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Abstract

The Keller—Segel system is a classical model in chemotaxis, widely used in biological
and physical contexts, but also a challenging prototype for nonlinear PDE analysis. Our
focus studies an insensitizing control problem for the nonlinear parabolic-parabolic
Keller—Segel system, which models chemotactic behavior in biological systems. Our
goal is to find a control that makes a certain functional of the solution insensitive
to small perturbations in the initial data. We show that this problem is equivalent to
achieving partial null controllability for a related cascade system that reflects the main
structure of the original dynamics. Thanks to this equivalence, we focus on analyzing
the controllability of the cascade system. We begin by studying the linearized version
of the problem. Using a duality approach, along with carefully selected weighted esti-
mates and energy techniques, we establish a suitable observability inequality. This key
result enables us to move on to the nonlinear case. We address the nonlinear system
through a local inverse mapping argument, relying on the continuity and differentia-
bility of the control-to-state map in an appropriate functional framework, along with
other key assumptions.
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1 Introduction

Let @ ¢ RY (N = 2,3) be a bounded connected open set whose boundary 92
is regular enough. Let 7 > 0 and @ and @ be two (small) nonempty subsets of
Q with ® € w where w is called as the control domain. We will use the notation
0 =0Qx(0,T),and ¥ = 922 x (0, T) and we will denote by v(x) the outward
normal to €2 at the point x € 9€2.

We will be concerned with the Keller—Segel system:

Uy — Au=—-V-uVv) + F, in Q,
vt—szau—bv+gX1+G, inQa (1 1)
dyu = d,v =0, onx,’ '

M(-, 0) = Ml + ‘Cﬁ07 U(', O) = M2 + ri}Os in Q.

where u = u(x,t) and v = v(x, ) represent, respectively, the concentrations of
species (i.e, the population density) and that of the chemical (i.e., concentration of the
chemical substance). For more details about the Keller—Segel system see, for instance,
[1-7].

Throughout the article, we assume that a, b, M| and M, are positive real constants
such thataM| —b M, = 0 and that the initial data (u (-, 0), v(-, 0)) is partially unknown
in the following sense:

— M, and M; are known;

— t € R a unknown small number;

— g € L*(Q) and o € L*(R) are unknown with [[iig|l;2(q) = IIfoll 2y = 1, and
have mean equal to zero, i.e.,

1 1
(np)g = —/ io(x)dx =0 and (0g)q = —/ Do (x)dx = 0.
1€2] Jo 12l Jo

We consider the external forces F = F(x,t) and G = G(x,t) belonging to an
appropriate Banach space and having exponential decay at ¢ = 0, and that (F)q(¢) =
0 for a.e. t € (0,T). The external force g is an internal control acting on w and
x1 € CZ(w) such that supp(x1) €@ w,0 < x; < land x; = lin®.

For a given nonempty open set O C 2 (called the observation set), we introduce
the observation functional:

1
J,(u,u)::E/ lu|? x2dx dt, (1.2)
Ox(0,T)

where x2 € C° (O) such that 0 < x» < 1, supp(x2) € O and x2 = 1 in a nonempty
open set Op € O, and the pair (u, v) solves the Keller—Segel system (1.1).

The goal of this work is to prove the existence of controls that insensitize the
functional J;. In other words, we aim to find a control g such that the influence of
the unknown data (itg, 79) is not perceptible for the functional J, at least at the first
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order, that is,

aJ: (u,
Wl v)) (13)
at =0
for any (o, Do) € [L*(R)]* satisfying [|doll 2y = llDoll;2( = 1 and (do)e =

(D9)q = 0. It is not difficult to see that condition (1.3) is equivalent to the following
(partial) null controllability problem: Find a control function g such that

2(,0) = g(-,0) = 0in (1.4)

where (w, z, r, q) solves the following cascade system (for more details, see Appendix
A):

wy — Aw = -V - (wVr)+ F, in Q,

-zt —Az=aq +[Vz-Vr —(Vz-Vr)gl+wx2 — (wx2)q, in O,

re—Ar =aw —br+gx1 + G, in Q, (1.5)
—qt —Aq = —bqg —V - (wVz), in Q, :
ow=0, d,z=0, d,r =0, 9, =0, on X,

w(,0 =My, z(-,T)=0, r(-,0) = M>, q(-,T) =0, in .

To study this null controllability problem, a key observation is that, given any solution
(w, z, 7, g) of (1.5), one has

@@ =@a@) =0 and (w)q(t) = M;, fortel0,T]. (1.6)

To show this, let us consider V (¢) := fQ q(x, t)dx and use equation (1.5)4, then V
solves

d
_E[V(t)] =-—bV(1),
V(T) =0,

which directly implies (g)q(t) = O for t € [0, T]. The other two identities in (1.6)
follow from (1.5); and (1.5),, and the fact that (F)q(t) = 0 fora.e.r € (0, T).

These observations regarding the mean of solutions (w, z, r, ¢) of cascade system
(1.5) will be taken into account latter when proving the (partial) null controllability of
(1.5).

As far as we know, the first result regarding the controllability of the Keller—Segel
system was provided in [8], where local controllability around constant trajectories was
achieved through a control acting on the equation of the chemical. We also reference
[9], in which the controllability of the Keller—Segel system (1.1) around a given regular
trajectory is attained by applying control to the equation of the species, which is not
intuitive, as there is no practical way to act directly on the equation of the species.
Another significant contribution can be found in [10], where the authors established
that, in the two-dimensional case, any solution globally bounded in time for system
(1.1) converges to a single equilibrium as time approaches infinity. Finally, we mention
[11], where the authors proved the local exact controllability for the Keller—Segel
system coupled with the Navier—Stokes system around certain specific trajectories.
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Interest in insensitizing control problems began with the works of J.-L. Lions,
specifically in [12] and [13], where he explored this type of problem and posed numer-
ous pertinent questions. These works sparked our interest in investigating the existence
of insensitizing controls for the Keller—Segel system. While there exists an extensive
body of literature on similar problems for parabolic system—such as the heat equa-
tion in [14—17], the Stokes system in [18], the Navier—Stokes system in [19-21], and
the Boussinesq system in [22, 23]—there are, to our knowledge, no available results
specifically addressing the insensitizing problem for the Keller—Segel system (1.1).

It is also important to note that most insensitizing results found in the literature
involve Dirichlet-type boundary condition. There has been comparatively less research
on other types of boundary conditions, such as Neumann boundary condition, which
is the case for the Keller—Segel system. For example, [24] examines the phase field
system with Neumann boundary conditions, and [25] addresses the heat equation with
dynamic boundary conditions.

From a physical perspective, the system aims to control the amount of a certain
chemical substance under small perturbations, in response to a virus triggered by a
population of bacteria. For instance, it may represent the intravenous administration
of a medication under small doses (perturbations), with the goal of controlling the
spread of the virus. For this reason, we focus on the L% —norm of the state variable
u = u(x, t) which physically represents the concentration of the chemical substance
with a specific biological purpose.

As mentioned before, the main goal of this article is to establish the existence
of controls for the Keller—Segel system (1.1) that act on the species equation and
effectively insensitize functional (1.2). To achieve this, we will prove the existence of
controls such that (1.4) holds for system (1.5). More precisely, we prove the following
result.

Theorem 1.1 Assume that ® N O # @ and let (M, M) € Ri be such that
aMy; — bM, = 0 and let m > 4. Then, there exist § > 0 and C > 0 depending
on Q, o, ® O and T such that, for any' (F,G) € L}(Q) x L?(0, T; H'(Q)),
satisfying ||e€/"" (F, G)”LS(Q)XLZ(O’T;HI(Q)) < 8, there exists a localized control
function gx1 € L2(0, T: H'(Q)) and a corresponding solution (w, z,r, q) of (1.5)

satisfying
2(-,0) =¢q(-,0) in Q.

As a consequence, we readily infer that functional (1.2) can be insensitized.
Corollary 1.1 There are insensitizing controls g for functional J; given by (1.2).

To prove Theorem 1.1 we follow an approach introduced in [26]. This method consists
of two main steps:

P L2(0) = {u e L*(Q) | wWq(t) =0forae.t € (0, T)}.
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Step 1. We prove (partial) null controllability result for the linear system:

wy — Aw =—-M{Ar + F + hy, in Q,

-zt —Az=aq +wyx2 — (wx2)q + ha, in Q,
rr—Ar=aw —br+gx1 + G + hs, in Q, 1.7
—qr — Aq = —bq — M1 Az + ha, in Q, '
ow=0, d,z=0, d,r =0, 9, =0, on X,

w(,0 =0, z(-.T) =0, r(-,0) =0, g(-,T) =0, in Q2.

with F, G, h1, ha, h3 and h4 belonging to certain Banach spaces, exhibiting expo-
nential decay to zero at + = 0, and such that (F)q(t) = (h1)q(t) = (hy)a(@) =
(ha)q(t) = 0forae.t € (0, T). That is to say, we prove that there exists a control g
such that solution of (1.7) satisfies

2(-,0) =¢(-,0) =0 in Q.

Moreover, we show that the pair state-control constructed in this step belong to an
appropriate Banach space, which will be sufficient to proceed to Step 2.

Step 2. We apply a suitable inverse mapping theorem to recover the local (partial)
null controllability of (1.5) from the (partial) null controllability of (1.7).

Remark 1.1 Note that system (1.7) is the linearization of system (1.5) around the
trajectory (M1, 0, M3, 0).

To obtain the (partial) null controllability for system (1.7) in Step 1, we show an
estimate for the solutions of the adjoint system, namely,

—¢r — Ap = Y x2 +a + g1, in Q,

Vi — AY = —M1An+ g2, in 0,

—& — A& = —MAp — bE + g3, in Q, (1.8)
ne —An=ay —bn + g4, in Q, '
e =0, 0, =0, 9,6 =0, d,n =0, onyx,

(. T) =0, ¥(-,0) =0, §-.T) =0, n(-,0) = no, in Q.

with ¥, no € L%(Q)2 and the functions g1, g2, g3 and g4 having suitable regularity
properties and such that (g2)q () = (g4)q(t) = 0 for a.e. t € (0, T). In particular,
notice that, from (1.8); and (1.8)4, we have that (¥ ) (t) = (n)q(t) = 0, fort € [0, T].

Thus, the second main result of this paper will be a weighted estimate for (1.8)
which has the following form:

f/ PF0(1¢ = @al? + 112 + 161 + Inf?)dx dr
Q

2
< C( // p%(t)|X1§|2dxdt~|—Hp3(l)(gl’82’g3’g4)HY)’

wx(0,T) (19

2 L3 = {u e LAQ) | g =0},

@ Springer



42 Page 6 of 41 Applied Mathematics & Optimization (2026) 93:42

where p, k € {1, 2, 3}, are appropriate positive weight functions having exponential
decay atr = O and t = T. The constant C > 0 only depends on 2, w, O and T, and
Y is a suitable Banach space (see Proposition 3.1 for more details).

Remark 1.2 We can assume that (g2)q(f) = (g4)q(t) = 0 for ae. t € (0,T) as
consequence of the fact system (1.8) is the dual of (1.7), and that (h2)(t) = (h4)(t) =0
for a.e. t € (0, T). We do not need to assume this for the mean of g; because, either
way, from (1.8) we can not conclude that ¢ has average zero fora.e. r € (0, T).

This paper is divided as follows: In Sect. 2, we present some well-known estimates
we need to obtain the (partial) null controllability for cascade system (1.5). Then, in
Sect. 3, we prove a weighted estimate. This estimate is important for the rest of the
article. In Sect. 4 we will prove the null controllability of linear system (1.7). Finally,
in Sect. 5, we will prove the main result of this work, Theorem 2.1.

2 Some well-known estimates

In this section, we present some estimates that we will need to prove (1.9). These
inequalities have been established in previous studies and we provided precise ref-
erences where each one of them can be found. To state the estimates, we introduce
several weight functions that will be useful in the sequel. The basic weight function,
denoted by xo belongs to C?(£2) and satisfies the following conditions:

ko(x) > 0forx € 2, ko =00n09dR, |Vko(x)| >0, Vx € Q\ wo,

where wp € ®NO is anonempty open set. The existence of such function kg is proved
in [26]. Then, for some A € R and m > 4, we introduce:

M0 (x) H0(0) _ 2 Ikolloo
X, ) = ————, ox,t) = s
({)( ) t"(T — )™ Gx. 1) t"(T — )™
¢(1) = min ¢ (x, 1), ¢*(1) = max @ (x, 1),
xe xeQ
a(t) =mina(x, 1), o*(t) = max a(x, 1).
xeQ xeQ

From the definition, it is not difficult to see that for any n € N and every N-multi-index
t, there exists C > 0, depending only on 7', €2, A and kg, such that

|97 3Lae| + (] 0Lgp| < CpmTIFn/m, Q2.1)

Also, note that for every @ > 0, and every b, ¢ € R the function st e®*EC is bounded
in Q. Then, for any given C > 0, one has

sbe™?g¢ < C, fors >> 1. (2.2)
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Throughout this article, we will use the following notation:

In (s, u) := sPT3 // M B3y 12dx dr + sPH! // M5 pPH1 vy 2dx dr

dx dt,

B—1 Mso 4 —1
iy /f b |ut|+2’8a

where M, s and § are real numbers and u = u(x, 1).

The following result is a Carleman estimate for the heat equation with homogeneous
Neumann boundary conditions. Its proof can be deduced by following the steps given
in [26] for the case M =2 and 8 = 0.

Lemma 2.1 There exist positive constants C = C(K2, wg) and Ay = *o($2, wg) such
that, for every ) > Ag, there exists so = so(S2, wo, 1) for which, for any s > so(T™ +
T2m), any uop € LZ(Q) and any f € L2(Q), the solution to

—Au=f,inQ,
oyu =0, on X,
u(-,0) =ug, in<,

satisfies

Ig p(s,u) <C s // e3P \uPdx dr + 5P // S0P fPdxdr |,

wox(0,7)

forall B € R.

Next, we present a Carleman estimate for a coupled parabolic system with homoge-
neous Neumann boundary conditions. This result was obtained in Theorem 2.2 in [27].

Theorem 2.1 There exist C = C(2, wg) and Ao = Ao(S2, wg) such that, for every
A > Ao, there exists so = so(S2, wo, A) such that, for any s > so(T™ + T™), any
(ug, vg) € L%(Q) x L2(Q2) and any fi1, fo € LZ(Q), the solution (u, v) of system

— Au =av + fi, in Q,
— Av=—bv— MiAu+ f>, in Q,
opu = dyv =0, on X,
u(-,0) = ug, v(-,0) = v, in 2,
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satisfies

f/ PP AulPdx dr + Io 1 (s,v) < C | s'8 // @181y 12dx dr

wox(0,T)

+S10/:/ egsa¢10|f1|2dxdt+s3 /:/ 69S(){¢3|f2|2dxdt
0 0

3 An estimate for the adjoint system

In this section, we are going to prove a weighted estimate for adjoint system (1.8),
when g1, g2, g3, g4 and Vg, 1o are in a suitable Banach spaces. More precisely, we
prove the following result.

Proposition 3.1 Assume that & N O # (. Then, there exist positive constants C =
Ch, 2, M, M>,a,b, w,wy) and o = Lo(2, wg) such that, for every . > Ag, there
exists so = $0(2, wo, A) for which, for any s > s, for any Yo, no € L%(Q), and any
2 .2 1 .72 2 .2

g1 €L (0, T; H* ()N H (0, T; L*(2)), g2 € L0, T; H* (),

g3 € H'(0,T; L*(Q)), g4 € L*(0, T; H*(Q)),
with

0vg = 0vg4 = 0yAgs =0, on I,

and
(g2)a@) = (ga)a() =0, fora.e.t € (0,T),

the solution (¢, ¥, &, n) of (1.8) satisfies

To.1(5, €) + Io1 (s, &) + Ts.s (s, AV) + T (s, A2n)
45 // @) g — (@)aPdrdr + 5! // 5% ()1 1y Pdx di
¢ ¢

50 // e |ndx dt + 52 // P> (|Ap|? + | A |P)dx dr
0 0

2
<C S4O e7soz 40 67/2501*
B ( /f a 81 L2(0,T; H2(Q)NH ' (0,T: L2())
&x(0,T)
+ o7 g, | ” dra ”
L2(0,T; H%(Q)) HY0,T;L2(Q))
2
7/2sa*
e , 3.1
& H 84 L2(0,T;H4(Q))) 3.1
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for every s > sp.

Proof We begin applying Theorem 2.1 to equations (1.8); and (1.8)3, as follows:

s / / e* P3| Ag|Pdx dt + 191 (s, £)
0

< C S18 /f e9m¢)18|§|2dxdt

wox(0,T)

+S10 /f e9sa¢10|w|2dxdt

Ox(0,T)
+SIO// egsa¢10|gl|2dxdt+s3 //69SQ¢3|g3|2dxdt
Q Q

Next, we use equations (1.8); and (1.8)4 to obtain an estimate for ¥ and n. Without
loss of generality, we assume that vy, 1o are sufficiently regular. It is then straight-
forward to see that Ay and A7 satisfy the following two equations:

(AY), — A%y = =M A’y + Ago, in Q,

Ay =0, ony, (3.2)
AV (-, 0) = Ay, in Q,
and
(A%n); — A% = aA*y —bA?n+ A’gy, in O,
3,A%n =0, onx, (3.3)
AZ(-,0) = A2n, in Q.

Applying Lemma 2.1 to systems (3.2) and (3.3), with 8 = 8 and 8 = 6, respec-
tively, we have

Ig.8(s, AY) < C(s“ // S Ay Pdx dt+s8// eS8 A%n|dx dt
0

wox(0,T)

+S8 // eSSC{¢8|Ag2|2dx dt),
0

(34)
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and

I3.6(s, A%p) < C(s9 /f e3¢ A%y 2dx dr + 5° /[ e3P0 A%y Pdx dt
0

wox(0,T)
+ 58 / / 3590 A% gy|?dx dt).
0
(3.5)

Combining estimates (3.4) and (3.5), we can absorb the second term on the right-
hand side of (3.5) by the term on the left-hand side of (3.4), and absorb the second
term on the right-hand side of (3.4) by the term on left-hand side of (3.5). This gives

Is8(s, AY) + I 6(s, A%1)

wox(0,T)

+s° // 39| A%y 2dx dr

wox(0,T)

+ 8 //e83“¢8|Ag2|2dxdt+s6//e8s°‘¢6|A2g4|2dxdt . (3.6)
0 0

Next, we are going to absorb the local term of A7 in (3.6) using the coupling
between 1 and ¥ in equation (1.8),. We set:

Jl=s° /f 35997 | A%n|dx dr.

wox(0,T)

Applying the Laplacian operator to equation (1.8); yields

1
Aty = E(Azw — (AY); + Agy), in Q.
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For an open subset w; satisfying wg € w; € @ N Op and 6 € C°(w;) such that
61 =1inwgand 0 < 0; < 1, we then have

Jh<® // 01e3%¢° | A%n|2dx dr

w1 %(0,T)

9
- ;4— /f 0,35 3 (A%A%p — A’p(AY), + AznAgz) dx dr
1
w1 x(0,T)

1 3
. 1
= > UL
k=1

Using integration by parts, and the properties of the weight functions given in (2.1),
we have that

I 40 < ely (s, A7) + C()s" // 5613 Ay Pdx di
w1 x(0,7)

for every s > 59 and any € > 0.
For 131, we have that

I3 < elgg(s, A*n) + C(e)s’ / / e¥¢%| AgalPdx dr,
o

for every s > sp and any € > 0. for a.e. t € (0, T'). Since (g2)q(t) = 0, from (1.8)>
and 0,V (t)|sq = 0, one can deduce that (¥)q () = 0 for a.e. t € (0, T), then, after
integration by parts and applying Poincaré inequality yield

f | (1))?dx §C/ Ay (1)?dx, ae.r€(0,T)
Q Q

and, in particular,

SII//€8S&((]3)11|¢|2dxdt5CS”//egx&(qg)lwAlﬁ(tﬂzdxdl‘. a7
0 0
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Combining the estimates to J, ! for Jj = 1,2, 3,, together with (3.6) and (3.7), and
taking e sufficiently small, we get

$ / / B3| AglPdx dt + Iy 1 (s, §) + I g(s, AY) + Ig (s, AZ)

+Sll// 685&((;3)“|1ﬁ|2dxdt S C<S18 f/ e9s0[ 18|%-|2dxdt

wox(0,T)
10 // 9sa lolwl dxdt+sl3 f/ 8sa 13|Aw| dxdt (3 8)
Ox(0,T) w1 %(0,T)

IO/f 9sa 10|g1|2dxdt—|— s // 8SO{¢ |Ag2|2dxdt
/f e*¢3| g2 dx dt + 5 f/ e3P0 A% g4 dx dt)

for every s > sp.
Using an integration by parts, Poincaré inequality, and the properties of the weight
functions, the following estimate holds

s10 /:/ e9m¢]0|1//|2dx dr < CSlO /:/ e9m*(¢*)10|A1//|2dx dr

Ox(0,T) Ox(0,T)

(3.9)
CSIO// e84 (@) ") Ay dx dr,
0

for every s > sg. Therefore, using (3.9) in (3.8), we estimate the local term associated
with ¥ on the right-hand side by the third term of the left-hand side. Thus, for s > s,
we have:

s? / / P | AplPdx dr + Io 1 (s. &) + Ig g(s. AY) + Ig6(s, A%n)

+S11//68s&((]3)11|w|2dxdt§C<S18 // 95918 1& 2dx dr

wox(0,T)

13 // 8$O(¢]3|Aw|2d'x dt +S10 // 9Sa¢]0|gl|2dx dt

01%(0,T)

+s° // e39% | Ags|*dx dr
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+53 /f e”%P3|g3|>dx dr + s° ff e3P0 A% gy |?dx dt). (3.10)
0 0

Now, we are going to absorb the local term in A that appears on the right-hand side
of (3.10). To do this, we apply the Laplace operator to equation (1.8); within O, in
particular Oy, to see that

AY = —(Ap), — A?p —aAE — Agy, inOp x (0, T).

We also consider an open subset w; satisfying wg € w1 € wp € @ N O and a
non-negative function 6, € CS°(w») such that > = 1 in wy. It is straightforward that

S13 // eSsa¢13|A1//|2dx dt S Sl3 // ezegs‘olqsl?!'Aw'de df

w1 x(0,T) wyx(0,T)
=51 0,633 (=AY (Ap), — AYA%@ — aAyAE — Ay Agy ) dx dr
2 Pt % 81
wrx(0,T)

4
=>4
k=1
Estimating each one of the terms sz, fork =1, 2,3, 4, yield

JE+ T} <elgg(s, Ay) + C(e)s” // 29 Ap|dx dt,
@2 x(0,T)

Ji <elgg(s, AY) + C(e)s" / f eMp1 g Pdx dt,

w2 x(0,T)

J3 < elgs(s, AY) + C(e)s" / / 99 g 1 Pdx dr,

for every s > 50 and any € > 0.
Taking € small enough, from (3.10) and the estimates for sz fork =1,2,3,4, we
obtain

5 / / G AP di + Io 1 (5, &) + Ts.s(s, M) + Is.o(s, A2)

+S11//€8S&(($)11|1//'|2dxdt 5 C<S19 f/ eSSO{ 19|E|2dxdt

w2 %(0,T)

19 // 8sa 19|A§0|2dxdt+slg /f 8sa 19|g1|2dxdt

wrx(0,T)
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+s° // e3¢ AgoPdx dt + 53 // 3| g3|2dx dr
0 0

+s6// e300 A% gy |?dx dt), (3.11)
0

for every s > 9.

The rest of the proof consists in estimating the local term in Ag on the right-hand
side of (3.11). Before, we apply the operator 9;(-) to equations (1.8); and (1.8)3, to
get the following system:

—(@)r — Ay = Y x2 + a&; + (g1)s, in Q,
— (&) — A§ = —MAg, — b& + (g3):, in O,
dyepr =0, 3,6 =0, on X,
(-, T)=0, &(,T)=0, in Q.

(3.12)

Applying Theorem 2.1 to system (3.12), we get:

$ / / 53 Agy P dt + Io,1 (s, &) < C | 5 // 81, [2dx dr

wox(0,T)
10 /f 9sa 10“0 |2d)€ ds +S10 // Osa 10|(g1)[ de dr
Ox(0,T)
+s° /f 3| (g3),)7dx dr | . (3.13)
0

Using integration by parts, we estimate the local term in &; appearing on the right-hand
side of (3.13) as follows:

slS // e9SO{¢18|Et|2dx dt

wox(0,T)

<€ (Io,1(s,8) + Io 1 (5, &)) + C(e)s>8+2/m f/ eI/ e 2dx dt,

wox(0,T)

(3.14)

for every s > 509 and any € > 0.
Using again Poincaré inequality and integrating by parts, we estimate the term in
Y, on the right-hand side of (3.13):

10 // 9sa 10|¢ |2dx dr < Cs'0 // 9sa” (¢ )10|A%| dx dr. (3.15)
Ox(0,T)
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From (3.11), (3.13), (3.14) and (3.15), we see that:

53 ff 4P| ApPdx dt + Io 1 (s, §) + Ig (s, AY) + g 6(s, A*n) + I 1 (s, &)

Q
—I—Sl]//eS‘Y&(é)llh/Mzdxdt+S3//69‘Ya¢3|A¢,|2dxdt
Q Q

E C<s38+2/m /:/ 68‘¥a¢38+2/m|$|2dx df + Sl9 // e$SlX¢19|A¢|2dx dt

wyx(0,T) wyx(0,T)

+s // 35997 | AgoPdx dr + s° // e3P0 | A% g4 dx dr
19// 85‘0{ 19|g1|2dxdt+s // 9S0t¢ |g3| d.xdt

10// 95« 10| (1), [2dx dr + s° // ™ ¢*|(g3)] 2dxdt) (3.16)

for every s > sp.
Considering equation (1.8); in Op, and applying the operator A(-) to it, yields:

A’p = —Ag, — AY —aAE — Agy, in Op x (0, T).

Therefore, it follows that, for s > sq, the following inequality holds:

// e9sa|A2¢|2dx

Opx(0,T)

< s [[ Peptanbaras b A+ Ia60) G
Q

f/ ¥ Agy|*dx.

Opx(0,T)
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Hence, we can add a term of A2<p to the left-hand side of (3.16), namely:

/ / P A2pPdx dr + 19,1 (s, &) + Ig s(s, AY) + Is.6(s, A*n) + Io 1 (s, &)
Opx(0,T)

+s!! /f S yPdedr + 57 [/ P3| + 1 Ap)dx dr
Q Q

< C s38+2/m /:/- eSSO{¢38+2/m|S|2dx dt + s19 /:/ eSSO{¢19|A¢|2dx dt

wyx(0,T) w2y x(0,T)

19 // 8sa 19|g |2dxdt+510// 9sar 10|(g]),|2dxdt+// 9Y0[|Ag1| dth
+s // A9 | Aga|*dx dr + s // ™ ¢ g3 P dx dr

+S3 // e9s0l¢3|(g3)t|2dx dt +S6 // ES‘W(/J)6|A2g4|2dX dt ,
Q Q

for every s > sg.
Now, we are able to address the local term associated with Ag on the right-hand
side of (3.18). For this, we use (1.8)3, to see that:

(3.18)

1
Ap = E(&z —bé +g3+ A§), inQ.

Let w3 be an open subset satisfying wg € w1 € wy € w3 € @ N Oy € Q and let
03 € C°(w3) be a non-negative function such that 63 = l inwp and 0 < 03 < 1. As
we have done before, we write:

19
st / / 03¢5 | ApPdx dr = Sﬁ / / 03591 A (5 — bs + g3 + AE) dx dr
1

@3x(0,T) w3x(0,T)
4
= Z WA
k=1

For the first three terms, one has the estimate:

BB+ < els? // 3| Ap|dx drs’ // P3| A, |Pdx dt

w3%(0,T) w3%(0,T)
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+ C(E) S35 /-/ 7$Ot¢)35|g3|2dx dt +S37+2/m // Tsa 37+2/m|$|2dx dt ,

w3x(0,T)
for every s > 50 and any € > 0. We treat Jf as follows:

f / 03¢5 1 Ap Agdx dr

1
w3%(0,T)

g9
/ [A(ez 8sa 19)A(p+2v(92 8S0{¢19)VA(p+02 8”(}519A2(p]‘§dxdt

ng(o T)
// 62>V Ap|*dx dr + // Y| A2p|*dx dt
@3x(0,T) Ox(0,T)

+5° // P3| ApPdx dr | + C(e)s™ // Tsa 40112 dx dt,

w3x(0,T)
(3.19)
for every s > 50 and any € > 0.
Finally, we observe that after a integration by parts and applying Young’s inequality,
we will estimate the first term on the right-hand side of (3.19) namely, V Ag, as follows

1
// 63¢”%|V Ag|*dx dr < 5 // 63¢”%|V Ag|*dx dt

w3%(0,T) w3%(0,T)

// ¢~ |APpPdx dt + 57 // ¢’ | ApPdx dr |,

w3%(0,T) w3%(0,T)

(3.20)

for every s > 9.

Replacing (3.20) in (3.19) and combining with (3.18), to then take ¢ small enough
in the estimates of Jk3, k € {1,2, 3,4}, we can absorb the desired local term on Ag.
Then, from (3.18), one has:

f/ Y A2 Pdx di + 19,1 (5, §) + I3.8(s, AY) + I8.6(s, A%0) + Io.1 (5, &)
Oox(0,T)

+ s // S Gy2dx dr + 53 // P93 (| Ap)? + | A |*)dx dt
0 0

< c| s // 7sa¢40|€|2dxdt+sl9// 8591901 2 dt

w3%(0,T)
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+ 510 // 22919 (g1),2dx dz+// P Agy 2dx dt + s° // 35292 Ags2dx dt
0 0 0

+5° / / ¥ $ g3 dx dr +5 / / P3| (g3)1*dx dr + s° / / 890 A2gy Pdx dr |
o o o

(3.21)

for every s > s9.
Now, using (2.2), we see that

SIQ//essa¢19|gl|2dxdt+s10//893a¢]0|(81)1|2dxdl+'//69501|Ag1|2dxdt
0 Q 0

*
67/2301

2
81

< C ,
- L2(0,T;H2(Q))NH(0,T;L2(Q))

2

9 8sar 19 2 7/2s0*

s e A dxdr < C He ‘ ’
// ¢ 1AL = &2 L%(0,T; H2(R))
0

2

3 [[ 0 (18P + @) arar < €|t g
0

H'(0,T;:L2()

2
6 8sat ;161 A2 12 7/2sa*
A dxdr <C H ‘ ’
S //e ¢ |A”ga|"dx dr < ¢ 84 L%(0,T; HH(Q))
o

for every s > 9.

Finally, we add a global term of 7 in the left-hand side of (3.21). Indeed, from
equation (1.8)4, we have that (n)q(t) = (An)q() = 0 for ae. t € (0,7T) and
dyAnls = dyn|x = 0. Thus, by Poincaré’s inequality and integration by parts, there
exists C > 0 such that

/ In@Pdx < € / |An()Pdx < € / |A*n()Pdx, Vi€ (0,7).
Q Q Q
Now, using the fact that the weight functions & and é only depend on 7, we obtain that

s° // 3% nPdx dt < Cs° // 8% ($)°| A%y 2dx dt.
0 0

Similarly, using the term in Ag, we can add the global term of [¢ — (p)q] in (3.21).
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This concludes the proof of Proposition 3.1. O
In the following result, we assume more regularity on the external forces and uni-
formize the weight functions in Proposition 3.1. This will allow us to work more

effectively in the next section.
Let us fix the notation:

I(s: 0., E.) = / / %o — (p)alPdxdr + / / ¢y Pdx di

0 0

+// P4V 2dx dt+// e”% £ 2dx dt+// e”|VE2dx dt
0 0 0

+// ¢”%n|dx dt.
0

Corollary 3.1 Let s and A be as in Proposition 3.1. Assume that

g1 € L20, T; HY(Q) N H*(0, T; LX(Q)), g2 € L*(0, T; H> (@) N HY2(0, T; L*(92)),
g3 € L20.T; H3() n HY2(0, T; L2(Q)), g4 € L2(0, T; H*()) n H2(0, T; L2()).
0vgr = g4 = dyAge =0, on %,

(g2)a(t) = (ga)o(t) =0, forallt € (0, T).

Then, there exists a positive constant C depending on T, s and A, such that every
solution of (1.8) verifies:

(5190 E.) < c( // ¢13/258 |y 2| Pdx dr

wx(0,T)
L2 2
4 Hel3/4sagl‘ Hel3/4sag2‘
L2(0,T; H4(Q)NH2(0,T; L2(Q)) L2(0,T; H3(Q))NH3/2(0,T; L2(Q))
L2 2
+ H€13/4sag3‘ Hel3/4sozg4 .
L2(0,T; H3(Q))NH3/2(0,T; L2(S2)) L2(0,T; H*(Q)NH2(0,T; L2(2))

The proof of Corollary 3.1 follows directly from estimate (3.1), and the properties of
the weight functions.

4 Null controllability of the linear system
In this section we solve the null controllability problem for system (1.7) with a right-

hand side which decays exponentially as t — 0. This result will be used to prove
the local controllability of (1.7) in the next section. Indeed, we would like to find a
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control g such that the solution to

Lw,r)=(—MAr+F+hy, aw+gxi + G +h3), inQ,
T(z,q) = (— MiAz+hs, ag +wy2 — (wx2)e + h2), in Q,

dyw = 9,z = dyr = dy,q =0, onx, (4.1)
w(,0 =0, z(-,.T)=0, r(-,00 =0, ¢(-,T) =0, inQ,
satisfies
z2(-,0) =¢q(-,0) =0, in Q. 4.2)
Here,
L(w,r):=(Liw, Lor) and T (z,q) = (L3q, Liz),
where

ﬁl::3t—A, Cz:zat—A—I—b,

and £} and L3 are the adjoint operators of £ and £, respectively, namely:
Ll:=—0—A, L5:=-0—A+b.

We prove the existence of a solution of the previous problem in an appropriate weighted
space. Before introducing the spaces where we solve problem (4.1)—(4.2), we improve
the estimate obtained in the previous section. This new estimate will contain only
weight functions that do not vanish at # = T'. In order to introduce these weights, let
us consider a function / € C*°([0, T']) such that

1) = t(T —1), 0<t<T/4,
| T%/4, 3T/4 <t <T,

and define our new weight functions to be

@) _ G200l M0 ()
B(x.1) e Y0 =
y (@) =miny(x,1), y*(t) = maxy(x,1),
xeQ . xeQ
B*(t) = max B(x, 1), B(t) = min B(x, ).
xe xeQ
We also introduce some notation. Denoting by Yy = L%(Q),

Xo := L*0, T; H](Q)) and, for n € N, we define the spaces Y, and X,, as fol-
lows:
Y, = L*0,T; H*(Q)) N H"(0, T; L*(Q)),

and
2n+
2

X, = L0, T: H"(Q)) N H* (0, T: L2(Q)),

given by the norms

2 . 2 2
”u”Y,7 — ||u||L2(0,T;H2"(Q)) + ”u”H"(O,T;Lz(Q))’
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and

2 2 2
u = ||u u .
” ”Xn ” ||L2(0,T;H2"+I(Q)) + ” ||H2n+1 (O,T;LZ(Q))

We also set

Y, o= {u e Yy: 9[Lulls =0, [Lful(0)=0, k=0,....n—1, i=12},

Yy o={ueY,: d[Liulls =0, [Liul(T)=0, k=0,....n—1, i =12},

and
XFo=1{ueX,: [Liully =0, [Liul(0)=0, k=0,....n—1, i=12},

X, o=1{ueXy: [Liullx =0, [Lul(.T)=0, k=0,....n—1, i =12},

endowed with the equivalent norms

2 _ 2 _ 2 _ 2 o n, .2
lulfG s = Nl = e, = Nl = ILul 2 -

We now state a refined estimate.
Lemma 4.1 Let s and A be like in Proposition 3.1 and assume that
greYs: el3/4s‘§g1 €Yy
geXa: g e T (g00) =0, Vi €0, T];
g€ Xa: e MPgye Xy
g€V Vg e v (gnan) =0, Vi €10,T].

Then, there exists a positive constant C depending on T, s and A, such that every
solution of (1.8) verifies:

// 89“%—(w)alzdxd”//e%ﬁ(lwu|vw|2)dxdt

) )
+// B ER + |VED)dx dt+// 9P y2dx dr
) )

. S 2 A2
< C( // e]3/23’3|x1|2|§|2dxdt+Hel3/4sﬂg1 o + Hel3/4sﬁg2‘x+
wx(0,T) 0 0
+ el3/4s/§ 2 13/4sp 2 43
8. +|e g4 . ) 4.3)
X350 Yo

where

(so)Q(t)=L @(x, 1)dx.
12 Jo

@ Springer



42 Page 22 of 41 Applied Mathematics & Optimization (2026) 93:42

Proof The proof of this lemma is standard. It combines energy estimates, using a cut-
off function, with Corollary 3.1 together with the fact thato < g in Q. A similar proof
is given by Lemma 1 in [28]. O

Now, we proceed to the definition of the spaces where (4.1)—(4.2) will be solved.
The main space will be:

E = {(w’z’r’q’v) = EO : 8Uw = BVZZ 8,;7' = 3uq IOOHEa
6_9/2513 ((E(w’ r))l + M] Ar) S L2(Q)’
2B (Lw, 1) — aw = gx1) € L2, T5 H'(),
e (T (2. q))2 — ag — wya + (wx2)e) € L20, T: H'(Q)), 4.4)
e P (T2, ) + MiAz) € L2(Q),

/ ((L(w, )1 + MiAr)dx =0, / (T (. @), + Mi1AzZ)dx =0,
Q Q
fg (T(w, M2 — aq — wyxa + (Wx2)e) dx = o},

where

Eo={w.z.r.q.g): e ¥4 r) e L2 (o, T HZ(SZ)) nL® (0, T; Hl(Q)>]2,
B ()5 5Imz gy e (LHQP e3P gy € L2(Q),
2Py e 2 (o, T H3(Q)) nL>® (0, T H2(Q)> ,
e~ 13/45B (5)=6=6/m ¢ 2 (o, T; HZ(Q)) nL® (o, T H1(9)> ,
e BBy T e 12 (0,73 @) N1 (0,75 HA@).

e_zsﬁg)q elL? (O, T; HI(Q)) }.

Notice that E is a Banach space for the norm:

2

2 . | —13/4s8 H
w,z,r,q, = |e w,r
1,274, )l H . [L2(0.T: H2(@)NL* (0.7 H' ()

2

(L2(O)1?
2

+ e—13/4s;3();)—5—5/m(z’q)”
2

+ e—l3/4s/§
L2(Q)

—2s5
e r
£x1 ‘ H L2(0,T; H3())NL>®(0,T; H2(R))

4 ’8—13/4s;§();)—6—6/mq‘ 2

L2(0,T; H2(2))NL>®(0,T; H'(Q))
2

n e—13/4s;‘§();)—7—7/mz‘

L2(0,T; H3(Q))NL>(0,T; H2(R))
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2

LX)
2

+ e ((Caw, ) + My Ar)

+ |2 (Lw. r))2 — aw — gx1)

L2(0,T; H(Q))
2

—9/25B (T —aq —
+ e (T(z.9))2 —aqg —wx2 + (Wx2)e) L20,T;H'(Q)

+ | (T gy + MiA)

2
LX(Q)
2

8—25/3

X1 L2(0,T; H'(Q))

Proposjtion 4.1 Let My, M> € Ry be such that aM| — bM> = 0. Assume that
e /BP(F,G) € L3(Q) x L*(0, T; H'(Q)), and consider that

™ (hy, h3) € L0, T: L) x L20. T+ H' (). ws)
9P (hy, hy) € L20, T3 LA(Q) N HY () x L2(0, T; LA()). '

Then, there exists a control § € L*(0, T; H'(Q)), such that, if (W,Z,F,q) is the

AAAAA

Proof of Proposition 4.1 The proof follows the same strategy used in [21-23], although
the arguments were introd_uced in [26] and [29]. We introduce the space Py the func-
tions (¢, ¥, &, ) € C>°(Q)* such that

e ¢(.T)=§&(,T)=0, inQ,
e o=0yY=0§=0n=0 onk,

e (Yo)g = (no)g =0,
Jo(L1¥ + MiAn)dx = [(Lan —ay)dx =0, Vre[0,T],

0, (L[4 (Lip — W30 — at) )]s =0, 1=0,1,
(D[P (Li9 = ¥x2 —a§)) (. T) =0, 1=0.1,
3, (L[ *P(Lyy + MiAD)]) Iz =0, k=0,1,
(LE[eV3B Ly + MiADD(,0) =0, k=0, 1,

0, (L) 13458 (L5 + MA@ |5 =0, 1=0,1,
(L' ¥/4B(L3E + MA ), T) =0, 1=0,1,

0y (LALe34B(Lom — ay)]) Iz =0, k=0, 1,
(LE[e13/%B (Loyn — ay)])(0) = 0, k=0, 1.
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We define the bilinear form

a((@, V. &), (¢, ¥, €, m)
= [ €AV (el — a)] - €V (L~ v —at)ara
0

+ / / L2[3B (L1 + My AR)] - £2[e 3P (Lyy + My An)]dx dr
0

+ // (L32[ 4B (L3 + My AG)] - (L[ /4P (L3E + My Ag)dx dr
0

+ / / L3[4 (Lt — ap)] - L3[4 (Lo — ay)dx dr
0]

4 // 13258, PEedx dr,
wx(0,T)

and a linear form

(L (9o ¥ £, ) = // [(F + h1)@ + howr + (G + hs)E + han] d dr.
0

Thanks to (4.3), we have that a(-, -) : Py x Py — R is a symmetric, definite positive,
bilinear form on Py. We denote by P the completion of P; for the norm induced
by a(-, -). Then, a(-, -) is well-defined, continuous and positive definite on P. Fur-
thermore, in view of the estimate (4.3) and the assumptions (4.5), the linear form
(o, ¥, &, n) — (I, (¢, ¥, &, n)) is defined and continuous on P. Hence, from Lax-
Milgram lemma, we deduce that the variational problem:

{Find (¢, ¥, &, 7) € P such that 46)
a((‘f?,lﬂ,f,ﬁ),(% W,E,U))=(l,(<ﬂ, ¥, §6,1m), Vg, ¥.§,n)e€P, '
possesses exactly one solution (@, @@, é‘, n) € P.
Let ¢ be given by A
g:=—e"PPEy, inQ. .7

From (4.6) and (4.7) we get that

/f (|zb|2+IZ|2+|f|2+|c}|2)dxdt+// e 1328 151 218)7dx df < +o0,
0

where w, z, 7 and g are given by

@ Springer



Applied Mathematics & Optimization (2026) 93:42 Page 250f41 42

i =(LD [ (L56 — o - a)],
z=Li[e PP (L1l + AR)], .8)
Fi=(L3) [P (L€ + M1 AG)],
G :=L3[e"*P (Lo — ay))].
In particular, notice that 6713/4”@(@)(1 e L*(Q).
Let us call (w, z, 7, ¢) the weak solution of (4.1) with g = g, that is to say
L10 4+ M{AF = F + hy, in 0,
LiZ—aq — Wy + (Wx2)a = ha, in Q,
LoF —a = gx1 + G + hs, in Q, 4.9)
ﬁ;(} + M AZ = hy, in Q, ’
yw = 3,2 = 3,5 = 3,g =0, on X,

W0 =0, 3¢, T) =0, #(,0) =0, §(-,T) =0, in Q.

Using the decay of the right-hand sides and the properties of the weight functions,
it is not difficult to see that:

Claim 1 It holds that
(e713/4sBap, e=13/4B} 2 §) € [L*(0, T; H*()) N L>®°(0, T; HY(Q)]*.

Proof of the Claim 1 Since system (4.9) is in cascade form, we first work with the
forward equations, i.e., equations for w and 7.
Indeed, we multiply the first and third equation in (4.9) by e ~13/258 1 and e ~13/25 7,

respectively, and then the third one again by e~ 13/2# A7, to see that there exists C > 0
such that

d(\ _i3asion s 13/4sh s
a(lle BISE D, P) 172 + lle 13/4“3%”22(9))

+S/§[e—l3/4s/3(”(w’ ;)HiZ(Q)Z + ”Vf”%}(gz)) + ||e_13/4Sﬂf||iZ(Q)
Hle™ PP VD, VA T2 qp + 18P0 < C(Ie” P, T2 g0

HIVE SR 70 g + e BPF + 11, g3+ G+ h3)l7ag)-

Integrating this identity in (0, 7 /4), and using the fact that ,3, > 0in [0, T /4], we
obtain the desired regularity for (w, 7), combined with the fact that L1 = —M | Ar +
F + hy.

Notice that the other two equations in (4.9) are backwards, for this reason a similar
estimate with the exponential weight as above does not work for them. Neither, we
cannot simply make the change of variable t — 7 —1 in the backward system because

then we would need also to change variable in the weight functions. However, it is
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enough to see the backward system as a coupled system with right-hand side in L?(Q)
to obtain regularity for Z and §. O

Let us now show how to obtain the exponential decay for (z, ¢). Indeed, we prove:

Claim 2 Tt holds that e~ 13/458 () =5-5/m (2 4 e [L2(Q)]*

Proof of Claim 2 First, we will prove that (w, Z, 7, g) given by (4.8) is actually the
solution (in the sense of transposition) of

eB3/4B (LG =, in Q,
el3/4sﬁ(£>]k)22 — 2’ in Q,

R (4.10)
eB3/MB (L) F =F, inQ,
eBP(L3)?G =4, inQ,
with
WwLD'Ww=0, onXx,I=0,1,
(L)'w(,00=0, inQ, 1=0,1,
W(LHZ=0, onZ k=01,
s\kz (. — : —
(LDF2(,T)=0,inQ k=0,1, @.11)

3,(L)'F=0, onX,[=0,1,
(L)'F(,00=0, inQ, [ =0,]1,
(LG =0, onX, k=01,
(LHYG(,T)=0,inQ, k=0, 1.

Indeed, (w,z,7,q) is the transposition solution of (4.10)—(4.11) if for any

e 5B(F 4 hy, ha, G+ D3, ha) € LA(Q)*, with (F)a() = (h)a() = (h)a () =
(hg)q(t) = 0fora.e.t € (0, T), it holds that

// w(F+h1)dxdt—I—//zhzdxdt+//r(G—|—h3)dxdt~|—// qhadx dt
// CID“’dxdt+//2®dedt+//?<I>rdxdt+//c}<l>qudt,
0 o

where (®V, ®*, ", ) is the solution of

4.12)

(57)2[&3/433@”’] =F+hy,in Q,

E%[ew‘”‘é@f] = h, in Q,
(L) PP @ ) = G + h3, in Q,
L2[13/45B 4] = hy, in Q,

@ Springer



Applied Mathematics & Optimization (2026) 93:42 Page 27 of 41 42

such that .
WL HPOr) =0, onX, £=0,1,

LHE (¥4 Pov)(, T) =0,inQ, £=0,1,
LK (M HPPT) =0, onX k=01,
Lh(e¥4Ppi)(,00=0, inQ k=01,
W (L (¥*POr) =0, onX, £=0,1,
(L (¥ *Por)(,T) =0, inQ, £=0,1,
dLE(eP/HP D) =0, onX, k=01,
LA (e *Ppd)(,00=0, inQ, k=0,1

Using (4.6), (4.7), (4.8) and (4.9), a simple calculation shows that for every
(¢, ¥, &, n) € Py one has

// BLH[" 4B (L3 — Yy — ag)|dx dr + // 2L2[e"34B (L1 + My A)]dx de
0 0
+ // L[ 3P (36 + My Ag)]dx dr + // GL3["/45B (Lyn — ay)]dx di
0 0
= f/w(ﬁlw + M AF)dx dr + // V(L2 —ag — wx2 + (Wx2)q)dx dr
0 0
+ // £(Lof —aw)dxdr + f/ n(L34 + My AZ)dx dr
0 0
= // W(LTe — Yxo —a)dx dt + f/é(clw + M) An)dx dt

Q 0
+//f(£§5 + M Ag)dx dz+//é(£2n — ay)dx dr.
0 0

unique transposition solution of (4.10)—(4.11). Next, we define the following func-
tions:

(24,0, gx0) 1= e PBF()Yy33/m (3.§),
(- 00 f,o) = e B Yy T3 (hy, hy)
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From (4.5) and Claim 1, we have that ( o0 [ ) e [LXQ)? and that
e 13/4B () =373m i s — (Bxa)l € L2(Q). By (4.9), (24,0, 4s,0) satisfies

Lizs0 —aqx0 = fo+ e BABBY BT3By, — (Dx2)el

—(e713/4B ()y=3-3/m), 7 in Q.

L3qs0 + MiAzio = filg— (e BIP()=373m),q, in Q,
02,0 = 0vgx0 =0, on X,

2,0 T) =0, guo(-.T) =0, in Q.

where the last term in the right-hand side can be written as

(e 148 ()=373m) (2,4) = e1(t) ((£ )2z, (52)25), with ¢1 € C2[0, T1.
Hence, for any (g1, §2) € [Yf:o]z, we have

[[ Ceocamo) - siosmavar = [[ (£ 18) - @1 e avar

0 0

+ / / 130458 (5)=3=3/m ) — (lhx2) ] ®d dr

- / f e10) (LD, (£5)%) - (@1, B2 dxdr,

where (®1, ;) solves

L1P1 + M APy, =g, in Q,
Lr®y —ad) = ¢, in Q,
0P =09,P, =0, on X, (4.13)
®1(-,0) = Dy(-,0) =0, in Q.

Using (4.11), we can integrate by parts to obtain

/f 24,0, 4%,0) - (1. ¢2) dx dt = // ffo (D1, Pp)dxdr

+ / / 131458 (5)=3=3/M ) — (dx) Q@1 du dr

- [[ @o- (eodaoen. e nen) aar.
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Notice that
(€DHam®1L (L5021
= (cl(t)<D1 +2cl(t)£*<l>1 + (0L} )2431 , Cl(l‘)q)z
+26,(L5P2 + €1 (1(£5)2P2)
and, by Proposition B.1, we see that
1@, @)l = Clls1s 2y g2
for some C > 0. Thus, for (¢, ¢2) € [Y ] we obtain
// (24,0 4+,0) - (1. 2) dx dr
o
(4.14)
= (|(20 2],
[L2(Q)]?

+IGE Dl + ™ Pl 200)) 61, €)My o

Now let, R
(Z*,ly q*,l) = 6_13/4Sﬁ()9)_5_5/m (2’ CA]) )

(F200 £2)) = e3P ()59I (i, .

Similarly as before, (z. 1, g«,1) satisfies

Liza1 — aqu1 = fi+ e BP@)M by — (Dx2)el

(e 13/45P () =5=5/m) . in 0,

L3gsn + MiAzi1 = flog — (@ /WP (p)=373m),4, inQ,
0vZs,1 = 0ugs,1 =0, on X,

Z*,l('? T):()s CI*,I(',T) :Ov in Q.

By taking (¢1, ¢2) € [Yo]? in (4.13) and arguing as before, we get

// (241 Gx1) - (51, 62) dx dr
f/ *1, - (D, Py)dx dt

+ / / e I34B () =SS Im i yy — (x2)Ql®dx df
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- / f (e 13/4B () =55/m), (2, 4) - (@1, Dy) dx di.
o

Moreover, by writing

// (6713/453();)7575/m>t (2,4) - (@1, D2) dx dr
0

= /f (1) (@1, P2) - (24,0, gx,0) dx dr,
0
with ¢ € C2[O, T], we see that

// c1(1) (@1, D2) - (24,0, gx,0) dx dt
Q

=C <”< 0" in)H 2o TIE D2 + ||€_13/4Sﬁﬁ)IIL2(Q>>
[L2(0)]
lle2(®) (@1, P2) Iy o -

Here, we have applied (4.14) with ¢ (¢) (®1, ©») instead of (g1, ¢2) (notice that
ci1(1) (@1, ®2) € [Y]7(1%). Then, it follows that

f/ (241, 4x1) - (51, 62) dx dr
0

q -~ —13/4sp
=€ <H( -0 *’0) H oy TG Dliaep + e / ”Sw||L2(Q>>
||(©1, q>2)||[yl‘*:0]2 .

Now, since

1(@1, Dy p = C 61 6D
we obtain

// (241, Gx.1) - (51, 62) dx dr
0

q s~ —13/4sf ~
=¢ (H( -0 *»0> H[LZ(Q)]Z G Dl + ™ Yﬂw“LZ(Q)) g1, s2) Uy

for all (¢1, ¢2) € [Yo]?. Thus, we deduce that

6_13/4S/§()7)_5_5/m (2"?) c LZ(Q), (4.15)
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and the proof of Claim 2 is finished. O

To finish Proposition 4.1, we show the following:

Claim 3 We have the following regularity:

e 2P € L2(0, T; HA(Q)) N L®(0, T; H'(Q)),
e~ 2Bp e 120, T: H3(Q)) N L™, T: H(Q)).

Proof of the Claim 3 We begin noticing that, from the definition of g and (4.3), one has

// V(e 2P )| 2dx dt < +o0.
)

Hence, it follows that e—%‘Bg € L2(0, T; Hl(Q)). Also, from Claim 1, we already
have that

e B3/%P (4, 7) € [L2(0, T; HA(Q)) N L¥(0, T; H' ()1 (4.16)
Let us then establish the remaining regularity. To do this, let

(W, 1) 1= e 2P (ﬁ), f) , (f:’, f:) = 2P (F +h1,8x1+G+ h3) ,

which solves .
Liw, + MiAr = f + (e7>P)ib, in Q,

Lors —aws = f] + (e’z“é),f, in Q,
Wy = dyry =0, on X,
w*('vo)zoa r*(', O) =O, in Q.

From (4.16), the terms (e‘z”é),u? and (e_z”é),f both belong to L2(0, T; H'(R2)) and,
by Proposition B.1, the Claim follows. O

We also have the following result:

Claim 4 It holds that

e 1P (p)=6-8/mG & L2(0, T3 HA(R) N L¥(0, T; H' (),
em3/AB(py=T=TImz e L2(0, Ty H3(2)) N L®(0, T; HX(Q)).

Proof of the Claim 4 Let

(2w qx) = p(0) (2,4) . (f5 f) = p@) (bx2 — (Dx2)q + ha, ha)

which solves
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Lz —aqe = ff — pi2, in Q,
E;Q* + MIAZ* = f*q - pté’ in Qy
0yZx = gy =0, on X,
2. T)=0, ¢«(-,T)=0, inQ.

We will consider two cases:
Case 1: p(t) = e_13/4sl§()’})—6—6/m‘

From (4.15), the terms p,Z and p;g both belong to LZ(Q) and, by Proposition B.1,
we deduce that

e 3P (5)=0-0/m 2 Gy € [L2(0, T; H*(Q) N L0, T; H' (@)
Case 2: p(1) = e~ 13/4B()=1-7/m.
Since there exists C > 0 such that
lor] < Ce™ 1348 () =6-6/m,

we have that p;z and p;g belong to L?(0, T; H'()). Moreover, given that
(2, £) € L*(0, T; H'(Q)) x L?(Q), the result follows. o

Remark 4.1 From Claim 4, we also have that e_5/2/§2 e L*0,T:H*Q) N
L0, T: H2(2)). This will be used in the next section.

AAAAA

E.
This finishes the proof of Proposition 4.1. O

5 Proof of Theorem 1.1

In this section, we present the proof of Theorem 1.1. The results obtained in the
previous section allow us to locally invert the nonlinear system (1.5). In particular, the
regularity deduced for the solution of the linearized system (4.1) is sufficient to apply
a suitable inverse function theorem (see Theorem 5.1 below). Our approach borrow
some ideas from [28, 29].

Let us set w = M1 + W and r = M3 + R, and rewrite the equations in (1.5)
accordingly. For simplicity, we will abuse notation by identifying W and R with w
and r, respectively. This leads to the system:

Lw,r)=(—MAr—V-(wVr)+ F,aw+gxi +G), in Q,
T(z.q9) = (— MAz —V - (wV2),
ag+wxs — (wx2)ao+Vz-Vr—(Vz-Vr)g), inQ, (5.1
yw = 0,z = dyr = d,q =0, on X,
w(,0 =0, z(-,.T)=0, r(-,0) =0, ¢g(-,T) =0, in 2,
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In this way, we have reduced our problem to proving a local null controllability result
for the solution (w, z, 7, g) of the nonlinear problem (5.1). To proceed, we need the
following inverse mapping theorem from [30]:

Theorem 5.1 Let G| and Gy be two Banach spaces and let F : G — G satisfy
F e CYG1, Gr). Assume that g1 € G1, F(g1) = g2 and that f/(gl) G —> Gyis
surjective. Then, there exists § > 0 such that, for every g € Gy satisfying ||g — g2l < 8,
there exists a solution of the equation

F) =g geq.

We start by defining the spaces:

L2 (e—9/2“§(0, T); Lg(sz)) = (u e L2Q) : e 2Py e L2(Q) and (u)q = 0},

L2 (e—9/2/§(0, T); Hl(sz)) = (u e L20,T; H(Q)) : e 2Py e 120, T: H'(Q))).
Let E the space given in (4.4). We apply Theorem 5.1 with the spaces
g1:=E,
Gy =12 (7200, 1; L3(@)) x L2 (¢7/2F (0, 7); H' ()
x L2 (e_9/25’§(0, T); Lg(sz)) x L2 <e—9/2sl§(o, T): Hl(sz)) .
and the operator

Fw,z,r,q,8)
= (Lw,r)+ (MiAr + V- (wVr), —aw — gx1),
T(z,q)+ (MlAZ + V. (wVz), —aq —wx>
+(wx2)a — Vz-Vr+(Vz-Vr)q)).
for (U), Z,r,q, g) € gl~

With this setting, we have the following lemma:

Lemma 5.1 The operator F is the class C'(G1; Go).

Proof Since all the terms in F are linear, except for V - (wVr), V - (wVz), and
Vz-Vr —(Vz-Vr)q, itis sufficient to prove the continuity, from from G; x G to
G», of the operators

(w1, 21,715 91, &1), (W2, 22, 12, 42, §2)) > (V- (w1Vr2), 0,0, 0),

(w1, 21,71, 91, 81), (W2, 22,12, q2, 82)) — (0,0, V - (w1Vz3),0),
(w1, 21,71, 91, 81), (W2, 22,72, q2, 82)) > (0,0,0,Vzy - Vip — (Vz1 - ViR)q) .
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For the first operator, the continuity follows from the estimate:

He—‘)/zsﬁv (w1 Vr)

<C (He—13/4s,§

LX(Q)

2 —2sB.. 112
Willzeo,7: 11 @pn20,7: 12 (20 1€ ’2”Lm,rzH?(Q»mu(o,r;m(m)) '

for some C > 0. Similarly, one can show that the second operator is continuous.
Finally, to estimate the third operator, a simple calculation gives:

He*9/2“§ [V21 V) — (V2 Vi)g]

<C (llefs/zx/%

L2(0,T;H'(2))

2 —25B.. 112
2l 0. 7: 2022 0.7 13 ) 1€ r2”L°°(0,T;HZ(Q))QLZ(OA,T;H»%(Q))) :

for some C > 0.
Thus, the proof of Lemma 5.1 is finished. O

Let us now prove Theorem 1.1.

Proof of Theorem 1.1 Since F'(0) : G; — G is given by

FO)(w,z,r,q,8) = (L(w,r)+ (MAr, —aw — gx1),
T(z,q) + (M1Az, —ag —wx2 + (Wx2)2)) »

from Proposition 4.1, we deduce that F'(0) is surjective.
Applying Theorem 5.1, with g; = 0 and g» = 0, there exist § > 0 and C > 0 such
that, whenever ||ec/’ (F, G) ||L3(Q)XL2(0!T;H1(Q)) < §, there exists (w, z,7, ¢, g) €

G solution of system (5.1). In particular, z(-, 0) = z(-,0) = 0. Consequently, the
proof of Theorem 1.1 is complete. O

6 Comments and open problems

In this work, we have shown that it is possible to insensitize the component of the
species in the Keller—Segel model by means of controls acting only on the chemical
equation. This work, leads to some natural questions. Let us mention two of them.

o Positivity of the constructed solution.
We believe that, if (F, G) € (L§(Q) N L*(0, T; H'(Q))) x L*(0, T; H*(Q))
with [[€/" (F, G)ll 20,7 11 @)xr20.7: 12 < O for some C > 0 and
8 > 0 small enough, and the unknown data (iig, 09) € H'(Q) x H?*(Q), the
solution (u, v) we construct for system (1.1) remains positive for all time.
Indeed, by a Taylor expansion with respect to 7, one has

u~ulr=0 + t(0:u)|l;=0 and v ~ v|;—¢ + T(d;V)|r=0.
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Let

. ou : v
W= Ulr=0, U = — , T i=Vlr=0, vV =

dT =0 dT =0

In Appendix A, we show that (w, r) solves (A.3) and (u7, v") solves (A.2).

By construction (see Sect. 5), we have w = M| + W, r = M> + R, where
(W, Z, R, Q) is a controlled solution of the nonlinear system (5.1), associated to
some control g.

If [1e€/™ (F, Gl 12(0.7: 11 () x 12(0.7: H2(2) < 8 the local inverse mapping argu-
ment yields a constant C1 > 0 such that ||(W, Z, R, O, g)llg < C16.

On the other hand, since (17, v") solves system (A.2), it follows that it is bounded
whenever (iig, Do) belongs to H'(Q2) x H*(R).

Therefore, assuming sufficient regularity of F, G, &g and 9y, the solution (u, v)
for system (1.1) must be continuous in space and time, and satisfies

u>My —Ci6—tK and v> M) —Ci6—1K,

for some K > 0. This suggests that («, v) remains positive provided that § and t
are sufficiently small.
¢ Bilinear control.

Instead of using a linear control term in the v-equation, one may consider a bilinear
control of the form gv1,. In this setting, g acts as a proliferation/degradation
coefficient, and the positivity of the solution is preserved regardless of the sign
of g, but it significantly complicates the controllability analysis. Indeed, the most
widely used techniques for bilinear controllability of parabolic equations rely on
spectral methods and the Lebeau-Robbiano strategy (see, e.g., [31, 32]), which
are not well suited to systems of parabolic equations. Consequently, this issue
represents a challenging problem and, to the best of our knowledge, remains open.

Appendix A: Equivalence Between Insensitizing and Controllability
Problems

In this appendix, we show the equivalence between condition (1.3) for system (1.1)
and the (partial) null controllability problem for system (1.5).

Proof From condition (1.3), we obtain

// (o= 0)<

Ox(0,T)

3]r (u, v)
ot

0=

>X2dx dr = // uwyodx dr.
0

(A.1)
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Here, we have used the notation

_ ou ov

. T.
, = vl'[=07 vo= 8_ )
Tlr=0

T .

W= U|r=0, U = P
Tlr=0

where (4", v7) satisfies

uj — Aut =—-V-u'Vr) — V.- (wVv"), in Q,

v — Avt =au® — b, in Q,
dut =0, 9,v" =0, on %, (A2)
u‘[(.’ 0) = ﬁ07 Ur('v O) = lA}O, in Q.
and (w, r) solves
wy — Aw =-V-(wVr)+ F, inQ,
rr—Ar =aw —br+gx1 + G, in Q, (A3)

dyw =0, d,r =0, on X,
w(-,0) =M, r(-,0) = Ms, in Q.

Integrating (A.2); in 2, and using that (iig)q = 0, it follows that (u)g = 0. Now,
integrating (A.2); in 2, since (9p)q = 0, we deduce that (v¥)g = 0.
Then, we rewrite (A.1) as

_ 8-]‘5 (l/l, U)
Bl ot =0

0 =", wy — (wXZ)Q>L%(Q)- (A4)

Let (z, g¢) be the solution of

—2— Az=aq +[Vz-Vr —(Vz-Vr)gl+wx2 — (wx2)e, in Q,

—q: — Aq = —bg — V - (wV2), in Q,
oz =0, d,g =0, on X, (A.5)
Z(" T)=Oa Q(’T) =07 in Q

Multiplying the first equation of (A.2) by z and the second one by ¢, to see, after an
integration by parts, that

// u' (—z —Az)dxdt—/ z(-, 0)ligdx
Q
0

= // u* [Vz-Vr — (Vz-Vr)qldxdr (A.6)

0
- // V'V - (wVz)dx dt,
0

@ Springer



Applied Mathematics & Optimization (2026) 93:42 Page370of41 42

and
f/ v (—g; — Ag)dx dr —/ q(-,0)0pdx = a // utqdx dr — b/f viqdx dr.
Q
0

0 0
(A7)

Notice that second term of right-hand side of (A.6) is zero, indeed

T
// ut(VzVr)qdx dr = / (VzVr)ao </ ufdx) dr = 0.
(9] 0 Q

Therefore, combining (A.6) with (A.7) and using (A.5),

/ z(+, 0)iipdx +/ w(-, 0)0pdx = // ut (wyz — (wy2)o)dx dr. (A.8)
Q Q 0

But, by (A.4) and the last identity, we get

/ z(-, O)updx +/ w(-, 0)vpdx =0,
Q Q

((Z(" 0)9 w('a O))a (ﬁOa ﬁo)>[L(2)(Q)]2 = Oa

for any (1o, to) € [LF(Q)]2, with ||io | 12(q) = IIDoll 2y = 1.
Hence, we deduce that

2(-,0) =¢(-,0) =0, in Q.

Remark A.1 Notice that (A.3) and (A.5) form the cascade system given in (1.5).

Appendix B: Regularity Results

In this section, we are going to present some regularity results for the heat equation with
homogeneous Neumann boundary conditions which are used throughout the paper.

LemmaB.1 ([33, Chap. 4, p. 32]) Let T > 0 and 2 C RN be bounded connected
open set with regular boundary.
Given f € L2(Q) and ug € H' (), there exists a unique solution

ueL*0,T; H(Q)NHY 0, T; L*(2)) N L>®0, T; H ()
to the heat equation
ur—Au=f, inQ,

dyu =0, on X, (B.1)
u(-,0) = uo, in Q.
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Moreover, there exists a constant C > 0 such that

2 2 2
”u”Lz((),T;Hz(Q))ﬂH'(O,T;LZ(Q))OLOO(O,T;HI(Q)) = C<”f”L2(Q) + ”u()”HI(Q))

Also, given f € L*(0,T; H*()) N H'(0, T; L*(Q)) N L®(0, T; H (Q)) and
up € H3(Q) with d,ug = 0 on 02, there exists a unique solution to (B.1) such that

ue L?0,T; H ()N H*(0, T; L>(2)) N L*¥(0, T; H*(Q))
and there exists a constant C > 0 such that

2
llu ||L2(0,T;H4(SZ))OH2(O,T;LZ(Q))QLOO(O,T;H3(Q))

2 2
= C(”f||L2(O,T;H2(Q))OH'(O,T;LZ(Q))OLOC(O,T;HI(Q)) + ””0”H3(Q))'

LemmaB.2 ([33,Chap.4,p.32]) LetT > 0,2 C RY be bounded connected open set
with regular boundary. Given f € L*(0, T; H' () and up € H*(2) with d,ug = 0
on 0S2, there exists a unique solution to (B.1) such that

ue L*0,T; H3 Q)N HY?0, T; L*(Q) N L>®0, T; H*(Q)).

Moreover, there exists a constant C > 0 such that

2
[l L2(0,T; H3(Q))NH3/2(0,T;L2())NL>®(0,T; H2(Q))

S C(”f”iz(OT,HI(Q)) + ”uOHiIZ(Q))

We conclude this section with a regularity result for a coupled system that has been
used throughout the article.

PropositionB.1 Let T > 0, @ C R be bounded connected open set with regu-
lar boundary. Given, (f1, f2) € [LZ(Q)]Z, there exists a unique solution (u,v) €
[L2(0, T; H*(Q)) N H' (0, T; L*(2)) N L>(0, T; H'(Q))]? to the system

uy — Au+ MyAv = f1, inQ,
vy — Av+bv—au = f>,in Q,
dyu = d,v =0, on X,
u(-,0) =v(-,0) =0, in Q.

(B.2)

Moreover, there exists C > O such that

G, Vlz20,7; H2@)NH! 0,7 L2@)nL=0,1: 5 @) = CIU1 2 iz20)p-
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Given (f1, f») € L*(Q) x L*(0, T; H'(Q)), there exists a unique solution (u, v) to
system (B.2) with

(u,v) €[L*(0, T; H*(2)) N H' (0, T; L*(22))]
x [L*(0, T; H* (@) N H2(0, T; L*(2))].

Also, there exists C > 0 such that

2
I, vl [220.7: H2@)NL>® 0.7 H' (@) | <[ L2(0.T: B3 (@)nL> 0.T: H2(2)) ]
< CI(f1, 220y xr20,7: 5 (Q)-

For any (fi1, f) € [L*(0,T; HX(S)) N H' (0, T; L>(2))]? there exists a unique
solution (u, v) to system (B.2) with

(u,v) € [L20, T; H* () N H*©0, T; L*(Q)]".
and such that

2
”(M, v)”[LZ(O,T;H4(Q))ﬁH2(0,T;L2(Q))]2 = C”(flv f2)“[LZ(O,T;Hz(Q))ﬂHl(O,T;LZ(Q))]z‘

Proof Multiplying (B.2); by u, and (B.2);, by v, and then by —Aw, after several
integration by parts, we deduce that there exists C > 0 such that

d 2 2 2 2 2
E(”(u’ v)”LZ(Q)Z + ”VU”LZ(Q)) + ”v”LZ(Q) + ”(lel, VU)||L2(Q)2 + ”Av“L2(Q)
< C(I@, 2 igp + VU172 + 11 N 72g))- (B.3)

Now, multiplying (B.2); by —Au, one has

d
5 (IVulZq) + 18ulgs g = CUIAVIT ) + VI g) (B4

From (B.3) and (B.4), the first estimate follows when (f1, f>) € [L*(Q)]>.

When f, € L?(0, T; H'()), from (B.2), and Lemma B.2, we have the second
estimate.

If (f1, ) € [L*0,T; H*(Q)) N H'(0, T; L*(Q))]*>, we already have that
ue L*0,T; H*())NH' (0, T; L*>(2)) and then, using equation (B.2); and Lemma
(B.1), it follows that

ve L*0,T; HY(Q)) N H>(0, T; L>(Q)) N L¥(0, T; H>(Q)).

Now, using (B.2); it yields the regularity for u. O
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