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Abstract. In this article, we study the stabilization problem for a hyperbolic-type Stokes system posed on a bounded domain.
We show that when the damping effects are restricted to a subdomain satisfying the geometric control condition, the energy
of the system decays exponentially. The result is a consequence of a new quasi-mode estimate for the Stokes system.
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1. Introduction and main results

Let Q € R? (d > 2) be a bounded connected open set whose boundary 952 is regular enough, w be a small
subset of {2 and let 7" > 0. In this article, we are interested in the stabilization problem for the following
hyperbolic Stokes system:

O2u — Au+ Vp+ a(x)du =0 in R x
divu =20 in R x Q, (1.1)
u=>0 on R x 09, ’

(u(0, ), Ou(0, z)) = (up,v0) € V x H,
where V and H are the usual spaces in the context of fluid mechanics:
V ={ueHj(Q)":divu=0}
and
H={ue LX) divu=0,u-v|gg = 0},

and v(z) is the outward normal to  at the point x € 9. In (1.1), the damping term a € L>°(Q2) and
satisfies a(x) > 0, for all x € Q.
If u = u(z,t) is a (sufficiently smooth) solution of the system, we define its energy as

Elu(t) = % / (10wt ) + |Vu(t,2)) de, Vi€ R,
Q
and when there is no damping, namely a = 0, the energy is conserved, while in general we only have that
E[u](t) is non-increasing:
dEu]
dt

_ / a(@)|dyult, 2)[2dz < 0.

Q
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As for other hyperbolic systems, the stabilization problem for (1.1) concerns the decay rate in time of
the energy E[u](t) under appropriate assumptions on the damping term.

It is well known that stabilization problems are closely related to observability and exact controllability
problems in abstract settings. In fact, if we consider the undamped system

O2u—Au+Vp=0 in R x €,

divu=0 in R x Q,

u=20 on R x 09, (1.2)

(u(0, ), Ou(0,2)) = (ug,v9) € V x H,

we say that (1.2) is observable at time T" with observation in w if there exists C' > 0 such that
T
uoll3 + [|voll3 < C//|8tu(?f,917)|2davdt7 (1.3)

0 w

for every (ug,vo) € V x H.
When (1.3) holds, one can show that for any (ug,vg) € V x H there exists f € L?((0,T) x w)? such
that the solution of

O2u — Au+ Vp = f1, inR x Q,
divu=0 in R x Q,
u=0 on R x 99, (1.4)

(U(O,Zl'),atu(07l')) = (Uo,’Uo) eV x Hv
satisfies

u(T,z) =0, Ow(T,z)=0,

that is to say, system (1.4) is exact controllable at 7" with control localized in w. Nevertheless, it is
important to mention that a complete characterization of the sets w for which (1.3) is true remains open.
A partial answer to this question was given by the first author in [6].

The motivation for studying the stabilization of system (1.1) is twofold. First, system (1.2) is the
hyperbolic counterpart of Stokes system, which is the linearized version of the well-known Navier—Stokes
equation in fluid mechanics. In fact, if we know that system (1.2) is exact controllable at some time
T > 0, with control applied to some control region w, then the so-called control transmutation method
can be applied to obtain the null controllability at any time and the optimal cost of controllability (in
time) for the Stokes system (for more details, see [6]). On the other hand, system (1.2) comes from simple
models of dynamical elasticity for incompressible materials. More precisely, it can be derived as a limit
model of the Lamé system in the linear elastic theory when one parameter tends to infinity [14]. For the
sake of completeness, in “Appendix” we give a derivation of the system (1.2) from the Lamé system. It is
important to remark that the stabilization problem for the Lamé system has been already studied in [5].

To state our main result, let us introduce several concepts. Some terminologies and notations will be
clear in the next section.

Definition 1.1. We say that the support of a nonnegative function a € C(2) satisfies the geometric control
condition (GCC in short) if there exists 7' > 0, such that each generalized bicharacteristic ray v(t) with
speed 1 issued from a point p € T*Q enters the set {x € Q : a(z) > 0} in a time t < 7.

We recall that an open set {2 has no infinite order of contact, if there is no geodesic tangent to 92 of
infinite order. More precisely, in the decomposition

T*9Q = EUHUG,

we have

¢g=J¢.
j=2
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Here, the sets £, H, G are called the elliptic region, the hyperbolic region and the glancing surface, respec-
tively, and G’ is the set of points in G with jth order of contact. The precise definition will be given in
the next section.

The first main result in this article is as follows:

Theorem 1.2. Suppose that @ C R? is a bounded open set with no infinite order of contact and a € C(Q) is
a nonnegative function whose support satisfies the geometric control condition. Then, there exist positive
constants Cy and « such that for any (ug,vo) € V X H, the energy of the corresponding solution u(t) to
(1.1) decays exponentially:

Elu)(t) < CoEu](0)e* (1.5)
for allt > 0.

In what follows, we say that the stabilization of (1.1) holds if (1.5) holds true.

Remark 1.3. As a by-product of the proof of Theorem 1.2, we obtain the null (exact) controllability at
some time T of system (1.4). Namely, there exist T > 0 and a control f € L?*([0,T] x w) such that
the corresponding solution u to (1.4) satisfies (u(T"), dyu(T")) = (0,0). However, we do not describe the
control time T explicitly, since we prove the observability inequality (1.3) by reducing it to a quasi-mode
estimate.

Let us mention that if a is supported in a neighborhood of the boundary 02, the same result is true
by adapting the strategy in [6], where the author has proved the exact controllability of the system (1.4)
with w be a neighborhood of 9. Our result is a generalization of the result in [6].

The pioneering work of Rauch and Taylor [19] related the exponential decay of damped wave equa-
tions to the geometric control condition (GCC) of damped region on compact Riemannian manifold
without boundary. Until the celebrated work of Bardos—Lebeau—Rauch [2], the presence of the boundary
has been understood and the exactly controllability for wave equations as well as the exponential sta-
bilization are obtained under (GCC). The proof mainly relies on the propagation of singularities along
the Melrose-Sjostrand flow. Later on, the tool of micro-local defect measure, introduced by Gérard and
Tartar independently, has been used to simplify the proof of these results and to adapt to many other
problems, see, for example, [5] for the Lamé systems and [8] for a coupled wave system. The key ingredient
of the measure-based proof is the propagation formula, which can be viewed as a transport equation for
the defect measure. This is a more quantitative version of the classical propagation of singularities, which
usually describes the invariance of the wave front set along the Melrose-Sjostrand flow.

For the present system (1.1), the presence of the pressure term Vp introduces non-trivial difficulties
if we want to adapt the strategy in [5] directly, due to the rough regularity of time-dependent harmonic
function p(t,z). However, following [11], the exponentially stabilization of (1.1) can be reduced to the
following semi-classical version of the observation inequality:

Proposition 1.4. Assume that a € L>°(Q) N C°(Q) and [, adx > 0. Then, the stabilization of (1.1) holds
if the following statement is true:

3ho > 0,C > 0 such that for all 0 < h < hg, if (u,q, f) € H*(Q)NV x HY(Q) x H
solves the equation
—h*Au—u+hVq=f, (1.6)
then the inequality
lullzaoy < C (I 2wl 2y + 312y (17)
holds.
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Note that the system (1.7) is just a quasi-mode equation of the stationary Stokes system. In particular,
if f =0, the solution u(h) is a eigenfunction of the Stokes operator corresponding to the eigenvalues h~2.

The proof of (1.7) is based on the propagation of semi-classical measure p in the recent work [20]
of the second author. We give a brief recall here. The sequence of pressures ¢g(h) is harmonic, and their
impact on the solution only occurs at the boundary. It has been shown that the measure is propagated
along bicharacteristic rays which is invariant under the Melrose-Sjostrand flow. When a ray reaches the
boundary, careful analysis between the wave-like propagation phenomenon and the impact of the pressure
allows us to deduce the propagation of the support of the measure p along generalized bicharacteristic
rays defined in [16].

We organize this article as follows. In Sect. 2, we give some notations, definitions and classical results.
In Sect. 3, we follow the strategy in [4] to reduce the stabilization to the semi-classical observability
(1.7). In Sect. 4, we prove the semi-classical observability by adapting the propagation result. Finally in
Appendix, we give the derivation from the Lamé system to the hyperbolic Stokes system (1.1).

2. Preliminary
2.1. Notations

For a manifold M, we let TM be its tangent bundle and T*M be the cotangent bundle with canonical
projection
7:TM(or T"M) — M.
In the tubular neighborhood of boundary, we can identify  locally as [0,¢p) x X, X = {2/ € R¥~1:

|z'| < 1}. For = € Q, we note x = (y,z'), where y € [0,¢),2’ € X, and z € 99 if and only if = = (0,2').
In this coordinate system, the Euclidean metric dz? can be written as matrices

9= (3 ar)) 7= (satran)

with |§’\i(y’w,)) = (¢, a(y,2")¢)ca—1 be the induced metric on T*9f), parametrized by y. Note that
|§’|i(07z,) = (¢, (0, 2")€" a1 is the natural norm on T*9<, dual of the norm on 795, induced by the

canonical metric on 2. Write (z,¢) = (y,2’,1,¢’) and denote by |¢| the Euclidean norm on T*R<.
We define the L? norms and inner product on [0,¢y) x X via

€0

A i AT
0 X

€0
(u|v)L?2/)m/ = (ulv)q = //u~@dg(y,,)x'dy,
0 X
Jutw, )3, = [ Tl )Py
X

(ulo)iz, 0) = [ (o) '

X

where the measure dy(, .y’ is the induced measure on X, parametrized by y € [0, ¢9) such that dy(, 2'dy =
L(dx), the Lebesgue measure on R?. Note that the measure dg(0,x" is nothing but the surface measure
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on J9. In certain situations, we perform using global notation for inner product:

(ulv)g = /u-ﬁdx,

Q
(fl9)on == / f - gdo(2)
o

In the tubular neighborhood, we can write a vector field X = (X, X 1), where X stands for the compo-
nents parallel to the boundary, while X stands for the normal component with the following convention:
(0,a) = —av.
As in [7], we will write down system (1.1) in the tubular neighborhood. For u = (u|,u. ), equation
(1.1) can be rewritten:
(=h*Ay = Vuy + hVag = fy,

(_h2Ag —Duy +hdyg = f1,

, h
h div juy + ﬁay(\/detgug =0

(2.1)

where
R2A| = h?02 — A*(y, o, hDy) + hM(y, 2, kD) + hMy(y, 2’ )h,,
h2Ag = hz(‘)j — A%(y, 2, hD.) + hM, (y,z',hD.) + hN1(y,x")hdy,

N—1
) h
h div |w = ﬁ Z 34(@““4)
Jj=1

Note that h?A?(y,2’, hD,s) has the symbol \? = |§’|§(y 4s My, 1 are both first-order matrix-valued semi-
classical differential operators, and M;, N1 are zero-order matrix-valued functions.

2.2. Geometric preliminaries

Denote by TQ the vector bundle whose sections are the vector fields X (p) on Q with X (p) € T,09 if

p € 09 Moreover, denote by bT*() the Melrose’s compressed cotangent bundle which is the dual bundle
of °TQ. Let
j T =T
be the canonical map. In our geodesic coordinate system near 9,° TQ is generated by the vector fields
O, ge— > Yy and thus j is defined by

oy A
oz ozl

iy, 2'sn, &) = (y, 2’50 =yn, ¢).
The principal symbol of operator P, = —(h2A +1) is

p(yaxlvnag/) = 772 + |§/|(2)/(y,"c’) -1

By Car(P) we denote the characteristic variety of p:
Car(P) := {(z,€) € T*Rg : p(x,€) = 0}, Z := j(Car(P)).
By writing in another way
p=n*—r(y.2 &), r(y,2", &) =1- ¢,
we have the decomposition
TN =EUHUG,
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according to the value of rg := r|y:0 where
&= {’f’o < 0},7‘(: {7‘0 > 0},g = {7’0 = 0}

We call £,H, G elliptic, hyperbolic and glancing sets, with respectively.

For a symplectic manifold S with local coordinate (z, (), a Hamiltonian vector field associated with a
real function f is given by
_9f9 _9f9
C0C 9z 020C
Now for (z,€) € Q far away from the boundary, the Hamiltonian vector field associated with the charac-
teristic function p is given by

Hy

0
H, =2{—.
P g@x
We call the trajectory of the flow
s+ (2,8) = (4 56,6)

bicharacteristic or simply ray, provided that the point z 4 s£ is still in the interior.
To classify different scenarios as a ray approaching the boundary, we need more accurate decomposition
of the glancing set G. Let 7 = 0yr|y=o and define
GF3 = {(a',€') sro(a’, &) = 0, H (1) = 0,V) < ks Hi T (1) # 01,k > 0
G2E = (', ) ro(2’,€) =0, +r1 (2, &) > 0},G% =G>T UGH.

No infinite order of contact means that we can decompose G into
o
g=J¢.
j=2

Given a ray v(s) with 7(7(0)) € @ and 7 (y(so)) € 92 be the first point who attaches the boundary.
If v(so) € H, then 1+ (v(s0)) = +/70(7(s0)) be the two different roots of n? = ry at this point. Notice
that the ray starting with direction n_ will leave 2, while the ray with direction 1, will enter the interior
of Q. This motivates the following definition of broken bicharacteristic:

Definition 2.1. [12] A broken bicharacteristic arc of p is a map:
se€I\ B~ ~(s)eT "0\ {0},
where [ is an interval on R and B is a discrete subset, such that

(1) If J is an interval contained in I \ B, then s € J — 7(s) is a bicharacteristic of P, over 2.
(2) If s € B, then the limits y(s™) and v(s™) exist and belongs to T;'Q \ {0} for some x € 9, and the
projections in 70 \ {0} are the same hyperbolic point.

When a ray v(s) arrives at some point py € G, there are several situations. If pg € G**, then the
ray passes transversally over pp and enters T*Q immediately. If pg € G>~ or py € G* for some k > 3,
then we can continue it inside T*0(2 as long as it cannot leave the boundary along the trajectory of the
Hamiltonian flow of H_,,. We now give the precise definition.

Definition 2.2. [12] A generalized bicharacteristic ray of p is a map:
s€I\B—~(s) € (T*Q\T Q) UG
where [ is an interval on R and B is a discrete set of I such that po~y = 0 and the following:

(1) ~(s) is differentiable and % = H,(y(s)) if y(s) € T*Q\ T*0Q or (s) € G>+.
(2) Every s € B is isolated, y(s) € T*Q\ T*09 if s # t and |s — t| is small enough, the limits v(s%)

exist and are different points in the same fiber of T*9f2.
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(3) ~(s) is differentiable and % = H,(v(s)) + H—’;;J)Hy if v(s) € G\ G**, where y is the boundary

Y

defining function.

Remark 2.3. The definition above does not depend on the choice local coordinate, and in the geodesic
coordinate system, the map

s (y(s),n*(s),2'(5), € (5))

is always continuous and

s (2'(s),€'(s))
is always differentiable and satisfies the ordinary differential equations
dz"  or d¢  or

dt e At dx”’
the map s — y(s) is left and right differentiable with derivative 2n(s™) for any s € B (hyperbolic point).
Moreover, there is also the continuous dependence with the initial data, namely the map

(5,p) = (y(s,p). 1% (5, p), 2" (5, ), € (5,p))
is continuous. We denote the flow map by (s, p).

Remark 2.4. Under the map j :I*ﬁ —? T*Q, one could regard v(s) as a continuous flow on the
compressed cotangent bundle *T*Q), and it is called the Melrose-Sjostrand flow. We will also call each
trajectory generalized bicharacteristic or simply ray in the sequel.

It is well known that if there is no infinite contact in G, a generalized bicharacteristic is uniquely
determined by any one of its points. In other words, the Melrose-Sjostrand flow is globally well defined.
See [12] for more discussion.

3. Review of semi-classical propagation of singularity
3.1. Definition of defect measure

We follow closely [3] here, see also [9] for a little different but more comprehensive introduction.
Define the partial symbol class S¢/ and the class of boundary h-pseudo-differential operators A} as
follows:
Sgi={ay,«',¢) . sup  |0500aly, 2, &) < Crmas(1+ €)1}
o,B3,y€[0,€0]
At =: Opy”"P(S™) + Opy, (S¢7) == Ay + A} -

Denote by U a tubular neighborhood of 0f2. Consider functions of the form a = a; + ag with a; €
C2°(Q x R?) which can be viewed as a symbol in S, and ag € C2°(U x R?~1) can be viewed as a symbol
in Sg,. We quantize a via the formula (in local coordinate)

Opn(0)(18') =g [ T (e €)1 (2)aza

R2d
1

* (2mh)d-1

/ T ay(y, 0, &) f(y, 2')d'de
R2(d—1)

Notice that the action of the tangential operator Opy, (ag) can be viewed as pseudo-differential operator
on the manifold 052, parametrized by the parameter y € [0,€). No doubt that the definition of the
operator Op,(ap) depends on the choice of local coordinate of 9. However, the bounded family of
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operators Ajp'; is defined uniquely up to a family of operators with norms uniformly dominated by Ch,
as h — 0. See [9] for more details. Moreover, for any family (Ap), such that

[An = Opy(aa)llz2—r2 = O(h),

the principal symbol o(A) is determined uniquely as a function on T*952, smoothly depending on y, i.e.,
o(A) € C>([0,¢e9) x T*0N).

When we deal with vector-valued functions, we could require the symbol a to be matrix-valued. Now
for any sequence of vector-valued function wy,, uniformly bounded in L?(), there exists a subsequence
(still denoted wy, for simplicity), and a nonnegative definite Hermitian matrix-valued measure p; on T*)
such that

lsn (O, (0wl = (i) i= [ tr (ad)
T+
For a proof, see, for example, [3], and the micro-local version appeared in [10].
From now on, we will only deal with scalar-valued operator, even though we will encounter vector-
valued functions in the analysis. Suppose uy be a sequence of solutions to (5.1), under the assumptions

below:
lukllr2() = O1), fr € H and | fr| 20y = o(hx),
1hVaxl 220y = O(l),/qkdw -0, (3.1)
Q

The following result shows that the interior measure y; is supported on the Car(P).

Proposition 3.1. Let a; € C°(Q x RY) be equal to 0 near Car(P), then we have

lim (Opy, (a;)ug|ug)r2> = 0.
k—o00

Proof. Note that the symbol b(z,§) = (|l§|(;—€1) € S% is well defined from the assumption on a;. From

symbolic calculus, we have
Opy, (ai) = By (=hgA = 1) + Opa 2 (hy).

Therefore,
(Bh, (—=hiA = Dyuglug) 2 = (B, frlur) 12 = (Bh i Vae|ug) 12
= o(1) + (" V, Bn,Jqk|ur) L2 — (hiV Bp, qi|ug) 2
=o0(1), as k — oo,
where in the last line we have used the symbolic calculus, integrating by part, and Lemma 5.3. O

Now we denote by Z = j(Car(P)). Proposition 3.1 indicates that the interior defect measure p;
is supported on Z. To define the defect measure up to the boundary, we have to check that if ay €
C>(U x R71) vanishing near Z (i.e., ag is supported in the elliptic region for all y small) then

lim (Opy, (as)ur|ug)r> = 0.
k—o0

Indeed, this can be ensured by the analysis of boundary value problem in the elliptic region, and the
reader can consult section 6. Now for any family of operator A, € A%, let a = 0(A;) be the principal
symbol of A; and we define k(a) € C°(Z) via r(a)(p) := a(71(p)). Note that Z is a locally compact
metric space and the set

{k(a) :a=0(Ap), Ap € AV}

is a locally dense subset of C°(Z). We then have the following proposition, which guarantees the existence
of a Radon measure on Z:
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Proposition 3.2. There exists a subsequence of ug, hi and a nonnegative definite Hermitian matriz-valued
Radon measure u, such that

kILH;O(AhkUH'UJk)LQ = <Na H(a»v a= O—(Ah%VAh € A?L

The proof of this result can be found in [3], see also [5] and [10] for its micro-local counterpart. Notice
that if we write a = a; + ay, then

() [ @alo)ds(o) + [ (@olo)dn(o)).
T Q Z
The following result shows that information about frequencies higher than the scale h,;l is not lost,

and the measure p contains the relevant information of the sequence (ug).

Proposition 3.3. [20] The sequence of solution (uy) is hy—oscillating in the following sense:

tim timsup [ [P ds =0, € C2(@),

R—oo 0o
|€|>Rh; "

€
tim timsup [ dy [ [Duan,€)Pd = 0.¥ € C2 (@)
I &/ |>Rh; !
where in the second formula, the Fourier transform involved is only the x' direction.
A direct consequence is the following:

Corollary 3.4. Suppose a'/?uy, — 0 in L*(Q), and p is the defect measure associated with (uy, hy), then
(n,a) = 0.

3.2. Recall of propagation theorem

Now let us recall the several results proved in [20].
In the interior, the full transport property of defect measure is proved.

Proposition 3.5. [20] For any real-valued scalar function a € C° (2 x R?) vanishing near &€ = 0, we have

2 a0 (s, ) =0

The following proposition illustrates that near a elliptic point on the boundary, there is no accumula-
tion of singularity.

Proposition 3.6. [20] uls = 0. If we let v be the semi-classical defect measure of the sequence (hyd,ug|sq,
h), then vlg = 0.

When a ray travels near a hyperbolic point or a point on the glancing surface, the knowledge of the
singularity is much less known. Nevertheless, we have

Theorem 3.7. [20] Assume that ) is a smooth, bounded domain with no infinite order of contact on the
boundary. Suppose (uy) is a sequence of solutions to the quasi-mode problem (1.1) with semi-classical
parameters h = hy. Assume that fr € H, ||fx|lr2() = o(hx) and uy converges weakly to 0 in L*(Q).
Assume that p is any semi-classical measure associated with some subsequence of (ug, hi), then suppu is
invariant under Melrose—Sjéstrand flow.
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4. Reduction to semi-classical observability

This section is devoted to the proof of Proposition 1.4. In fact, it is classical from [11] that stabilization
or observability of a self-adjoint evolution system is equivalent to resolvent estimates. See also [4,23].
Recall that the damped system is given by
02— Au+a(z)0u+Vp=0,(t,z) ER x Q
dive = 0,in
u(t, )|aQ =0
(u(0), 9yu(0)) = (ug,v9) € VX H

(4.1)

We always assume that 0 C R? is a bounded domain (open, connected set). We use v to denote the
outward normal vector on 02 and the damping term a € L>(Q) with a(z) > 0.
We also consider the undamped system

Ofu — Au+Vp=0,(t,z) ERxQ
divu = 0,in Q

u(t,.)oa =0

(u(0), 0u(0)) = (ug,v0) € V x H

4.1. Some functional analysis preliminaries

We work with a Hilbert space H := V x H, equipped with the norm
1, 9) 3 = IV Fll72 ) + l9ll720)-

and denote 11 : L2(Q2)Y — H be the orthogonal projector (Leray projector) and A = ITA be the Stokes
operator. We consider the operator:
0 Id
A= (A —Ha) (4.3)

D(A) = (VN H*(Q)) x V.

with domain

In order to use semi-group theory, we first show that for some A > 0, the operator (A — \) is invertible:
Take (f,g) € V x H, and consider the system

v—Au=f
{Au— (MMa+MNv=yg (44)

We consider the bilinear form

B(uy,uz) = /Vul - Vugdx + /()\2 + Aa(z))uy - ugdm,
Q Q

defined on V' x V. We then conclude from Lax—Milgram that for A > 0, there exists u € V such that for
any w € V, we have

B(u,w) = 7/(g~w+ (a(z) + \)f - w)da.

Q
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Set v = Au+ f, we have solved the system (4.4) in weak sense. Standard regularity argument gives that
for A > 0.

(A= )N)"':H — D(A),

is a bounded, and (A — \)~!: H — H is compact. Moreover, if A € Spec(A), we must have R\ < 0. This
will be clear in the proof of Proposition 4.6.

However, since the operator A is not maximal dissapative, the Hille—Yoshida theorem is not applicable.
A slightly general modification ensures the existence of semi-group e** which evolves the initial data in
D(A) and solves Eq. (4.1) with more regular data.

For solution wu, dyu to (4.1), we consider the energy functional

Blult) = 5 [ (Ot 0 + [Vu(t, o)),
Q

and we calculate

iE[u](t) = /Btu- (02u — Au)dz
Q

= —/atu~Vpdx—/a(x)\8tu\2dx
Q Q
<0

thus

Elu)(t) < Elu)(s),Vs < t. (4.5)
By density argument, we can solve (4.1) with initial data in H such that the energy dissipation (4.5) still
holds.

4.2. Observability and Stabilization

In this section, we will prove the stabilization for damped system is equivalent to observability for
undamped system. For this part, we follow closely in the appendix of [4] in which the authors have
sketched the standard argument for damped wave equation.

We first introduce the quantity

T
Du)(T) ://a(x)\atu(t,xﬂzdxdt,
0 Q

and it quantifies the dissipation of the energy:

Elu(T) = E[u(0) = D[u](T).

Proposition 4.1. The following assertions are equivalent:

(1) Stabilization: There exists Co, o > 0, such that for every solution u € C(R; V N H2(Q)) N CYR; V)
to the damped system (4.1), we have

Elu](t) < CoE[u](0)e™ ¥t > 0.

(2) Observability: There exists C > 0 and T > 0, such that, for every solution v € C(R; V N H2(Q)) N
CL(R; V) to the undamped system (4.2), the observability inequality holds:

E[v](0) < CD[|(T).
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Proof. We first claim that the stabilization of damped system is equivalent to the observability of damped
system.
It is clear that
E[u](0) = Elu](t) — D[u](?).

Let us first assume the stabilization of damped system. Argue by contradiction, suppose the observ-
ability of damped system does not hold. We first choose Ty > 0 large enough such that Che™T0 < % We
can select a sequence of solutions (ug) and such that

Elug](0) = 1, D[ug](To) — 0, as k — oo.

We thus have

% > Coe=T0 > Blug)(Thy) = Elug](0) — Dlur](Ty) = 1+ o(1), as k — oo,

which leads to a contradiction.
Let us now assume the observability for damped system, i.e.,

Efu(0) < CDu|(T),

We may assume that C' > 1, from the energy dissipation and observability, we have
1
Elul(27) = El(0) - DluleT) < (1= & ) ERl0)
For any ¢t > 0, we write m = Lﬁj, therefore, we have

Blul(0) < Elm) < (1= 5 ) Bll)

after choosing Cy, o appropriately, we have the stabilization of damped system.

Our second step is to justify the equivalence between observability of damped system (4.1) and
undamped system (4.2). To do this, we denote u and v be solutions of the damped and of the undamped
system, respectively, with the same initial data at ¢ = 0. Let w = u — v, and simple calculations yield

02w — Aw = —adyu — Vg,
afw — Aw + adyw = —adyv — Vg,
with some pressure function gq.

We calculate

d

aE[w] (t) = —/a(m)|8tu|2da: + /a(a:)@tu - Oywdx — /8,511) - Vqdz,
Q Q Q

and the last term of left-hand side vanishes, thanks to dyw € C(R; V). Thus, we can write

d

S Blul(r) = - / o(2)|Orul2dz + / a(2)dhu - Dyvda
Q Q

or equivalently

—Ew](t) = — /a(x)atu - Opwdz.
Q
Integrating the two expressions above and using the inequality of the type

lab| < €|al® + C(e)|b]?, Ve > 0,

one easily gets
E[w)(T) < B min (D[u)(T), D[](T)),vT > 0, (4.6)
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where B is another absolute constant.

Now suppose we have observability for the damped system (4.1), if D[u](T) < DI[v](T), the observ-
ability of undamped system (4.2) is trivial. Now assume that D[u](T) > D[v](T'), we deduce from (4.6)
that

E[v](0) = E[u(0) < CD[u[(T) < CDW|(T) + CD[u|(T)
< C(E[w|(T) + D)(T)) < CD|(T).
The derivation of observability from undamped system to the damped follows in the same way, and we
omit the details. O

Remark 4.2. Since the domain D(A) is dense in H and the observability and energy decay only involves
the L? norm of Vu and d;u, the same result of Proposition 4.1 holds if we replace u € C(R; VN H?(2)) N
CLR;V) toue C(R;V)NCHR; H).

4.3. Resolvent estimates and stabilization

Recall that from the previous sections, the study of damped system (4.1) is equivalent to the project

system
d ( U ) (O Id ) ( u )
0 A 11 0 ’
dt \ Cru a tU (@.7)

(aﬁ) € C(R;V x H).
We will use the notation U = (u, d;u)! in the sequel.

In this part, we follow almost the same way as in the appendix of [4], only to pay attention to the
changing of working spaces (appearance of the pressure term and divergence free structure). Moreover,
we add some technical details which may seems standard to experts in analysis but not disposable for
many applied people.

From last section, we know that the observability of undamped system (4.2) is equivalent to the
stabilization of damped system (4.1); therefore, we will concentrate ourselves to the study of stabilization
of (4.1). The following result is standard in semi-group theory:

Proposition 4.3. Consider a semi-group e on a Hilbert space X, with infinitesimal generator L defined
on D(L). Then, if there exists C > 0,6 > 0 such that the resolvent of L, (L — \)™! exists for R\ > —§
and satisfies

YAEC) i={z € C: Rz >~} [[(L - N gy < C.

Then, there exists M > 0 such that for any t > 0,

st

e pay < Me™ 2.

We need a lemma from complex analysis. We temporarily use the convention of Fourier transform

n 1 i —itT
u(r) = m_é e "Tu(t)dt.

Lemma 4.4. Let u,v be two continuous functions with support in Ry = (0,00). Assume moreover that
u,v € L2(Ry) and v has compact support. From Winer—Paley theory, we know that the Fourier transform
v admits a holomorphic extension to C and of exponential type. Given ag > 0, suppose that the Fourier
transform U is also holomorphic in S,y = {z € C: Sz < ag} and satisfies

16(2)] < C5(2)],Vz € S,
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Then, for any a < ag, e**u(t) € L*(R;) and

/@”ﬂu@ﬂ%ﬁ:‘/|MT+i@Pdt
0 —00
Proof. We first claim that
/62“t|v(t)|2dt = / |5(T + ia)|*dT,Va € R. (4.8)
0 —00

Indeed, since v is compactly supported,

(T +ia) = \/7/ e UTy(t)dt

which is analytic in a and rapidly decreasing in 7 for each fixed a € R. Thus, one easily deduces from the
Plancherel (or calculate the integral directly) that (4.8) is true.

As a consequence, u(. +ia) € L*(R) for each a < ag. Notice also that u € L?(R, ), thus for each a
with Ra < 0, the formula

/e2‘”|u(t)|2dt: / [a(r + ia)|?dr (4.9)
0 — 00

holds true and analytic with respect to a. In particular, |a(z)| < C|v(2)], z € Sa, implies that u(r + ia)
is rapidly decreasing in 7 for each fixed a < ag. For z = 7 4 ia with a < ag, consider the integral

at 7 .
;27 / e u(z)dr = \/T / IT(z)dr € LA(R).
I I

From Cauchy integral theorem, we have that

F(a,t) =

at

e
F(a,t) = a(r)e’mdr = e"u(t) € L*(R).
Jﬁ
From this, we conclude that (4.9) follows for all a < ag. O

Remark 4.5. In the previous lemma, the same results hold true if we replace u,v to be Hilbert-space
valued functions.

Proof of proposition 4.3. The basic tool to prove this proposition is the Fourier-Laplace transform in
time variable. From the property of strongly continuous semi-group, we know that there exists wg > 0
such that (see [21])

e )l gy < €0F, vt > 1.

Take ug € D(L), and pick a nonnegative cut-off x € C*°(R) such that y =0,Vt <1 and x = 1,Vt > 2.
We define u(t) := x(t)e!L=*tuq for some w > wp and thus u € L>(R; X'). Moreover, we have the equation

(01 +w — L)yu = x'(t)er " ug =: v(t).
By taking Fourier transform, we get

(it +w — L)a = 0(7).



ZAMP On the stabilization of a hyperbolic Stokes system Page 15 of 24 139
Since v is compactly supported in positive axis in time variable, the (1) has a holomorphic and bounded
extension in any domain of the form

Se ={r€C:37<a},a>0.

From the assumption on the resolvent, we deduce that (it + w — L) is invertible if 7 € S5, and thus
u(7) admits a bounded holomorphic extension to Sy, which satisfies

[a(r)[lx < Cllo(r)]]x-

Apply Lemma 4.4, we deduce that

[ e tulze = [ e + iwn + 9
<C [ 1o+ itwo + ) ece

o0
sc/ww”%ﬁwstﬁ.
— 00

We remark that one need use various types of Winer—Paley theorems to justify the above calculations,
thanks to the fact that u(t),v(t) is supported on [1,00) and furthermore v(t) has compact support. Take
w < wy+ g in the definition of u, we have that

St
lle2 etLu0||L2(R+;X) < Cilluol| -

Thanks to the semi-group structure and uniform bound principal, we have that there exists My > 0, such
that for any interval I C (0, +o00) of length 1,

[f(t+5)]

sup " < M,.
ter,s>0,0+ser | f(1)]

with f(t) = |le'Fugl| x. Therefore, for any 7' > 0,

T+1
5t 2 5T : 2
t)|“dt > t)|”.
[ Pz e uin 7o)
T
Therefore,
T+1
T 12<M2 . t2<—5T/ Su t2dt
S+ OP <M _min (7O < [ i)
T
This implies the exponential decay
_bt
e uollx < Me™ % [|ug| x-

Now we can introduce the semi-classical observability

Proposition 4.6. Assume that a € L>=(Q)NC°(Q) and [, adx > 0. Then, the stabilization of system (4.1)
is implied by the following statement:

Jho > 0,C > 0 such that YO < h < ho,¥(u, q, f) € HX(Q) NV x HY(Q) x H



139 Page 16 of 24 F. W. Chaves-Silva and C. Sun ZAMP

solves the equation
—h?Au —u+ hVq = f,
we have
lullzo) < € (10 2ulzen + 3 1z ) (4.10)

For the proof, we need two lemmas.

Lemma 4.7. Let L be a linear operator on Hilbert space X with a compact resolvent (L —1d)~1. Suppose
the spectrum Spec(L) C {z : Rz < 0} and satisfies that for any o € R, L — io is invertible and satisfies
the uniform bound

sup ||(L —io) ™| < oo.
o€eR

Then, there exists 6 > 0, such that
sup [|(L — )7 < oo,
AeC?

where C7 :={z € C: Rz > —c} for any o € R.

Proof. Write

sup [|(L —io) ™| = C
oeR

We denote R(z) = (L —2)~! for 2 € p(L) := {2z : 2 € C\ Spec(L)}. Take zy € p(L), we write
L—z=(L—2)Id+ (L —z20)"" (20 — 2)),

and for |z — zo| < m, we have

IR < IR(z0) Y |2 = 20l [|(L = 20) """ < Ro(z0).
n=0

Therefore, for A with [RA| < 6, where 0 < § < 55, we have ||R())|| < C. To conclude, we only need show
that there exists C; > 0, such that

sup [[(L—2)7|| < Cr.
RNz>d
Consider the holomorphic equivalence ¢ : CY — D, = 1.
oz _1+¢
where D := {¢ : |[¢] < 1} be the unit disk. One easily verifies that the operator-valued function

P(¢) = R(¥(¢)) : D — L(X)
is analytic and satisfies the Cauchy integral formula
1 ®(¢)
P = — —=d(, V¥ D.
@)= 5 P eV
I¢]=1
Since dist (9D, p(C~?)) > €y > 0 for some €y depends only on §, we deduce that for any z € C™9,
1 D(¢) C
<= ¢ —% g4l < =
IR < |5 ¢ =] <

€0
[¢1=1
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Lemma 4.8. (Unique continuation of Stoke operator) Let o > 0 and uw € V' satisfies that
Au = o?u.

Then, if ul, =0, we must have u = 0.
Proof. 1t is equivalent to write

—Au+ Vp = o?u, divuzO,uEV,/pdsz.
Q

Take divergence of the equation, we have Ap = 0. The vanishing of u in w implies that p equals a constant
in a component of w. Now since €2 is connected, the maximum principal implies that p = 0 in 2. Therefore,
we have reduced to unique continuation of eigenfunction of Laplace operator, and this implies that u = 0
in €. O

Proof of proposition 1.4. We need show that the semi-classical observability implies the stabilization.
Note that the operator (A — \) is invertible for any A > 0. One write

A—z=(1d+(1-2)(A—1d)")(A—1),Vz € C.

Since Id + (1 — 2)(A — Id)~! is Fredholm with index 0, we infer that A — z is invertible iff it is injective.
In light of the previous lemmas and Proposition 4.3, we only have to prove the fact that

3C > 0, such that Vo e R,U € D(A),F € V x H,(A—ic)U = F
implies |[Ullz < C|[Flle.
We argue by contradiction. If it is not true, then we can find sequences (oy,), (U,), and (F},) such that
(A= i0)Un = Fu, Ul =1, | Fullre <
After extracting subsequences we may assume that o, — o, and we write
Un = (unvvn)taFn = (fmgn)t~

We have several cases to analyse, according to the limit value o.
(1) o = 0: In this case, we have AU,, = o(1)3;, which is equivalent to

vp = o(1) g1, Aup, — lav, = o(1) e,

thus Au, = o(1) 2. Taking inner product with u, and integrating by part we have
/\Vun|2dz =o(1).
Q

This contradicts to [|[Upl|# = 1.
(2) 0 < |o| < co: In this case, we have AU,, — iocU,, = o(1), or equivalently,

Uy, — 10Uy = 0(1) g1, Auy, — (io + Ha)v, = o(1) 2.
Thanks to Poincaré inequality, we deduce that
Auy, —io(io 4+ Ha)u, = o(1) re.

Applying Rellich compact embedding theorem followed by extracting to suitable subsequences, we
may assume that

Up — u, in L2(Q),u, — u, inV.

Taking inner product with u,,, we have

7/|Vun\2d:c: 70/|ui\dx+ia/a(x)\un|2d:r+o(1),
Q Q Q
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which implies that au = 0 in Q. Thus, we can conclude that u is an eigenfunction of Stokes operator
A and vanishes in a non-trivial open subset of ). The unique continuation property for the system

—Au+ Vp=c?u, divu=0
implies that uw = 0. As a consequence, we have that u,, = o(1) His»Un = 0(1) 2. This contradicts to
the original assumptions.

|o| = co: We only study the case o,, — +00 (the other one is obtained by considering U,,).
Let hy, = 0,;!, and we deduce from the system AU,, — ic,U, = o(1)y:

h2 Au,, 4w, — ihpHaw, = h2Taf, + i, fo + h3g, = op2(hn)
hpUn — iUy, = hnfn = O(hn)H(}7
hiAvn + vy — thypIlav, = ih,gn — hiAfn =orz2(hy) + og-1(hy).

Define the operator P, = h?A + Id — ihIla on H with domain H?(2) NV, we have (dropping the
subindex n for the moment)

(Poulu)re = Julfe(q) — 1Vl () — ihlla'?ul72 -
Taking imaginary part, we have

| Prullrz(o)llull 20
N .
Applying the semi-classical observability to the equation

R Au + v = ihIlau + f

||a1/2uH%2(Q) <C

with f = og2(h), we have

ey < (o 2ulEar + s 1y + 121 el
: . (4.11)
< ﬁ”f”L?(Q)”u”L?(Q) + ﬁHf”QLQ(Q)'
This implies that
il < 1l = of0)
To conclude, observe that v,, satisfies
h2 Avy + v = op(hn) + 0pr—1(a) (h2),
and we claim that if (h2A + 1)v = f1 + fo, then
[oll2(0) + RVl L2(0)
<c <||a1/2v||Lz n ||f1||:2(9) n ||f2||}1;121(9)> ' (4.12)

Assume the claim for the moment, we thus have ||k, Vv,||12(0) = o(1), and |[|Vu,| r2) = o(1),
thanks to w, + thyv, = ih, f,. This contradicts to the original assumption.

Now we turn to the proof of the claim. By density, (4.10) still valid when v € V. Taking inner
product of v with Ppv, we have

(Prolv)re = ||U||2L2(Q) - HhVU||2L2(Q) - ihllal/QUHQL?(Q)'

Therefore, by taking real part and injecting (4.10), we have

(4.13)

| Prv|| 20
Mvﬂmmywwumn§0<a”%hmn+<) .

h
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By taking real and imaginary part of (Pnv|v)rz2, we have

| Proll 2o llv] L2 )

la'?v]13 20y < h , (4.14)
Substituting (4.14) into (4.13), we obtain that
2
5 2 [Pl vz 1Phvllzeg,
[hVo[[72 () + vl72(0) < C ( h + 52 )

and this implies that

| Proll 220
1AV V|| L2(0) + vl 22(0) < C%.

Thus, Py is bijective from H2(Q) NV to H and hence invertible. From the fact that
P, = (14 (2 —ihIla)(h*A — 1)) (h?A - 1),
P, can be written as composition of a positive operator and a Fredholh operator of index 0. From

the estimate above, we conclude that

_ C
1P 2 < 72

— fi + fo. Taking g € H, and letting w = P, 'g, we

C
P Y ege < =,

| h 22 < h

Now come back to the equation (h?A + 1)v

have
(vlg)> = (W2 A+ 1)v|w) > + ih(v|Taw) >

= (fl + fglw)L2 +ih(av|w)L2
< Al 1Py gllz2 00 (4.15)
+ || foll -1 1Py tallv + hllav z2a) llw] 20

il Il
sc(m”%nmm @ DY gl 12c0-

h h?
This completes the proof.

O
5. A priori estimates for the quasi-mode system
Now we consider the quasi-modes of Stokes system
— hjAuy — up + M Var = fi, (ug, fi) € (H*(Q)NV) x H,
) . (5.1)
hidivug = 0,in Q

To simplify the notation, we drop the sub index k and just keep the semi-classical parameter h everywhere.
Note that the functions u, v, etc., should be understood as u(h), v(h), etc. We fix the geometric assumption
on the domain  C R? is smooth and connected and 92 = Uévzlfj with I'; NI'y, = @,1 # k and each I';
is smooth and connected.

Now assume that

||U||L2(Q) =0(1), ||f||L2(Q) = o(h).

Taking inner product with u and integrate by part, we have

||hvu||L2(Q) = 0(1).
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One can always assume that fQ qdz = 0, since ¢ € L?(2)/R. From the regularity theory of steady Stokes
system, (see [22, p. 33]), and Poincaré inequality, we have

1h*Vul| 200y = O(1), gl 2@ = O(R™Y), [|hV g 2 () = O(1).
We now give some estimates on the trace. Write o = ¢laq,
Lemma 5.1. ||q|[r2(0) = O(h™ ), [|aoll z1/2(00) = O(h™), llqoll L2 p0) = O(R™1).

Proof. Since ¢ is harmonic function, one can apply trace theorem H*(Q) — H*~/2(9Q) for any s € R.
Hence, the conclusions follows from these and interpolations. O

Lemma 5.2. h0,uloq = (hd,u,0), and ||hOnulaql 12s0) = O(1).

Proof. The first assertion follows from hAdivu = 0 and Dirichlet boundary condition, while we apply a
multiplier method to prove the second. From the geometric assumption on €2, we can find a vector field
L € C*(Q) such that L|po = v (see [15, p. 36]). In global coordinate system, we write L = L;(2)d,,. By
using the equation, we have

/Lu - fdx = /Lu ~(=h*Au — u + hVq)dz
Q Q

—/Lu-udx = —/L»(m)@ ututde
Q
/8% (z)u) ZdI-i—/le L(z)|u|*dz
/L] )0y uld:c—i-/div L(z)|u*dx
Q Q
/Lu udx+/div L(z)|ul|?dz,
Q

thus
h/Lu -Vgdx = —h/uiﬁxj (LjOy,q)dz
—h uLquxfh/dle Ju - Vgdx
Q

—h

D\ D\D

U - Lqum—h/dle z)u - Vgdx
Q

o),

1
and /Lu cudx = -5 /div L(z)|u|*dz = O(1),
Q

—hQ/LuAu’dx——h2/|8u| da+h2/VL V', Vu')da
Q N

0 [ L@, 00

Q
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- _h2/|a,,u"|2do+h2/VL(x)(vui,vu")dx
o0 Q

+h2/31]. (L;0p,u") Oy u'dz — h? /div L(z)Vu' - Vu' (z)d,
Q Q
h? /8%. (L;j0p,u') Oy u'de = h? /L ‘v layui|2 do — hg/Lj (x)@a:kuiazﬂkuidx,
Q o0 Q
2 i Al h? i|2 i i h? : 0|2
—h /Lu Au'dr = —5 / |9, u’| d0+/VL(x)(hVu ,hVu')de — ?/dlv L(z)|Vu'|“dx.
Q o0 Q Q

Observing that [, Lu - fdz = o(1), we have

/ Ihd,ul? do = O(1).
o0

Lemma 5.3. Under additional assumption that
lla'Pug]| L2y = o(1),

after extracting to subsequences, we have hiVq, — 0 L*(Q) and up — 0 weakly in L*(QY). Therefore,
from Rellich theorem, we have hq — 0, strongly in L*(£2).

Proof. We may assume that hVq — r, weakly in L?(Q2), and Rellich theorem implies that hq — P,
strongly in L?(£2), and thus VP = r, with the property [, P = 0. Now we claim that AP = 0 in Q.
Indeed, take any ¢ € C§°(Q),

/VP-V(pz}lin%/th-ch:O.
Q Q

Now suppose uy — U, weakly in L2(€2), wy, = hiu, — W, weakly in H?((2), by taking the weak limit in
the equation, we have

—~AW —U +VP =0, in L*(Q).

Notice that a'/?uj, — 0,a'/?wj, — 0, strongly in L?(£2), and this implies that U], = W/, = 0. Therefore,
in a connect component w’ of w, we have VP = 0. However, P is a harmonic function, then P =const.,
thanks to the fact that €2 is connected. Note that fﬂ P =0, hence P = 0. Moreover, from Rellich theorem
that w, — W strongly in L*(Q), and on the other hand ||hfuk|r2(q) = o(1) we must have W = 0.
Therefore, U = 0. O

6. Proof of the observability estimates

In this part, we will prove Proposition 1.4 under the assumption in Theorem 1.2 on € and w.
We argue by contradiction, suppose (1.7) is not true, we can then choose a sequence (un, hp, Gn, fn) €
H2(Q)NV x Ry x HY(Q) x H satisfies equation

with the following properties:

unllr2(@) = L || falln2e9) = o(hn), @' up || 12y = o(1),n — oo.
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Up to extracting to subsequence, we can associate (u,, hy,) with a semi-classical gefectimeasure . There-
fore, we have w N w(supp(p)) = O from Corollary 3.4, where we denote 7 : T*Q) — Q be the canonical
projection.

Denote ¢(s,p) be the globally defined generalized bicharacteristic flow, thanks to the geometric
assumption that € has no infinite contact. Pick any point py with 7(pg) € w. For any time segment
[0, so], there are several situations:

Either ¢([0, so,po) C €, or there exist 7(p([0, s0], p0)) N AN # O, then from the assumption on Q,
all points ¢(s, po) with s € [0, s9] and 7(¢(s, po)) € IQ must lie in H U G>T U G>~ U Jys3G*. Now
Theorem 3.7 implies that B

supp (¢(s,)+p) C supp (u).
Therefore, we have
([0, s0], po) N supp (u) = 0.

We now invoke the geometric control condition to deduce that

Qcw < U ¢([0,T0]apo)>

pPoEW
for some Ty > 0 and thus ¢ = 0. This contradicts to the assumption that

/|un(ac)|2da: .Y
Q
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7. Appendix

We will derive the hyperbolic Stokes system (1.2) from certain limit procedure of Lamé system from

elastic theory:
02w — pAw — (X + p)Vdivw = 0, (t,x) € [0,T] x Q

w(t, .)‘QQ =0 (7.1)
(w(0), Byw(0)) = (wo, 20) € (Hy(Q) x L*(2))?

where the solution w(¢, x) is vector-valued.
Define u(t, z) := w(t/\/ft, z), then we find that

A
02u — Au — #Vdivu =0.

We let € = N—i)\ < 1, in the case that A > p > 0. Thus, we obtain a family of equations
O*ue — Aue + Vp. =0, (t,x) € [0,T] x Q

ue(t,.)]oo =0 (7.2)
(ue(0), Orue(0)) = (ug,e, vo,e) € (H(%(Q) X LQ(Q))d
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where p. = —%divue and satisfies fQ pedx = 0.
We make further assumption on the family of initial data (ug e, vo,c) so that

| (wo,e,vo,e) — (w0, vo)||a1 x> < Ce
for some divergence free data (ug,v9) € V x H. In particular, we have
[divuo,ellz2 (o) < Ce.

From the well-posedness of Lame system, we have that u, € C([0,T]; H}(2)), dyue € C([0,T]; L3(Q)),
and p. € C([0,T]; L?(Q2)). Moreover, we have the conservation of energy

1
Elu] = 5/(\atuq? + | Vue? + €|pe|?) dz
Q

and therefore

1 1
Elu ] = 5/ <|u0,€|2 + |U07€|2 + 6|divu075|2) dx.
Q

From this, we have, up to some subsequence of (u., Jst)
divu. — 0, in L>=([0,T]; L*(2)),
uckx — u, ¥weakly in L>([0,T]; Hg(Q)),
Dpuex — Oyu, xweakly in L>([0,T); L*(Q)).

From the uniform bound of [|0suc ||z ([0,7];22(02)), aPply Ascoli theorem, we have that (up to some subse-
quence)

ue = u, in C(0,T]; L2(9).
Using the equation, we conclude that || Vpc|| Lo ((o,77;1-1()) is uniformly bounded. Combine with the fact
fQ pe = 0, we have that |[pe|| o ([0,73;22()) 15 uniformly bounded, thus up to some subsequence, we may
assume that

pek — p, xweakly in L>([0, T]; L*(2)).

Now it is not difficult to verify that (u,p) is a weak solution to (1.1). Moreover, p satisfies the zero mean

condition
/ pdx = 0.

Q
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