.12)1 by 𝑢 and integrating by parts over 𝛺, 
we obtain
1
2
𝑑
𝑑𝑡

‖𝑢(𝑡)‖2
𝐿2(𝛺)

+ ‖∇𝑢(𝑡)‖2
𝐿2(𝛺)

+ 𝑘‖(−𝛥)
𝜃
2 𝑢(𝑡)‖2

𝐿2(𝛺)
= 0.

From this identity, we see that there exists 𝐶 > 0 such that 
‖𝑢( 𝑇4 )‖𝐿2(𝛺) ≤ 𝑒−𝐶𝑘𝑇

‖𝑢0‖𝐿2(𝛺) (4.5)

and that

∫

𝑇
2

𝑇
4

‖∇𝑢(𝑠)‖2
𝐿2(𝛺)

𝑑𝑠 ≤ 𝑒−𝐶𝑘𝑇 ‖𝑢0‖
2
𝐿2(𝛺)

, 𝑡 ∈
[

𝑇
4 ,

𝑇
2

]

.

Hence, by mean value theorem, there exists 𝑇̃ ∈
[

𝑇
4 ,

𝑇
2

]

 such that
‖

‖

‖

∇𝑢(𝑇̃ )‖‖
‖

2

𝐿2(𝛺)
≤ 2

𝑇
𝑒−𝐶𝑘𝑇

‖𝑢0‖
2
𝐿2(𝛺)

.

If 𝑇̃ = 𝑇
2 , the Claim follows. If 𝑇̃ < 𝑇

2 , since 𝛾
𝑇
2 ≤ 𝛾, we see that 

‖

‖

‖

∇𝑢(𝑇̃ )‖‖
‖

2

𝐿2(𝛺)
≤ 𝑒−𝐶𝑘𝑇 𝛾. (4.6)

Applying Proposition  A.2 with 𝛿 = 𝑒−𝐶𝑘𝑇 𝛾 over the interval [𝑇̃ , 𝑇2
]

, 
we get:

If 𝑁 = 1 or 𝑁 = 2, there exist 𝐶1, 𝐶2 > 0 such that:
‖

‖

‖

∇𝑢
( 𝑇
2

)

‖

‖

‖

2

𝐿2(𝛺)
≤ 𝐶1𝑒

−𝐶2𝑘𝑇 𝛾.

If 𝑁 = 3, there exist 𝐶1, 𝐶2 > 0 such that:
‖

‖

‖

∇𝑢
( 𝑇
2

)

‖

‖

‖

2

𝐿2(𝛺)
≤ 𝐶1𝑒

−𝐶2𝑘𝑇
√

𝛾. □

Let us now proceed with the second step, i.e. control the system 
from 𝑇2  to 𝑇 . For this, we recall that both spaces 𝐸 and 𝐺 are adapted 
to the interval 

[

𝑇
2 , 𝑇

]

.
For each 𝑘 > 0, we steer the solution to zero at time 𝑇  using the 

operator

A𝑘(𝑢, 𝑓 ) =
(

𝐿𝑘(𝑢) + 𝑢
(

𝐴 ⋅ ∇𝑢
)

− 𝑓1𝜔, 𝑢
( 𝑇
2

)

)

, ∀ (𝑢, 𝑓 ) ∈ 𝐸.

It is not difficult to see that A𝑘(0, 0) = (0, 0). Also,
[A′

𝑘(0, 0)](𝑢, 𝑓 ) =
(

𝐿𝑘(𝑢) − 𝑓1𝜔, 𝑢
( 𝑇
2

)

)

, ∀ (𝑢, 𝑓 ) ∈ 𝐸.

Now, we show that the hypothesis of Theorem  4.1 are fulfilled. This 
is done in the following claims. 

Claim 4.2. A𝑘 ∈ C1(𝐸;𝐺).

Proof.  First, notice that all terms in A𝑘 are linear, and consequently 
are C1, except the term 𝑢(⃖⃖⃗𝐴 ⋅ ∇𝑢).

Let 𝐸1 be the projection of 𝐸 on its first component and consider 
the operator 
B ∶ 𝐸 × 𝐸 → 𝐿2 (𝜌−1;𝑄

)

, (4.7)
1 1 0
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given by B(𝑢, 𝑣) = 𝑢(⃖⃖⃗𝐴 ⋅ ∇𝑣). Since B is a bilinear form, and therefore 
C1, it suffices to show that B is continuous.

From

‖B(𝑢, 𝑣)‖2
𝐿2

(

𝜌−10 ;𝑄
) ≤ 𝐶

𝑁
∑

𝑖=1
∫

𝑇

𝑇
2

∫𝛺
𝜌−20

|

|

|

𝑢𝜕𝑥𝑖𝑣
|

|

|

2
𝑑𝑥𝑑𝑡,

we use Hölder’s inequality to see that

∫

𝑇

𝑇
2

∫𝛺
𝜌−20

|

|

|

𝑢𝜕𝑥𝑖𝑣
|

|

|

2
𝑑𝑥𝑑𝑡 ≤ 𝐶 ∫

𝑇

𝑇
2

‖𝜌−1𝑢‖2
𝐿4(𝛺)

‖𝜌−1𝜕𝑥𝑖𝑣‖
2
𝐿4(𝛺)

𝑑𝑡,

for some 𝐶 > 0 does not depending on 𝑘.
Now, since 1 ≤ 𝑁 ≤ 4, we have that 𝐻1(𝛺) ↪ 𝐿4(𝛺), and then 

‖B(𝑢, 𝑣)‖
𝐿2

(

𝜌−10 ;𝑄
) ≤ 𝐶‖𝜌−1𝑢‖

𝐿∞
((

𝑇
2 ,𝑇

)

,𝐻1(𝛺)
)

‖𝜌−1𝑣‖
𝐿2

((

𝑇
2 ,𝑇

)

,𝐻2(𝛺)
).

(4.8)

This proves the continuity of the bilinear form B. □

Claim 4.3.  The operator A′
𝑘(0, 0) is surjective and satisfies 

‖(𝑢, 𝑓 )‖𝐸 ≤ 𝐶0
‖

‖

‖

[A′
𝑘(0, 0)](𝑢, 𝑓 )

‖

‖

‖𝐺
∀(𝑢, 𝑓 ) ∈ 𝐸, (4.9)

where the constant 𝐶0 > 0 does not depend on 𝑘.

Proof of Claim  4.3.  Let 𝛬𝑘 = A′
𝑘(0, 0). To show that 𝛬𝑘 is surjective 

we must guarantee that for all 
(

𝑔, 𝑢
( 𝑇
2

)

)

∈ 𝐺 there exists (𝑢, 𝑓 ) ∈ 𝐸
such that 
𝛬𝑘(𝑢, 𝑓 ) =

(

𝑔, 𝑢
( 𝑇
2

)

)

. (4.10)

From Theorem  3.2, when 𝑢( 𝑇
2

)

∈ 𝐻1
0 (𝛺) and 𝑔 ∈ 𝐿2(𝜌−10 ;𝑄), there 

exists (𝑢, 𝑓 ) ∈ 𝐸 satisfying system (3.7), that is to say that expression 
(4.10) holds and consequently the operator 𝛬𝑘 is surjective. Further-
more, a direct consequence of Theorem  3.2 is the estimate (4.1) which 
is equivalent to (4.9) (with 𝐶0 = C

1
2 ). □

Claim 4.4.  Given 𝛿 > 0, there exists 𝜂 > 0, such that
‖A′

𝑘(𝑣, 𝑓 ) −A′
𝑘(0, 0)‖L(𝐸;𝐺) ≤ 𝛿

whenever

‖(𝑣, 𝑓 )‖𝐸 ≤ 𝜂.

Proof of Claim  4.4.  Let (𝑢, 𝑓 ), (𝑣, 𝑓 ) ∈ 𝐸. Note that

A′
𝑘(𝑣, 𝑓 )(𝑢, 𝑓 ) −A′

𝑘(0, 0)(𝑢, 𝑓 ) =
(

𝑢(𝐴 ⋅ ∇𝑣) + 𝑣(𝐴 ⋅ ∇𝑢), 0
)

.

Hence, we have that
‖A′

𝑘(𝑣, 𝑓 ) −A′
𝑘(0, 0)‖L(𝐸;𝐺) = sup

‖(𝑢,𝑓 )‖𝐸≤1
‖𝑢(𝐴 ⋅ ∇𝑣) + 𝑣(𝐴 ⋅ ∇𝑢)‖𝐿2(𝜌−10 ;𝑄).

(4.11)

Since

‖𝑢(𝐴 ⋅ ∇𝑣) + 𝑣(𝐴 ⋅ ∇𝑢)‖𝐿2(𝜌−10 ;𝑄) ≤ ‖B(𝑢, 𝑣)‖𝐿2(𝜌−10 ;𝑄) + ‖B(𝑣, 𝑢)‖𝐿2(𝜌−10 ;𝑄),

where B is the bilinear form defined in (4.7), from (4.8) and (4.11), it 
follows that
‖

‖

‖

A′
𝑘(𝑣, 𝑓 ) −A′

𝑘(0, 0)
‖

‖

‖L(𝐸;𝐺)
≤ 2𝐶‖(𝑣, 𝑓 )‖𝐸 ,

where the constant 𝐶 > 0 does not depends on 𝑘.
Therefore, the claim follows taking 𝜂 = 𝛿

2𝐶 . □

To finish the proof, taking 𝛾 sufficiently small, and using estimates 
(4.3) and (4.4), from Theorem  4.1 it follows that the equation

A (𝑢, 𝑓 ) =
(

0, 𝑢
( 𝑇 )

)

𝑘 2

9 
has a solution (𝑢, 𝑓 ) ∈ 𝐸, with
‖(𝑢, 𝑓 )‖𝐸 ≤ 𝐶1𝑒

−𝐶2𝑘𝑇 .

Consequently, the pair (𝑢, 𝑓 ) ∈ 𝐸 is such that 𝑢(𝑇 ) = 0, and in particular
‖𝑓‖2

𝐿2(𝜔×(0,𝑇 ))
≤ 𝐶1𝑒

−𝐶2𝑘𝑇 ,

for some 𝐶1, 𝐶2 > 0.
This finishes the proof of Theorem  1.6. □

Let us now prove Theorem  1.5.

Proof of Theorem  1.5.  The proof of Theorem  1.5 is performed 
following the same steps as in Theorem  1.6.

For the first part, we use the following. 

Claim 4.5.  Let 0 < 𝑇 ≤ 1 be fixed and 𝑢0 ∈ 𝐿2(𝛺) with ‖𝑢0‖2𝐿2(𝛺)
≤ 𝛾𝑇 2, 

for some 𝛾 ≤ 1 sufficiently small. Then 
‖

‖

‖

∇𝑢
( 𝑇
2

)

‖

‖

‖

2

𝐿2(𝛺)
≤ 𝐶1𝑒

−𝐶2𝑘𝑇 𝛾, (4.12)

for some constants 𝐶1, 𝐶2 > 0 independent of 𝑘.

Proof.  Multiplying Eq. (1.10) by 𝑢 and integrating by parts over 𝛺, we 
obtain
1
2
𝑑
𝑑𝑡

‖𝑢(𝑡)‖2
𝐿2(𝛺)

+ ‖∇𝑢(𝑡)‖2
𝐿2(𝛺)

+ 𝑘‖(−𝛥)
𝜃
2 𝑢(𝑡)‖2

𝐿2(𝛺)
+ ‖𝑢(𝑡)‖𝑙+1

𝐿𝑙+1(𝛺)
= 0.

Then, as before, there exists 𝑇̃ ∈
[

𝑇
4 ,

𝑇
2

]

 such that 

‖

‖

‖

∇𝑢(𝑇̃ )‖‖
‖

2

𝐿2(𝛺)
≤ 2

𝑇
𝑒−𝐶𝑘𝑇

‖𝑢0‖
2
𝐿2(𝛺)

. (4.13)

From Proposition  A.1, we have the following estimate
‖

‖

‖

∇𝑢
( 𝑇
2

)

‖

‖

‖

2

𝐿2(𝛺)
≤ 𝐶

(

𝑘‖‖
‖

∇𝑢(𝑇̃ )‖‖
‖

2

𝐿2(𝛺)
+ ‖

‖

‖

∇𝑢(𝑇̃ )‖‖
‖

𝑙+1

𝐿2(𝛺)

)

.

Therefore,

‖

‖

‖

∇𝑢
( 𝑇
2

)

‖

‖

‖

2

𝐿2(𝛺)
≤ 𝐶

(

2𝑘
𝑇

𝑒−𝐶𝑘𝑇
‖𝑢0‖

2
𝐿2(𝛺)

+ 2
𝑙+1
2

𝑇
𝑙+1
2

𝑒−𝐶(𝑙+1)𝑘𝑇
‖𝑢0‖

𝑙+1
𝐿2(𝛺)

)

.

Now, a straightforward calculation gives
‖

‖

‖

∇𝑢
( 𝑇
2

)

‖

‖

‖

2

𝐿2(𝛺)
≤ 𝐶1𝑒

−𝐶2𝑘𝑇 𝛾. □

To finish, we drive the solution to zero from 𝑇
2  to 𝑇  using the 

operator:

A𝑘(𝑢, 𝑓 ) =
(

𝐿𝑘(𝑢) + |𝑢|𝑙−1𝑢 − 𝑓1𝜔, 𝑢
( 𝑇
2

)

)

, ∀ (𝑢, 𝑓 ) ∈ 𝐸.

Arguing as before, and using that
𝐿∞

((

𝑇
2 , 𝑇

)

;𝐻1
0 (𝛺)

)

∩ 𝐿2
((

𝑇
2 , 𝑇

)

;𝐻2(𝛺)
)

↪ 𝐿2𝑙
((

𝑇
2 , 𝑇

)

;𝐿2𝑙(𝛺)
)

for
⎧

⎪

⎨

⎪

⎩

𝑙 > 1, for 𝑁 = 1, 2;
1 < 𝑙 < 5, for 𝑁 = 3;
1 < 𝑙 < 3, for 𝑁 = 4,

we conclude that A𝑘 ∈ C1(𝐸;𝐺) and satisfies the assumptions of 
Theorem  4.1.

Thus, taking 𝛾 sufficiently small, there exists a pair (𝑢, 𝑓 ) ∈ 𝐸 such 
that 𝑢(𝑇 ) = 0 and that
‖𝑓‖2

𝐿2(𝜔×(0,𝑇 ))
≤ 𝐶1𝑒

−𝐶2𝑘𝑇 .

This concludes the proof of Theorem  1.5. □

5. Comments and open problems

In this paper, we have studied the heat equation perturbed by 
an anomalous diffusion term scaled by a large parameter. We have 
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shown that it is possible to control the linear system using a control 
whose 𝐿2-norm decays exponentially with respect to the parameter, as 
conjectured by Lions and Zuazua in [19]. Additionally, when nonlin-
earity is introduced into the system, it is possible to achieve similar 
controllability results with respect to the parameter.

The ideas developed in this paper open up the possibility of address-
ing many other related problems. We mention here some of them that 
could be of interest:

∙ General parabolic operators: The method developed in this paper 
can be applied to more general parabolic systems. To be precise, one 
can consider parabolic systems under the form 
|

|

|

|

|

|

|

𝑢𝑡 + 𝐴𝑢 + 𝑘𝐴𝜃𝑢 = 𝑓1𝜔 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺,

(5.1)

with 𝑘 > 0, 𝐴 a linear positive self-adjoint operator and 0 < 𝜃 < 1.
In fact, as soon as the operator 𝐴 has a suitable spectral inequality it 

is possible to argue as in Section 2 and construct null controls for (5.1) 
which have exponential decay for the 𝐿2-norm. For example, one might 
consider 𝐴 to be the Stokes operator, for which a spectral inequality has 
been obtained in [8].

∙ Local anomalous diffusion term: To obtain the result for the linear 
system an important fact we used was the dissipation of the system. An 
interesting open problem arises when the anomalous diffusion term is 
localized in a proper nonempty subset O ⊊ 𝛺.

More precisely, it is an open problem to construct null controls that 
exhibit exponential decay in the 𝐿2-norm for the following system:
|

|

|

|

|

|

|

𝑢𝑡 − 𝛥𝑢 + 𝑘
(

(−𝛥)𝜃𝑢
)

1O = 𝑓1𝜔 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺,

with O ⊊ 𝛺, 𝑘 > 0 and 0 < 𝜃 < 1.
∙ Another limiting problem:  An interesting problem to consider is the 

case where the Laplace operator have a small diffusion term. Namely, 
one can ask about uniform controllability results for the following 
system: 
|

|

|

|

|

|

|

𝑢𝑡 − 𝛿𝛥𝑢 + (−𝛥)𝜃𝑢 = 𝑓1𝜔 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺,

(5.2)

with 𝛿 > 0 and 0 < 𝜃 < 1.
For each 𝛿 > 0, system (5.2) is null controllable at any time 𝑇 > 0. 

However, as 𝛿 → 0+, this formally leads to the fractional parabolic 
system: 
|

|

|

|

|

|

|

𝑢𝑡 + (−𝛥)𝜃𝑢 = 𝑓1𝜔 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺.

(5.3)

It is well-known (see [37,38]) that system (5.3) is null controllable for 
1
2 < 𝜃 < 1 at any time 𝑇 > 0 and is not null controllable if 0 < 𝜃 ≤ 1

2 .
Thus, we conjecture that, when 12 < 𝜃 < 1, it is possible to obtain 

the null controllability for (5.3) as a limit of the null controllability for 
system (5.2).

∙ Integral fractional Laplacian: It would be interesting to analyze 
whether similar results to those obtained in this paper can be estab-
lished when the spectral fractional Laplacian is replaced by the integral 
fractional Laplacian, as considered, for instance, in [39]. That is, one 
replaces the fractional Laplacian by

(−𝛥)𝜃𝑢(𝑥) = 𝐶𝑁,𝜃𝑃 .𝑉 .∫R𝑁

𝑢(𝑥) − 𝑢(𝑦)
|𝑥 − 𝑦|𝑁+2𝜃

𝑑𝑦, 𝑥 ∈ R𝑁 ,

where 𝐶𝑁,𝜃 is an appropriate constant and P.V.denotes the principal 
value.

We expect that similar results to those presented here may also hold 
in this setting. However, this remains an open problem.
10 
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Appendix. Some regularity estimates

In this appendix, we give some regularity results we use in the proof 
of Theorems  1.5 and 1.6.

Proposition A.1.  Let 1 ≤ 𝑁 ≤ 4 and 0 < 𝑇 ≤ 1. Assume that 𝑙 satisfy 
(1.11), and let 𝑘 > 0. Consider the system 
|

|

|

|

|

|

|

𝑢𝑡 − 𝛥𝑢 + 𝑘(−𝛥)𝜃𝑢 + |𝑢|𝑙−1𝑢 = 0 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺.

(A.1)

If 𝑢0 ∈ 𝐻1
0 (𝛺), the following estimate holds: 

‖∇𝑢(𝑇 )‖2
𝐿2(𝛺)

≤ 𝐶
(

𝑘‖∇𝑢0‖2𝐿2(𝛺)
+ ‖∇𝑢0‖𝑙+1𝐿2(𝛺)

)

, (A.2)

where 𝐶 > 0 does not depend on 𝑘.

Proof of Proposition  A.1.  Multiplying Eq. (A.1)1 by 𝑢𝑡, and integrating 
over 𝛺, yields

‖𝑢𝑡(𝑡)‖2𝐿2(𝛺)
+ 1

2
𝑑
𝑑𝑡

‖∇𝑢(𝑡)‖2
𝐿2(𝛺)

+ 𝑘
2
𝑑
𝑑𝑡

‖

‖

‖

‖

(−𝛥)
𝜃
2 𝑢(𝑡)

‖

‖

‖

‖

2

𝐿2(𝛺)

+ 1
𝑙 + 1

𝑑
𝑑𝑡

‖𝑢(𝑡)‖𝑙+1
𝐿𝑙+1(𝛺)

= 0. (A.3)

Now, we integrate from 0 to 𝑇 , and use that ‖(−𝛥) 𝜃2 𝑢0‖2𝐿2(𝛺)
≤

𝐶‖∇𝑢0‖2𝐿2(𝛺)
, to obtain 

∫

𝑇

0
‖𝑢𝑡(𝑠)‖2𝐿2(𝛺)

𝑑𝑠 + 1
2
‖∇𝑢(𝑇 )‖2

𝐿2(𝛺)
+ 𝑘

2
‖

‖

‖

‖

(−𝛥)
𝜃
2 𝑢(𝑇 )

‖

‖

‖

‖

2

𝐿2(𝛺)

+ 1
𝑙 + 1

‖𝑢(𝑇 )‖𝑙+1
𝐿𝑙+1(𝛺)

≤ 𝐶𝑘‖∇𝑢0‖2𝐿2(𝛺)
+ 1

𝑙 + 1
‖

‖

𝑢0‖‖
𝑙+1
𝐿𝑙+1(𝛺) .

(A.4)

The estimate then follows from the embedding 𝐻1
0 (𝛺) ↪ 𝐿𝑙+1(𝛺), 

where 𝑙 is given by (1.11). □

We now give a regularity result for system (1.12).
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Proposition A.2.  Let 1 ≤ 𝑁 ≤ 3, and 0 < 𝑇 ≤ 1. Assume 𝐴 ∈ R𝑁  and 
𝑘 > 0. Consider the following system 
|

|

|

|

|

|

|

𝑢𝑡 − 𝛥𝑢 + 𝑘(−𝛥)𝜃𝑢 + 𝑢(⃖⃖⃗𝐴 ⋅ ∇𝑢) = 0 in 𝑄,
𝑢 = 0 on 𝛴,
𝑢(0) = 𝑢0 in 𝛺.

(A.5)

Suppose that 𝑢0 ∈ 𝐻1
0 (𝛺) and that ‖∇𝑢0‖2𝐿2(𝛺)

≤ 𝛿, for some 𝛿 ≤ 1
sufficiently small.

For 𝑁 = 1 or 𝑁 = 2, there exists 𝐶 > 0, independent of 𝛿, such that: 

‖∇𝑢(𝑇 )‖2
𝐿2(𝛺)

≤ 𝐶𝛿. (A.6)

For 𝑁 = 3, there exists 𝐶 > 0, independent of 𝛿, such that: 

‖∇𝑢(𝑇 )‖2
𝐿2(𝛺)

≤ 𝐶
√

𝛿. (A.7)

Proof.  Multiplying system (A.5) by 𝑢 and integrating on 𝛺, it is not 
difficult to see that
1
2
𝑑
𝑑𝑡

‖𝑢(𝑡)‖2
𝐿2(𝛺)

+ ‖∇𝑢(𝑡)‖2
𝐿2(𝛺)

+ 𝑘‖(−𝛥)
𝜃
2 𝑢(𝑡)‖2

𝐿2(𝛺)
= 0.

This implies that 
‖𝑢(𝑡)‖𝐿2(𝛺) ≤ 𝑒−𝐶𝑘𝑡

‖𝑢0‖𝐿2(𝛺), 𝑡 ∈ [0, 𝑇 ], (A.8)

for some 𝐶 > 0 does not depending on 𝑘, and that 

∫

𝑇

0
‖∇𝑢(𝑠)‖2

𝐿2(𝛺)
𝑑𝑠 ≤ 1

2
‖𝑢0‖

2
𝐿2(𝛺)

. (A.9)

Now, multiplying the system by −𝛥𝑢, and integrating over 𝛺, gives

1
2
𝑑
𝑑𝑡

‖∇𝑢(𝑡)‖2
𝐿2(𝛺)

+ ‖𝛥𝑢(𝑡)‖2
𝐿2(𝛺)

+ 𝑘‖(−𝛥)
1+𝜃
2 𝑢(𝑡)‖2

𝐿2(𝛺)
≤ 𝐶 ∫𝛺

|∇𝑢(𝑡)|3𝑑𝑥.

Since

‖∇𝑢(𝑡)‖3
𝐿3(𝛺)

≤ ‖∇𝑢(𝑡)‖𝐿2(𝛺)‖∇𝑢(𝑡)‖
2
𝐿4(𝛺)

,

applying [40, Proposition III.2.35], we get
1
2
𝑑
𝑑𝑡

‖∇𝑢(𝑡)‖2
𝐿2(𝛺)

+ ‖𝛥𝑢(𝑡)‖2
𝐿2(𝛺)

+ 𝑘‖(−𝛥)
1+𝜃
2 𝑢(𝑡)‖2

𝐿2(𝛺)

≤ 𝐶‖∇𝑢(𝑡)‖
3−𝑁

2
𝐿2(𝛺)

‖𝛥𝑢(𝑡)‖
𝑁
2
𝐿2(𝛺)

. (A.10)

From now on, we distinguish between the cases 𝑁 = 1, 2 and 𝑁 = 3.

Case 1: We treat the case 𝑁 = 2.
By applying Young’s inequality, we see that

1
2
𝑑
𝑑𝑡

‖∇𝑢(𝑡)‖2
𝐿2(𝛺)

+ 1
2
‖𝛥𝑢(𝑡)‖2

𝐿2(𝛺)
+ 𝑘‖(−𝛥)

1+𝜃
2 𝑢(𝑡)‖2

𝐿2(𝛺)
≤ 𝐶‖∇𝑢(𝑡)‖4

𝐿2(𝛺)
.

In particular, for any 𝜏 ∈ [0, 𝑇 ], it holds that

‖∇𝑢(𝜏)‖2
𝐿2(𝛺)

≤ ‖∇𝑢0‖2𝐿2(𝛺)
+ 𝐶 ∫

𝜏

0
‖∇𝑢(𝑠)‖4

𝐿2(𝛺)
𝑑𝑠,

and, from [40, Lemma II.4.10], it follows that

‖∇𝑢(𝜏)‖2
𝐿2(𝛺)

≤ ‖∇𝑢0‖2𝐿2(𝛺)
𝑒
∫ 𝜏
0 ‖∇𝑢(𝑠)‖2

𝐿2
𝑑𝑠.

Then, using estimate (A.9), and the fact that ‖𝑢0‖𝐿2(𝛺) ≤ 𝐶, we see that
‖∇𝑢(𝑇 )‖2

𝐿2(𝛺)
≤ 𝐶‖∇𝑢0‖2𝐿2(𝛺)

,

for some 𝐶 > 0.

Case 2: Let us prove the case 𝑁 = 3.
Again, by Young’s inequality, with 𝑝 = 4 and 𝑞 = 4

3 , it is not difficult 
to see that 
𝑑
𝑑𝑡

‖∇𝑢(𝑡)‖2
𝐿2(𝛺)

+ ‖𝛥𝑢(𝑡)‖2
𝐿2(𝛺)

+ 2𝑘‖(−𝛥)
1+𝜃
2 𝑢(𝑡)‖2

𝐿2(𝛺)
≤ 𝐶1‖∇𝑢(𝑡)‖6𝐿2(𝛺)

,

(A.11)

for some 𝐶 > 0.
1

11 
If we set 𝑦(𝑡) = ‖∇𝑢(𝑡)‖2
𝐿2(𝛺)

, we see that

𝑦(𝜏) ≤ ‖∇𝑢0‖2𝐿2(𝛺)
+ 𝐶1 ∫

𝜏

0
𝑦(𝑠)3𝑑𝑠.

For any 𝛿 <
√

1
2𝐶1

, if ‖∇𝑢0‖2𝐿2(𝛺)
≤ 𝛿, then

𝑇 ∗ = 1
2𝐶1‖∇𝑢0‖4𝐿2(𝛺)

> 1

and, from [40, Lemma II.4.12], we deduce that, for any 𝑇 ≤ 1 < 𝑇 ∗, 
the following estimate holds 
‖∇𝑢(𝑇 )‖2

𝐿2(𝛺)
≤ 𝐶, (A.12)

for some 𝐶 > 0.
From estimate (A.11), if we take 𝛿 ≤ 1, we get

𝑑
𝑑𝑡

‖∇𝑢(𝑡)‖2
𝐿2(𝛺)

+ 𝐶2𝛿‖∇𝑢(𝑡)‖2𝐿2(𝛺)
≤ 𝐶1‖∇𝑢(𝑡)‖6𝐿2(𝛺)

,

for some positive constants 𝐶1 and 𝐶2.
Finally, using [40, Lemma V.2.9], whenever

‖∇𝑢0‖2𝐿2(𝛺)
≤ 1

2

√

𝐶2
2𝐶1

√

𝛿,

it follows that 

‖∇𝑢(𝑇 )‖2
𝐿2(𝛺)

≤

√

𝐶2
2𝐶1

√

𝛿. (A.13)

It is now easy to see that the result follows for any 𝛿 < min
{

1, 𝐶2
8𝐶1

,
√

1
2𝐶1

}

.

This finishes the proof. □
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