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Abstract
The Keller–Segel system is a classical model in chemotaxis, widely used in biological
and physical contexts, but also a challenging prototype for nonlinear PDEanalysis.Our
focus studies an insensitizing control problem for the nonlinear parabolic-parabolic
Keller–Segel system, which models chemotactic behavior in biological systems. Our
goal is to find a control that makes a certain functional of the solution insensitive
to small perturbations in the initial data. We show that this problem is equivalent to
achieving partial null controllability for a related cascade system that reflects the main
structure of the original dynamics. Thanks to this equivalence, we focus on analyzing
the controllability of the cascade system. We begin by studying the linearized version
of the problem. Using a duality approach, along with carefully selected weighted esti-
mates and energy techniques, we establish a suitable observability inequality. This key
result enables us to move on to the nonlinear case. We address the nonlinear system
through a local inverse mapping argument, relying on the continuity and differentia-
bility of the control-to-state map in an appropriate functional framework, along with
other key assumptions.
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1 Introduction

Let � ⊂ R
N (N = 2, 3) be a bounded connected open set whose boundary ∂�

is regular enough. Let T > 0 and ω̃ and ω be two (small) nonempty subsets of
� with ω̃ � ω where ω is called as the control domain. We will use the notation
Q = � × (0, T ), and � = ∂� × (0, T ) and we will denote by ν(x) the outward
normal to � at the point x ∈ ∂�.

We will be concerned with the Keller–Segel system:

⎧
⎪⎪⎨

⎪⎪⎩

ut − �u = −∇ · (u∇v) + F, in Q,

vt − �v = au − bv + gχ1 + G, in Q,

∂νu = ∂νv = 0, on �,

u(·, 0) = M1 + τ û0, v(·, 0) = M2 + τ v̂0, in �.

, (1.1)

where u = u(x, t) and v = v(x, t) represent, respectively, the concentrations of
species (i.e, the population density) and that of the chemical (i.e., concentration of the
chemical substance). For more details about the Keller–Segel system see, for instance,
[1–7].

Throughout the article, we assume that a, b, M1 and M2 are positive real constants
such that aM1−bM2 = 0 and that the initial data (u(·, 0), v(·, 0)) is partially unknown
in the following sense:

– M1 and M2 are known;
– τ ∈ R a unknown small number;
– û0 ∈ L2(�) and v̂0 ∈ L2(�) are unknown with ‖û0‖L2(�) = ‖v̂0‖L2(�) = 1, and
have mean equal to zero, i.e.,

(û0)� = 1

|�|
∫

�

û0(x)dx = 0 and (v̂0)� = 1

|�|
∫

�

v̂0(x)dx = 0.

We consider the external forces F = F(x, t) and G = G(x, t) belonging to an
appropriate Banach space and having exponential decay at t = 0, and that (F)�(t) =
0 for a.e. t ∈ (0, T ). The external force g is an internal control acting on ω and
χ1 ∈ C∞

c (ω) such that supp(χ1) � ω, 0 ≤ χ1 ≤ 1 and χ1 ≡ 1 in ω̃.

For a given nonempty open set O ⊂ � (called the observation set), we introduce
the observation functional:

Jτ (u, v) := 1

2

∫∫

O×(0,T )

|u|2χ2dx dt, (1.2)

where χ2 ∈ C∞
c (O) such that 0 ≤ χ2 ≤ 1, supp(χ2) � O and χ2 ≡ 1 in a nonempty

open set O0 � O, and the pair (u, v) solves the Keller–Segel system (1.1).
The goal of this work is to prove the existence of controls that insensitize the

functional Jτ . In other words, we aim to find a control g such that the influence of
the unknown data (û0, v̂0) is not perceptible for the functional Jτ , at least at the first
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order, that is,
∂ Jτ (u, v)

∂τ

∣
∣
∣
∣
τ=0

= 0, (1.3)

for any (û0, v̂0) ∈ [L2(�)]2 satisfying ‖û0‖L2(�) = ‖v̂0‖L2(�) = 1 and (û0)� =
(v̂0)� = 0. It is not difficult to see that condition (1.3) is equivalent to the following
(partial) null controllability problem: Find a control function g such that

z(·, 0) = q(·, 0) = 0 in � (1.4)

where (w, z, r , q) solves the following cascade system (for more details, see Appendix
A):

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

wt − �w = −∇ · (w∇r) + F, in Q,

−zt − �z = aq + [∇z · ∇r − (∇z · ∇r)�] + wχ2 − (wχ2)�, in Q,

rt − �r = aw − br + gχ1 + G, in Q,

−qt − �q = −bq − ∇ · (w∇z), in Q,

∂νw = 0, ∂νz = 0, ∂νr = 0, ∂νq = 0, on �,

w(·, 0) = M1, z(·, T ) = 0, r(·, 0) = M2, q(·, T ) = 0, in �.

(1.5)

To study this null controllability problem, a key observation is that, given any solution
(w, z, r , q) of (1.5), one has

(q)�(t) = (z)�(t) = 0 and (w)�(t) = M1, for t ∈ [0, T ]. (1.6)

To show this, let us consider V (t) := ∫

�
q(x, t)dx and use equation (1.5)4, then V

solves {

− d

dt
[V (t)] = −bV (t),

V (T ) = 0,

which directly implies (q)�(t) = 0 for t ∈ [0, T ]. The other two identities in (1.6)
follow from (1.5)1 and (1.5)2, and the fact that (F)�(t) = 0 for a.e. t ∈ (0, T ).

These observations regarding the mean of solutions (w, z, r , q) of cascade system
(1.5) will be taken into account latter when proving the (partial) null controllability of
(1.5).

As far as we know, the first result regarding the controllability of the Keller–Segel
systemwas provided in [8],where local controllability around constant trajectorieswas
achieved through a control acting on the equation of the chemical. We also reference
[9], inwhich the controllability of theKeller–Segel system (1.1) around a given regular
trajectory is attained by applying control to the equation of the species, which is not
intuitive, as there is no practical way to act directly on the equation of the species.
Another significant contribution can be found in [10], where the authors established
that, in the two-dimensional case, any solution globally bounded in time for system
(1.1) converges to a single equilibrium as time approaches infinity. Finally, wemention
[11], where the authors proved the local exact controllability for the Keller–Segel
system coupled with the Navier–Stokes system around certain specific trajectories.
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Interest in insensitizing control problems began with the works of J.-L. Lions,
specifically in [12] and [13], where he explored this type of problem and posed numer-
ous pertinent questions. Theseworks sparked our interest in investigating the existence
of insensitizing controls for the Keller–Segel system. While there exists an extensive
body of literature on similar problems for parabolic system—such as the heat equa-
tion in [14–17], the Stokes system in [18], the Navier–Stokes system in [19–21], and
the Boussinesq system in [22, 23]—there are, to our knowledge, no available results
specifically addressing the insensitizing problem for the Keller–Segel system (1.1).

It is also important to note that most insensitizing results found in the literature
involveDirichlet-type boundary condition. There has been comparatively less research
on other types of boundary conditions, such as Neumann boundary condition, which
is the case for the Keller–Segel system. For example, [24] examines the phase field
system with Neumann boundary conditions, and [25] addresses the heat equation with
dynamic boundary conditions.

From a physical perspective, the system aims to control the amount of a certain
chemical substance under small perturbations, in response to a virus triggered by a
population of bacteria. For instance, it may represent the intravenous administration
of a medication under small doses (perturbations), with the goal of controlling the
spread of the virus. For this reason, we focus on the L2−norm of the state variable
u = u(x, t) which physically represents the concentration of the chemical substance
with a specific biological purpose.

As mentioned before, the main goal of this article is to establish the existence
of controls for the Keller–Segel system (1.1) that act on the species equation and
effectively insensitize functional (1.2). To achieve this, we will prove the existence of
controls such that (1.4) holds for system (1.5). More precisely, we prove the following
result.

Theorem 1.1 Assume that ω̃ ∩ O 
= ∅ and let (M1, M2) ∈ R
2+ be such that

aM1 − bM2 = 0 and let m ≥ 4. Then, there exist δ > 0 and C > 0 depending
on �, ω, ω̃, O and T such that, for any1 (F,G) ∈ L2

0(Q) × L2(0, T ; H1(�)),
satisfying ‖eC/tm (F,G)‖L2

0(Q)×L2(0,T ;H1(�)) < δ, there exists a localized control

function gχ1 ∈ L2(0, T ; H1(�)) and a corresponding solution (w, z, r , q) of (1.5)
satisfying

z(·, 0) = q(·, 0) in �.

As a consequence, we readily infer that functional (1.2) can be insensitized.

Corollary 1.1 There are insensitizing controls g for functional Jτ given by (1.2).

To prove Theorem 1.1 we follow an approach introduced in [26]. This method consists
of two main steps:

1 L20(Q) := {u ∈ L2(Q) | (u)�(t) = 0 for a.e. t ∈ (0, T )}.
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Step 1. We prove (partial) null controllability result for the linear system:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

wt − �w = −M1�r + F + h1, in Q,

−zt − �z = aq + wχ2 − (wχ2)� + h2, in Q,

rt − �r = aw − br + gχ1 + G + h3, in Q,

−qt − �q = −bq − M1�z + h4, in Q,

∂νw = 0, ∂νz = 0, ∂νr = 0, ∂νq = 0, on �,

w(·, 0) = 0, z(·, T ) = 0, r(·, 0) = 0, q(·, T ) = 0, in �.

(1.7)

with F,G, h1, h2, h3 and h4 belonging to certain Banach spaces, exhibiting expo-
nential decay to zero at t = 0, and such that (F)�(t) = (h1)�(t) = (h2)�(t) =
(h4)�(t) = 0 for a.e. t ∈ (0, T ). That is to say, we prove that there exists a control g
such that solution of (1.7) satisfies

z(·, 0) = q(·, 0) = 0 in �.

Moreover, we show that the pair state-control constructed in this step belong to an
appropriate Banach space, which will be sufficient to proceed to Step 2.

Step 2. We apply a suitable inverse mapping theorem to recover the local (partial)
null controllability of (1.5) from the (partial) null controllability of (1.7).

Remark 1.1 Note that system (1.7) is the linearization of system (1.5) around the
trajectory (M1, 0, M2, 0).

To obtain the (partial) null controllability for system (1.7) in Step 1, we show an
estimate for the solutions of the adjoint system, namely,

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

−ϕt − �ϕ = ψχ2 + aξ + g1, in Q,

ψt − �ψ = −M1�η + g2, in Q,

−ξt − �ξ = −M1�ϕ − bξ + g3, in Q,

ηt − �η = aψ − bη + g4, in Q,

∂νϕ = 0, ∂νψ = 0, ∂νξ = 0, ∂νη = 0, on �,

ϕ(·, T ) = 0, ψ(·, 0) = ψ0, ξ(·, T ) = 0, η(·, 0) = η0, in �.

(1.8)

with ψ0, η0 ∈ L2
0(�)2 and the functions g1, g2, g3 and g4 having suitable regularity

properties and such that (g2)�(t) = (g4)�(t) = 0 for a.e. t ∈ (0, T ). In particular,
notice that, from (1.8)2 and (1.8)4,wehave that (ψ)�(t) = (η)�(t) = 0, for t ∈ [0, T ].

Thus, the second main result of this paper will be a weighted estimate for (1.8)
which has the following form:

∫∫

Q

ρ2
1 (t)

(
|ϕ − (ϕ)�|2 + |ψ |2 + |ξ |2 + |η|2

)
dx dt

≤ C

( ∫∫

ω×(0,T )

ρ2
2 (t)|χ1ξ |2dx dt +

∥
∥
∥ρ3(t)(g1, g2, g3, g4)

∥
∥
∥
2

Y

)

,

(1.9)

2 L20(�) := {u ∈ L2(�) | (u)� = 0}.
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where ρk, k ∈ {1, 2, 3}, are appropriate positive weight functions having exponential
decay at t = 0 and t = T . The constant C > 0 only depends on �,ω,O and T , and
Y is a suitable Banach space (see Proposition 3.1 for more details).

Remark 1.2 We can assume that (g2)�(t) = (g4)�(t) = 0 for a.e. t ∈ (0, T ) as
consequence of the fact system (1.8) is the dual of (1.7), and that (h2)(t) = (h4)(t) = 0
for a.e. t ∈ (0, T ). We do not need to assume this for the mean of g1 because, either
way, from (1.8) we can not conclude that ϕ has average zero for a.e. t ∈ (0, T ).

This paper is divided as follows: In Sect. 2, we present some well-known estimates
we need to obtain the (partial) null controllability for cascade system (1.5). Then, in
Sect. 3, we prove a weighted estimate. This estimate is important for the rest of the
article. In Sect. 4 we will prove the null controllability of linear system (1.7). Finally,
in Sect. 5, we will prove the main result of this work, Theorem 2.1.

2 Somewell-known estimates

In this section, we present some estimates that we will need to prove (1.9). These
inequalities have been established in previous studies and we provided precise ref-
erences where each one of them can be found. To state the estimates, we introduce
several weight functions that will be useful in the sequel. The basic weight function,
denoted by κ0 belongs to C2(�) and satisfies the following conditions:

κ0(x) > 0 for x ∈ �, κ0 ≡ 0 on ∂�, |∇κ0(x)| > 0, ∀x ∈ � \ ω0,

whereω0 � ω̃∩O is a nonempty open set. The existence of such function κ0 is proved
in [26]. Then, for some λ ∈ R+ and m ≥ 4, we introduce:

φ(x, t) = eλκ0(x)

tm(T − t)m
, α(x, t) = eλκ0(x) − e2λ‖κ0‖∞

tm(T − t)m
,

φ̂(t) = min
x∈�

φ(x, t), φ∗(t) = max
x∈�

φ(x, t),

α̂(t) = min
x∈�

α(x, t), α∗(t) = max
x∈�

α(x, t).

From the definition, it is not difficult to see that for any n ∈ N and every N -multi-index
ι, there exists C > 0, depending only on T , �, λ and κ0, such that

|∂nt ∂ι
xα| + |∂nt ∂ι

xφ| ≤ Cφn+|ι|+n/m . (2.1)

Also, note that for every a > 0, and every b, c ∈ R the function sbeasαξ c is bounded
in Q. Then, for any given C > 0, one has

sbeasαξ c ≤ C, for s >> 1. (2.2)
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Throughout this article, we will use the following notation:

IM,β(s, u) := sβ+3
∫∫

Q

eMsαφβ+3|u|2dx dt + sβ+1
∫∫

Q

eMsαφβ+1|∇u|2dx dt

+ sβ−1
∫∫

Q

eMsαφβ−1

⎛

⎝|ut |2 +
N∑

i, j=1

∣
∣
∣
∣

∂2u

∂xi∂x j

∣
∣
∣
∣

2
⎞

⎠ dx dt,

where M, s and β are real numbers and u = u(x, t).
The following result is a Carleman estimate for the heat equationwith homogeneous

Neumann boundary conditions. Its proof can be deduced by following the steps given
in [26] for the case M = 2 and β = 0.

Lemma 2.1 There exist positive constants C = C(�,ω0) and λ0 = λ0(�,ω0) such
that, for every λ ≥ λ0, there exists s0 = s0(�,ω0, λ) for which, for any s ≥ s0(Tm +
T 2m), any u0 ∈ L2(�) and any f ∈ L2(Q), the solution to

⎧
⎨

⎩

ut − �u = f , in Q,

∂νu = 0, on �,

u(·, 0) = u0, in �,

satisfies

I8,β(s, u) ≤ C

⎛

⎜
⎝sβ+3

∫∫

ω0×(0,T )

e8sαφβ+3|u|2dx dt + sβ

∫∫

Q

e8sαφβ | f |2dx dt
⎞

⎟
⎠ ,

for all β ∈ R.

Next, we present a Carleman estimate for a coupled parabolic system with homoge-
neous Neumann boundary conditions. This result was obtained in Theorem 2.2 in [27].

Theorem 2.1 There exist C = C(�,ω0) and λ0 = λ0(�,ω0) such that, for every
λ ≥ λ0, there exists s0 = s0(�,ω0, λ) such that, for any s ≥ s0(Tm + T 2m), any
(u0, v0) ∈ L2

0(�) × L2(�) and any f1, f2 ∈ L2(Q), the solution (u, v) of system

⎧
⎪⎪⎨

⎪⎪⎩

ut − �u = av + f1, in Q,

vt − �v = −bv − M1�u + f2, in Q,

∂νu = ∂νv = 0, on �,

u(·, 0) = u0, v(·, 0) = v0, in �,
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satisfies

s3
∫∫

Q

e9sαφ3|�u|2dx dt + I9,1(s, v) ≤ C

⎛

⎜
⎝s18

∫∫

ω0×(0,T )

e9sαφ18|v|2dx dt

+s10
∫∫

Q

e9sαφ10| f1|2dx dt + s3
∫∫

Q

e9sαφ3| f2|2dx dt
⎞

⎟
⎠ .

3 An estimate for the adjoint system

In this section, we are going to prove a weighted estimate for adjoint system (1.8),
when g1, g2, g3, g4 and ψ0, η0 are in a suitable Banach spaces. More precisely, we
prove the following result.

Proposition 3.1 Assume that ω̃ ∩ O 
= ∅. Then, there exist positive constants C =
C(λ,�, M1, M2, a, b, ω, ω0) and λ0 = λ0(�,ω0) such that, for every λ ≥ λ0, there
exists s0 = s0(�,ω0, λ) for which, for any s ≥ s0, for any ψ0, η0 ∈ L2

0(�), and any

g1 ∈ L2(0, T ; H2(�)) ∩ H1(0, T ; L2(�)), g2 ∈ L2(0, T ; H2(�)),

g3 ∈ H1(0, T ; L2(�)), g4 ∈ L2(0, T ; H4(�)),

with
∂νg2 = ∂νg4 = ∂ν�g4 = 0, on �,

and
(g2)�(t) = (g4)�(t) = 0, for a.e. t ∈ (0, T ),

the solution (ϕ, ψ, ξ, η) of (1.8) satisfies

I9,1(s, ξ) + I9,1(s, ξt ) + I8,8(s,�ψ) + I8,6(s,�
2η)

+ s3
∫∫

Q

e9sα̂(φ̂)3|ϕ − (ϕ)�|2dx dt + s11
∫∫

Q

e8sα̂(φ̂)11|ψ |2dx dt

+ s9
∫∫

Q

e8sα̂(φ̂)9|η|2dx dt + s3
∫∫

Q

e9sαφ3(|�ϕ|2 + |�ϕt |2)dx dt

≤ C

(

s40
∫∫

ω̃×(0,T )

e7sαφ40|ξ |2dx dt +
∥
∥
∥e7/2sα

∗
g1

∥
∥
∥
2

L2(0,T ;H2(�))∩H1(0,T ;L2(�))

+
∥
∥
∥e7/2sα

∗
g2

∥
∥
∥
2

L2(0,T ;H2(�))
+

∥
∥
∥e4sα

∗
g3

∥
∥
∥
2

H1(0,T ;L2(�))

+
∥
∥
∥e7/2sα

∗
g4

∥
∥
∥
2

L2(0,T ;H4(�))

)

, (3.1)
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for every s ≥ s0.

Proof We begin applying Theorem 2.1 to equations (1.8)1 and (1.8)3, as follows:

s3
∫∫

Q

e9sαφ3|�ϕ|2dx dt + I9,1(s, ξ)

≤ C

⎛

⎜
⎝s18

∫∫

ω0×(0,T )

e9sαφ18|ξ |2dx dt

+s10
∫∫

O×(0,T )

e9sαφ10|ψ |2dx dt

+s10
∫∫

Q

e9sαφ10|g1|2dx dt + s3
∫∫

Q

e9sαφ3|g3|2dx dt
⎞

⎟
⎠ .

Next, we use equations (1.8)2 and (1.8)4 to obtain an estimate forψ and η. Without
loss of generality, we assume that ψ0, η0 are sufficiently regular. It is then straight-
forward to see that �ψ and �2η satisfy the following two equations:

⎧
⎨

⎩

(�ψ)t − �2ψ = −M1�
2η + �g2, in Q,

∂ν�ψ = 0, on �,

�ψ(·, 0) = �ψ0, in �,

(3.2)

and ⎧
⎨

⎩

(�2η)t − �3η = a�2ψ − b�2η + �2g4, in Q,

∂ν�
2η = 0, on �,

�2η(·, 0) = �2η0, in �.

(3.3)

Applying Lemma 2.1 to systems (3.2) and (3.3), with β = 8 and β = 6, respec-
tively, we have

I8,8(s,�ψ) ≤ C

(

s11
∫∫

ω0×(0,T )

e8sαφ11|�ψ |2dx dt + s8
∫∫

Q

e8sαφ8|�2η|2dx dt

+ s8
∫∫

Q

e8sαφ8|�g2|2dx dt
)

,

(3.4)
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and

I8,6(s,�
2η) ≤ C

(

s9
∫∫

ω0×(0,T )

e8sαφ9|�2η|2dx dt + s6
∫∫

Q

e8sαφ6|�2ψ |2dx dt

+ s6
∫∫

Q

e8sαφ6|�2g4|2dx dt
)

.

(3.5)
Combining estimates (3.4) and (3.5), we can absorb the second term on the right-

hand side of (3.5) by the term on the left-hand side of (3.4), and absorb the second
term on the right-hand side of (3.4) by the term on left-hand side of (3.5). This gives

I8,8(s,�ψ) + I8,6(s,�
2η)

≤ C

⎛

⎜
⎝s11

∫∫

ω0×(0,T )

e8sαφ11|�ψ |2dx dt

+ s9
∫∫

ω0×(0,T )

e8sαφ9|�2η|2dx dt

+ s8
∫∫

Q

e8sαφ8|�g2|2dx dt + s6
∫∫

Q

e8sαφ6|�2g4|2dx dt
⎞

⎟
⎠ . (3.6)

Next, we are going to absorb the local term of �2η in (3.6) using the coupling
between η and ψ in equation (1.8)2. We set:

J 1 := s9
∫∫

ω0×(0,T )

e8 sαφ9|�2η|2dx dt .

Applying the Laplacian operator to equation (1.8)2 yields

�2η = 1

M1
(�2ψ − (�ψ)t + �g2), in Q.
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For an open subset ω1 satisfying ω0 � ω1 � ω̃ ∩ O0 and θ1 ∈ C∞
c (ω1) such that

θ1 ≡ 1 in ω0 and 0 ≤ θ1 ≤ 1, we then have

J 1 ≤ s9
∫∫

ω1×(0,T )

θ1e
8sαφ9|�2η|2dx dt

= s9

M1

∫∫

ω1×(0,T )

θ1e
8sαφ9

(
�2η�2ψ − �2η(�ψ)t + �2η�g2

)
dx dt

:= 1

M1

3∑

k=1

J 1k .

Using integration by parts, and the properties of the weight functions given in (2.1),
we have that

J 11 + J 12 ≤ ε I8,6(s,�
2η) + C(ε)s13

∫∫

ω1×(0,T )

e8sαφ13|�ψ |2dx dt,

for every s ≥ s0 and any ε > 0.
For J 13 , we have that

J 13 ≤ ε I8,6(s,�
2η) + C(ε)s9

∫∫

Q

e8sαφ9|�g2|2dx dt,

for every s ≥ s0 and any ε > 0. for a.e. t ∈ (0, T ). Since (g2)�(t) = 0, from (1.8)2
and ∂νψ(t)|∂� = 0, one can deduce that (ψ)�(t) = 0 for a.e. t ∈ (0, T ), then, after
integration by parts and applying Poincaré inequality yield

∫

�

|ψ(t)|2dx ≤ C
∫

�

|�ψ(t)|2dx, a.e. t ∈ (0, T )

and, in particular,

s11
∫∫

Q

e8sα̂(φ̂)11|ψ |2dx dt ≤ Cs11
∫∫

Q

e8sα̂(φ̂)11|�ψ(t)|2dx dt . (3.7)
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Combining the estimates to J 1k , for j = 1, 2, 3,, together with (3.6) and (3.7), and
taking ε sufficiently small, we get

s3
∫∫

Q

e9sαφ3|�ϕ|2dx dt + I9,1(s, ξ) + I8,8(s,�ψ) + I8,6(s,�
2η)

+ s11
∫∫

Q

e8sα̂(φ̂)11|ψ |2dx dt ≤ C

(

s18
∫∫

ω0×(0,T )

e9sαφ18|ξ |2dx dt

+ s10
∫∫

O×(0,T )

e9sαφ10|ψ |2dx dt + s13
∫∫

ω1×(0,T )

e8sαφ13|�ψ |2dx dt

+ s10
∫∫

Q

e9sαφ10|g1|2dx dt + s9
∫∫

Q

e8sαφ9|�g2|2dx dt

+ s3
∫∫

Q

e9sαφ3|g3|2dx dt + s6
∫∫

Q

e8sαφ6|�2g4|2dx dt
)

,

(3.8)

for every s ≥ s0.
Using an integration by parts, Poincaré inequality, and the properties of the weight

functions, the following estimate holds

s10
∫∫

O×(0,T )

e9sαφ10|ψ |2dx dt ≤ Cs10
∫∫

O×(0,T )

e9sα
∗
(φ∗)10|�ψ |2dx dt

≤ Cs10
∫∫

Q

e8sα̂(φ̂)10|�ψ |2dx dt,
(3.9)

for every s ≥ s0. Therefore, using (3.9) in (3.8), we estimate the local term associated
with ψ on the right-hand side by the third term of the left-hand side. Thus, for s ≥ s0,
we have:

s3
∫∫

Q

e9sαφ3|�ϕ|2dx dt + I9,1(s, ξ) + I8,8(s,�ψ) + I8,6(s,�
2η)

+s11
∫∫

Q

e8sα̂(φ̂)11|ψ |2dx dt ≤ C

(

s18
∫∫

ω0×(0,T )

e9sαφ18|ξ |2dx dt

+s13
∫∫

ω1×(0,T )

e8sαφ13|�ψ |2dx dt + s10
∫∫

Q

e9sαφ10|g1|2dx dt

+s9
∫∫

Q

e8sαφ9|�g2|2dx dt
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+s3
∫∫

Q

e9sαφ3|g3|2dx dt + s6
∫∫

Q

e8sαφ6|�2g4|2dx dt
)

. (3.10)

Now, we are going to absorb the local term in �ψ that appears on the right-hand side
of (3.10). To do this, we apply the Laplace operator to equation (1.8)1 within O, in
particular O0, to see that

�ψ = −(�ϕ)t − �2ϕ − a�ξ − �g1, in O0 × (0, T ).

We also consider an open subset ω2 satisfying ω0 � ω1 � ω2 � ω̃ ∩ O0 and a
non-negative function θ2 ∈ C∞

c (ω2) such that θ2 ≡ 1 in ω1. It is straightforward that

s13
∫∫

ω1×(0,T )

e8sαφ13|�ψ |2dx dt ≤ s13
∫∫

ω2×(0,T )

θ2e
8sαφ13|�ψ |2dx dt

= s13
∫∫

ω2×(0,T )

θ2e
8sαφ13

(
−�ψ(�ϕ)t − �ψ�2ϕ − a�ψ�ξ − �ψ�g1

)
dx dt

:=
4∑

k=1

J 2k .

Estimating each one of the terms J 2k , for k = 1, 2, 3, 4, yield

J 21 + J 22 ≤ ε I8,8(s,�ψ) + C(ε)s19
∫∫

ω2×(0,T )

e8sαφ19|�ϕ|2dx dt,

J 23 ≤ ε I8,8(s,�ψ) + C(ε)s19
∫∫

ω2×(0,T )

e8sαφ19|ξ |2dx dt,

J 24 ≤ ε I8,8(s,�ψ) + C(ε)s19
∫∫

Q

e8sαφ19|g1|2dx dt,

for every s ≥ s0 and any ε > 0.
Taking ε small enough, from (3.10) and the estimates for J 2k for k = 1, 2, 3, 4, we

obtain

s3
∫∫

Q

e9sαφ3|�ϕ|2dx dt + I9,1(s, ξ) + I8,8(s,�ψ) + I8,6(s,�
2η)

+s11
∫∫

Q

e8sα̂(φ̂)11|ψ |2dx dt ≤ C

(

s19
∫∫

ω2×(0,T )

e8sαφ19|ξ |2dx dt

+s19
∫∫

ω2×(0,T )

e8sαφ19|�ϕ|2dx dt + s19
∫∫

Q

e8sαφ19|g1|2dx dt
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+s9
∫∫

Q

e8sαφ9|�g2|2dx dt + s3
∫∫

Q

e9sαφ3|g3|2dx dt

+s6
∫∫

Q

e8sαφ6|�2g4|2dx dt
)

, (3.11)

for every s ≥ s0.
The rest of the proof consists in estimating the local term in �ϕ on the right-hand

side of (3.11). Before, we apply the operator ∂t (·) to equations (1.8)1 and (1.8)3, to
get the following system:

⎧
⎪⎪⎨

⎪⎪⎩

−(ϕt )t − �ϕt = ψtχ2 + aξt + (g1)t , in Q,

−(ξt )t − �ξt = −M1�ϕt − bξt + (g3)t , in Q,

∂νϕt = 0, ∂νξt = 0, on �,

ϕt (·, T ) = 0, ξt (·, T ) = 0, in �.

(3.12)

Applying Theorem 2.1 to system (3.12), we get:

s3
∫∫

Q

e9sαφ3|�ϕt |2dx dt + I9,1(s, ξt ) ≤ C

⎛

⎜
⎝s18

∫∫

ω0×(0,T )

e9sαφ18|ξt |2dx dt

+s10
∫∫

O×(0,T )

e9sαφ10|ψt |2dx dt + s10
∫∫

Q

e9sαφ10|(g1)t |2dx dt

+s3
∫∫

Q

e9sαφ3|(g3)t |2dx dt
⎞

⎟
⎠ . (3.13)

Using integration by parts, we estimate the local term in ξt appearing on the right-hand
side of (3.13) as follows:

s18
∫∫

ω0×(0,T )

e9sαφ18|ξt |2dx dt

≤ ε
(
I9,1(s, ξ) + I9,1(s, ξt )

) + C(ε)s38+2/m
∫∫

ω0×(0,T )

e9sαφ38+2/m |ξ |2dx dt,
(3.14)

for every s ≥ s0 and any ε > 0.
Using again Poincaré inequality and integrating by parts, we estimate the term in

ψt on the right-hand side of (3.13):

s10
∫∫

O×(0,T )

e9sαφ10|ψt |2dx dt ≤ Cs10
∫∫

Q

e9sα
∗
(φ∗)10|�ψt |2dx dt . (3.15)
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From (3.11), (3.13), (3.14) and (3.15), we see that:

s3
∫∫

Q

e9sαφ3|�ϕ|2dx dt + I9,1(s, ξ) + I8,8(s,�ψ) + I8,6(s,�
2η) + I9,1(s, ξt )

+s11
∫∫

Q

e8sα̂(φ̂)11|ψ |2dx dt + s3
∫∫

Q

e9sαφ3|�ϕt |2dx dt

≤ C

(

s38+2/m
∫∫

ω2×(0,T )

e8sαφ38+2/m |ξ |2dx dt + s19
∫∫

ω2×(0,T )

e8sαφ19|�ϕ|2dx dt

+s9
∫∫

Q

e8sαφ9|�g2|2dx dt + s6
∫∫

Q

e8sαφ6|�2g4|2dx dt

+s19
∫∫

Q

e8sαφ19|g1|2dx dt + s3
∫∫

Q

e9sαφ3|g3|2dx dt

+s10
∫∫

Q

e9sαφ10|(g1)t |2dx dt + s3
∫∫

Q

e9sαφ3|(g3)t |2dx dt
)

, (3.16)

for every s ≥ s0.
Considering equation (1.8)1 in O0, and applying the operator �(·) to it, yields:

�2ϕ = −�ϕt − �ψ − a�ξ − �g1, in O0 × (0, T ).

Therefore, it follows that, for s ≥ s0, the following inequality holds:

∫∫

O0×(0,T )

e9sα|�2ϕ|2dx

≤ C

(

s3
∫∫

Q

e9sαφ3|�ϕt |2dx dt + I8,8(s,�ψ) + I9,1(s, ξ)

)

+
∫∫

O0×(0,T )

e9sα|�g1|2dx .

(3.17)
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Hence, we can add a term of �2ϕ to the left-hand side of (3.16), namely:

∫∫

O0×(0,T )

e9sα|�2ϕ|2dx dt + I9,1(s, ξ) + I8,8(s,�ψ) + I8,6(s,�
2η) + I9,1(s, ξt )

+ s11
∫∫

Q

e8sα̂(φ̂)11|ψ |2dx dt + s3
∫∫

Q

e9sαφ3(|�ϕt |2 + |�ϕ|2)dx dt

≤ C

⎛

⎜
⎝s38+2/m

∫∫

ω2×(0,T )

e8sαφ38+2/m |ξ |2dx dt + s19
∫∫

ω2×(0,T )

e8sαφ19|�ϕ|2dx dt

+ s19
∫∫

Q

e8sαφ19|g1|2dx dt + s10
∫∫

Q

e9sαφ10|(g1)t |2dx dt +
∫∫

Q

e9sα|�g1|2dx dt

+s9
∫∫

Q

e8sαφ9|�g2|2dx dt + s3
∫∫

Q

e9sαφ3|g3|2dx dt

+s3
∫∫

Q

e9sαφ3|(g3)t |2dx dt + s6
∫∫

Q

e8sαφ6|�2g4|2dx dt
⎞

⎟
⎠ ,

(3.18)
for every s ≥ s0.

Now, we are able to address the local term associated with �ϕ on the right-hand
side of (3.18). For this, we use (1.8)3, to see that:

�ϕ = 1

M1
(ξt − bξ + g3 + �ξ), in Q.

Let ω3 be an open subset satisfying ω0 � ω1 � ω2 � ω3 � ω̃ ∩ O0 � � and let
θ3 ∈ C∞

c (ω3) be a non-negative function such that θ3 ≡ 1 in ω2 and 0 ≤ θ3 ≤ 1. As
we have done before, we write:

s19
∫∫

ω3×(0,T )

θ23 e
8sαφ19|�ϕ|2dx dt = s19

M1

∫∫

ω3×(0,T )

θ23 e
8sαφ19�ϕ (ξt − bξ + g3 + �ξ) dx dt

:=
4∑

k=1

J 3k .

For the first three terms, one has the estimate:

J 31 + J 32 + J 33 ≤ ε

⎛

⎜
⎝s3

∫∫

ω3×(0,T )

e9sαφ3|�ϕ|2dx dts3
∫∫

ω3×(0,T )

e9sαφ3|�ϕt |2dx dt
⎞

⎟
⎠
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+ C(ε)

⎛

⎜
⎝s35

∫∫

Q

e7sαφ35|g3|2dx dt + s37+2/m
∫∫

ω3×(0,T )

e7sαφ37+2/m |ξ |2dx dt
⎞

⎟
⎠ ,

for every s ≥ s0 and any ε > 0. We treat J 34 as follows:

J 34 = s19

M1

∫∫

ω3×(0,T )

θ23 e
8sαφ19�ϕ�ξdx dt

= s19

M1

∫∫

ω3×(0,T )

[�(θ23 e
8sαφ19)�ϕ + 2∇(θ23 e

8sαφ19)∇�ϕ + θ23 e
8sαφ19�2ϕ]ξdx dt

≤ ε

⎛

⎜
⎝

∫∫

ω3×(0,T )

θ23 e
9sα|∇�ϕ|2dx dt +

∫∫

O×(0,T )

e9sα|�2ϕ|2dx dt

+s3
∫∫

Q

e9sαφ3|�ϕ|2dx dt
⎞

⎟
⎠ + C(ε)s40

∫∫

ω3×(0,T )

e7sαφ40|ξ |2dx dt,

(3.19)
for every s ≥ s0 and any ε > 0.

Finally, we observe that after a integration by parts and applyingYoung’s inequality,
wewill estimate the first term on the right-hand side of (3.19) namely,∇�ϕ, as follows

∫∫

ω3×(0,T )

θ23 e
9sα|∇�ϕ|2dx dt ≤ 1

2

∫∫

ω3×(0,T )

θ23 e
9sα|∇�ϕ|2dx dt

+ C

⎛

⎜
⎝s−1

∫∫

ω3×(0,T )

e9sαφ−1|�2ϕ|2dx dt + s2
∫∫

ω3×(0,T )

e9sαφ2|�ϕ|2dx dt
⎞

⎟
⎠ ,

(3.20)

for every s ≥ s0.
Replacing (3.20) in (3.19) and combining with (3.18), to then take ε small enough

in the estimates of J 3k , k ∈ {1, 2, 3, 4}, we can absorb the desired local term on �ϕ.
Then, from (3.18), one has:

∫∫

O0×(0,T )

e9sα |�2ϕ|2dx dt + I9,1(s, ξ) + I8,8(s,�ψ) + I8,6(s,�
2η) + I9,1(s, ξt )

+ s11
∫∫

Q

e8sα̂(φ̂)11|ψ |2dx dt + s3
∫∫

Q

e9sαφ3(|�ϕ|2 + |�ϕt |2)dx dt

≤ C

⎛

⎜
⎝s40

∫∫

ω3×(0,T )

e7sαφ40|ξ |2dx dt + s19
∫∫

Q

e8sαφ19|g1|2dx dt
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+ s10
∫∫

Q

e9sαφ10|(g1)t |2dx dt +
∫∫

Q

e9sα |�g1|2dx dt + s9
∫∫

Q

e8sαφ9|�g2|2dx dt

+ s3
∫∫

Q

e9sαφ3|g3|2dx dt +s3
∫∫

Q

e9sαφ3|(g3)t |2dx dt + s6
∫∫

Q

e8sαφ6|�2g4|2dx dt
⎞

⎟
⎠ ,

(3.21)

for every s ≥ s0.
Now, using (2.2), we see that

s19
∫∫

Q

e8sαφ19|g1|2dx dt + s10
∫∫

Q

e9sαφ10|(g1)t |2dx dt +
∫∫

Q

e9sα|�g1|2dx dt

≤ C
∥
∥
∥e7/2sα

∗
g1

∥
∥
∥
2

L2(0,T ;H2(�))∩H1(0,T ;L2(�))
,

s9
∫∫

Q

e8sαφ9|�g2|2dx dt ≤ C
∥
∥
∥e7/2sα

∗
g2

∥
∥
∥
2

L2(0,T ;H2(�))
,

s3
∫∫

Q

e9sαφ3
(
|g3|2 + |(g3)t |2

)
dx dt ≤ C

∥
∥
∥e4sα

∗
g3

∥
∥
∥
2

H1(0,T ;L2(�))
,

s6
∫∫

Q

e8sαφ6|�2g4|2dx dt ≤ C
∥
∥
∥e7/2sα

∗
g4

∥
∥
∥
2

L2(0,T ;H4(�))
,

for every s ≥ s0.
Finally, we add a global term of η in the left-hand side of (3.21). Indeed, from

equation (1.8)4, we have that (η)�(t) = (�η)�(t) = 0 for a.e. t ∈ (0, T ) and
∂ν�η|� = ∂νη|� = 0. Thus, by Poincaré’s inequality and integration by parts, there
exists C > 0 such that

∫

�

|η(t)|2dx ≤ C
∫

�

|�η(t)|2dx ≤ C
∫

�

|�2η(t)|2dx, ∀t ∈ (0, T ).

Now, using the fact that the weight functions α̂ and φ̂ only depend on t , we obtain that

s9
∫∫

Q

e8sα̂(φ̂)9|η|2dx dt ≤ Cs9
∫∫

Q

e8sα̂(φ̂)9|�2η|2dx dt .

Similarly, using the term in �ϕ, we can add the global term of [ϕ − (ϕ)�] in (3.21).
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This concludes the proof of Proposition 3.1. ��
In the following result, we assume more regularity on the external forces and uni-

formize the weight functions in Proposition 3.1. This will allow us to work more
effectively in the next section.

Let us fix the notation:

I (s;ϕ,ψ, ξ, η) :=
∫∫

Q

e9sα̂|ϕ − (ϕ)�|2dx dt +
∫∫

Q

e9sα̂|ψ |2dx dt

+
∫∫

Q

e9sα̂|∇ψ |2dx dt +
∫∫

Q

e9sα̂|ξ |2dx dt +
∫∫

Q

e9sα̂|∇ξ |2dx dt

+
∫∫

Q

e9sα̂|η|2dx dt .

Corollary 3.1 Let s and λ be as in Proposition 3.1. Assume that

g1 ∈ L2(0, T ; H4(�)) ∩ H2(0, T ; L2(�)), g2 ∈ L2(0, T ; H3(�)) ∩ H3/2(0, T ; L2(�)),

g3 ∈ L2(0, T ; H3(�)) ∩ H3/2(0, T ; L2(�)), g4 ∈ L2(0, T ; H4(�)) ∩ H2(0, T ; L2(�)),

∂νg2 = ∂νg4 = ∂ν�g4 = 0, on �,

(g2)�(t) = (g4)�(t) = 0, for all t ∈ (0, T ).

Then, there exists a positive constant C depending on T , s and λ, such that every
solution of (1.8) verifies:

I (s;ϕ,ψ, ξ, η) ≤ C

( ∫∫

ω×(0,T )

e13/2sα̂|χ1|2|ξ |2dx dt

+
∥
∥
∥e13/4sα̂g1

∥
∥
∥
2

L2(0,T ;H4(�))∩H2(0,T ;L2(�))
+

∥
∥
∥e13/4sα̂g2

∥
∥
∥
2

L2(0,T ;H3(�))∩H3/2(0,T ;L2(�))

+
∥
∥
∥e13/4sα̂g3

∥
∥
∥
2

L2(0,T ;H3(�))∩H3/2(0,T ;L2(�))
+

∥
∥
∥e13/4sα̂g4

∥
∥
∥
2

L2(0,T ;H4(�)∩H2(0,T ;L2(�))

)

.

The proof of Corollary 3.1 follows directly from estimate (3.1), and the properties of
the weight functions.

4 Null controllability of the linear system

In this section we solve the null controllability problem for system (1.7) with a right-
hand side which decays exponentially as t → 0+. This result will be used to prove
the local controllability of (1.7) in the next section. Indeed, we would like to find a
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control g such that the solution to

⎧
⎪⎪⎨

⎪⎪⎩

L(w, r) = ( − M1�r + F + h1, aw + gχ1 + G + h3
)
, in Q,

T (z, q) = ( − M1�z + h4, aq + wχ2 − (wχ2)� + h2
)
, in Q,

∂νw = ∂νz = ∂νr = ∂νq = 0, on �,

w(·, 0) = 0, z(·, T ) = 0, r(·, 0) = 0, q(·, T ) = 0, in �,

(4.1)

satisfies
z(·, 0) = q(·, 0) = 0, in �. (4.2)

Here,
L(w, r) := (

L1w, L2r
)
and T (z, q) := (

L∗
2q, L∗

1z
)
,

where
L1 := ∂t − �, L2 := ∂t − � + b,

and L∗
1 and L∗

2 are the adjoint operators of L1 and L2 respectively, namely:

L∗
1 := −∂t − �, L∗

2 := −∂t − � + b.

Weprove the existence of a solution of the previous problem in an appropriateweighted
space. Before introducing the spaces where we solve problem (4.1)–(4.2), we improve
the estimate obtained in the previous section. This new estimate will contain only
weight functions that do not vanish at t = T . In order to introduce these weights, let
us consider a function l ∈ C∞([0, T ]) such that

l(t) =
{
t(T − t), 0 ≤ t ≤ T /4,
T 2/4, 3T /4 < t ≤ T ,

and define our new weight functions to be

β(x, t) = eλη0(x) − e2λ‖η0‖∞

lm(t)
, γ (x, t) = eλη0(x)

lm(t)
,

γ̂ (t) = min
x∈�

γ (x, t), γ ∗(t) = max
x∈�

γ (x, t),

β∗(t) = max
x∈�

β(x, t), β̂(t) = min
x∈�

β(x, t).

We also introduce some notation. Denoting by Y0 := L2(Q),
X0 := L2(0, T ; H1(�)) and, for n ∈ N, we define the spaces Yn and Xn as fol-
lows:

Yn := L2(0, T ; H2n(�)) ∩ Hn(0, T ; L2(�)),

and
Xn := L2(0, T ; H2n+1(�)) ∩ H

2n+1
2 (0, T ; L2(�)),

given by the norms

‖u‖2Yn := ‖u‖2L2(0,T ;H2n(�))
+ ‖u‖2Hn(0,T ;L2(�))

,
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and
‖u‖2Xn

:= ‖u‖2L2(0,T ;H2n+1(�))
+ ‖u‖2

H
2n+1
2 (0,T ;L2(�))

.

We also set

Y+
n,0 := {u ∈ Yn : ∂ν[Lk

i u]|� = 0, [Lk
i u](·, 0) = 0, k = 0, . . . , n − 1, i = 1, 2},

Y−
n,0 := {u ∈ Yn : ∂ν[Lk

i u]|� = 0, [Lk
i u](·, T ) = 0, k = 0, . . . , n − 1, i = 1, 2},

and

X+
n,0 := {u ∈ Xn : ∂ν[Lk

i u]|� = 0, [Lk
i u](·, 0) = 0, k = 0, . . . , n − 1, i = 1, 2},

X−
n,0 := {u ∈ Xn : ∂ν[Lk

i u]|� = 0, [Lk
i u](·, T ) = 0, k = 0, . . . , n− 1, i = 1, 2},

endowed with the equivalent norms

‖u‖2
Y+
n,0

= ‖u‖2
Y−
n,0

= ‖u‖2
X+
n,0

= ‖u‖2
X−
n,0

:= ‖Ln
1u‖2L2(Q)

.

We now state a refined estimate.

Lemma 4.1 Let s and λ be like in Proposition 3.1 and assume that

g1 ∈ Y2 : e13/4sβ̂g1 ∈ Y−
2,0;

g2 ∈ X2 : e13/4sβ̂g2 ∈ X+
2,0, (g2)�(t) = 0, ∀t ∈ [0, T ];

g3 ∈ X2 : e13/4sβ̂g3 ∈ X−
2,0;

g4 ∈ Y2 : e13/4sβ̂g4 ∈ Y+
2,0, (g4)�(t) = 0, ∀t ∈ [0, T ].

Then, there exists a positive constant C depending on T , s and λ, such that every
solution of (1.8) verifies:

∫∫

Q

e9sβ̂ |ϕ − (ϕ)�|2dx dt +
∫∫

Q

e9sβ̂ (|ψ |2 + |∇ψ |2)dx dt

+
∫∫

Q

e9sβ̂ (|ξ |2 + |∇ξ |2)dx dt +
∫∫

Q

e9sβ̂ |η|2dx dt

≤ C

( ∫∫

ω×(0,T )

e13/2sβ̂ |χ1|2|ξ |2dx dt +
∥
∥
∥e13/4sβ̂g1

∥
∥
∥
2

Y−
2,0

+
∥
∥
∥e13/4sβ̂g2

∥
∥
∥
2

X+
2,0

+
∥
∥
∥e13/4sβ̂g3

∥
∥
∥
2

X−
2,0

+
∥
∥
∥e13/4sβ̂g4

∥
∥
∥
2

Y+
2,0

)

, (4.3)

where
(
ϕ
)

�
(t) = 1

|�|
∫

�

ϕ(x, t)dx .
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Proof The proof of this lemma is standard. It combines energy estimates, using a cut-
off function, with Corollary 3.1 together with the fact that α ≤ β in Q. A similar proof
is given by Lemma 1 in [28]. ��

Now, we proceed to the definition of the spaces where (4.1)–(4.2) will be solved.
The main space will be:

E =
{

(w, z, r , q, v) ∈ E0 : ∂νw = ∂νz = ∂νr = ∂νq = 0 on �,

e−9/2sβ̂ ((L(w, r))1 + M1�r) ∈ L2(Q),

e−9/2sβ̂ ((L(w, r))2 − aw − gχ1) ∈ L2(0, T ; H1(�)),

e−9/2sβ̂ ((T (z, q))2 − aq − wχ2 + (wχ2)�) ∈ L2(0, T ; H1(�)),

e−9/2sβ̂ ((T (z, q))1 + M1�z) ∈ L2(Q),
∫

�

((L(w, r))1 + M1�r) dx = 0,
∫

�

((
T (z, q)

)

1 + M1�z
)
dx = 0,

∫

�

((T (w, r))2 − aq − wχ2 + (wχ2)�) dx = 0

}

,

(4.4)

where

E0 = {
(w, z, r , q, g) : e−13/4sβ̂ (w, r) ∈ [L2

(
0, T ; H2(�)

)
∩ L∞ (

0, T ; H1(�)
)
]2,

e−13/4sβ̂ (γ̂ )−5−5/m(z, q) ∈ [L2(Q)]2, e−13/4sβ̂gχ1 ∈ L2(Q),

e−2sβ̂r ∈ L2
(
0, T ; H3(�)

)
∩ L∞ (

0, T ; H2(�)
)

,

e−13/4sβ̂ (γ̂ )−6−6/mq ∈ L2
(
0, T ; H2(�)

)
∩ L∞ (

0, T ; H1(�)
)

,

e−13/4sβ̂ (γ̂ )−7−7/mz ∈ L2
(
0, T ; H3(�)

)
∩ L∞ (

0, T ; H2(�)
)

,

e−2sβ̂gχ1 ∈ L2
(
0, T ; H1(�)

) }
.

Notice that E is a Banach space for the norm:

‖(w, z, r , q, g)‖2E :=
∥
∥
∥e−13/4sβ̂ (w, r)

∥
∥
∥
2

[L2(0,T ;H2(�))∩L∞(0,T ;H1(�))]2

+
∥
∥
∥e−13/4sβ̂ (γ̂ )−5−5/m(z, q)

∥
∥
∥
2

[L2(Q)]2

+
∥
∥
∥e−13/4sβ̂gχ1

∥
∥
∥
2

L2(Q)
+

∥
∥
∥e−2sβ̂r

∥
∥
∥
2

L2(0,T ;H3(�))∩L∞(0,T ;H2(�))

+
∥
∥
∥e−13/4sβ̂ (γ̂ )−6−6/mq

∥
∥
∥
2

L2(0,T ;H2(�))∩L∞(0,T ;H1(�))

+
∥
∥
∥e−13/4sβ̂ (γ̂ )−7−7/mz

∥
∥
∥
2

L2(0,T ;H3(�))∩L∞(0,T ;H2(�))
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+
∥
∥
∥e−9/2sβ̂ ((L(w, r))1 + M1�r)

∥
∥
∥
2

L2(Q)

+
∥
∥
∥e−9/2sβ̂ ((L(w, r))2 − aw − gχ1)

∥
∥
∥
2

L2(0,T ;H1(�))

+
∥
∥
∥e−9/2sβ̂ ((T (z, q))2 − aq − wχ2 + (wχ2)�)

∥
∥
∥
2

L2(0,T ;H1(�))

+
∥
∥
∥e−9/2sβ̂ ((T (z, q))1 + M1�z)

∥
∥
∥
2

L2(Q)

+
∥
∥
∥e−2sβ̂gχ1

∥
∥
∥
2

L2(0,T ;H1(�))
.

Proposition 4.1 Let M1, M2 ∈ R+ be such that aM1 − bM2 = 0. Assume that

e−9/2sβ̂ (F,G) ∈ L2
0(Q) × L2(0, T ; H1(�)), and consider that

e−9/2sβ̂ (h1, h3) ∈ L2(0, T ; L2
0(�)) × L2(0, T ; H1(�)),

e−9/2sβ̂ (h2, h4) ∈ L2(0, T ; L2
0(�) ∩ H1(�)) × L2(0, T ; L2

0(�)).
(4.5)

Then, there exists a control ĝ ∈ L2(0, T ; H1(�)), such that, if (ŵ, ẑ, r̂ , q̂) is the
associated solution to (4.1), one has (ŵ, ẑ, r̂ , q̂, ĝ) ∈ E . In particular, (4.2) holds.

Proof of Proposition 4.1 The proof follows the same strategy used in [21–23], although
the arguments were introduced in [26] and [29]. We introduce the space P0 the func-
tions (ϕ, ψ, ξ, η) ∈ C∞(Q)4 such that

• ϕ(·, T ) = ξ(·, T ) = 0, in �,

• ∂νϕ = ∂νψ = ∂νξ = ∂νη = 0, on �,

• (ψ0)� = (η0)� = 0,
• ∫

�
(L1ψ + M1�η)dx = ∫

�
(L2η − aψ)dx = 0, ∀t ∈ [0, T ],

• ∂ν

(
(L∗

1)
l [e13/4sβ̂(

L∗
1ϕ − ψχ2 − aξ

)])|� = 0, l = 0, 1,

• (
(L∗

1)
l [e13/4sβ̂(

L∗
1ϕ − ψχ2 − aξ

)])(·, T ) = 0, l = 0, 1,

• ∂ν

(
Lk
1[e13/4sβ̂ (L1ψ + M1�η)])|� = 0, k = 0, 1,

• (Lk
1[e13/4sβ̂ (L1ψ + M1�η)])(·, 0) = 0, k = 0, 1,

• ∂ν

(
(L∗

2)
l [e13/4sβ̂ (L∗

2ξ + M1�ϕ)])|� = 0, l = 0, 1,

• (
(L∗

2)
l [e13/4sβ̂ (L∗

2ξ + M1�ϕ)])(·, T ) = 0, l = 0, 1,

• ∂ν

(
Lk
2[e13/4sβ̂ (L2η − aψ)])|� = 0, k = 0, 1,

• (Lk
2[e13/4sβ̂ (L2η − aψ)])(·, 0) = 0, k = 0, 1.
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We define the bilinear form

a
(
(ϕ̃, ψ̃, ξ̃ , η̃), (ϕ, ψ, ξ, η)

)

:=
∫∫

Q

(L∗
1)

2[e13/4sβ̂
(L∗

1ϕ̃ − ψ̃χ2 − aξ̃
)] · (L∗

1)
2[e13/4sβ̂

(L∗
1ϕ − ψχ2 − aξ

)]
dx dt

+
∫∫

Q

L2
1
[
e13/4sβ̂

(L1ψ̃ + M1�η̃
)] · L2

1
[
e13/4sβ̂

(L1ψ + M1�η
)]
dx dt

+
∫∫

Q

(L∗
2)

2[e13/4sβ̂
(L∗

2 ξ̃ + M1�ϕ̃
)] · (L∗

2)
2[e13/4sβ̂

(L∗
2ξ + M1�ϕ

)]
dx dt

+
∫∫

Q

L2
2
[
e13/4sβ̂

(L2η̃ − aψ
)] · L2

2
[
e13/4sβ̂

(L2η − aψ
)]
dx dt

+
∫∫

ω×(0,T )

e13/2sβ̂ |χ1|2ξ̃ ξdx dt,

and a linear form

〈l, (ϕ, ψ, ξ, η)〉 :=
∫∫

Q

[(F + h1)ϕ + h2ψ + (G + h3)ξ + h4η] dx dt .

Thanks to (4.3), we have that a(·, ·) : P0 × P0 → R is a symmetric, definite positive,
bilinear form on P0. We denote by P the completion of P0 for the norm induced
by a(·, ·). Then, a(·, ·) is well-defined, continuous and positive definite on P. Fur-
thermore, in view of the estimate (4.3) and the assumptions (4.5), the linear form
(ϕ, ψ, ξ, η) �→ 〈l, (ϕ, ψ, ξ, η)〉 is defined and continuous on P. Hence, from Lax-
Milgram lemma, we deduce that the variational problem:

{
Find (ϕ̃, ψ̃, ξ̃ , η̃) ∈ P such that
a
(
(ϕ̃, ψ̃, ξ̃ , η̃), (ϕ, ψ, ξ, η)

) = 〈l, (ϕ, ψ, ξ, η)〉, ∀(ϕ, ψ, ξ, η) ∈ P,
(4.6)

possesses exactly one solution (ϕ̂, ψ̂, ξ̂ , η̂) ∈ P.

Let ĝ be given by

ĝ := −e13/2sβ̂ ξ̂χ1, in Q. (4.7)

From (4.6) and (4.7) we get that

∫∫

Q

(|w̃|2 + |z̃|2 + |r̃ |2 + |q̃|2)dx dt +
∫∫

Q

e−13/2sβ̂ |χ1|2|ĝ|2dx dt < +∞,

where w̃, z̃, r̃ and q̃ are given by
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⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

w̃ :=(L∗
1)

2[e13/4sβ̂
(
L∗
1ϕ̂ − ψ̂χ2 − aξ̂

)]
,

z̃ :=L2
1

[
e13/4sβ̂

(
L1ψ̂ + �η̂

)]
,

r̃ :=(L∗
2)

2[e13/4sβ̂
(
L∗
2 ξ̂ + M1�ϕ̂

)]
,

q̃ :=L2
2

[
e13/4sβ̂

(
L2η̂ − aψ̂

)]
.

(4.8)

In particular, notice that e−13/4sβ̂ ĝχ1 ∈ L2(Q).

Let us call (ŵ, ẑ, r̂ , q̂) the weak solution of (4.1) with g = ĝ, that is to say

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

L1ŵ + M1�r̂ = F + h1, in Q,

L∗
1 ẑ − aq̂ − ŵχ2 + (ŵχ2)� = h2, in Q,

L2r̂ − aŵ = ĝχ1 + G + h3, in Q,

L∗
2q̂ + M1�ẑ = h4, in Q,

∂νŵ = ∂ν ẑ = ∂ν r̂ = ∂ν q̂ = 0, on �,

ŵ(·, 0) = 0, ẑ(·, T ) = 0, r̂(·, 0) = 0, q̂(·, T ) = 0, in �.

(4.9)

Using the decay of the right-hand sides and the properties of the weight functions,
it is not difficult to see that:

Claim 1 It holds that
(e−13/4sβ̂ ŵ, e−13/4sβ̂ r̂ , ẑ, q̂) ∈ [L2(0, T ; H2(�)) ∩ L∞(0, T ; H1(�))]4.
Proof of the Claim 1 Since system (4.9) is in cascade form, we first work with the
forward equations, i.e., equations for ŵ and r̂ .

Indeed, wemultiply the first and third equation in (4.9) by e−13/2sβ̂ ŵ and e−13/2sβ̂ r̂ ,

respectively, and then the third one again by e−13/2sβ̂�r̂ , to see that there existsC > 0
such that

d

dt

(

‖e−13/4sβ̂ (ŵ, r̂)‖2L2(�)2
+ ‖e−13/4sβ̂∇r̂‖2L2(�)

)

+sβ̂t e
−13/4sβ̂(‖(ŵ, r̂)‖2L2(�)2

+ ‖∇r̂‖2L2(�)

) + ‖e−13/4sβ̂ r̂‖2L2(�)

+‖e−13/4sβ̂ (∇ŵ,∇r̂)‖2L2(�)2
+ ‖�(e−13/4sβ̂ r̂)‖2L2(�)

≤ C
(‖e−13/4sβ̂ (ŵ, r̂)‖2L2(�)2

+‖∇(e−13/4sβ̂ r̂)‖2L2(�)
+ ‖e−13/4sβ̂ (F + h1, ĝχ1 + G + h3)‖2L2(�)

)
.

Integrating this identity in (0, T /4), and using the fact that β̂t ≥ 0 in [0, T /4], we
obtain the desired regularity for (ŵ, r̂), combined with the fact thatL1ŵ = −M1�r̂+
F + h1.

Notice that the other two equations in (4.9) are backwards, for this reason a similar
estimate with the exponential weight as above does not work for them. Neither, we
cannot simply make the change of variable t → T − t in the backward system because
then we would need also to change variable in the weight functions. However, it is
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enough to see the backward system as a coupled systemwith right-hand side in L2(Q)

to obtain regularity for ẑ and q̂. ��

Let us now show how to obtain the exponential decay for (ẑ, q̂). Indeed, we prove:

Claim 2 It holds that e−13/4sβ̂ (γ̂ )−5−5/m
(
ẑ, q̂

) ∈ [L2(Q)]2.

Proof of Claim 2 First, we will prove that (w̃, z̃, r̃ , q̃) given by (4.8) is actually the
solution (in the sense of transposition) of

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

e13/4sβ̂ (L1)
2w̃ = ŵ, in Q,

e13/4sβ̂ (L∗
1)

2 z̃ = ẑ, in Q,

e13/4sβ̂ (L2)
2r̃ = r̂ , in Q,

e13/4sβ̂ (L∗
2)

2q̃ = q̂, in Q,

(4.10)

with ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ν(L1)
lw̃ = 0, on �, l = 0, 1,

(L1)
lw̃(·, 0) = 0, in �, l = 0, 1,

∂ν(L∗
1)

k z̃ = 0, on � k = 0, 1,
(L∗

1)
k z̃(·, T ) = 0, in � k = 0, 1,

∂ν(L2)
l r̃ = 0, on �, l = 0, 1,

(L2)
l r̃(·, 0) = 0, in �, l = 0, 1,

∂ν(L∗
2)

k q̃ = 0, on �, k = 0, 1,
(L∗

2)
k q̃(·, T ) = 0, in �, k = 0, 1.

(4.11)

Indeed, (w̃, z̃, r̃ , q̃) is the transposition solution of (4.10)–(4.11) if for any

e−9/2sβ̂ (F + h1, h2,G + h3, h4) ∈ L2(Q)4, with (F)�(t) = (h1)�(t) = (h2)�(t) =
(h4)�(t) = 0 for a.e. t ∈ (0, T ), it holds that

∫∫

Q

w̃(F + h1)dx dt +
∫∫

Q

z̃h2dx dt +
∫∫

Q

r̃(G + h3)dx dt +
∫∫

Q
q̃h4dx dt

=
∫∫

Q

ŵ�wdx dt +
∫∫

Q

ẑ�zdx dt +
∫∫

Q

r̂�rdx dt +
∫∫

Q

q̂�qdx dt,

(4.12)
where (�w,�z,�r ,�q) is the solution of

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(L∗
1)

2[e13/4sβ̂�w] = F + h1, in Q,

L2
2[e13/4sβ̂�z] = h2, in Q,

(L∗
3)

2[e13/4sβ̂�r ] = G + h3, in Q,

L2
4[e13/4sβ̂�q ] = h4, in Q,
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such that ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ν(L∗
1)

�
(
e13/4sβ̂�w

) = 0, on �, � = 0, 1,

(L∗
1)

�
(
e13/4sβ̂�w

)
(·, T ) = 0, in �, � = 0, 1,

∂νLk
1

(
e13/4sβ̂�z

) = 0, on � k = 0, 1,

Lk
1

(
e13/4sβ̂�z

)
(·, 0) = 0, in � k = 0, 1,

∂ν(L∗
2)

�
(
e13/4sβ̂�r

) = 0, on �, � = 0, 1,

(L∗
2)

�
(
e13/4sβ̂�r

)
(·, T ) = 0, in �, � = 0, 1,

∂νLk
2

(
e13/4sβ̂�q

) = 0, on �, k = 0, 1,

Lk
2

(
e13/4sβ̂�q

)
(·, 0) = 0, in �, k = 0, 1.

Using (4.6), (4.7), (4.8) and (4.9), a simple calculation shows that for every
(ϕ, ψ, ξ, η) ∈ P0 one has

∫∫

Q

w̃(L∗
1)

2[e13/4sβ̂
(L∗

1ϕ − ψχ2 − aξ
)]
dx dt +

∫∫

Q

z̃L2
1
[
e13/4sβ̂

(L1ψ + M1�η
)]
dx dt

+
∫∫

Q

r̃(L∗
2)

2[e13/4sβ̂
(L∗

2ξ + M1�ϕ
)]
dx dt +

∫∫

Q

q̃L2
2
[
e13/4sβ̂

(L2η − aψ
)]
dx dt

=
∫∫

Q

ϕ
(L1ŵ + M1�r̂

)
dx dt +

∫∫

Q

ψ
(L∗

1 ẑ − aq̂ − ŵχ2 + (ŵχ2)�
)
dx dt

+
∫∫

Q

ξ
(L2r̂ − aŵ

)
dx dt +

∫∫

Q

η
(L∗

2q̂ + M1�ẑ
)
dx dt

=
∫∫

Q

ŵ
(L∗

1ϕ − ψχ2 − aξ
)
dx dt +

∫∫

Q

ẑ
(L1ψ + M1�η

)
dx dt

+
∫∫

Q

r̂
(L∗

2ξ + M1�ϕ
)
dx dt +

∫∫

Q

q̂
(L2η − aψ

)
dx dt .

This last identity readily implies that (4.12) holds and that (w̃, z̃, r̃ , q̃) is indeed the
unique transposition solution of (4.10)–(4.11). Next, we define the following func-
tions: (

z∗,0, q∗,0
) := e−13/4sβ̂ (γ̂ )−3−3/m (

ẑ, q̂
)
,

(
f z∗,0, f q∗,0

)
:= e−13/4sβ̂ (γ̂ )−3−3/m (h2, h4) .
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From (4.5) and Claim 1, we have that
(
f z∗,0, f q∗,0

)
∈ [L2(Q)]2 and that

e−13/4sβ̂ (γ̂ )−3−3/m[ŵχ2 − (ŵχ2)�] ∈ L2(Q). By (4.9),
(
z∗,0, q∗,0

)
satisfies

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

L∗
1z∗,0 − aq∗,0 = f z∗,0 + e−13/4sβ̂ (γ̂ )−3−3/m[ŵχ2 − (ŵχ2)�]

−(e−13/4sβ̂ (γ̂ )−3−3/m)t ẑ, in Q,

L∗
2q∗,0 + M1�z∗,0 = f q∗,0 − (e−13/sβ̂ (γ̂ )−3−3/m)t q̂, in Q,

∂νz∗,0 = ∂νq∗,0 = 0, on �,

z∗,0(·, T ) = 0, q∗,0(·, T ) = 0, in �.

where the last term in the right-hand side can be written as

(
e−13/4sβ̂ (γ̂ )−3−3/m)

t

(
ẑ, q̂

) = c1(t)
(
(L∗

1)
2 z̃, (L∗

2)
2q̃

)
, with c1 ∈ C2[0, T ].

Hence, for any (ς1, ς2) ∈ [Y+
1,0]2, we have

∫∫

Q

(
z∗,0, q∗,0

) · (ς1, ς2) dx dt =
∫∫

Q

(
f z∗,0, f q∗,0

)
· (�1, �2) dx dt

+
∫∫

Q

e−13/4sβ̂ (γ̂ )−3−3/m [ŵχ2 − (ŵχ2)�]�1dx dt

−
∫∫

Q

c1(t)
(
(L∗

1)
2 z̃, (L∗

2)
2q̃

)
· (�1,�2) dx dt,

where (�1,�2) solves

⎧
⎪⎪⎨

⎪⎪⎩

L1�1 + M1��2 = ς1, in Q,

L2�2 − a�1 = ς2, in Q,

∂ν�1 = ∂ν�2 = 0, on �,

�1(·, 0) = �2(·, 0) = 0, in �.

(4.13)

Using (4.11), we can integrate by parts to obtain

∫∫

Q

(
z∗,0, q∗,0

) · (ς1, ς2) dx dt =
∫∫

Q

(
f z∗,0, f q∗,0

)
· (�1, �2) dx dt

+
∫∫

Q

e−13/4sβ̂ (γ̂ )−3−3/m [ŵχ2 − (ŵχ2)�]�1dx dt

−
∫∫

Q

(z̃, q̃) ·
(
(L1)

2[c1(t)�1], (L2)
2[c1(t)�2]

)
dx dt .
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Notice that
(
(L∗

1)
2[c1(t)�1], (L∗

2)
2[c1(t)�2]

)

=
(
c

′′
1(t)�1 + 2c

′
1(t)L∗

1�1 + c1(t)(L∗
1)

2�1 , c
′′
1(t)�2

+2c
′
1(t)L∗

2�2 + c1(t)(L∗
2)

2�2

)

and, by Proposition B.1, we see that

‖(�1,�2)‖[Y2]2 ≤ C‖(ς1, ς2)‖[Y+
1,0]2 ,

for some C > 0. Thus, for (ς1, ς2) ∈ [Y+
1,0]2, we obtain

∫∫

Q

(
z∗,0, q∗,0

) · (ς1, ς2) dx dt

≤ C

(∥
∥
∥

(
f z∗,0, f q∗,0

)∥
∥
∥[L2(Q)]2

+‖(z̃, q̃)‖[L2(Q)]2 + ‖e−13/4sβ̂ ŵ‖L2(Q)

)
‖(ς1, ς2)‖[Y+

1,0]2 .

(4.14)

Now let,
(
z∗,1, q∗,1

) := e−13/4sβ̂ (γ̂ )−5−5/m (
ẑ, q̂

)
,

(
f z∗,1, f q∗,1

)
:= e−13/4sβ̂ (γ̂ )−5−5/m (h2, h4) .

Similarly as before, (z∗,1, q∗,1) satisfies

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

L∗
1z∗,1 − aq∗,1 = f z∗,1 + e−13/4sβ̂ (γ̂ )−5−5/m[ŵχ2 − (ŵχ2)�]

−(e−13/4sβ̂ (γ̂ )−5−5/m)t ẑ, in Q,

L∗
2q∗,1 + M1�z∗,1 = f q∗,0 − (e−13/4sβ̂ (γ̂ )−5−5/m)t q̂, in Q,

∂νz∗,1 = ∂νq∗,1 = 0, on �,

z∗,1(·, T ) = 0, q∗,1(·, T ) = 0, in �.

By taking (ς1, ς2) ∈ [Y0]2 in (4.13) and arguing as before, we get

∫∫

Q

(
z∗,1, q∗,1

) · (ς1, ς2) dx dt

=
∫∫

Q

(
f z∗,1, f q∗,1

)
· (�1,�2) dx dt

+
∫∫

Q

e−13/4sβ̂ (γ̂ )−5−5/m[ŵχ2 − (ŵχ2)�]�1dx dt
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−
∫∫

Q

(e−13/4sβ̂ (γ̂ )−5−5/m)t
(
ẑ, q̂

) · (�1,�2) dx dt .

Moreover, by writing

∫∫

Q

(
e−13/4sβ̂ (γ̂ )−5−5/m

)

t

(
ẑ, q̂

) · (�1,�2) dx dt

=
∫∫

Q

c2(t) (�1,�2) · (
z∗,0, q∗,0

)
dx dt,

with c2 ∈ C2[0, T ], we see that
∫∫

Q

c1(t) (�1,�2) · (
z∗,0, q∗,0

)
dx dt

≤ C

(∥
∥
∥

(
f z∗,0, f q∗,0

)∥
∥
∥[L2(Q)]2 + ‖(z̃, q̃)‖[L2(Q)]2 + ‖e−13/4sβ̂ ŵ‖L2(Q)

)

‖c2(t) (�1,�2)‖[Y+
1,0]2 .

Here, we have applied (4.14) with c1(t) (�1,�2) instead of (ς1, ς2) (notice that
c1(t) (�1,�2) ∈ [Y+

1,0]2). Then, it follows that
∫∫

Q

(
z∗,1, q∗,1

) · (ς1, ς2) dx dt

≤ C

(∥
∥
∥

(
f z∗,0, f q∗,0

)∥
∥
∥[L2(Q)]2 + ‖(z̃, q̃)‖[L2(Q)]2 + ‖e−13/4sβ̂ ŵ‖L2(Q)

)

‖(�1,�2)‖[Y+
1,0]2 .

Now, since
‖(�1,�2)‖[Y+

1,0]2 ≤ C ‖(ς1, ς2)‖[Y0]2 ,

we obtain
∫∫

Q

(
z∗,1, q∗,1

) · (ς1, ς2) dx dt

≤ C

(∥
∥
∥

(
f z∗,0, f q∗,0

)∥
∥
∥[L2(Q)]2 + ‖(z̃, q̃)‖[L2(Q)]2 + ‖e−13/4sβ̂ ŵ‖L2(Q)

)

‖(ς1, ς2)‖[Y0]2 ,

for all (ς1, ς2) ∈ [Y0]2. Thus, we deduce that

e−13/4sβ̂ (γ̂ )−5−5/m (
ẑ, q̂

) ∈ L2(Q), (4.15)
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and the proof of Claim 2 is finished. ��
To finish Proposition 4.1, we show the following:

Claim 3 We have the following regularity:

{
e−2sβ̂ ŵ ∈ L2(0, T ; H2(�)) ∩ L∞(0, T ; H1(�)),

e−2sβ̂ r̂ ∈ L2(0, T ; H3(�)) ∩ L∞(0, T ; H2(�)).

Proof of the Claim 3 We begin noticing that, from the definition of ĝ and (4.3), one has

∫∫

Q

|∇(e−2sβ̂ ĝ)|2dx dt < +∞.

Hence, it follows that e−2sβ̂ ĝ ∈ L2(0, T ; H1(�)). Also, from Claim 1, we already
have that

e−13/4sβ̂ (
ŵ, r̂

) ∈ [L2(0, T ; H2(�)) ∩ L∞(0, T ; H1(�))]2. (4.16)

Let us then establish the remaining regularity. To do this, let

(w∗, r∗) := e−2sβ̂ (
ŵ, r̂

)
,

(
f w∗ , f r∗

) := e−2sβ̂ (
F + h1, ĝχ1 + G + h3

)
,

which solves ⎧
⎪⎪⎨

⎪⎪⎩

L1w∗ + M1�r∗ = f w∗ + (e−2sβ̂ )t ŵ, in Q,

L2r∗ − aw∗ = f r∗ + (e−2sβ̂ )t r̂ , in Q,

∂νw∗ = ∂νr∗ = 0, on �,

w∗(·, 0) = 0, r∗(·, 0) = 0, in �.

From (4.16), the terms (e−2sβ̂ )t ŵ and (e−2sβ̂ )t r̂ both belong to L2(0, T ; H1(�)) and,
by Proposition B.1, the Claim follows. ��

We also have the following result:

Claim 4 It holds that
{
e−13/4sβ̂ (γ̂ )−6−6/mq̂ ∈ L2(0, T ; H2(�)) ∩ L∞(0, T ; H1(�)),

e−13/4sβ̂ (γ̂ )−7−7/m ẑ ∈ L2(0, T ; H3(�)) ∩ L∞(0, T ; H2(�)).

Proof of the Claim 4 Let

(z∗, q∗) := ρ(t)
(
ẑ, q̂

)
,

(
f z∗ , f q∗

) := ρ(t)
(
ŵχ2 − (ŵχ2)� + h2, h4

)
,

which solves
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⎧
⎪⎪⎨

⎪⎪⎩

L∗
1z∗ − aq∗ = f z∗ − ρt ẑ, in Q,

L∗
2q∗ + M1�z∗ = f q∗ − ρt q̂, in Q,

∂νz∗ = ∂νq∗ = 0, on �,

z∗(·, T ) = 0, q∗(·, T ) = 0, in �.

We will consider two cases:

Case 1: ρ(t) = e−13/4sβ̂ (γ̂ )−6−6/m .

From (4.15), the terms ρt ẑ and ρt q̂ both belong to L2(Q) and, by Proposition B.1,
we deduce that

e−13/4sβ̂ (γ̂ )−6−6/m(ẑ, q̂) ∈ [L2(0, T ; H2(�)) ∩ L∞(0, T ; H1(�))]2.

Case 2: ρ(t) = e−13/4sβ̂ (γ̂ )−7−7/m .

Since there exists C > 0 such that

|ρt | ≤ Ce−13/4sβ̂ (γ̂ )−6−6/m,

we have that ρt ẑ and ρt q̂ belong to L2(0, T ; H1(�)). Moreover, given that(
f z∗ , f q∗

) ∈ L2(0, T ; H1(�)) × L2(Q), the result follows. ��
Remark 4.1 From Claim 4, we also have that e−5/2β̂ ẑ ∈ L2(0, T ; H3(�)) ∩
L∞(0, T ; H2(�)). This will be used in the next section.

Finally, from Claim 1, Claim 2, Claim 3, and Claim 4, we see that (ŵ, ẑ, r̂ , q̂, ĝ) ∈
E .

This finishes the proof of Proposition 4.1. ��

5 Proof of Theorem 1.1

In this section, we present the proof of Theorem 1.1. The results obtained in the
previous section allow us to locally invert the nonlinear system (1.5). In particular, the
regularity deduced for the solution of the linearized system (4.1) is sufficient to apply
a suitable inverse function theorem (see Theorem 5.1 below). Our approach borrow
some ideas from [28, 29].

Let us set w = M1 + W and r = M2 + R, and rewrite the equations in (1.5)
accordingly. For simplicity, we will abuse notation by identifying W and R with w

and r , respectively. This leads to the system:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

L(w, r) = ( − M1�r − ∇ · (w∇r) + F, aw + gχ1 + G
)
, in Q,

T (z, q) = ( − M1�z − ∇ · (w∇z),
aq + wχ2 − (wχ2)� + ∇z · ∇r − (∇z · ∇r)�

)
, in Q,

∂νw = ∂νz = ∂νr = ∂νq = 0, on �,

w(·, 0) = 0, z(·, T ) = 0, r(·, 0) = 0, q(·, T ) = 0, in �,

(5.1)
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In this way, we have reduced our problem to proving a local null controllability result
for the solution (w, z, r , q) of the nonlinear problem (5.1). To proceed, we need the
following inverse mapping theorem from [30]:

Theorem 5.1 Let G1 and G2 be two Banach spaces and let F : G1 → G2 satisfy
F ∈ C1(G1,G2). Assume that g1 ∈ G1, F(g1) = g2 and that F ′

(g1) : G1 → G2 is
surjective. Then, there exists δ > 0 such that, for every ḡ ∈ G2 satisfying ‖ḡ−g2‖ < δ,

there exists a solution of the equation

F(g1) = ḡ, g ∈ G1.

We start by defining the spaces:

L2
(
e−9/2 sβ̂ (0, T ); L2

0(�)
)

:= {u ∈ L2(Q) : e−9/2 sβ̂u ∈ L2(Q) and (u)� = 0},

L2
(
e−9/2β̂ (0, T ); H1(�)

)
:= {u ∈ L2(0, T ; H1(�)) : e−9/2 sβ̂u ∈ L2(0, T ; H1(�))}.

Let E the space given in (4.4). We apply Theorem 5.1 with the spaces

G1 := E,

G2 :=L2
(
e−9/2sβ̂ (0, T ); L2

0(�)
)

× L2
(
e−9/2sβ̂ (0, T ); H1(�)

)

× L2
(
e−9/2sβ̂ (0, T ); L2

0(�)
)

× L2
(
e−9/2sβ̂ (0, T ); H1(�)

)
.

and the operator

F(w, z, r , q, g)

:= (
L(w, r) + (

M1�r + ∇ · (w∇r),−aw − gχ1
)
,

T (z, q) + (
M1�z + ∇ · (w∇z),−aq − wχ2

+(wχ2)� − ∇z · ∇r + (∇z · ∇r)�
))

.

for (w, z, r , q, g) ∈ G1.
With this setting, we have the following lemma:

Lemma 5.1 The operator F is the class C1(G1;G2).
Proof Since all the terms in F are linear, except for ∇ · (w∇r), ∇ · (w∇z), and
∇z · ∇r − (∇z · ∇r)�, it is sufficient to prove the continuity, from from G1 × G1 to
G2, of the operators

((w1, z1, r1, q1, g1), (w2, z2, r2, q2, g2)) �→ (∇ · (w1∇r2), 0, 0, 0) ,

((w1, z1, r1, q1, g1), (w2, z2, r2, q2, g2)) �→ (0, 0,∇ · (w1∇z2), 0) ,

((w1, z1, r1, q1, g1), (w2, z2, r2, q2, g2)) �→ (0, 0, 0,∇z1 · ∇r2 − (∇z1 · ∇r2)�) .
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For the first operator, the continuity follows from the estimate:

∥
∥
∥e−9/2sβ̂∇ · (w1∇r2)

∥
∥
∥
L2(Q)

≤ C
(
‖e−13/4sβ̂w1‖2L∞(0,T ;H1(�))∩L2(0,T ;H2(�))

‖e−2sβ̂r2‖2L∞(0,T ;H2(�))∩L2(0,T ;H3(�))

)
,

for some C > 0. Similarly, one can show that the second operator is continuous.
Finally, to estimate the third operator, a simple calculation gives:

∥
∥
∥e−9/2sβ̂[∇z1 · ∇r2 − (∇z · ∇r)�

]∥∥
∥
L2(0,T ;H1(�))

≤ C
(
‖e−5/2sβ̂ z1‖2L∞(0,T ;H2(�))∩L2(0,T ;H3(�))

‖e−2sβ̂r2‖2L∞(0,T ;H2(�))∩L2(0,T ;H3(�))

)
.

for some C > 0.
Thus, the proof of Lemma 5.1 is finished. ��
Let us now prove Theorem 1.1.

Proof of Theorem 1.1 Since F ′(0) : G1 → G2 is given by

F ′(0)(w, z, r , q, g) = (
L(w, r) + (

M1�r ,−aw − gχ1
)
,

T (z, q) + (
M1�z,−aq − wχ2 + (wχ2)�

))
,

from Proposition 4.1, we deduce that F ′(0) is surjective.
Applying Theorem 5.1, with g1 = 0 and g2 = 0, there exist δ > 0 and C > 0 such

that, whenever
∥
∥eC/tm (F,G)

∥
∥
L2
0(Q)×L2(0,T ;H1(�))

< δ, there exists (w, z, r , q, g) ∈
G1 solution of system (5.1). In particular, z(·, 0) = z(·, 0) = 0. Consequently, the
proof of Theorem 1.1 is complete. ��

6 Comments and open problems

In this work, we have shown that it is possible to insensitize the component of the
species in the Keller–Segel model by means of controls acting only on the chemical
equation. This work, leads to some natural questions. Let us mention two of them.

• Positivity of the constructed solution.
We believe that, if (F,G) ∈ (

L2
0(Q) ∩ L2(0, T ; H1(�))

) × L2(0, T ; H2(�))

with ‖eC/tm (F,G)‖L2(0,T ;H1(�))×L2(0,T ;H2(�)) < δ for some C > 0 and
δ > 0 small enough, and the unknown data (û0, v̂0) ∈ H1(�) × H2(�), the
solution (u, v) we construct for system (1.1) remains positive for all time.
Indeed, by a Taylor expansion with respect to τ , one has

u ∼ u|τ=0 + τ(∂τu)|τ=0 and v ∼ v|τ=0 + τ(∂τ v)|τ=0.
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Let

w := u|τ=0, uτ := ∂u

∂τ

∣
∣
∣
∣
τ=0

, r := v|τ=0, vτ := ∂v

∂τ

∣
∣
∣
∣
τ=0

.

In Appendix A, we show that (w, r) solves (A.3) and (uτ , vτ ) solves (A.2).
By construction (see Sect. 5), we have w = M1 + W , r = M2 + R, where
(W , Z , R, Q) is a controlled solution of the nonlinear system (5.1), associated to
some control g.
If ‖eC/tm (F,G)‖L2(0,T ;H1(�))×L2(0,T ;H2(�)) < δ, the local inverse mapping argu-
ment yields a constant C1 > 0 such that ‖(W , Z , R, Q, g)‖E ≤ C1δ.

On the other hand, since (uτ , vτ ) solves system (A.2), it follows that it is bounded
whenever (û0, v̂0) belongs to H1(�) × H2(�).
Therefore, assuming sufficient regularity of F,G, û0 and v̂0, the solution (u, v)

for system (1.1) must be continuous in space and time, and satisfies

u ≥ M1 − C1δ − τK and v ≥ M2 − C1δ − τK ,

for some K > 0. This suggests that (u, v) remains positive provided that δ and τ

are sufficiently small.
• Bilinear control.
Instead of using a linear control term in the v-equation, onemay consider a bilinear
control of the form gv1ω. In this setting, g acts as a proliferation/degradation
coefficient, and the positivity of the solution is preserved regardless of the sign
of g, but it significantly complicates the controllability analysis. Indeed, the most
widely used techniques for bilinear controllability of parabolic equations rely on
spectral methods and the Lebeau-Robbiano strategy (see, e.g., [31, 32]), which
are not well suited to systems of parabolic equations. Consequently, this issue
represents a challenging problem and, to the best of our knowledge, remains open.

Appendix A: Equivalence Between Insensitizing and Controllability
Problems

In this appendix, we show the equivalence between condition (1.3) for system (1.1)
and the (partial) null controllability problem for system (1.5).

Proof From condition (1.3), we obtain

0 = ∂ Jτ (u, v)

∂τ

∣
∣
∣
∣
τ=0

=
∫∫

O×(0,T )

(u|τ=0)

(
∂u

∂τ

∣
∣
∣
∣
τ=0

)

χ2dx dt =
∫∫

Q

uτwχ2dx dt .

(A.1)
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Here, we have used the notation

w := u|τ=0, uτ := ∂u

∂τ

∣
∣
∣
∣
τ=0

, r := v|τ=0, vτ := ∂v

∂τ

∣
∣
∣
∣
τ=0

,

where (uτ , vτ ) satisfies

⎧
⎪⎪⎨

⎪⎪⎩

uτ
t − �uτ = −∇ · (uτ∇r) − ∇ · (w∇vτ ), in Q,

vτ
t − �vτ = auτ − bvτ , in Q,

∂νuτ = 0, ∂νv
τ = 0, on �,

uτ (·, 0) = û0, vτ (·, 0) = v̂0, in �.

(A.2)

and (w, r) solves

⎧
⎪⎪⎨

⎪⎪⎩

wt − �w = −∇ · (w∇r) + F, in Q,

rt − �r = aw − br + gχ1 + G, in Q,

∂νw = 0, ∂νr = 0, on �,

w(·, 0) = M1, r(·, 0) = M2, in �.

(A.3)

Integrating (A.2)1 in �, and using that (û0)� = 0, it follows that (uτ )� = 0. Now,
integrating (A.2)2 in �, since (v̂0)� = 0, we deduce that (vτ )� = 0.

Then, we rewrite (A.1) as

0 = ∂ Jτ (u, v)

∂τ

∣
∣
∣
∣
τ=0

= 〈uτ , wχ2 − (wχ2)�〉L2
0(Q). (A.4)

Let (z, q) be the solution of

⎧
⎪⎪⎨

⎪⎪⎩

−zt − �z = aq + [∇z · ∇r − (∇z · ∇r)�] + wχ2 − (wχ2)�, in Q,

−qt − �q = −bq − ∇ · (w∇z), in Q,

∂νz = 0, ∂νq = 0, on �,

z(·, T ) = 0, q(·, T ) = 0, in �.

(A.5)

Multiplying the first equation of (A.2) by z and the second one by q, to see, after an
integration by parts, that

∫∫

Q

uτ (−zt − �z)dx dt −
∫

�

z(·, 0)û0dx

=
∫∫

Q

uτ [∇z · ∇r − (∇z · ∇r)�] dx dt

−
∫∫

Q

vτ∇ · (w∇z)dx dt,

(A.6)
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and
∫∫

Q

vτ (−qt − �q)dx dt −
∫

�

q(·, 0)v̂0dx = a
∫∫

Q

uτqdx dt − b
∫∫

Q

vτqdx dt .

(A.7)

Notice that second term of right-hand side of (A.6) is zero, indeed

∫∫

Q
uτ (∇z∇r)�dx dt =

∫ T

0
(∇z∇r)�

(∫

�

uτdx

)

dt = 0.

Therefore, combining (A.6) with (A.7) and using (A.5),

∫

�

z(·, 0)û0dx +
∫

�

w(·, 0)v̂0dx =
∫∫

Q
uτ (wχ2 − (wχ2)�)dx dt . (A.8)

But, by (A.4) and the last identity, we get

∫

�

z(·, 0)û0dx +
∫

�

w(·, 0)v̂0dx = 0,
〈(
z(·, 0), w(·, 0)), (û0, v̂0

)〉

[L2
0(�)]2 = 0,

for any (û0, v̂0) ∈ [L2
0(�)]2, with ‖û0‖L2(�) = ‖v̂0‖L2(�) = 1.

Hence, we deduce that

z(·, 0) = q(·, 0) = 0, in �.

��
Remark A.1 Notice that (A.3) and (A.5) form the cascade system given in (1.5).

Appendix B: Regularity Results

In this section,we are going to present some regularity results for the heat equationwith
homogeneous Neumann boundary conditions which are used throughout the paper.

Lemma B.1 ([33, Chap. 4, p. 32]) Let T > 0 and � ⊂ R
N be bounded connected

open set with regular boundary.
Given f ∈ L2(Q) and u0 ∈ H1(�), there exists a unique solution

u ∈ L2(0, T ; H2(�)) ∩ H1(0, T ; L2(�)) ∩ L∞(0, T ; H1(�))

to the heat equation ⎧
⎨

⎩

ut − �u = f , in Q,

∂νu = 0, on �,

u(·, 0) = u0, in �.

(B.1)
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Moreover, there exists a constant C > 0 such that

‖u‖2L2(0,T ;H2(�))∩H1(0,T ;L2(�))∩L∞(0,T ;H1(�))
≤ C

(

‖ f ‖2L2(Q)
+ ‖u0‖2H1(�)

)

.

Also, given f ∈ L2(0, T ; H2(�)) ∩ H1(0, T ; L2(�)) ∩ L∞(0, T ; H1(�)) and
u0 ∈ H3(�) with ∂νu0 = 0 on ∂�, there exists a unique solution to (B.1) such that

u ∈ L2(0, T ; H4(�)) ∩ H2(0, T ; L2(�)) ∩ L∞(0, T ; H3(�))

and there exists a constant C > 0 such that

‖u‖2L2(0,T ;H4(�))∩H2(0,T ;L2(�))∩L∞(0,T ;H3(�))

≤ C

(

‖ f ‖2L2(0,T ;H2(�))∩H1(0,T ;L2(�))∩L∞(0,T ;H1(�))
+ ‖u0‖2H3(�)

)

.

Lemma B.2 ([33, Chap. 4, p. 32]) Let T > 0, � ⊂ R
N be bounded connected open set

with regular boundary. Given f ∈ L2(0, T ; H1(�)) and u0 ∈ H2(�) with ∂νu0 = 0
on ∂�, there exists a unique solution to (B.1) such that

u ∈ L2(0, T ; H3(�)) ∩ H3/2(0, T ; L2(�)) ∩ L∞(0, T ; H2(�)).

Moreover, there exists a constant C > 0 such that

‖u‖2L2(0,T ;H3(�))∩H3/2(0,T ;L2(�))∩L∞(0,T ;H2(�))

≤ C

(

‖ f ‖2L2(0,T ;H1(�))
+ ‖u0‖2H2(�)

)

.

We conclude this section with a regularity result for a coupled system that has been
used throughout the article.

Proposition B.1 Let T > 0, � ⊂ R
N be bounded connected open set with regu-

lar boundary. Given, ( f1, f2) ∈ [L2(Q)]2, there exists a unique solution (u, v) ∈
[L2(0, T ; H2(�)) ∩ H1(0, T ; L2(�)) ∩ L∞(0, T ; H1(�))]2 to the system

⎧
⎪⎪⎨

⎪⎪⎩

ut − �u + M1�v = f1, in Q,

vt − �v + bv − au = f2, in Q,

∂νu = ∂νv = 0, on �,

u(·, 0) = v(·, 0) = 0, in �.

(B.2)

Moreover, there exists C > 0 such that

‖(u, v)‖[L2(0,T ;H2(�))∩H1(0,T ;L2(�))∩L∞(0,T ;H1(�))]2 ≤ C‖( f1, f2)‖[L2(Q)]2 .
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Given ( f1, f2) ∈ L2(Q) × L2(0, T ; H1(�)), there exists a unique solution (u, v) to
system (B.2) with

(u, v) ∈[
L2(0, T ; H2(�)) ∩ H1(0, T ; L2(�))

]

× [
L2(0, T ; H3(�)) ∩ H3/2(0, T ; L2(�))

]
.

Also, there exists C > 0 such that

‖(u, v)‖2[
L2(0,T ;H2(�))∩L∞(0,T ;H1(�))

]
×
[
L2(0,T ;H3(�))∩L∞(0,T ;H2(�))

]

≤ C‖( f1, f2)‖L2(Q)×L2(0,T ;H1(�)).

For any ( f1, f2) ∈ [L2(0, T ; H2(�)) ∩ H1(0, T ; L2(�))]2 there exists a unique
solution (u, v) to system (B.2) with

(u, v) ∈ [
L2(0, T ; H4(�)) ∩ H2(0, T ; L2(�))

]2
.

and such that

‖(u, v)‖2[L2(0,T ;H4(�))∩H2(0,T ;L2(�))]2 ≤ C‖( f1, f2)‖[L2(0,T ;H2(�))∩H1(0,T ;L2(�))]2 .

Proof Multiplying (B.2)1 by u, and (B.2)2, by v, and then by −�v, after several
integration by parts, we deduce that there exists C > 0 such that

d

dt

(‖(u, v)‖2L2(�)2
+ ‖∇v‖2L2(�)

) + ‖v‖2L2(�)
+ ‖(∇u,∇v)‖2L2(�)2

+ ‖�v‖2L2(�)

≤ C
(‖(u, v)‖2L2(�)2

+ ‖∇v‖2L2(�)
+ ‖( f1, f2)‖2L2(�)

)
. (B.3)

Now, multiplying (B.2)1 by −�u, one has

d

dt

(‖∇u‖2L2(�)

) + ‖�u‖2L2(�)
≤ C

(‖�v‖2L2(�)
+ ‖v‖2L2(�)

)
. (B.4)

From (B.3) and (B.4), the first estimate follows when ( f1, f2) ∈ [L2(Q)]2.
When f2 ∈ L2(0, T ; H1(�)), from (B.2)2 and Lemma B.2, we have the second

estimate.
If ( f1, f2) ∈ [L2(0, T ; H2(�)) ∩ H1(0, T ; L2(�))]2, we already have that

u ∈ L2(0, T ; H2(�))∩H1(0, T ; L2(�)) and then, using equation (B.2)2 and Lemma
(B.1), it follows that

v ∈ L2(0, T ; H4(�)) ∩ H2(0, T ; L2(�)) ∩ L∞(0, T ; H3(�)).

Now, using (B.2)1 it yields the regularity for u. ��
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