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Abstract

In this paper we deal with the controllability problem for some Sobolev type equations. We show that the
equations cannot be driven to zero if the control region is strictly supported within the domain. Nevertheless,
we also prove that it is possible to control the equations using controls which have a moving support, under
some assumptions on their movement.
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1. Introduction

Let @ ¢ RY (N € N*) be a bounded domain whose boundary 9<2 is regular enough. Let
T > 0 and O be a nonempty open subset of € x (0, 7). We will use the notation Q = Q x (0, T")
and ¥ =0Q x (0, 7).

In this paper we deal with controllability properties for some pseudo-parabolic equations of
the form

(I —yL)dy+My=f, (1.1)

where y is positive real number and £ and M are linear partial differential operators of order
2] and m with m < 2[ in the spatial variable, respectively (see for instance [11,19-21]). More
precisely, we consider the following two problems

yi— Ay —Ay=vxo in Q,
y=0 on X, 1.2)
(-, 0)=yo in Q

and
Vi — Ay + V- (Ax,t)y) =vxo in Q,
=

) (1.3)
(-, 0)=yo in

y=0 on
where A = (ay, ..., ay) is a given regular vector field and xp» € C*°(Q) with supp xo C O.
Our goal in this paper is to investigate the null controllability problem:

given T > 0 and yg € H(} (R2) find a control v € L2(O) such that the associated solution of
(1.2) (resp. (1.3)) satisfies:

y(,T)=0, in K.

Equations such as (1.1) are a particular case of the so called equations of Sobolev-Galpern
type, see [7,22]. These type of equations appear for instance in the study of problems associated
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with the flow of certain viscous fluids, in the theory of seepage of homogeneous liquids in fis-
sured rocks, see [3], and surface waves of long wavelength in liquids, acoustic-gravity waves in
compressible fluids, hydromagnetic waves in cold plasma, acoustic waves in anharmonic crys-
tals, see [4]. In particular, equations (1.2) and (1.3) are known as the Barenblatt-Zheltov-Kochina
equation (in this case y represents the absolute value of the velocity of the fluid and 5 charac-
terizes the fissured rock, increasing n corresponds to a decreasing degree of fissuring) and the
multidimensional Benjamin-Bona-Mahony equation, respectively (see for instance [1-4,17]).

Regarding controllability for equations (1.2) and (1.3), as far as we know, the only results
available in the literature were obtained in the one-dimensional setting. Indeed, in [16] it is proved
that equation (1.3), with A being a constant, cannot be steered to zero if O = w x (0, T) and
w ; 2 is a proper subset. However, the proof given in [16] can be only performed in the 1d
setting, since it relies on the moment method. For a positive controllability result for (1.2), we
cite [23], where the authors consider the problem posed on the torus and prove that if one make
the control to move in time covering the whole domain, it is possible to drive the solution exactly
to zero. Also related to the controllability of (1.3), we cite [24,25], where the unique continuation
property is studied.

In this paper, we analyze the null controllability of equations (1.2) and (1.3) in the multi-
dimensional setting. First, we show that both equations (1.2) and (1.3) cannot be steered to zero
if the control is fixed and localized in a proper open subset of 2. More precisely, we prove the
following two negative results.

Theorem 1.1. Let T > 0 and w C Q be a fixed open set. If O = w x (0 T) then system (1.2)
is not null controllable at time T i.e., there exists yy € H2(Q) X H (2) such that the null
controllability of system (1.2) fails.

Theorem 1.2. Let T > 0, w C Q be a fixed open set and A € C®°(Q). If O = w x (0, T) then
system (1.3) is not null controllable at time T, i.e., there exists yy € H2(Q) x H (S2) for which
the null controllability of (1.3) does not hold.

It is worth to mention that Theorems 1.1 and 1.2 are closely related to the fact that the prin-
cipal part of (1.2) and (1.3), given by d; A, has vertical characteristic hyperplanes which makes
impossible to recover any information localized along these characteristics (see Section 2). In
fact, the proof of both results relies on the construction of highly localized solutions (Gaussian
beams). For Theorem 1.1 we construct such solutions by means of Fourier transform (for similar
constructions see [13,14]). On the other hand, since the vector field A in equation (1.3) depends
on both the space and time variables, we can not use Fourier Transform to prove Theorem 1.2.
Therefore, we will use a different approach based on asymptotic expansion of solutions.

The second main part of this paper is devoted to obtain positive null controllability results
for equations (1.2) and (1.3). In fact, since the main obstruction to the null controllability with
localized fixed controls is the existence of concentrated solutions, we ask the control to move so
that we can see the information that would be lost otherwise, i.e., we make the control to move
in time in order to cover the whole space domain. This idea of making the control to move in
order make the system controllable has been used for many different problems in the past few
years, see for instance [5,6,9,10,15]. Here, due to the techniques we shall employ, we consider
two different types of movement.

The first type of movement, which has been introduced in [12] (see also [18]), will be used to
deal with equation (1.2).



1636 FW. Chaves-Silva, D.A. Souza / J. Differential Equations 268 (2020) 1633-1657

Definition 1.3 (Moving control region of type I). We say that an open set O C Q satisfies the
Moving Geometric Control Condition of type I (MGCC-]) if for all xg € €2, the vertical line
{(s, x0); s € R} enters O before time T and

Lo = inf sup (thp — 1)) > 0.
xeQ (t11,n)x{x}cO

Remark 1.4. The condition in Definition 1.3 means that vertical rays which do not propagate
in space also reach the control domain and stay in it during some time interval. In practice this
means that the cross section of O moves, as the time evolves, covering the whole domain €.

The positive controllability result we prove for equation (1.2) reads as follows:

Theorem 1.5. Let T > 0 and assume that O satisfies MGCC-I. Then, for any yo € H*(2) N
HOl (R2) there exists a moving control v € L2(O) such that the associated solution to (1.2) satisfies

y-,T)=0 in Q.

We prove Theorem 1.5 using a compactness-uniqueness argument which relies on an observ-
ability type inequality for an ODE (for which Definition 1.3 is necessary) and energy estimates
for elliptic equations.

As we will see, unless A = A(t), we cannot use a compact-uniqueness argument to deduce
positive controllability results to equation (1.3) (see Section 4 for more details). For this reason,
we use a different strategy based on Carleman estimates. Nevertheless, since Carleman estimates
are heavily dependent on the construction of specific weight functions, we require stronger geo-
metrical assumptions on the movement of the control region. In fact, we take the control domain
determined by the evolution of a given reference subset @ C R" through a given flow and such
that  contains a smooth bounded domain wy C RY which satisfies the following geometric
requirements:

Assumption 1.6. There exists a flow X : RN x [0, T] x [0, T] — RY, which is generated by an
admissible velocity field F € C ([0, T']; W2’°°(RN; R¥)), acurve ' € C*([0, T]; RY) and two
times 11 < t> in (0, T) such that:

I'(t) € X(wo,t,00NQ, Vtel0,T]; (1.4)

QcC U X(wo,1,0) ={X(x,1,0); (x,1) €wg x[0,T]}; (1.5)
tel0,T]

Q\ X (wo, , 0) is nonempty and connected for € [0, 1] U [r2, T']; (1.6)

Q\ X (wp, 1, 0) has two (nonempty) connected components for ¢ € (1, 12); (1.7)

VO e C([0,T];2), It [0, T], 06(t) € X(wo,1,0). (1.8)

Definition 1.7 (Moving control region of type II). A moving control region of type Il (MGCC-11)
is defined as O, := Ute[O,T] [X (w,t,0) N Q] x {t} where the reference control domain w C RY
contains a subset wy which satisfies Assumptions 1.6 and wy C w. For any ¢ > 0 a time section
is defined as O, (1) := X (w, t,0) N Q.
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The positive controllability result we prove for equation (1.3) is the following.

Theorem 1.8. Let T > 0, let O,, satisfying MGCC-II and A € WH® (0, T; WH®(Q)N*N).
Then, for any yo € H*(2) N HO1 (2), there exists a moving control v localized in O, with v €
L%(O,) and such that the associated solution to (1.3) satisfies

y(.T)=0 in Q.

It is important to say that both Assumption 1.6 and Definition 1.7 were introduced in [5]
to study the controllability of a wave equation with both viscous Kelvin-Voigt and frictional
damping and the idea was to split the equation into a coupled parabolic-ODE system and prove
new Carleman estimates for both the heat equation and ODE’s when the control region moves as
the time evolves. Here, to prove Theorem 1.8, we split equation (1.3) into a coupled elliptic-ODE
system and prove new Carleman estimates for elliptic equations when the control region moves
together with some suitable weighted energy inequalities combined with the Carleman inequality
proved for ODE’s given in [5] (see Section 3 for more details).

2. Negative controllability results
2.1. Barenblatt-Zheltov-Kochina with fixed controls
We prove Theorem 1.1. Here we assume that O is of the form w x (0, T'), where w is a proper

open subset of €2.
For analyzing the controllability of (1.2) we will make use of the following decomposition:

U—Au=w in Q,

wt+w=u+v in )

t XO 0 @2.1)
u=0 on X,

w(,0)=ug— Aug in Q.

Indeed, the solution of equation (1.2) satisfies u(-, ) = 0 if and only if the solution of system
(2.1) satisfies w(-, T) =0.

From duality arguments, the null controllability for system (2.1) with control supported in
w X (0, T') is equivalent to the existence of a constant C > 0 such that the observability inequality

T

WO g = [ [ 19 Paxd,

0

holds for all ¥ € L?(2), where v, together with ¢, is the solution of the adjoint system

p—Ap=v¢ in Q,

=0 on X, ’
Y(T)=1Yr in Q
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Theorem 1.1 is a direct consequence of the following proposition:

Proposition 2.1. Let wg be an open subset of 2 such that wy C 2. Then, there exist €y > 0 and
Vr e L%(Q) such that for any integer k > N /4 the corresponding solution of

¢ —Apc =y in 0,
—V i+ Y =9 in
*=0 on
Ve, T)=vyr in

s

2.3)

3

Q0 M

satisfies

WO =C and [V 1720 1,120y <CE NV YeeOe) (24
where C is a positive constant independent of €.
Proof. Let us first consider the system (2.3) posed in RV x (0, T), i.e.

¢o—Ap=vy% in ]RNX(O,T),
—Yr+y=¢ in RN x(0,7), 2.5)
v(,T)=yr in RV,

with ¥ € L2RV).
Taking the spatial Fourier transform, one verifies that

2
. R gy . R [(15‘5\2) =
Y )=e (HEO T TYgr(E) and @€, 1) = WWT(E)

solves

(I+1EMHG=9 in RV x(©,7),
—Yi+v=¢ in RV x0T, (2.6)
V(. T)y=yr in RV,

where 1/A/T is the Fourier transform of yrr.

Now let 6 be a real smooth function supported in B;(0) with [|6]|;2g~) =1 and for each
€ > 0 consider

V5 (E) =N (ﬁ (e — é)) ek 2.7)

where &£ € RV, |£] = 1 and x is a point around which we will localize our solution.
Let (¢, ¢¢) be the solution of (2.6) associated to 5. Since ¥ € L2(RN), let (Y€, ¢¢) be
the solution of (2.5) with initial datum &;, the inverse Fourier transform of 1/7;
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Claim 1. There exist two constants C1, Co > 0, independent of €, such that

C1 < PG 0 2y < Co.

Proof of Claim 1. We have

v 1 kR _
lﬂe(x,t)sze (1+\§|2) t)w]{(s)etx-gds

RN
and by Parseval’s identity
7€ 2 1 —ZLZ(T—t) 7€ 2
WOy = [ € 00 i @R

(27.[)2N
RN

Since |5 ]| 2w, = L, it follows that

-2T

1
(2 )2N — ||’»” ( O)”LZ(]RVL) = (27-[)2N'

Claim 2. Let xo € RN. For any § > 0 there exists C > 0, independent of €, such that

ve 2 7.€112 k—N/4
120,711 evotzon IV L2 7: 2201209 S €€

1639

(2.8)

(2.9)

Proof of Claim 2. Let us show the estimate for ¢€. Similar arguments give the estimate for Ve

Since

e 1 <1+\s|2)( - ¢ 5105 g
go (xst)_ (27T)N // 1+|E|2 W’T(é)e év
RN

by the change of variables ¢ = \/€(§ — %) we see that

R
«/Eie T—t)
(415452
G = //9@) wowgrebe 0 d
’ eV 1415 4 ip
1<t Ve e

From the fact that
_ k _
Py —xn). (S & X — X 2 Sr—xn). (S &
A]gel(x xo><ﬁ+€)=(_l)k(| ol ) SO D
€

for |x — xo| > & and for any integer k > N /4, we have

(2.10)

@2.11)
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s E

_(1 f ; \) =0
k N/4 B 0( e +
. (x=x0)-( = +¢) §e
(pe(x,t)Z(—l)k 5 > — — /:/ i(x—xo N Ak( g )d{
@OV — x| s ip
£1<1 e

2.12)

For € small, one can prove that the term in A’g in the above integral is bounded uniformly with
respect to € and then the following estimate holds

k—N/4
|¢6(XJ)|ECW~ (2.13)
Analogously, we have
ck—N/4
|V¢E(XJ)|SCW (2.14)
X —Xp

and this gives the estimate for ¢¢. O

Claim 3. Let 1@? as (2.7) and (@€, 1}6) the associated solution of (2.5). Then,

19 OT 2 gy g <) = € > O-

Proof. From (2.13) for t = 0, we get

y/ 2 k—N/4
1G0T gy sy < CE

and from Claim 1 we have

27
€ < 7€ 0 2
(27_[)21\/ = ||1ﬂ ('a )”Lz(R")’

which gives the result. O
We now finish the proof of Proposition 2.1. To do that, consider xg € Q\@¢ and
0 < n < min{dist(xg, 0€2), dist(xg, dwo)}

such that {x : |x — xq| < n} C 2. 5

As before, take (¢, ¢¢) the solution of (2.5) associated to /7, the inverse Fourier transform
of 1/A/§

Consider (1/_f€, ¢°) the restriction of (1}6, @) to Q x (0, T). Thus,

G —AGE=Vy¢ in O,
—Yf +¥ =¢° in

’

(2.15)

I

AS]

|

<

)

=
QD MO
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where 1}} = IZ;|QX(O’T) and g€ := ¢° |an(0,T)'
From Claim 2 and Claim 3, we have that

CeFN/4 and  |[YE(,0)|%,,4, > C >0, (2.16)

7.€112
|W ||L2(O,T;L2(w0)) S LZ(Q)

respectively.
Now, let (¢, ¥F) be the solution of

o —Api=vy; in Q,
_w:,t +yi=¢; in Q,
9:=—q° on X,
Y, T)=0 in Q.

Noticing that g€ € L?(0, T; H'/2(3)), one can show that Yre H'(0,T; L3()) and the
following estimate holds

||1/f:||H1(o,T;L2(Q)) <Cli¢° ||L2(0,T;H1/2(3S2))-

€ .__ Y€ : 1
Nevertheless, because g€ := ¢ | 392x(0.7)" by trace estimate and Claim 2, we deduce that

1 g o.r: L2y < CeF N4 (2.17)

Finally, defining (€, ¢¢) = (e + Y2, e + @), we see that (¥, ¢¢) solves (2.3) and by
(2.16)—(2.17) we obtain (2.4). O

2.2. Benjamin-Bona-Mahony with fixed controls

We now prove Theorem 1.2. Here we assume that O = w x (0, T'), where w is a proper open
subset of 2.

The null controllability for system (1.3) with control supported in w x (0, T) is equivalent to
the existence of a constant C > 0 such that the observability inequality

T

||w(-,0>||§zm)sc/fhmzdxdt, (2.18)

0 w

holds for all Y7 € L?(2) and v is the solution of the adjoint equation

YU+ Ay, —A- V=0 in Q,
Y =0 on X, (2.19)
w(,T)ZWT ln Q

In order to prove Theorem 1.2, we show that the observability inequality (2.18) does not hold
for every Y1 € L2().
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Given xg € Q\wg, we set a(x) =x-&y+i W with &y € ]RN\{O} and let § > 0 be such that
Bs(xp) C Q2 and Bs(xg) Nw = @. For h > 0, we introduce the function

a(x)

Yo ) =5 (fo0) +hfi .0+ D).
where

foe C®(Bs(x0)), fo=1 in (Bs(xo),
T
/A(x,t)dt -Va(x)
file ) =—ifo(x)- VeGP :
T T
—/A(x,t)dr'Vfo—iffl(x,r)A(x,r)df~Va—2in1 -Vo —ifiAa
1

ol 1) =—"

|Va(x)|?
(2.20)

Remark 2.2.Since |Va(x)| > |&] # 0 for all x € Q, fi and f» are well-defined and
supp f1 (-, ) C supp fo, supp f2(-, 1) C supp fo forall 7 € [0, T'].

It is easy to check that vy, € C*®(Q) satisfies

~Vhe+AYn—A-Vyp =R in Q,
Y

vn=0 on %, .21)

Un( Ty =€ fo in @

with
R=¢T |:(_fl,t +Afiy—A-Vfi+2iVa -V, +ilafy; —iA-Vaf)h
+(~fr+ Dfr— AV fz)hﬂ (2.22)
_— (th n h2R2> .
Letnow ¢ € H' (0, T; H*(Q) N H} (R2)) be the unique solution of
—¢r+Apr—A-Vo=—R in Q,

=0 on X, (2.23)

¢(.0)=0 in Q.

The function ¥ = ¥, + ¢ solves
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i+ Ay —A- VY =0 in 0,
v =0 on X,

V(. T)=¢T fo+¢(,T) in Q.

For h small enough, we have

T
_bxl?
”R”i%szx(o,r)):h/ / e Ry (x, 1) + hRy(x, 1) 2 dx dt ~ O (WY,

0 Bg(xo)

From standard energy estimates, one deduce that

2 2 - N/2+1
”§0”L2(w><(0’T)) S ||R||L2(Q><(0,T)) O(h )1

for h small enough.

Now, since lﬂh’ =0, it follows that

wx(0,T)

2 - N/2+1
||1//||L2(a)><(0,T)) O(h )

On the other hand, we have

_IX—Xo\2
19 (0172 =fe T

Q
~ OHhN?.

2
fo+hfi +h*f| dx

1643

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

From (2.27) and (2.28), it follows that the observability inequality (2.18) cannot hold for every

Yr € L%(Q). This proves Theorem 1.2.
3. Positive controllability results
This section is devoted to prove Theorems 1.5 and 1.8.

3.1. Barenblatt-Zheltov-Kochina with moving controls

In this section, we show the positive null controllability for equation (1.2) under the

MGCC-I. In fact, Theorem 1.5 is a direct consequence of the following result.

Proposition 3.1. Let T > 0 and assume that O satisfies MGCC-I. For any zo € L*(Q), there

exists a moving control v € L*(O) such that the solution (v, z) of

y—Ay=z in Q,
uy+z=y+vxo in Q,
y=0 on X,
z2(-,0) =z9 in  Q,

3.1)
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satisfies

Proof of Theorem 1.5. Given yy € H*() N H} (Q), we take zo = yo — Ayp € L?() and it
follows from Proposition 3.1 that there exists v € L2(O) such that the associated solution (y, z)
to (3.1) satisfies y(7T') = z(T) = 0. Replacing (3.1); into (3.1)2, we readily see that y, with the
control v, solves the null controllability problem for the Barenblatt-Zheltov-Kochina equation

(12). O

Let us now prove Proposition 3.1. Indeed, we only have to show the existence of a constant
C > 0 such that

1V 02 <€ / / Y Pdxdt,  Vyr € LA(Q), 3.2)
(@]

where (¢, 1) is the solution of

p—Ap=y in Q,
V¥ =¢ in Q. a3
¢=0 on X,
Y(T)=9Yr in Q.

Before proving Proposition 3.1, let us introduce some notation. For any € > 0 and any A C
RN+ et

Mc(A) ={z e RNTL: dist(z, A) < €}
and
O =0\ M. (30 \ %).

Remark 3.2. Since O satisfies the M GC C-1, there exists €y > 0 such that (’)% @ (and hence Oc,)
still fulfils the MGCC-I.

Proof of Proposition 3.1. For any ¢ € (0, T) and x € O, (t), where O, (¢) the cross section of
O, at time ¢, it follows from (3.3), that

T
(s, x)><C |w<t,x)|2+/|go(r,x>|2dr . Vse(,T). (3.4)
0

Since O, satisfies the M GCC-1, integrating (3.4) in O, and using the definition of L@EO,
we can show that
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T

Lo, [ [wempaws=c| [[weorasar+ [[ i Pax .
0 Q Oc 0

or equivalently
2 2 2
11320y = € (1320, ) + I9132g))- (3.5)
By standard energy estimates applied to (3.3), we also have that
2 2 2
Also, differentiating (3.3); with respect to time and using energy estimates again, we get
2 2 2 2
61320y + V0122 0) = € (101320, + 101320 ) (3.7)
Hence, from (3.5), (3.6) and (3.7), we obtain the estimate
2 2 2 2
11320y + 19030, = € (IW1320,,, + 19120 ) - (3.8)

In what follows we are going to get rid of the last term in (3.8) by a compactness-uniqueness
argument. In fact, we will prove that

191Z200) + 101301 0) = CIV 20, - (3.9)

Indeed, if (3.9) does not hold, there exists (¢, ¥") C H'(Q) x L*(Q) solution of (3.3) such
that

1" 17200y + 10" 151y = 1 (3.10)
and
W 1720, ) < L (3.11)
0 n
Since (3.10) holds, there exists a subsequence (still denoted by the same index) such that

(¢", ¥™) converges weakly to some (¢*, ¥*) in H'(Q) x L*(Q).
It is not difficult to see that (¢*, ¥*) is a weak solution of (3.3) and that
¢" converges strongly to ¢* in L>(Q). (3.12)

Using the weak convergence and (3.11), it follows that

*112 I ny2 _
||1/f ”LZ(OGO) El}fglor(l)f”w ||L2(Oeo) _O
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Therefore, we have that
Y =0 in O (3.13)

and

11720y + 1971319y < Cll9* 172 (3.14)

Since (Y" — ¥, " — ¢*) solves a problem like (3.3) and (3.8) and also (3.11)-(3.14) hold,
we have that

Y™ converges strongly to ¥* in L2(Q). (3.15)

From (3.8), (3.10) and (3.11), we see that

C 5
1§;+CII¢'1I|L2(Q), Vn e N. (3.16)
According to (3.12) and (3.16), we get that

0 < 1161720y (3.17)

Thus, we conclude that (¢*, ¥*) is not zero.
Let us introduce the linear space E C H'(Q) x L*(Q) given by

E::hww)eH%Q)xL%Qy(%w)mmmxﬁﬁh{&ﬁ%¢E=0mdw=0m0@}
(3.18)

Since (¢*, ¥*) € E, we have that E # {0}. Let us now show that £ = {0}, which is a contra-
diction.

Claim 4. E C H>(Q) x H3(Q).
Proof of Claim 4. Let (¢, ¥) € E. Since ¥ = 0 in O, it follows from (3.3);—(3.3), that
—Agp=0in O,
and hence
k+1
peH (O%SO), Vk € N.

Since O 3eo also satisfies the MGCC-1, we can use similar arguments to those in (3.8) and
equation (3.3), to show that
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1310, sC(nwu%{l(& )+||¢||§,1(Q)> (3.19)
20
2
< Cleli g (3.20)

and then, by a bootstrap argument and elliptic regularity for (3.3)1, it follows that

g e H(Q).
Arguing in the same way, we see that
1150, < C IV + llel; (3:21)
H3(Q) — H3(O%€0) H3(Q) :
2
and that
9 € H(Q),

which proves the Claim. 0O
Claim 5. E is a finite dimensional vector space.
Proof of Claim 5. Let {(¢", ¥")}>2, C E with

1" 132y + 19" 1319y < 1, Vn €N.
Then, (using the same index) we see that

(¢",¥™) converges weakly to some (¢, &) in H'(Q) x L*(0).

One can also see that (@, 1//;) is a weak solution of (3.3) and that

¢" converges strongly to ¢ in LZ(Q).

From (3.8), we have that

117200y + 101319y < Cll@lI7a ) Yo, ¥) € E. (3.23)

Therefore, it follows that

(¢", ") converges strongly to (@, V) in H'(Q) x L*(Q),

which proves that E is finite dimensional. O
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Now, for any (¢, ) € E, by Claim 4, and noting that O, satisfies the MGCC-I and =0
in O, we see that ¢y =0 on X and

I-MNe—- AU -ANp)=U—-A)Y in 0O,
—((I=2)Y)y+UT-MYy=(U—-A)p in 0,
I—-A)yp=0 on X.
Thus, we have that ((I — A)g, (I — A)y) belongs to E.
Since E is finite dimensional, the operator / — A must have an eigenvalue A € C and an
eigenvector (¢*, y*) € E \ {0}.
Claim 6. A # 0.

Proof of Claim 6. Suppose A = 0. Then, for any ¢ € (0, T) we have that

(I —AN)*(,t)=0 in «,
(1) =0 on 9%,

which gives
@*(,t)=0inQ forall z € (0, T).

In particular, from the PDE equation we see that ¥* =0 in Q. Then (¢*, ¥/*) = (0, 0), which is
a contradiction. O

To finish the proof, we notice that since

Y=gt in 0,
—y +vh=¢" in Q,
" =0 on X,
Ut =¢*=0 in O.

Now, for a fixed tp € (0, T) and xo € O, (1), it follows that (¢*(x0, ), ¥*(xp, .)) is the solu-
tion of

Y (x0, 1) = hp* (x0, 1) in (0,7),
—yl(x0, 1) + ¥ (x0, 1) = 9 (x0,1) in (0,T),
@ (x0,10) =0,  Y*(x0,20) =0

and since A # 0 and M GCC-I holds, we conclude that
¢*=vy*=0in Q.

This contradicts the fact that (¢*, ¥*) is not zero.
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Therefore, we have proved the observability inequality

2 2 2
and the proof of Proposition 3.1 is finished. O
3.2. Benjamin-Bona-Mahony with moving controls

In this section, we prove the positive null controllability for the Benjamin-Bona-Mahony
equation (1.3). Here we use an approach based on Carleman estimates.

In what follows, we assume that X and wy satisfy Assumption 1.6, and for each open set
o C RN, with @y C w, we choose w1, w; nonempty open sets in R" such that

wy Cwy, w1 Cwy, w2 Cw.
The following weight function is constructed in [5].

Lemgla 3.3 ([5]). There exist a positive number t € (0, min{l, T/2}) and a function n €
C>®(Q2 x [0, T]) such that

Vn(x,t)#0, te[0,T], xeQ\ O, @), (3.25)
ni(x,t) #£0, t€[0,T], xeQ\ Oy 1), (3.26)

ni(x, ) >0, tel0,7], x € Q\ Oy, (), (3.27)
ni(x, 1) <0, tel[lT—r1,T] xeQ\ Oy ), (3.28)
g—Z(x, 1)<0, te[0,T], xe€0g, (3.29)
n(x,r) > %”77”00 tel0,T], x € Q. (3.30)

Next, we introduce a real function r € C*(0, T'), symmetric with respect to t = % and such
that for > 0, as above,

1

- for 0<t< %
t

r(t) = strictly decreasing for % <t<T,
1 for t<t<Z,
r(T —t) for g§t<T

and define the weights
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y(x, 1) =MD (x,1) e 2 x (0, 7),

ax,t)=r@) Mo —y(x, 1)) (x,1) e x (0,T),

E(x,t)=r{)y(x,1) (x,0)eQx (0,T),

a*(t) =maxa(x, 1) te(0,7),
xeR

£°(1) =min&(x,1) te(0,7),
xeQ

where A > 0 is a parameter that will be chosen large enough.
The following Carleman inequality was proved in [5].

Lemma 3.4. Let T > 0 and let o C RN satisfy Definition 1.7. There exist positive real numbers
A >0, s1 > 0and C; > 0 (depending on Q and w) such that for all . > Ay, all s > sy and all
g € HY(0, T; L*(R)), the following inequality holds

T
sAZ//.§|q|2e_2mdxdt§C1 // |qt|2e_2mdxdt+s2k2/ / e~ 2E2 g dxdt
0] o

0 Ou, (1)

We recall that O,,, (1) = X (w2, t, 0) N Q2 (see Definition 1.7).
To our purposes, we prove the following new Carleman inequality for the Laplace operator.

Lemma 3.5. Let T > 0 and let  C RY satisfy Definition 1.7. There exist positive real numbers
A >0, 1o > 0 and Cy > 0, independent of t, such that for all A > \>, all T > 13 and all (g, G) €
HY (0, T; L*(2) x L2()N), the solution y of

’—Ayzg—i—V-G in Q, (331)

y:O on Z,

satisfies

[ [Paniior 1] ezfydxscz< [ 2@ 1l + @picr]ervas
Q Q
+ / A2 (ty)?y|Pe*™ dx + / 62”’|Vy|2dx),

Ouy (1) Ouy (1)
(3.32)

forallt €[0,T].

For sake of completeness, we give a sketch of the proof of Lemma 3.5 in Appendix A.
Theorem 1.8 is a consequence of the following result:

Proposition 3.6. Ler T > 0, A € WH°(0, T; W ()N *NY and let o ¢ RN satisfy Defini-
tion 1.7. Then, for any zo € L*(2), there exists a moving control v € L*(O,) such that the
solution
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y—Ay=z in Q,
+V-(Alx,t =v in ,
2t (A(x,D)y) =vxo, ) (3.33)
y=0 on X,
2(,0)=z0 in €,

satisfies
e, T)=z(.T)=0 in Q.

Proof of Theorem 1.8. Given yo € H*(Q2)N H] (Q2), we consider zo = yo— Ayg € L?(2). From
Proposition 3.6, there exists v € L?(0,,) such that the associated solution (y, z) to (3.33) satisfies
y(T) = z(T) = 0. It is not difficult to see that y solves, together with the control v, the null
controllability problem for the Benjamin-Bona-Mahony equation (1.3). O

The rest of this section is devoted to prove Proposition 3.6. As before, proving Proposition 3.6
is equivalent to find C > 0 such that

T
WO =C [ [ WPdrdr vireri@, (3.34)
0 Ou()

for all (¢, v) solution of

¢—Ap=A-Vy in 0,
%) :O on E,
v(T)=vyr in Q.

Inequality (3.34) is a consequence of the following Carleman inequality:
Theorem 3.7. Let T > 0, A € W10, T;: WLo(Q)VN M) and let o ¢ RY satisfy Definition 1.7.

There exist positive constants sg, Ao > 1 and C, only depending on Q and wy, such that, for any
Yr € LZ(Q), the solution (¢, V) to the adjoint system (3.35) satisfies:

ff e 2|Vl + s2A%E2 9|2 1dxdt + sA? //g|w|2e—2S“dxd;
0 0

+ f (K26 Ver 2 + 5226 % |y [Ple 2" dixdt
0

T
S CS6}\.2/ / Eﬁe—4sa+zsa*|w|2dxdt’
0 Ou()

forall s > so(T + T?) and for all . > Xq.
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Proof. We begin applying the Carleman inequality given by Lemma 3.4 to (3.35),, which gives

f / sA2E|W e dxdt < / lp|?e > %dxdr + / f s2A2E2 1y P %dxdt.  (3.36)
0 O, (1)

Next, noticing that
A-Vy=V-(AYy)—yV-A
and applying the Carleman inequality given in Lemma 3.5 for (3.35)1, we see that

1 2

T2)\’2/\621’}/y2|g0|2dx+/e2fy|v(p|2dxSC ?/ 21y|¢| dx+T/e2IVy|w|2dx

T
Q Q Q

+1222 / 2 y2 e dx + / 27 \VelPdx |,
O, (1) O, (1)

for A > Ag and T > 19.
To connect this elliptic estimate with (3.36), we set

T =sr(t),
multiply by

_ 2lInlloo
e 2sr(t)e

and integrate with respect to ¢ in (0, 7). If we take so > tp then we have that 7 > 79 and the
following estimate holds

5222 // e_2méz|<p|2dxdt+// e 2\ Vo|? dxdt
0 0

<C %f/ e—zmgdxdt+s/fe_2m§|1//|2dx‘” (3.37)
o 0
T T
+s2A2/ / e_zmé'2|(p|2dxdl+/ / e\ Vo|? dxdt
0 Oy (1) 0 Ou, (1)

Adding (3.36) and (3.37), and absorbing the lower order terms by taking X large enough, we
get
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sA2 // e e |y Pdxdt + 5222 // e 22017 dxdr + // e Vol dxdt
0 Q 0

T T
<C s2A2/ / e*25“52|¢|2dxdt+s2)\2/ f e 22012 dxdt

0 Ouy, (1) 0 Ouy (1)
T

+/ / e 2\ Vo|? dxdt
0 O, (1)

Now, let us introduce w3 such that @» C w3 C w3 C w and the function
Z(x,t) =9 (X (x,0,1)),
where ¢ is a cut-off function satisfying
v eCP(w3), 0<v(x) <1, v=1 in w.
This way, we have that
T
/ / e V|2 dxdr < / / e 2Vl dxdr. (3.38)
0 O, (1) 0

Then, since (e 2%V = V(¢e %) — V(ze %) ¢, we obtain

f/ e P Vo?dxdt = // V(Ce_zm(p)-V(pdxdt—//[V(g‘e_zm)-V(p](pdxdt
0 0 0

= L[ ace P dxa V(e >%9) - Vodxd
=5 ¢|"dxdt + (e ") - Vodxdt
Q Q

= B + B».
Now, let us estimate the terms Bj and B,. For that, we use that
A(ze29) 1= ¢~ {A{ FASAE[VE - V] + 250EC [A|Vn|2(2s§ F1)+ An] } ,
to see that

T
B 50s2)\2/ f e~ 2E2\ 9> dxdtr.
0 Ouy (1)
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Since A-Vy :=V-(AY)—y¥V-Ae H~1(Q), the solution for (3.35); satisfies the following
weak formulation

(p,w)+ Vo, Vw) = —(AY, Vw) — (Y V-A,w) VYwe H(} ().

—2sa

Using the previous formulation with w = ¢e @, we obtain

By = _// {ei2m|(p|2dxdl _ // (V- A) gefzm(plp dxdt — // v [A . V(§.€72sa(p):| dxdt
0 0 0

=B} + B3 + B;.
Now, for le, we easily deduce that
T
|By| < Cs2x2f f e 22 9)? dxdr.
0 Ousy (1)

For Bzz, we notice that, for every § > 0, we obtain

T
|B3| 5asﬁ//e—zmgh//ﬁdxdt+Cas2/\2/ f e 2E2 |02 dxdt.
0 0 Ouy (1)

Since V(¢e %) = e 2%(V¢ + 2sAEC V), for every 8 > 0, we have that

BS <e¢ SZAZ// e_zmézl(mzdxdt+//e_2m|V<p|2dxdt
0 ]

T
+C3s2A2/ / e E2 1y | dxdt.
0 Ouy (1)

This way, we get

SKZ//. efzmé|1/f|2dxdt+s2)»2//672sa$2|<p|2dxdt—i—// e 2 Vo|? dxdt
o ] (0]

T T
<C|s*? / / e PUE Y Pdxdt + 570 / / e PE g dxdt
0 Ouy (1) 0 Ouy (0

(3.39)

Finally, to estimate the local integral of ¢ in the right-hand side of (3.39), we need to have
some global integral of ¢; on the left-hand side. For that, we first take the time derivative in
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(3.35)1, use the fact that (A - V¢ ); =V - (A, + AYy) — Yy, V- A— ¢V - A; and (3.35),, to see
that ¢; solves the following elliptic equation

o — A=V - (Ay —Ap) +¢V-A—yV-A in 0O,
(3.40)
o =0 on 3.
From (3.39) and energy estimates for (3.40), it is not difficult to see that
/ [s22E% |V + s2°E* | Ple ™ dxdt
0
T T (3.41)
<C |2 / / e By Pdxdt + 52)»2/ / e 2E2| o> dxdt
0 Ouy (1) 0 Oy (1)
Combining (3.39) and (3.41), we get
// e 7|Vl + 524782 gl dxdt + sA // ElY e > dxdt
0 0
+ [15026" 190 P + 53¢ o Ple > dva
(3.42)

Q

T T
<C s2,\2f / e—ZS“52|¢|2dxdr+s2/\2[ / e 22012 dxdt
0 Ouy (1) 0 Ouy (1)

The proof of Theorem 3.7 is finished noticing that —1/; = ¢ and using integration by parts to
estimate the local integral in ¢. O

4. Comments and open problems

e We have proved Theorems 1.5 and 1.8 assuming that yo € H 2@ n H(} (2). We do not
know whether these results are true if we take only yg € Hg (€2). Indeed, in this case the initial
condition for both decompositions (3.1) and (3.33) will be in H ~1(€) and it seems that both the
compactness-uniqueness argument and the argument based on Carleman inequalities does not
work.

e If the vector field A is regular enough and depends only on time, i.e., A = A(f), we can
weaken the hypothesis on the movement of the control for equation (1.3). In fact, we can use
a compactness-uniqueness argument as in the proof of Theorem 1.5 and deduce the following
result.

Theorem 4.1. Let T > 0, O satisfying MGCC-1 and A € C*®(0,T). Then, for any yy €
H*(Q) N HO1 (), there exists a moving control v € L*(O) such that the associated solution
to (1.3) satisfies

y(.,T)=0 in K.



1656 FW. Chaves-Silva, D.A. Souza / J. Differential Equations 268 (2020) 1633-1657

e Concerning the geometrical requirements for the movement of controls given by the
MGCC-11, i.e. Assumption 1.6, we do not know if all the conditions (1.4)-(1.8) are really nec-
essary in order to get null controllability for equation (1.3) when A is x-dependent. Indeed, we
use these conditions only to construct the function 7 given in Lemma 3.3. Removing any of the
conditions (1.4)-(1.8) is interesting and, as far as we know, completely open.

e It would be interesting to study controllability issues for nonlinear pseudo-parabolic equa-
tions such as the nonlinear BBM equation. Indeed, it is not even clear whether nonlinear pseudo-
parabolic equations can be driven or not to zero by means of controls applied to fixed control
domains. Moreover, assuming that null controllability does not hold with fixed controls, it is a
challenging problem to control nonlinear equations using moving controls and we are only aware
of the paper [10] where a similar one-dimensional problem has been considered. We leave this
study to a forthcoming paper.
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Appendix A. Carleman inequality for the Laplace operator

We give the sketch of the proof of Lemma 3.5, which is inspired by the arguments in [8].

For every ¢ € [0, T], we set the function y (x, 1) = " and consider w(x, f) = e 1 x
z(x, 1).

We have the following decomposition

eV Az=e"V Ale " w) =[Aw + 2| VyPw] — [2tVy - Vw + tAyw]=e¢V g+ V -G
=e""g+ V. (e'7G),

where g =g —tVy - G.
Multiplying the previous equation by w and integrating by parts, one can see that:

/|Vw|2dx+t2/|Vy|2|w|2dx=/ew§wdx—/e”’G-dex
Q Q Q Q

which, together with the properties of the weigh function, gives the result.
References

[1] A.B. Al’shin, M.O. Korpusov, A.G. Sveshnikov, Blow-Up in Nonlinear Sobolev Type Equations, De Gruyter Series
in Nonlinear Analysis and Applications, vol. 15, Walter de Gruyter & Co., Berlin, 2011.

[2] J. Avrin, J. Goldstein, Global existence for the Benjamin-Bona-Mahony equation in arbitrary dimensions, Nonlinear
Anal., Theory Methods Appl. 9 (1985) 861-865.

[3] G. Barenblatt, I. Zheltov, I. Kochina, Basic concepts in the theory of seepage of homogeneous liquids in fissured
rocks [strata], J. Appl. Math. Mech. 24 (1960) 1286-1303.

[4] T.B. Benjamin, J.L.. Bona, J.J. Mahony, Model equations for long waves in nonlinear dispersive systems, Philos.
Trans. R. Soc. Lond. Ser. A 272 (1972) 47-78.


http://refhub.elsevier.com/S0022-0396(19)30406-1/bib6D7569746F626F6Ds1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib6D7569746F626F6Ds1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib676F6C64737465696Es1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib676F6C64737465696Es1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib627A6Bs1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib627A6Bs1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib62626Ds1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib62626Ds1

EW. Chaves-Silva, D.A. Souza / J. Differential Equations 268 (2020) 1633-1657 1657

[5] EW. Chaves-Silva, L. Rosier, E. Zuazua, Null controllability of a system of viscoelasticity with a moving control,
J. Math. Pures Appl. (9) 101 (2014) 198-222.
[6] EEW. Chaves-Silva, X. Zhang, E. Zuazua, Controllability of evolution equations with memory, SIAM J. Control
Optim. 55 (2017) 2437-2459.
[7] S.A. Gal’pern, Cauchy’s problem for an equation of S.L. Sobolev’s type, Dokl. Akad. Nauk SSSR (N.S.) 104 (1955)
815-818 (in Russian).
[8] O.Y. Imanuvilov, J.-P. Puel, Global Carleman estimates for weak solutions of elliptic nonhomogeneous Dirichlet
problems, Int. Math. Res. Not. (2003) 883-913.
[9] A. Khapalov, Controllability of the wave equation with moving point control, Appl. Math. Optim. 31 (1995)
155-175.
[10] K. Kunisch, D.A. Souza, On the one-dimensional nonlinear monodomain equations with moving controls, J. Math.
Pures Appl. 117 (2018) 94-122.
[11] J.E. Lagnese, General boundary value problems for differential equations of Sobolev type, SIAM J. Math. Anal. 3
(1972) 105-119.
[12] Q. Lii, X. Zhang, E. Zuazua, Null controllability for wave equations with memory, J. Math. Pures Appl. 108 (2017)
500-531.
[13] E. Macia, E. Zuazua, On the lack of observability for wave equations: a Gaussian beam approach, Asymptot. Anal.
32(2002) 1-26.
[14] D. Maity, Some controllability results for linearized compressible Navier-Stokes system, ESAIM Control Optim.
Calc. Var. 21 (4) (2015) 1002-1028.
[15] P. Martin, L. Rosier, P. Rouchon, Null controllability of the structurally damped wave equation with moving control,
SIAM J. Control Optim. 51 (2013) 660-684.
[16] S. Micu, On the controllability of the linearized Benjamin-Bona-Mahony equation, SIAM J. Control Optim. 39 (6)
(2001) 1677-1696.
[17] E.A. Milne, The diffusion of imprisoned radiation through a gas, J. Lond. Math. Soc. 1 (1926) 40-51.
[18] J. Le Rousseau, G. Lebeau, P. Terpolilli, E. Trélat, Geometric control condition for the wave equation with a time-
dependent observation domain, Anal. PDE 10 (2017) 983-1015.
[19] R.E. Showalter, Partial differential equations of Sobolev-Galpern type, Pac. J. Math. 31 (1969) 787-793.
[20] R.E. Showalter, Hilbert Space Methods in Partial Differential Equations, Dover, New York, 1979.
[21] R.E. Showalter, T.W. Ting, Pseudoparabolic partial differential equations, SIAM J. Math. Anal. 1 (1970) 1-26.
[22] S.L. Sobolev, On a new problem of mathematical physics, Izv. Akad. Nauk SSSR, Ser. Mat. 18 (1954) 3-50 (in
Russian).
[23] Q. Tao, H. Gao, Z.-A. Yao, Null controllability of pseudo-parabolic equation with moving control, J. Math. Anal.
Appl. 418 (2014) 998-1005.
[24] M. Yamamoto, One unique continuation for the linearized Benjamin-Bona-Mahony equation, J. Inverse Ill-Posed
Probl. 11 (5) (2003) 537-543.
[25] X. Zhang, E. Zuazua, Unique continuation for the linearized Benjamin-Bona-Mahony equation with space-
dependent potential, Math. Ann. 325 (2003) 543-582.


http://refhub.elsevier.com/S0022-0396(19)30406-1/bib43535A52s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib43535A52s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib43535A5As1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib43535A5As1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib67616C7065726E32s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib67616C7065726E32s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib696D616E6F76696C6F767075656Cs1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib696D616E6F76696C6F767075656Cs1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4B686170616C6F76s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4B686170616C6F76s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4B4Bs1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4B4Bs1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib6C61676E657365s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib6C61676E657365s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4C755A68616E675A75617A7561s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4C755A68616E675A75617A7561s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4D61636961s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4D61636961s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4465626179616Es1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4465626179616Es1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4D5252s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4D5252s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4D696375s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4D696375s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib4D696C6E65s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib5472656C61744C6562656175s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib5472656C61744C6562656175s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib53686F77616C746572s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib53686F77616C746572626F6F6Bs1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib5354s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib736F626F6C6576s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib736F626F6C6576s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib74616F5F67616F5F79616Fs1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib74616F5F67616F5F79616Fs1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib79616D616D6F746Fs1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib79616D616D6F746Fs1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib7A75617A75615F7A68616E67s1
http://refhub.elsevier.com/S0022-0396(19)30406-1/bib7A75617A75615F7A68616E67s1

	On the controllability of some equations of Sobolev-Galpern type
	1 Introduction
	2 Negative controllability results
	2.1 Barenblatt-Zheltov-Kochina with ﬁxed controls
	2.2 Benjamin-Bona-Mahony with ﬁxed controls

	3 Positive controllability results
	3.1 Barenblatt-Zheltov-Kochina with moving controls
	3.2 Benjamin-Bona-Mahony with moving controls

	4 Comments and open problems
	Acknowledgments
	Appendix A Carleman inequality for the Laplace operator
	References


