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ARTICLE INFO ABSTRACT

MSC: In this work, we deal with the heat equation perturbed by an anomalous diffusion term scaled by a large
primary 93B05 parameter. More precisely, we study the cost of null controllability for the system as the parameter goes to
93807 infinity. We show that is possible to construct null controls that exhibit exponential decay with respect to the
secondary 93020 parameter. Our study gives a positive answer to a conjecture raised by J.-L. Lions and E. Zuazua [Rev. Mat.
Keywords: Univ. Complut. Madrid, 10 (2)(1997), 481-524]. Additionally, using the so-called source term method and an
Null controllability inverse mapping theorem, we prove that it is possible to achieve controllability results for certain nonlinear
Cost of controllability systems with a control with a cost decaying to zero as well.

Heat equation

1. Introduction and main results

Let 2 ¢ RY(N > 1) be a bounded connected open set, whose
boundary 0<2 is regular enough. Let T > 0 and let w be a nonempty
subset of £2 which will usually be referred to as control domain. We will
use the notation Q := Q2 x (0,7) and X := 92 x (0, 7).

In this paper, we deal with the heat equation with an anomalous
diffusion term given by

u, — Au+ k(-0 = f, 1, in O,
u=0 on X, 1.1)
u(0) = u, in @

where 0 < 0 < 1, k € R, and the operator (—4)? stands for the spectral
fractional Laplacian, i.e.

lu(x) = 2 ;4? <u, ej)]j(g) e;(x) (1.2)
j=1

with (u;, e;) denoting the eigenvalues and corresponding eigenfunctions
of the Laplace operator —4 with homogeneous Dirichlet boundary
conditions. For more details on this operator, we refer the reader to
the article [1].

It is not difficult to prove that for every T > 0, each initial condition
uy € L*(Q2), and any k € R, there exists a control f, € L*(w x (0,T))
such that the associated solution u of system (1.1) satisfies

wT)=0 inQ. 1.3)

* Corresponding author.

Moreover, there exists a constant C,(T') > 0, such that

I|fk||L2(a)x(O,T)) < G ||"0||L2(:2>- 1.4

The problem of finding a control function f, such that the solution
of (1.1) satisfies (1.3) is known as the null controllability problem
for Eq. (1.1).

The constant C(T) in (1.4) is referred to as the cost of controllability
at time 7. This constant measures the difficulty of driving the initial
state u to zero at time 7. Understanding the behavior of this constant
is important in Control Theory and has been a subject of intensive
research in recent years. Notably, in [2], Ferndndez-Cara and Zuazua
investigated the cost of approximate controllability for the heat equa-
tion with Dirichlet boundary conditions. We also refer to [3] for recent
developments in the case of dynamic boundary conditions. In the null
controllability case, the works [4,5] by T. Seidman provide optimal
estimates on the cost with respect to time for the heat equation. These
results were later revisited and further formalized by L. Miller in [6],
who used the spectral approach of G. Lebeau and L. Robbiano in [7]
to recover and refine Seidman’s estimates. It is also worth mentioning
results for fluid models: in [8], the optimal cost for the Stokes system
is obtained, and in [9], the authors study the cost for the Oseen system
in the two-dimensional case.

For equations depending on parameters, several results have also
been established. In [10], S. Guerrero and G. Lebeau analyze the null
controllability cost for a transport-diffusion equation in the vanishing
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viscosity limit, showing that the cost may either blow up or become ex-
ponentially small depending on the time and the associated vector field.
See also [11] for recent advances on compact manifolds, and [12-15]
for results in one-dimensional settings. We also mention [16,17], where
the behavior of the null controllability cost with respect to the viscosity
for the heat and the Stokes system is investigated. Finally, we cite [18],
where the controllability of the heat equation with vanishing viscosity
in networks is studied.

Our interest in studying Eq. (1.1) is motivated by the work [19] of
J.-L. Lions and E. Zuazua. In their work, they consider the problem in
the case k - —oo, and showed that, due to the instability of the system,
the cost of controllability, i.e. constant C,(T') in (1.4), blows up. That
is to say, when k — —oo, it costs more and more to drive the solution of
(1.1) to rest at a given final state. Conversely, the following conjecture
was proposed in [19]:

Conjecture 1 (Lions-Zuazua). As k — +oo, the cost of controllability for
system (1.1) goes to zero, i.e. system (1.1) becomes cheaper and cheaper to
be controlled.

The main purpose of this work is to give a positive answer to this
conjecture. To achieve this, we will analyze the behavior of the constant
C,(T) as k — +oo. Specifically, we prove the following result.
Theorem 1.1. Let 0 < T, < | and let uy € L*(Q2). Then, for every
T € (0,Ty), there exists a control function f, € L*(wx (0, T)) such that the
solution to (1.1) satisfies

wT)=0 in Q. (1.5)
Moreover, for any k > 0, we have the estimate

Cyk

G
_ T =3
1/l L2@xc0,ry) < Cre eT |lugll 2y

where the constants C,,C,, C; are positive and do not depend on k.

In particular, Theorem 1.1 gives a positive answer to the conjecture
posed by Lions and Zuazua. Moreover, our result extend beyond the
original conjecture by showing that the cost of controllability actually
decreases exponentially to zero as k — +oco.

Remark 1.2. Using the classical Lebeau-Robbiano strategy (see [71),
it is not difficult to see that for any 7 > 0, any initial condition
uy € L*(Q), and every k > 0 there exists a control f, such that the
solution of (1.1) satisfies (1.5), and the control f; has the estimate (1.4)
with C(T') bounded with respect to k. Thus, the importance of Theorem
(1.1) is the precise estimate for the decay of the norm of the control.

To prove Theorem 1.1, we use the well-known fact that null control-
lability for a system is equivalent to a suitable observability inequality
for its adjoint system. More precisely, Theorem 1.1 is a consequence of
the Proposition below.

Proposition 1.3. Let 0 < T, < 1. There exists three positive constants
C,,C,,C; such that, for every T € (0,Ty), the observability inequality

[ T
scle—cszﬁ/ /lzlzdxdt (1.6)
0 @

holds for any k > 0 and for all solution z of the adjoint system

2
BT

z,—Az+k(-4)%z=0 in Q,
z=0 on X, 1.7)
z(0) = z, in Q,

with z, € L*(Q).
The constants C,, C,, C; in (1.6) are independent of k.

We prove Proposition 1.3 using some arguments of T. Seidman
in [5].
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Remark 1.4. Observe that when 6 = 0, system (1.1) reduces to the
standard heat equation with a zero-order term that becomes unbounded
as k — +oo. In this case, the combination of the Hilbert Uniqueness
Method (HUM) and the intrinsic dissipation of the system allows us to
derive the result stated in Theorem 1.1.

Indeed, if u is a solution of system (1.1) with 6 = 0, then v(x,t) =
eku(x, 1) satisfies the following system:

v,—Av=pl, in Q,
v=0 on X, (1.8)
0(0) = g in Q.
It is straightforward to verify that if p is a control for (1.8), then
f = e ¥p is a control for system (1.1) with § = 0. Moreover, for any
fixed T > 0 and every u, € L?*(£2), there exists a control function
p € L*(w % (0,T)) such that

v(T)=0 inQ,
with
||P||L2(w><(0,]')) < CeC/T ||u0”L2(Q)~

In particular, this estimate implies that the associated control f satisfies
the bound

1/ 2oy < Ce< T llitgll 1200

which is independent of k, but does not yield any decay with respect to
k. To obtain an estimate that reflects exponential decay in k, it suffices
to fix e > 0 and define the control for system (1.1) with =0 as

;= 0, if 1e€(,e),
T \eHp, if

te (),
and then one has

C
—2ke ,7—
I F Il 2xory < Ce ceT-c llug Il 202y

with C = C(2, w) > 0. This estimate gives an explicit exponential decay
with respect to the parameter k.

In this paper, we also analyze some nonlinear versions of system
(1.1). The motivation for this arises from realizing that the strategy
used to deal with the linear system allow us go further and handle
certain nonlinear problems as well. To do this, first we must study
the null controllability problem for the linear system (1.1) with an
additional term on the right-hand side, namely:

u— Au+k(-0u=g+f1, in Q,
u=0 on X, (1.9
u(0) = uy in £

with g being a right-hand side which belongs to an appropriate
weighted space.

The approach of using the controllability of a linear system without
external forces to derive the controllability of the same system with
appropriate external forces was introduced by Y. Liu, T. Takahashi,
and M. Tucsnak in [20] (see also [21]). This technique, known as the
source term method, relies on obtaining a precise estimate of the cost of
controllability for the linear system.

The source term method has been extensively used in recent years.
For instance, combining the source term method with Banach’s fixed-
point theorem, in [22], a local null controllability result is established
for a nonlinear stochastic parabolic equation. In [23], this method was
used to achieve local controllability to trajectories for a nonlocal vis-
cous Burgers equation. Similarly, [24] applied it to obtain a local exact
boundary controllability result for constant trajectories of the nonlinear
phase-field system. Here, we combine the source term method with an
inverse mapping theorem as done, for instance, by M. Duprez and P.
Lissy in [25] to achieve a bilinear local controllability to trajectories
for the Fokker-Planck equation.

As mentioned earlier, in the final part of this paper, we consider
nonlinear versions of (1.1). More precisely, we show that it is possible
to control nonlinear systems with large parameter uniformly with
respect to the parameter. The results are stated as follows:
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Theorem 1.5. Let 1 < N <4, andlet0<T, <1, T € (0,T,). For each
k > 0, consider the system

U, — Au+ k(=A%u+ [u"lu=f1, in O,

u=0 on X, (1.10)
u(0) = u in Q,
with
I<l<oo if N=1,2,
1<I<5 if N=3, (1.11)
I<l<3 if N=4

Then, there exists y > 0 such that, for any u, € L*(2) satisfying ||u, || 120) <
v, there exists a control f, € L*(w x (0,T)), and constants C;,C, > 0,
satisfying

2 —CokT
1oy < CrE T,

such that the corresponding solution to (1.10) satisfies
uT)=0 in Q.
Here, the constants y, C, and C, do not depend on k.

The next result addresses nonlinearities that involve the gradient of
the solution.

Theorem 1.6. Let 1 < N <3, andlet0 < T, <1, T € (0,Ty) and let
A € RY be a constant vector. For each k > 0, consider the following system

- Au+ k(—Au+u(A-Vuy=f1, in 0O,
u=0 on X,
u(0) = u, in Q.

(1.12)

Then, there exists y > 0 such that, for any u, € L*(Q2) satisfying ||u, || 2@ <
v, there exists a control f, € L*(w x (0,T)), and constants C;,C, > 0,
satisfying

2 —CokT
1l 2oy < €€ >
such that the corresponding solution to (1.12) satisfies

uT)=0 in Q.

Here, the constants y, C, and C, do not depend on k.
We prove both Theorems 1.5 and 1.6 in Section 4.

Remark 1.7. For the case N = 4, following the proof, one can show
that if u, € Hé (£2) with |[ull (@) small enough, then there exists a
0

control f, € L*(w X (0,T)), uniformly bounded with respect to k, i.e
I fk”iz(wx(o - < C, that drives the solution of (1.12) to zero at time T.
However, in this case, we are unable to obtain an exponential decay
for the norm of the control because we do not have a regularity result

as Proposition A.2.

Notice that both Theorems 1.5 and 1.6 establish local uniform
controllability results, and their proofs rely on the application of the
Graves inverse mapping theorem (see [26]). This approach has been
extensively used in the literature for systems without parameters (see,
for instance, [27-31]). The case of equation which depends on a
parameter is more delicate and has been less studied. In this regard,
we are only aware of the works [32,33], in the first they show local
uniform controllability for the Keller-Segel system around a constant
solution, in the second they prove local-controllability to positive con-
stant trajectories of a nonlinear system of two coupled ODE equations
modeled for the nonlinear reaction-diffusion Gray-Scott model.

This article is organized as follows. In Section 2, we focus on the
proof of Theorem 1.1, which also provides a positive answer to the
conjecture proposed by Lions and Zuazua. Section 3 addresses the null
controllability of system (1.1) in the presence of a right-hand side
term exhibiting suitable exponential decay. In Section 4, we extend our
analysis to the nonlinear setting, tackling the corresponding controlla-
bility issues. Finally, in Section 5, we outline some open problems and
possible directions for future research.
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2. Cost of controllability for the linear system

This section is devoted to give the proof of Proposition 1.3. As
we said before, this result answers positively for the Lions-Zuazua’s
Conjecture in [19]. The main difficulty we face is the obtainment of the
optimal cost of controllability with respect to k, i.e., estimate (1.6). Our
approach is based on some ideas of T. Seidman in [5] (see also [6,8])
to prove the estimate in a direct way. The most important ingredient
in the proof is the following spectral inequality.

Proposition 2.1. Let o CC £ be a nonempty open set. There exist
constants M > 0, K > 0 such that, for every sequence of complex numbers
a; and every real A > 0, we have

2
2
4| = 4j€j < MefVA
ZAH /QZ e.(x)| dx < Me \f/
Hi<

;<A @
where {ej};f:‘l’ is the sequence of eigenfunctions for the Laplace operator
with Dirichlet boundary condition and the sequence {y; };f:f the respective
eigenvectors.

2
Z aje;(x)| dx,

<A

A proof of Proposition 2.1 in the case of opens sets can be found
in [7], and in [34] for the case of measurable sets when the domain is
star-shaped.

Before turning to the proof of Proposition 1.3, we give two auxiliary
lemmata that play a fundamental role in the forthcoming estimates.
These results are central to the argument and will be used at key steps
of the proof. Throughout this section, the constant C > 0 may change
from line to line.

The first lemma provides a decay estimate for solutions of system
(1.7), while the second concerns an estimate that is valid in the
short-time regime.

Lemma 2.2. Let z; € L*(Q2). For any 0 < t; < t,, the solution z of (1.7)
satisfies

||z(t2)||2LZ(Q) < e_Ck(tz_tl)”z(tl)”iz(g)’

where C > 0 does not depend on k.

Proof. This follows directly by writing z(#) in terms of the eigenfunc-
tions of the Laplace operator with Dirichlet boundary condition. []

Lemma 2.3. LetT > 0, zy € L*(©2) and z the solution of (1.7). Then,
for any 0 < e < 1, it holds

2

T
2 < 2 ,~CkeT DIZ, dt,
12D, < 7™ [ 100,

where C > 0 does not depend on k.

Proof. From Lemma 2.2, one has

2 —Ck(T—-t) 2
12, g, < TNz,

Integrating this inequality from (1 — €)T to , the result

follows. []

T+(1—e)T
2

Let us now prove Proposition 1.3.

Proof of Proposition 1.3. Let T € (0, Tj), for some T;, > 0 to be chosen
later, and z, € L?*(2). For any A > 0, define the low-frequency space

H, =span{e; : y; < A},

where y; and e; are the eigenvalues and corresponding eigenfunctions
of the Laplace operator with Dirichlet boundary conditions.

We decompose the initial datum as z, = u, + vy, with 4, € H, and
vy € H j Accordingly, we write the solution z of (1.7) as z = u + v,
where u and v solve (1.7) with initial data 4y € H, and v, € H j,
respectively.
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It is not difficult to see that the high-frequency component, whose
spectral support lies in the region where u; > A, decays exponentially.
More precisely, we have the estimate

_ 0
lo@ll 20y < A 4 wgll 12y, VE> 0. (2.1)

On the other hand, since u(t) € H, for all + > 0, from Lemma 2.3
and Proposition 2.1, it follows that

M T
ZM cke oot KVA / lu(t)2 dxdr, 2.2)
(1-e)T Jw

DI g, < 57

for some M, > 0 to be chosen, and any 0 < e < 1.
By taking the L?(w)-norm of z = u + v and then integrating over
(1 —e)T,T), we obtain

T
/ /lu(t)lzdxdt <2 </ /lz(t)lzdxdt
1-e)T 1-e)T Jow
+ / / |u(t)|2dxdt>. (2.3)
(1-e)T Jw

To simplify notation, we define

+K
oCkeT 5= ‘

M,
@) =5

v 2.4

Now, setting the frequency /A = GLT

T T
CRITICRT <2/ /lz(t)lzdxdt + 2/ /lv(t)lzdxdt.
(I-e)T Jo (1-e)T Jo
(2.5)

, from (2.2)—-(2.3), we obtain that

We estimate the last integral on the right-hand side of (2.5) using
the following claim.
Claim 2.1. For any 0 < € < 1, we have the estimate

T
(~Cr-24-2kA%) =0T
/ N0l gt < eTe ol g

Proof of the Claim 2.1.
estimate
o(3)
2

Moreover, from (2.1) we also have that

1

Therefore, Claim 2.1 follows by combining these two estimates and
then integrating from (1 —e)T to T. []

Let #+ > 0. From Lemma 2.2, we have the

2

—Cki
oI, < €2

e

—(A+kA?) L
< e 2 lvoll 120

LX)

From (2.5) and Claim 2.1, we readily see that

T
2
SO g <2 [ [ 1200 avas

+ 2€Te(—Ck —24-2k4?) =2

2y H DI,

Using that ||vyll;2¢q) < llZollz2q), and applying estimate (2.1) at

t=T/2, we get

0 —2A-2kA?) T
f(T)||Z(T)||2L:(Q)—<2€T (~cr-24-26n%) 9% L (el -Ck2a-2ka )2>”Z0”LZ(!2)

T
<2 / |z(0))* dxdt.
(=T Jw
In particular, this gives
PN g, o (21 410 Yl

52/ /|z(z)|2dxdt.
(1-e)T Jw

: _ 1
Since A = —,

_ My+K
1 CkeT €Ty
s

M
2¢T T) < 2T VT <T,,
eT + f(T) € +2M 0
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and the definition of f(T) in (2.4) to see that

—Ck“’f)T -4z f) M, oCheT — 2
(T)IIZ(T)IILZ(Q) 2 e 2eT + — e ¢ IIZOIILZ(Q)
T
<2 / / |z(®)|* dxdt. (2.6)
(1-e)T Jo

To finish, we need the following lemma, in which we choose both
M, and Tj,.

Lemma 2.4. Let T, < 1. There exists ¢, > 0 such that, for each ¢ € (0, ¢),
there exists a constant m € (0, 1), independent of T,, and k, such that

_cxlzor _d- e> M +K

e <2€T+ M, Ckae‘W> < f(mT), (2.7)

2M
forall T € (0,Ty) and all k > 0.

Proof of Lemma 2.4. We begin noticing that, for any & > 0 and every

m € (0,1), we have

M1 M +K

¢ T S S, (2.8)
We divide the proof into two cases:

Case 1: 0 <k < 1.
In this case, it is not difficult to see that
M, L MK (2 M L, K
2¢T + —L CkeT €T, < oCeT Lo 7). 2.9
eT + 2Me e < e v + 2M (2.9)
Therefore, from estimates (2.8) and (2.9), it is sufficient to find
m € (0,1) such that

d-or _({1-e M K M M +K
ot S pcer (20 My i My TR (2.10)
c M 2M
or equivalently,
M +K (- M l-oT
1 < (1-¢) In 1 +Ck( €) —CeT. (2.11)
eTm 2T M, K 2
2M +—‘e E

The result follows from the fact that there exist ¢, > 0 and M, > 0 such
that, for any ¢ € (0,¢y) and M| > M, one has

(l—e)_CT_l(l—) and 1 (l—e)>1’
2T 2 T 2(M1+K) €
and
Ml
> 1.

2 ,m oK)
2M<C + € >
In this case, we may take

L<m™! <;(1_€).
T2M+K) €

Case 2: k> 1.
Here, using the estimate

M _M+K M K
2¢T + ﬁea‘ﬂe Ty < oCkeT <% + ﬁe_?) (2.12)
we seek m € (0, 1) such that

—oel=gt 09 (2 M, K M, _Mi+K
3 T bl ) < 2L 2.13
¢ e wm ) ame 213)
Proceeding as in the first case, we may take
l<m'< ! a- e),
M +K ¢

where ¢ is sufficiently small and M, is large enough. []
Let us now finish the proof of Proposition 1.3. From (2.6) and

Lemma 2.4, we have

1
PO g = Flzols g <2 [ [ 1200 dxas. @14)
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Next, we take z; = m/(1 —m)T = m/*1T, j € N, and consider a disjoint
partition W(T},T;] of (0,T] with T;; =T; —7;, Ty = T.
We apply (2.14) to z, = z(T},) and t = 7;, obtaining

T
FEPITHIP = fa DTN < 2/ / |z|* dxdt, j €N.
Ty Jo
We add these inequalities, to get

T
FaElzDI* = fFEPITHI* < 2/ / |zI* dxdt, j €N.
Finally, taking j — oo, and ujsing that the function ¢ — ||z(r)|| is

bounded in [0, 7] and that, for each k, f(z;) — 0, we obtain

T
2 2 2
lz(D)|I” < m/o /w|2| dxdt,

for any T € (0,T;), Ty small, and k large. This finishes the proof of
Proposition 1.3. []

3. Linear case with a right-hand side

In this section, we show that one can obtain null controllability
for the linear system (1.1) with a right-hand side in an appropriate
weighted space. A crucial step here is the construction of the weighted
spaces where the external forces may live. The construction of such
spaces has been formalized by Y. Liu, T. Takahashi and M. Tucsnak
in [20]. Establishing this result will be crucial to derive the local null
controllability of (1.1) in the following section.

Given g in a space to be defined (see Theorem 3.2 below), we would
like to find a control function f;, € L?*(wx (0,T)) such that the solution
of

Lw=g+fil, in O,

u=0 on I, 3.1
u(0) = u, in Q

where

Ly(u) = u, — Au+ k(—=4)%u

verifies

uT)=0 in Q. (3.2)

As said before, to deal with the nonlinear problems, we must
solve the previous problem in an appropriate weighted space. Before
introducing the spaces where we solve (3.1)-(3.2), we need to define
several functions that will be used in the sequel.

For T > 0, consider the function y : (0,T] — R, given by

G
y(@)=Cier, (3.3)

where C|, C; are the same constants given in Theorem 1.1.
Let ¢ > 1 and sy > 0 such that

C3q* — sy — 1) < 0. (3.4)
We introduce the basic weight p;, : [0,T] — (0, ) given by
po(t) = & T e KT D), 3.5)
with s; > 0.

Let us define the function p, : [T(1 — qlz), T] — (0, ) by
o) = po(G=T)+T)y((g— (T —1)). (3.6)

In particular, using the definition of y and p, in (3.3) and (3.5),
respectively, p, can be expressed as:

) C342—sa(q—l)
P = Cpettk TN 2@-nr-n

with C;, C; the same constants in Theorem 1.1.
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Remark 3.1. Note that both functions p, and p, are non-increasing
and satisfy

po(T) = p(T) = 0.

We extend p, to [0,7T7], i.e. p; : [0,T] — (0, o0), by the formula
(T~ 5).7]

o pi(),
p =
‘ PT(1= ). [0.T(1= %)l
Now, we proceed to the definition of the spaces where (3.1)-(3.2)
will be solved. We introduce:

Eq ={ w.f) t oy (Luw - f1,) € LX(Q), u=0on X,

prlu € L0, T; LA(R))n L*(0,T; Hy(2)and p;' f1, € L*(Q) } .

Notice that E, is a Banach space with norm

. -1 —1
”(”!f)”EO = ”pk u”L“(O,T;LZ(Q))nLZ(O,T;H(;(.Q)) + ”pk flwlle(Q)~

The first result of this section is the following.

Theorem 3.2. Let T, > 0 be the same as in Theorem 1.1 and let
T € (0,T,). Then, for every u, € L*(€2) and g such that

ry'g € LX),
there exists (u, f) € E, satisfying
u — Au+k(-u=g+f1, in O,
u=0 on X, 3.7
u(0) = u in Q.

Moreover, there exists constants ¢,,&, > 0, not depending on k, such that
the following estimate holds

2

-1
llo u”C([O,TJ,LZ(.(2))0L2((0,T);H(§(.Q))

+ 15 L1520,

<

25 kT =2 2 1,2
<¢ <e T g2, g + 1oy gnwg))-

3.8
In particular, the above relation yields u(T) = 0.
Proof of Theorem 3.2. Let us begin by defining the sequence
T .

Tj =T - q_l J Z 0
For each j > 0, we solve the equation

z,—Az+k(-Mz=g in  Qx(1;,7;).

z=0 on 0R2X(t;, 7)), (3.9)

z2(r;) =0 in Q
and introduce the sequence of data {”{)}jzo’ given by
W =uy, W) =z(j,)). for j>0. (3.10)

Then, we consider the controlled system

w, — Aw + k(-8)°w = f;1,, in
w=0 on

QX (Tj’ Tj+1),

_ 0Q X (7, 7j41),

w(t;) = u) in Q.

From Theorem 1.1, there exists a control function f; such that
w(t; ) =0 in Q,

and satisfying the estimate

171,12

2 N Y
L2((zj.7j41):L2()) < GG T/)”uoll

LX)

S
where C,(f) = Cje~©*e7 is the cost of controllability of the linear
system without external force.

By the definition of the function y, we then have
(3.11)

2 2 N T
”fjlw”LZ((rj,er)iLZ(_Q)) < vt T/)”uOHLZ(_Q)‘
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Since Eq. (3.9) satisfies the energy estimate

2 it 2
z <C t dt
I ||C([T/ Salr@) S /T 8®II72 g
J

we readily see that

T
j+1 41 2
1 gy < € [ IO g 3.12)
J
where the constant C does not depend on k.
Now, recalling the definition of p, in (3.6), we have that
Pk(Tj+2) = Po(Tj)}’(T/+2 - T/+1)- (3.13)

Hence, from (3.11)—(3.13), and the fact that p is non-increasing, it
is not difficult to see that

2 2
Wyetolliag, sy < CAE) / 15 8012,

where the constant C does not depend on k.
In particular, since p, is non-increasing, we conclude that

.
1 AL 2
17 Fiet ol o iy <€ / g &I 1 (3.14)
where C does not depend on k.
Let us now define the control
[se]
J= 2 il - (3.15)
j=0
Claim 3.1. p;'f € L*(Q).
Proof of the Claim 3.1. Using (3.11) for j = 0, we have that
2 2 2
||f01w||L2<(o,T]);L2(g)) <y (TI)”uO”LZ(.Q)' (3.16)
From the fact that p, is constant in [0,7(1 — qu)], ie.
i) = pi(T(1 = 3).
estimate (3.16) implies that
O 5 - 2034-2C34%=s0(g=1)
10 FoLal ooy € €€ T gl (317)

Thus, from (3.14), (3.17) and the definition of f in (3.15), the

following estimate holds
2C34-2C34%-s9(@-1)
—2S| kT e T

< e

—1 2 2
1 Pl 20y < [

T
+ € [ e g
0

where C does not depend on k. This finishes the proof of Claim 3.1. []

(3.18)

Now, we set
u=z+w

which solves
u— Au+k(-Au=g+f;1, in QX174
u=0 on 6.Q><(rj,rj+1),
u(r;) = u in Q.
We have following decay in time for u.

(3.19)

Claim 3.2. p;'u € C([0,T]; L2(2)) n L*((0,T); HY ().

Proof of Claim 3.2. To prove this claim, we use the following result,
whose proof is straightforward.

Lemma 3.3. Let T > 0, uy € L*(R) and let g € L*(Q). The solution of
u—du+k(-u=g in Q,
u=0 on 2,
u(0) = u, in Q
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satisfies
2 2
<
NSl (T A A T ) B

(3.20)

where C > 0 does not depend on k.
Furthermore, if uy € H(£2), then

T
2
<
lu “C([OTJH L@)NL2((0.T); H2(Q)) — <”u0|IH 70)) + /0 ”g(t)llﬂ(!z)dt)’

(3.21)
where C > 0 does not depend on k.
Applying this lemma to system (3.19), from (3.20) we get
2, i
.21 ELA@INL2 (7 i H A (D)
7j+1
A A VIR T
J

+ [ 10l g 0t >

J

with the constant C > 0 not depending on k.
For j > 1, combining (3.11) with (3.12), and using (3.13), estimate
(3.22) reads

Tj+1
2 2
u < &pi(r; t
I ”a 5.7 EL2EINLA (75740 ) HY ()~ P f+')/TH llog g()”wm

where the constant ¢ does not depend on k.
Since p, is non-increasing, this last inequality leads to

Tj+l
2 —1 2 .
< >
L P / Ot 21
i

(3.23)

For j = 0, we know that

2034
2 2
< c| c?em@
” ”C([Orl]LZ(Q))HLZ((Ofl)H'(Q)) = < e’ ”uOlILz(Q) + ‘/0 “g(t)”Lz(_Q) )

Then, using that p, is constant in [0, 7;], we see that

2AC34%=50(g=1)

P;z(ﬁ) - Cl‘ze‘z“l"re_ @DT
Thus,
L, o kT 2C34-2(C34%=s(g=1))
= Ce 1" e Tq=D u
lloi ”C<[0r BLA@INLA((0,71);Hy (€2)) I 0”L2<9>

) 2634 7 l 5
-2 Tt _
+ CCi7e Ta /0 oy g(l)||L2(Q)dt

(3.24)
Combining (3.23) and (3.24), we obtain the estimate
- oo kT 2C34-2(C34% 59 a—1)
- < Ce™ 21 T(g-D
W wlicgoriiz@mizommgay <€ ¢ ! leollz g

) -2 s T 1 2
—2¢ T —
+ CCyle Ta- /0 o g% dt

T
—1 2
+ € [ 1 0 g
This last inequality readily implies that

2C34-2(C3¢%=50(g=1))

1 T(q—
”pk ” T@=D ”"‘0” 2
L%(2)

T
4 / o5 I )
0 0 LZ(Q)

<& o2
CO.THL2()NL2((O,T); H Q) —
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(3.25)

where the constant & does not depend on k. This finishes the proof of
the Claim 3.2. [J

Finally, combining (3.18) and (3.25), we deduce that

1112
ul CUO.TLH@)NLA((O.T); Hy ()

2o kT 2C34-2C3¢*=s0(g-1) T
Y O T A A TR
0

which proves Theorem 3.2. []

-1 2
”pk ”pk flw”Lz((O,T);LZ(Q))

When the initial data u, is more regular, we can improve Theorem
3.2. This result will be important in the next section when dealing with
the nonlinear problem.

Before stating the result, let us introduce the following Banach
space:

={ @ f) : py" (L) - f1,) € LXQ), u=0on X,
pilu € L¥(0,T: Hy(2)) n L*0,T; H*(Q))and p;' f1, € L*(Q) }
(3.26)

with the norm

G, Ol
We have:

T —1
= lloy ““LW(O,T;H(}(Q))nLZ(o,T;HZ(_Q)) + o, flollr20)

Theorem 3.4. Assume u, € H(; (). Under the same assumptions of
Theorem 3.2, the state-control pair (u, /) € E satisfies:

1112
ul C(0.T],H, (Q))HLZ((O T):H?(Q))

—2s kT
< 1 T
< ¢ <e e HMOHHI(_Q) + ||P0 g”U(Q))

for some constants ¢, ¢, > 0 which does not depend on k.

llo) "u

(3.27)

Proof of Theorem 3.4. Since u, € Hé(!)), the sequence of data in
(3.10) satisfies u(’) e Hé () for each j > 0.

By construction, we know that, for each j >
(3.19). Then, energy estimate (3.21) gives

0, u solves system

2
[luel| -yl 2 H2
([t 741 - H Y @INL2(x) 74 - HA(Q)

Tj+1
<c < 1,y + [ O g
J

Tj+1 5
o [ O gt )

J

where the constant C > 0 does not depend on k.
For j > 1, estimate (3.11) implies

2
llull

Cllzj 21 LHL@INLA (2,741 HA(Q))

<c ( 7 (T4 - T,)IIMOIIH ‘o)

Tj+1 5
o [T O gt ).

J

Next, since u{) € H}(2), we have that

+l Tj+l 5
5 g <€ [ IO g

Thus, for each j > 1, we have

2
flull

<
CUt et TH @INLA(x), 04 s HAQ) —

Pt~ 1) / 8012,
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Now we recall that
pe(Ti) = po(T_ Dy (T — 7)), j 21

Then, it follows that

2
<cC g(t
12 o st o iy < €O / g &I 1
Using again that p, is non-increasing, we have that

T
2
<c ‘
o el T HH QLA @) /ijl log" 8O g%
izl (3.28)

For j = 0, we have the estimate

203 !
< @ m 2 2 .
g scomn < € (50 Mol g+ [ IO, )
Using that p, is constant in [0, 7;], i.e.

2AC34%-s(g-1)

pe) = CP2e 2k Gt

it follows that

] . 2C34-2C34% =50 (g=1))
lloi ”C([Or.]H'(Q))nLZ«OmH ) = C( 1 o ””"”H‘(n)
7l
[0 O g )

(3.29)

Finally, combining (3.28) and (3.29), we obtain

2C34-2C3¢% =59 (a=1)
2 25\ kT, = — o — 2
< ( 1 (g-1T
lloi u”C([OT] SHY@NL2(O:HX Q) — ( € € ”uOHH ee))

T
+ ||p;‘g<r>||§z(mdt),
0

which proves Theorem 3.4. [J

Remark 3.5. Note that, in Theorem 3.4, we do not have boundedness,
with respect to k, for the norm of p;lu, in L2(Q). This has implications
in the range of the powers of the nonlinearities we can address in the
next section. In particular, it prevents the use of embedding results such
as the Aubin-Lions Lemma.

We finish this section with the following result.

/C3q2

Lemma 3.6. Let! > 1. Suppose that 1 < g < \/7 and that s, > Pyt

Then, there exists C > 0 such that

PR (1) < CenTUr=D Y e[0T,

Proof. Indeed, we have

210342 +250(g=1)g?=1)

Za-0T-n 2 kT-0(g~1)

Py (9 (1) = Clle
The result then follows from the fact that

2Cy¢* = 2s50(g—- DU -¢») < 0. O

Remark 3.7. The choice of the parameter s, in the previous lemma
readily implies inequality (3.4). Indeed, just notice that, by the choice
of g, we have that # > 1.

4. The nonlinear case
In this section, we prove Theorems 1.5 and 1.6. To do this, we

borrow some ideas from [30,32]. We will see that the results obtained
in the previous section allow us to locally invert the nonlinear system
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(1.1). In fact, the regularity deduced for the solution of the linearized
system (1.9) will be sufficient to apply a suitable inverse function
theorem (see Theorem 4.1 below).

To address the nonlinear problem, we notice that the norms on the
left-hand side of (3.8) and (3.27) depend on k, but we still did not
choose the parameter s;. So, to make things uniform with respect to

k, we choose s; = L Then, for u, € HS(Q), we can rewrite estimates
(3.8) and (3.27) as

1,2 -1 2
llo ””cao,TLH(}<Q>>nL2<<o,T>;H2(9)> + o Lol )

R - 4.1
< _
< (Mol + 10581 )
where ¢ = &(T') does not depend on k, and
50 N ngz—so(q—l)

po(t) =e T-t eTft7 p(t) =C, el (Tft)e ¢2(g-D)(T-1)

Moreover, arguing as in Lemma 3.6, one can prove that
Py 0p* () < C,

where / > 1 and the constant C > 0 does not depend on k.
For what follows, we use an inverse map result due to Lawrence M.
Graves (see [26]).

Theorem 4.1. Let E and G be two Banach spaces and let A : E - G
be a continuous function from E to G defined in B, (0) for some n > 0 with
A(0) = 0. Let A be a continuous and linear operator from E onto G and
suppose there exists C, > 0 such that

llellg < GollA(e)llg

and that there exists 5 < Cy ! such that

lACe)) — Aley) — Ale; —ex)ll < dlle; — eyl (4.2

whenever e|,e, € B,(0). Then, the equation A(e) = h has a solution
e € B,(0) whenever ||h||g < cn, where ¢ = C;' — 5.

For a proof of Theorem 4.1 we refer the reader to [35] (see also [26,
361).

Remark 4.2. In the case where A € C!(E;G), using the mean value
theorem, it can be shown, that for any § < C;!, inequality (4.2) is
satisfied with A = A’(0) and » > 0 the continuity constant at zero, i.e.,

A (e) = A’ Ol g6y < 6
whenever |le||z < 7.

The strategy to prove both Theorems 1.5 and 1.6 is as follows. We
begin by letting the system evolve freely (i.e., with f = 0) over the time
interval |0, % , and then apply a control on the interval [% T]. During
the first part, we use a precise decay of the system to gain regularity at
a precise rate. In the second part, we control the system with a control
which is uniformly bounded. By combining these two steps, we are able
to obtain a decay estimate for the control.

In what follows, we will use Theorem 4.1 with the space E given
by (3.26) and the space

G="L(p;":0) x Hj(),
both adapted to the interval [% T].

The space G is endowed with the norm

2
1
HY (@)

2

I ol = leol,, )+ o 8l g

Let us prove Theorem 1.6.

Proof of Theorem 1.6. We divide the proof into two steps. In the
first step, we obtain a decay estimate for the uncontrolled system on
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the time interval [0, %] In the second step, we apply Theorem 4.1 to

control the system on the interval %,T .
We begin with the first step, stated as the following claim:

Claim 4.1. Let 0 < T < 1 be fixed and u, € L*(2) with ||u0||12<9) < y%,
for some y < 1 sufficiently small.

If f =0in [0, 1), then the solution u of (1.12) satisfies the following
estimates:

For N =1 or N =2, one has

[P

for some constants C,,C, > 0.
For N =3, one has

”Vu(%)”;(m <Cle Ok fy, (4.4)
for some constants C;,C, > 0.

Proof. Multiplying Eq. (1.12), by « and integrating by parts over £,
we obtain

1d 2 2 LN

5 77 1Ol + IVu@)|| + k(= z2u@Il =0.

L2(Q) L2(2) L2(2)
From this identity, we see that there exists C > 0 such that

T _
IIM(;)IILz(Q) <e CkT”Mo”LZ(g) (4.5)
and that

T

2 2 —CKT), |2 [Z I]
/T ||Vu(s)||L2(Q)ds <e ||u0||L2(Q), te 7|

7 L
Hence, by mean value theorem, there exists T' € [% g] such that

2

2 _ckr 2
< e llugl

”VM(T)HH(Q) -T L2(2)°

IfT = g, the Claim follows. If T < g, since y% <y, we see that

s o
Applying Proposition A.2 with § = e=®*Ty over the interval [T, g],
we get:
If N =1 or N =2, there exist C;,C, > 0 such that:

2
T —CokT
Hvu(E)HLZ(Q) sGer

If N =3, there exist C;,C, > 0 such that:

[Vl 3oy <@ Ve O

LY@~

Let us now proceed with the second step, i.e. control the system
from % to T. For this, we recall that both spaces E and G are adapted

to the interval g,T .
For each k > 0, we steer the solution to zero at time T using the
operator

A ) = (Le@ +u(A-Va) = f1,u(2)). V@ r ek,
It is not difficult to see that A, (0,0) = (0,0). Also,
[AL(0,0)](u, f) = (Lk(u) - flm,u(g)),

Now, we show that the hypothesis of Theorem 4.1 are fulfilled. This
is done in the following claims.

Vuf)EE.

Claim 4.2. A, € CY(E;G).

Proof. First, notice that all terms in A, are linear, and consequently
are C!, except the term u(A - Vu).

Let E, be the projection of E on its first component and consider
the operator

B: E XE - 12 (pal;Q), 4.7)
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given by B(u,v) = u(Z - Vv). Since B is a bilinear form, and therefore
e!, it suffices to show that B is continuous.
From

N T
uwmwzmm)scg/%égwmy

we use Holder’s inequality to see that

! 2 2 T 1y L2
o [t oo axi < € [0l g o7 t0, o g .
2 2

for some C > 0 does not depending on k.
Now, since 1 < N < 4, we have that H'(2) < L*(Q), and then

2
dxdt,

[I1B(u, U)”Lz("EI;Q) < C||p’1u||Lm((;T),H1(Q)) ”pilU”Lz((g,T),HZ(Q))'

(4.8
This proves the continuity of the bilinear form B. [J
Claim 4.3. The operator A} (0,0) is surjective and satisfies
e Nl < G| AL 00w 1), Vi f) € E, (4.9)

where the constant C, > 0 does not depend on k.

Proof of Claim 4.3. Let A, = A} (0,0). To show that A, is surjective

we must guarantee that for all (gu(g)) € G there exists (u, f) € E

such that
A, f) = (g,u(g)), (4.10)

From Theorem 3.2, when u(%) IS Hd (2) and g € LZ(pSI;Q), there

exists (u, f) € E satisfying system (3.7), that is to say that expression
(4.10) holds and consequently the operator A, is surjective. Further-
more, a direct consequence of The?rem 3.2 is the estimate (4.1) which
is equivalent to (4.9) (with C, =¢2). [

Claim 4.4. Given 6 > 0, there exists n > 0, such that
IIAL(U, H- A;(O, Ol gz <0
whenever

@, Dllg <n.

Proof of Claim 4.4. Let (u, f), (v, f) € E. Note that
A0, ) ) = H40.00w, 1) = ((A- Vo) + (A - Vu),0).
Hence, we have that

A @, f) = ALO, 0l g6y = Sup

llu(A - Vo) + 0(A - Vi)l 5,1
Nl p<1 0

HON
(4.11)

Since

”u(A : VU) + U(A : Vu)”Lz(pal;Q) < ”B(u’ U>”L2(pal;Q) + ||B(U, u)”Lz(pal;Q)’
where B is the bilinear form defined in (4.7), from (4.8) and (4.11), it
follows that

|4 /)= £,0.0) . < 2CHw D

where the constant C > 0 does not depends on k.

Therefore, the claim follows taking n = % O

To finish the proof, taking y sufficiently small, and using estimates
(4.3) and (4.4), from Theorem 4.1 it follows that the equation

A )= (0.u(2))
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has a solution (u, f) € E, with

G, Pllp < Cre” 2

Consequently, the pair (u, /) € E is such that u(T) = 0, and in particular
2 —CokT

WA oy S Cre™ 20

for some C;,C, > 0.
This finishes the proof of Theorem 1.6. [J

Let us now prove Theorem 1.5.
Proof of Theorem 1.5. The proof of Theorem 1.5 is performed

following the same steps as in Theorem 1.6.
For the first part, we use the following.

Claim 4.5. Let 0 < T < 1 be fixed and u, € L*(2) with ||u0||iz(g) <yT?
for some y < 1 sufficiently small. Then

\|? —CokT
”Vu(5>”L2(Q) <Cle 2%y, (4.12)

‘or some constants C,,C, > 0 independent of k.
1,62 P

Proof. Multiplying Eq. (1.10) by « and integrating by parts over £, we
obtain

+Kl=2) 2 w2

1+1 —
2 ey + 0.

1d 2 2
2l g + 15O i =

L2(Q) L2(Q)
Then, as before, there exists T € [% %] such that

N 2 _ckry, 2
<= .
”VM(T)HLZ(Q) =7¢ ”uO”LZ(.Q)

From Proposition A.1, we have the following estimate

[ve(3)

Therefore,

1+1
2 2k 277
T 2k —cikr 2 —CU+DKT I+1
RCIER] C< ¢ Mol * e ””°”L2(Q>> :
Now, a straightforward calculation gives

2
T —CykT
[Ve(5)] 1o < G 7. O

(4.13)

2

L2(Q) — L2(Q) L2(Q)

< ¢ (K9u} g + [V )

To finish, we drive the solution to zero from % to T using the
operator:

A, f) = (Lk(u)+ |u|’—1u—f1w,u(§)), YV (u, f) € E.
Arguing as before, and using that
1= ((3.7)sHy@) n 12 ((5.7):12@) & 12 ((3.7): L% @)

for

1>1, for
1<l<5, for
1<1<3, for

2;

zzz
I

1,
3;
4,

we conclude that A, € CY(E;G) and satisfies the assumptions of
Theorem 4.1.

Thus, taking y sufficiently small, there exists a pair (u, f) € E such
that u(T) = 0 and that

2 —CokT
N 2oy < Cre

This concludes the proof of Theorem 1.5. [

5. Comments and open problems

In this paper, we have studied the heat equation perturbed by
an anomalous diffusion term scaled by a large parameter. We have
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shown that it is possible to control the linear system using a control
whose L?-norm decays exponentially with respect to the parameter, as
conjectured by Lions and Zuazua in [19]. Additionally, when nonlin-
earity is introduced into the system, it is possible to achieve similar
controllability results with respect to the parameter.

The ideas developed in this paper open up the possibility of address-
ing many other related problems. We mention here some of them that
could be of interest:

« General parabolic operators: The method developed in this paper
can be applied to more general parabolic systems. To be precise, one
can consider parabolic systems under the form

u,+ Au+ kA% = f1, in OQ,
u=0 on X, (5.1)
u(0) = u, in  Q,

with k > 0, A a linear positive self-adjoint operator and 0 < 6 < 1.

In fact, as soon as the operator A has a suitable spectral inequality it
is possible to argue as in Section 2 and construct null controls for (5.1)
which have exponential decay for the L2-norm. For example, one might
consider A to be the Stokes operator, for which a spectral inequality has
been obtained in [8].

o Local anomalous diffusion term: To obtain the result for the linear
system an important fact we used was the dissipation of the system. An
interesting open problem arises when the anomalous diffusion term is
localized in a proper nonempty subset O ¢ Q.

More precisely, it is an open problem to construct null controls that
exhibit exponential decay in the L2-norm for the following system:

u,— Au+k ((-0°u) 1y = f1,, in O,
u=0 on 2,
u(0) = u, in  Q,

with O ¢ 2, k>0and 0< 6 < 1.

« Another limiting problem: An interesting problem to consider is the
case where the Laplace operator have a small diffusion term. Namely,
one can ask about uniform controllability results for the following
system:

u, = 4u+ (- =f1, in O,
u=0 on X, (5.2)
u(0) = uy in @

withé>0and 0 <6 < 1.

For each 6 > 0, system (5.2) is null controllable at any time 7' > 0.
However, as 6 — 0%, this formally leads to the fractional parabolic
system:

u +(=8u=f1, in OQ,
u=0 on 2, (53)
u(0) = u, in Q.

It is well-known (see [37,38]) that system (5.3) is null controllable for

% < 6 <1 at any time T > 0 and is not null controllable if 0 < § < %

Thus, we conjecture that, when % < 0 < 1, it is possible to obtain

the null controllability for (5.3) as a limit of the null controllability for
system (5.2).

« Integral fractional Laplacian: It would be interesting to analyze
whether similar results to those obtained in this paper can be estab-
lished when the spectral fractional Laplacian is replaced by the integral
fractional Laplacian, as considered, for instance, in [39]. That is, one
replaces the fractional Laplacian by

u(x) — u(y)

N
x eRY,
N+20
M

(=u(x) = CN’HP.V./ dy,

RN |x —
where Cy , is an appropriate constant and P.V.denotes the principal
value.

We expect that similar results to those presented here may also hold
in this setting. However, this remains an open problem.
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Appendix. Some regularity estimates

In this appendix, we give some regularity results we use in the proof
of Theorems 1.5 and 1.6.

Proposition A.1. Let 1 < N <4 and 0 < T < 1. Assume that | satisfy
(1.11), and let k > 0. Consider the system

u, — A+ k(=0°u+ ' lu=0 in O,
u=20 on X, (A.1)
u(0) = u, in Q.

If uy € H,(R), the following estimate holds:

VDI, ) < € (KIVuolZ, g + 170115 ). a.2)

where C > 0 does not depend on k.

Proof of Proposition A.1. Multiplying Eq. (A.1), by u,, and integrating
over £, yields

2
) 1d 2 kd s
Nt DI 2 ) + 5 g7 IVHON 2, + 5 77 | 522 4O 122
1 d I+1 —
Tt Ol =0 “
6
Now, we integrate from 0 to T, and use that ||(—A)5“o||2Lz(_Q) <
) .
C”V“O”LZ(.Q)’ to obtain
, 2
eI g ds + IV, ) + 5 (-85 u(T)
0 1 L2(Q) 2 L2Q) 2 L2(Q)
1 I1+1 (GR))
+ T+ 1 ||“(T)”L1+l(g)
5 1 1+1
< CklIVuolle(Q) + T+1 ||“0||U+1(g)'

The estimate then follows from the embedding H(;(Q) o Lt(Q),
where [ is given by (1.11). O

We now give a regularity result for system (1.12).
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Proposition A.2. Let 1 < N <3,and 0 < T < 1. Assume A € RN and
k > 0. Consider the following system

U — A+ k(=2°u+uA-Vu)=0 in O,
u=0 on X, (A.5)
u(0) = u, in Q.

Suppose that u, € H) () and that ||Vu0||22(m <
sufficiently small.
For N =1 or N =2, there exists C > 0, independent of &, such that:

8, for some § < 1

IVu(DIIZ, ) < C8. (A.6)
For N =3, there exists C > 0, independent of &, such that:
IVu(DI2, ,, < CVo. (A7)

Proof. Multiplying system (A.5) by u and integrating on £2, it is not
difficult to see that

2dt IIM(f)||L2(9)+ IIVM(I)||L2(9)+k||( A)ZM(I)IILZ(Q) 0.

This implies that

w20y < e llugll 2 1 € 10,71, (A8)

for some C > 0 does not depending on k, and that

/ IV g5 < Lol A.9)
0

Now, multiplying the system by —A4u, and integrating over £, gives

LIVUOIR, g+ 1AOIZ, ) + KI8T wIR, ) < € /Q |Vu(o)dx.

Since

IVu®IP, < IVl 20 I Va2

L3(Q) L4(Q)

applying [40, Proposition III.2.35], we get

||Vu<r>||L2(Q) + ||Au(z>||Lz(Q) FRICHF IR,

<cvuml IIAM(I)II (A.10)

LZ(.Q) L2(Q)

From now on, we distinguish between the cases N = 1,2 and N = 3.

Case 1: We treat the case N = 2.
By applying Young’s inequality, we see that

5 —IIVu(t)II

IIAu(t)II -2

I, < ClIVuo?

LZ(Q) L2(2) L2(2) L2(2)"

In particular, for any z € [0, T], it holds that

IV g < 90012 g, + € [ IV g 5,

and, from [40, Lemma II.4.10], it follows that

[IVu(s)||? ,ds
IVu@I2, < [IVugl2, el VT2

L2(Q) 12@)°

Then, using estimate (A.9), and the fact that ||yl ;2 o) < C, we see that

IVu(DI?, o, < ClIVugll

L2(Q) = L2(Q)’

for some C > 0.

Case 2: Let us prove the case N = 3.
Again, by Young’s inequality, with p =4 and ¢ = %, it is not difficult
to see that

—IIVM(I)II + 4w, ) + 2KklI(= N2 u(t)ll < VU

LX) L2(©) L2(Q) L2(Q)

(A11)

for some C; > 0.
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If we set y(t) = ||Vu(t)||2 we see that

JRl(e)

T
y(r) < ||Vu0||L2(Q) +C; /0 y(s)3dS~

For any 6 < ‘/2c , if ||Vu0||L2(Q) < 4, then
- 1

—_—>1
201Vl ,

and, from [40, Lemma I1.4.12], we deduce that, for any 7 < 1 < T*,
the following estimate holds

IVu(DI?, ., <C, (A.12)

LX) ~
for some C > 0.
From estimate (A.11), if we take 6 < 1, we get

IIVu(t)II +G3lIVudI%, ) < CLIVU®IS

L2(Q) L2(Q) L2y

for some positive constants C; and C,.
Finally, using [40, Lemma V.2.9], whenever

1 C,

oS3 Z—CI\/g

IVuolI3

it follows that

<&

vu(T
Va2 x

2 S (A.13)

It is now easy to see that the result follows for any § < min

(v2VE)
8¢,° Vg S

This finishes the proof. []
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