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Abstract

In this paper we study the controllability of a coupled Keller—Segel-Navier—Stokes system. We show
the local exact controllability of the system around some particular trajectories. The proof relies on new
Carleman inequalities for the chemotaxis part and some improved Carleman inequalities for the Stokes
system.
© 2017 Elsevier Inc. All rights reserved.

Résumé

Dans cet article, nous étudions la contrdlabilité d’un systeme de Keller—Segel-Navier—Stokes couplé.
Nous montrons la controlabilité exacte locale du systeéme autour de quelques trajectoires particulieres. La
preuve repose sur de nouvelles inégalités de Carleman pour la partie de la chimiotaxie et sur des inégalités
de Carleman améliorées pour le systeéme de Stokes.
© 2017 Elsevier Inc. All rights reserved.

1. Introduction and main results

Let @ ¢ RY (N =2,3) be a bounded connected open set whose boundary 3<2 is regular
enough. Let 7 > 0 and w; and wy be two (small) nonempty subsets of €2, with w1 Nwy # @
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when N = 3. We will use the notation Q = Q x (0, T) and £ =92 x (0, T) and we will denote
by v(x) the outward normal to €2 at the point x € 9€2.
We introduce the following usual spaces in the context of fluid mechanics

V={uecH)(Q"; divu=0},
H={ueL*Q)"; divu=0,u-v=0o0n0S}

and consider the following controlled Keller—Segel-Navier—Stokes coupled system

n,+u-Von—An=-V-mVc) in Q,
¢t+u-Ve—Ac=—nc+g1x1 in Q,
ur—Au+ (w-Vyu+Vp=ney+greny-—2x2 in Q,
V.ou=0 in 0, (L.1)
g—’;:%zo;uzo on X,
n(x,0) =ng; c(x,0) =co; ulx,0)=ugp in €,

where g1 and g; are internal controls and the y; : RY > R,i=1,2, are C*® functions such that
supp xi CCw;j, 0<y;<land y;=11in a)?, for some () # a)? CC w;, with “’(1) ﬂa)g # () when
N =3, and

©, 1) ifN=2;

(0,0,1) if N=3. (1.2)

ep=(0,0), e =(1,0,0) and eNz{

The unknowns n, ¢, u and p are the cell density, substrate concentration, velocity and pressure
of the fluid, respectively.

System (1.1) was proposed by Tuval et al. in [18] to describe large-scale convection patterns
in a water drop sitting on a glass surface containing oxygen-sensitive bacteria, oxygen diffusing
into the drop through the fluid—air interface (for more details see, for instance, [6,16,17]). In
particular, it is a good model for the collective behavior of a suspension of oxygen-driven bacteria
in an aquatic fluid, in which the oxygen concentration ¢ and the density of the bacteria n diffuse
and are transported by the fluid at the same time.

The main objective of this paper is to analyze the controllability problem of system (1.1)
around some particular trajectories. More precisely, we consider (M, My) € Ri and aim to find
g1 and g such that the solution (n, c, u, p) of (1.1) satisfies

n(T)y=M; c(T)=Moe ™7, u(T)=0. (1.3)
Moreover, for the case N = 2, we want to show that we can take g, = 0.

Remark 1.1. Noticing that (n, c, u, p) = (M, Moe=M 0, Mxy) is a solution of (1.1), we see
that (1.3) means we are driving the solution (1.1) to a prescribed trajectory.

To analyze the controllability of system (1.1) around (M, coe Mt 0, Mxy), we first consider
its linearization around this trajectory, namely
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ng— An=—MAc+ hy in Q,
et —Ac=—Mc—Moe ™M'n+g1x, +hy in Q,
ur —Au+Vp=ney + gxwmen—2+Hs in O,

Vou=0 in 0, (L.4)
g—ﬁ:g—izo;uzo on %,
n(x,0) =ng; c(x,0)=co; u(x,0) =upy in €,

where the functions &1 and h; and the vector function H3 are given exterior forces such that
(h1, ha, H3) belongs to an appropriate Banach space X (see (4.5)). Our objective will be to
find g1 and gy such that the solution (n, ¢, u, p) satisfies n(T) =0, ¢(T) =0 and u(T) = 0.
Moreover we want (u -Vn+V.-WmVce),nc+u-Ve, (u - V)u) belong to X. Then we employ
an inverse mapping argument introduced in [10] to obtain the controllability of (1.1) around
(M, coe™™M*,0, Mxy).

It is well-known that the null controllability of (1.4) is equivalent to a suitable observability
inequality for the solutions of its adjoint system

—; — Ap=—Moe ™M'E fvey + f in Q,

=& —A§=-M5§—-MAp+ fr in O,

- —Av+Vrn=F in Q,

V-v=0 in Q, (1.5)
o _ 0 0 y=0 on X

v av ’ s

ox, T)=9r; §&x,T)=&r; v(x,T)=vr in Q,

fQ o7 (x)dx =0,

where (f1, f>, F3) € L2(Q) x L?(Q) x L?(0, T; V). In this work, we obtain the observability
inequality as a consequence of an appropriate global Carleman inequality for the solution of (1.5).

With the help of the Carleman inequality that we obtain for the solutions of (1.5) and an
appropriate inverse function theorem, we will prove the following result, which is the main result
of this paper.

Theorem 1.2. Let (M, My) € R and (no, co, up) € H'(Q) x H*(Q) x V, with ng,co > 0,
ﬁ Jonodx =M and %Ll? =0 on 9. We have

o If N =2, there exists y > 0 such that if | (ng — M, co — Moe M7 | uo) l g1 @yx 2@ xV = V>
we can find g1 € L2(0, T:H! (), and an associated solution (n, c, u, p) to (1.1) satisfying

(n(T), c(T), u(T)) = (M, Moe M7 0) in Q.

e [f N =3, there exists y > 0 such that if ||(no — M, co — Moe MT | ”0)”H1(Q)xH2(Q)xV <vy,
we can find g1 € L*(0, T; H () and g» € L*(0, T; L*(2)) and an associated solution
(n, c,u, p) to (1.1) satisfying

(n(T), c(T), u(T)) = (M, Moe T ,0) in Q.

Remark 1.3. Assumption ﬁ fQ nodx = M in Theorem 1.2 is a necessary condition for the
controllability of system (1.1). This is due to the fact that the mass of 7 is preserved, i.e.,
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1 1
— | n(x,t)dx = —/no(x)dx, vt > 0. (1.6)
IQIJ 12| J

In the two dimensional case, because we want to take g» = 0, we only have a control acting
on the second equation of (1.4). Therefore, in the Carleman inequality for the solutions of (1.5),
we need to bound global integrals of ¢ and £ and v in terms of a local integral of £ and global
integrals of f1, f> and F3.

For the three dimensional case, we have two controls, g| acting on (1.1), and another control
&> acting on the third component of the Navier—Stokes equation (1.1);. In this case, in the Carle-
man inequality for the solutions of (1.5), we need to bound global integrals of ¢ and £ and v in
terms of a local integral of £ another in v3 and global integrals of fi, f> and F3.

For both cases, N =2 or 3, the main difficulty when proving the desired Carleman inequality
for solutions of (1.5) comes from the fact that the coupling in the second equation is in A¢ and
not in ¢.

Concerning the controllability of system (1.1), we are not aware of any controllability result
obtained previously to Theorem 1.2. For the controllability of the Keller—Segel system with con-
trol acting on the component of the chemical, as far as we know, the only result is the one in
[2], where the local controllability of the Keller—Segel system around a constant trajectory is
obtained. On the other hand, for the Navier—Stokes equations, controllability has been the object
of intensive research during the past few years and several local controllability results has been
obtained in many different contexts (see, for instance, [5,7,11] and references therein).

It is important to say that it is not possible to combine the result in [2] with any previous
controllability result for the Navier—Stokes system in order to obtain controllability results for
(1.1). In fact, for the first two equations in (1.5), one cannot use the Carleman inequality obtained
in [2]. This is due to the fact that for the obtainment of a suitable Carleman inequality for the
adjoint system in [2], it is necessary that 85# =0, which is no longer the case for (1.5). For this
reason, to deal with the chemotaxis part of system (1.5), we borrow some ideas from [3]. For
the Stokes part of (1.5), it is also not possible to use Carleman inequalities for the Stokes system
obtained in previous works as in [1] and [4]. Indeed, since in (1.5) the coupling in the second
equation is in Ag, and we have a term in vey in the first equation, for the Stokes equation, we
need to show a Carleman inequality with a local term in Avep. Actually, in [1] a Carleman in-
equality for the Stokes system with measurement through a local observation in the Laplacian of
one component is proved. However, that result cannot be used in our situation (see Remark 2.4).
For this reason, we need to prove a new local Carleman inequality for solutions of the Stokes
system (see Lemma 2.3).

This paper is divided as follows. Section 2 is devoted to prove a suitable observability inequal-
ity for the solutions of (1.5). In Section 3, we prove the null controllability of system (1.4), with
an appropriate right-hand side. Finally, in Section 4 we prove Theorem 1.2.

2. Carleman inequality

In this section we prove a Carleman inequality for the adjoint system (1.5). This inequality
will be the main ingredient for the obtention of a controllability result for the nonlinear system
(1.1) in the next section.

We begin introducing several weight functions which we need to state our Carleman inequal-
ity. The basic weight will be a function 79 € C*(2) verifying
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no(x) >01in Q, no=00n09dR, |Vno(x)| >0Vx € Q\wo,
where wy is a nonempty open set with

oY if N =2;

wy CC .
w?ﬂwg if N =3.

(2.1)

The existence of such a function 7 is proved in [9].
For some positive real number A, we introduce:

M) - 0 _ o2xlmollos
=7 aX, 1) = )
g(t)ll g(t)ll

a(t) =min¢(x,1), ¢*() =maxp(x, 1), a*(t) = maxa(x, ), & =mina(x,r), (2.2)
xeR xeR xe xeQ

¢(x,1)

where £ € C°°([0, T']) is a positive function satisfying

L(t)=tforte[0,T/4], £(t)=T —t fort € [3T/4,T], and
L) <£(T/2),¥Yt €0, T].

Remark 2.1. From the definition of ¢ and EE, it follows that
$(1) < p(x,1) < MMl=g(r),
for every x € Q, every ¢t € [0, T] and every L e R,..

We also introduce the following notation:

T5(s; q) := 5P // ¥ p3tP g Pdxdr + s P ff e P Vg 2dxdt, (2.3)
0 0
Ig(s:q) i=Tp(s:q) +s~ ' f / P (1g,1? + | Ag|Pdxdt, (2.4)
0

where 8 and s are real numbers and g = g (x, 1).
The main result of this section is the following Carleman estimate for the solutions of (1.5).

Theorem 2.2. There exist C = C (2, wg) and Ao = Mo(2, wo) such that, for every A > A, there

exists so = so(2, wo, A, T') such that, for any s > so, any (o1, T, V1) € LZ(Q) x L2(Q) x Hand
any (f1, f», F3) € L*(Q) x L*(Q) x L*(0, T; V), the solution (¢, £, v) of system (1.5) satisfies

$d f/ e2sa$5|Z2|2dxdt+s5 /f essa$5|v|2dxdt
0 0
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+Z<s5 ff ezsa¢5|Azi|2dxdt+s3// ez‘“"¢>3|VAz,-|2dxdt—i—T_z(s;VVAzi)) (2.5)
i#2 g 0

Fo(s. AV + Ia(s, 3958 + f / PIBE6| g P dxds
0

+ / / e H 01V dxdt
0

<o [[ g pieraa+ -2 [[ e P

w1%(0,T) w2 x(0,T)

+ / f %70 fiPdxdr + s / f HOFITGH 2 dxdr + ||e3SaF3||iz(OT_V)). 2.6)
0 0

We prove Theorem 2.2 in the case N = 3 and, with the due adaptations, the case N =2 is
performed in the exact same way.
The plan of the proof contains five parts:

Part 1.

Part 2.

Part 3.

Part 4.

Part 5.

Carleman inequality for v: We write e%ﬁv = w + z, where w solves, together with some
g, a Stokes system with right-hand side in L2(0, T'; V) and z solves, together with some
r, a Stokes system with right-hand side in L>(0, T; H3(2)) N H'(0, T; V). Applying reg-
ularity estimates for w and a Carleman estimate for z, we obtain a Carleman inequality
for v in terms of local integrals of Az and Azz and a global integral in F3.

Carleman inequality for Agp: We write 6%3&5—9/ 29 = n + ¥, where 5 solves a heat
equation with a L? right-hand side and v solves a heat equation with right-hand side in
L2(0,T: H*(Q)) N H' (0, T: L*()). Applying a Carleman inequality for ¥ and regu-
larity estimates for n we obtain a global estimate of Ag in terms of a local integral of
At and global integrals of A&, Avs and f7.

Carleman inequality for & : Using (1.5),, we obtain a Carleman estimate for the function
e%ﬁa’g/ 2¢. Combining this inequality with the Carleman inequality from the previous
step, global estimates of £ and A¢ in terms of local integrals of & another in Ay and
global integrals of Avs, f1 and f> are obtained.

Estimate of Azz: Using (1.5);, we estimate a local integral in Az3 in terms of local
integrals of £ and Ay and some lower order terms.

Estimate of Ayr: In the last part, we use (1.5), to estimate a local integral of Ay in terms
of a local integral of £ and global integrals in f] and f5.

Along the proof, for k € R and a vector function F with m-coordinates, we write

and

I F Nl 20.7:852)) = 1 F 220, 7: HF (2)m)

IF Nl 20,785 00)) = 1F 2200, 7: HF (92)m)
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and, for every p >0

”F”Wk-P(Z) = ”F”Wk'p(Z)”"

We will also denote a)é, J € N*, to represent subsets
0 1 2

and, for a fixed j € N*, we will denote by 6 ; a function in C(‘)>o (wé) such that

1

0<6;<landf;=1lonw) " 2.7

Proof of Theorem 2.2. For an easier comprehension, the proof is divided into several steps.

Step 1: Carleman estimate for v.

Let us consider p(¢) := egsa and write
(pv, pr) = (w,q) + (z, 1), (2.8)
where (w, ¢) and (z, r) are the solutions of

—w; — Aw+Vg=pF; inQ,
V-w=0 in Q,

w=0 on X, (2.9)
w(T)=0 in ,

and
-z —Az+Vr=—p'v inQ,
V.z=0 in Q,
2=0 on s, (2.10)
z2(T)=0 in ,

respectively.

For w, Lemma A.6 yields
lwlF20 7 + 101510709y < CIOF3 17200 12y (2.11)

For z, we prove the following Carleman estimate.

Lemma 2.3. There exist C = C(2, wg) and Ao = Ao(S2, wo) such that, for every A > Ao, there
exists so = 5o(2, wo, A, T) such that
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$d // ezsagﬁslzﬂzdxdt—}-sS // ezsaaslp|2|v|2dxdt
Q0

0
+ ( // ¢ | Azi Pdxdt + s // M|V Az Pdxdt + T o(s: VVAZ:))

i=1,3

<Cc) (unguiz(o,T;V) f f P | Az |2dxdr> (2.12)

i=1,3 @3 x(0,T)

Remark 2.4. A similar result to Lemma 2.3 was obtained in [1, Proposition 3.2]. However, we
cannot apply that result to system (2.10) because it would give a global term in z; in the right
hand-side which could not be absorbed by the left hand-side of the inequality. Moreover, the
regularity required for the vector function F3 is not as optimal as in Lemma 2.3. For this reason,
we give the proof of Lemma 2.3 in the Appendix B.

Step 2. Carleman inequality for Ag.

912

We write p¢ =1 + v, where the functions 7 and  stand to solve

i —An=pd " fi in Q,

g_g =0 on X, (2.13)
n(T)=0 in Q
and
—Y — Ay = —Moe M p§ =2 + p§=2v3 — (0P in Q.
% -0 on X, (2.14)
v (T)=0 in Q,
respectively.

Using standard regularity estimates for the heat equation with Neumann boundary conditions,
we have

131 0.7 122 F 11132071200y < CN0S ™2 fill 72y (2.15)

for some C > 0.
Next, from (2.14) we see that

—(AY) — A(AY) = —Moe M pg=2 A& + pp~°/2 Avs — (pp~/*) Ap in Q,
USD = pg o125 on T. (2.16)
AY(T)=0 in Q.

Applying [8, Theorem 1], we have the following estimate
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To(s,AwSC(f /f PG| Ay Pdxdr + // UG P AEP + |Avs P)dxds

@i x(0,T)

+S// 2&‘0{ 8| | | |2d dt+s2+2/11/:/ 2&‘0[ 6|)0| |A§0|2dxdt>

2.17)

for any s > s0(€2, wp, T, A) (a proof of (2.17) is achieved taking into account that
(0@~ < Cs' TG,
since
@+ 16, < CT$*! and 167" < CT?,

for some C :AC(Q, wp, A) and any s > 50(<2, wo, A, T)).
Because p¢~ /> Ag = Ay + An, estimate (2.17) gives

To(s,mmsc( // P |Aw|2dxdt+/f PG 0P AEP + | Avs P)dxdt

wgx(0,T)
—~ 9
+s//e2sa¢—8|p|2|$|2dodt+s2+2/“/f e2‘9“¢>3(|A¢|2—|—|Ar}|2)dxdt).
V
= o
(2.18)

The last term on the right-hand side of (2.18) can be estimated as follows

s/ / / G (|AY P + | AnPydxdr < Cllpg ™" fill ]2 g, + 8To(s, Ay, (2.19)

for any § > 0 and any s > s9(€2, wg, T, 1). Here we have used estimate (2.15) and the definition
of In(s, AYr).
Therefore, combining (2.15), (2.18), (2.19), we obtain

IO(S, Aw)"i_”n”?{l(o’T,LZ(Q)) + ||’7||i2(0’T;H2(Q)) +S3 // ezsa¢76|p|2|A(p|2dXdl

( ff 2a |Aw|2dxdt+/f 2039 o 2(|AE [ + | Avsdxdr

w0><(0 T)

/ / 2975 || |2dodt+||p¢‘9/2f1||Lz<Q)) (2.20)
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Step 3. Carleman inequality for €.

We consider the function ,0(}5\_9/ 2&, which fulfills the following system:

—(pp928), — pp P AE+ Mpp~l?e = fo in Q,
a(péa*v"/z@ -0 on X, (2.21)
(pp~°2)(T) =0 in Q.

with fo = —~Mpp~*/Ap — (pd~°1)i& + p§ " fo.
From Lemma A.2, we have the estimate

12(S,,0$_9/2$)§C<S5 // PG p Pl Padxdt + 521 // 545 o2& Pdxds
0

w3 x(0,T)

+s2// ¢2e2m(|mﬁ|2+|An|2)dxdt+s2// 625“$7|p|2|f2|2dxdt).
0 0

(2.22)
Here we have used the fact that |(p$‘9/2)l| §§s1+1/“$_3p.
Using estimate (2.19) and the definition of Iy(s, Avr), we see that
(s, pd 7€) < C(s5 / / ¢ p | Pdxdr (2.23)

w3 x(0,T)

4 / / 301021 fi Pdxdr + 5 / / eZ‘Y“$_7Ip|2|f2|2dxdt>+51Ao(s, AV,
0 0

for any § > 0 and any s > 50(2, wo, T, A).
Adding (2.20) and (2.23), absorbing the lower order terms, we obtain

125, 08 98) + To(s, Ay) + 5° f / PG o2 AgPdxdr

0
§C<s3 // P3| AV Pdxdt + s° // %4 p|?E P dxdt

w§x(0,T) w3 x(0,T)
+ / / F 0102 Lfi Pdxdt + 52 / / G0 2| fo Pdxdr
0 0

~ ~ 9
+// ezm¢_9|,o|2|Av3|2dxdt+s// e”“¢—8|p|2|$|2dodz>, (2.24)
v
0 =

for any s > s0(2, wg, T, A).
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Step 4. Estimate of a local integral of Az3.

In this step we estimate the local integral of Az3 in the right-hand side of (2.12) in Lemma 2.3.
We begin using (2.16) to see that

s /f 93| Az32dxdt = 5° /f eZ%SAzs(—&Fg/z((Aw),+A<Aw>—(p¢?9/2>,A<o)
w3 x(0,T) wpx(0,T)

+ Moe M pAg — Awg)dxdt. (2.25)

We estimate each one of the terms in the right-hand side of (2.25).
The first term is estimated as follows:

5 // P PP Az3(AY),dxdt = —s° f (€3 $%*), Azs Avrdxdt

wpx(0,T) wpx(0,T)

—s / / e3P (Az3) Ayrdxdt.  (2.26)

wpx(0,T)
‘We have
|s® / (€>¢°¢??); Azs Aydxdt|
wyx(0,T)
<cs® / f > T Ay Pdxdt + 8s° / / e¥P% | Azs|Pdxdt, (2.27)
wix(0,T) o

because
(29 559/2),| < Cs1+1/11Go+1/1149/2 2ser
For the other term in (2.26), we use (2.10) to see that
—(Az3) = A’z = —p'Avs

and write

5 // PP (Az3), AYdxdt = s° // 4P PP Ay (— A%z + p’ Avs)dxdt.
w3 % (0,T) w3 %(0,T)
(2.28)

Let us now estimate the terms on the right-hand side of (2.28).
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It is not difficult to see that

Is° // PP 672 Ay A%z3dxdt| < Cs° /f XAV Pdxdt + 8T _»(s, VVAz3).
wpx(0,T) w§x(0,T)

(2.29)

‘We also have

|s° f/ e3P 62 Arp Avsdxdt| = |s° // P2 Ao pT  Azs + wa)dxdt|

wpx(0,T) wpx(0,T)

§C<s9 // ez‘mang/“ml/ﬂzdxdt-i-||PF3||iz(O,T;V)>

whx(0,T)

+8s° / / e>H| Azs|Pdxdt. (2.30)
0

Here we have used estimate (2.11) and the fact that |,0’,0_1| < Csl+1/“$1+1/“.
For the second term in (2.25), we have

|s° / / P P2 Az3 A(AY)dxdt| (2.31)
wpx(0,T)

<Is’ f / (046> 9 P”%) Azs + 2V (0479672

wgx(0,T)

XV Az3 + 04%¢°$> A?23) Ayrd x|

<Cs® / / PP Ay Pdxdt + §(s / / X3P | Azz|Pdxdt
0

w§x(0,T)

+53 // e 93|\V Azs)Pdxdt + 1-2(s, VV Az3)),
0

because
|V(94€2SQ¢5$9/2)| S CS$21/2€2501 1wg and |A(94€2S0t¢5$9/2)| S CS2$23/262SC(1‘08.

We estimate the other three terms in (2.25) as follows.
For the term in A&, we use integration by parts to get
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3 / / ¥ P p Azz AEdxdt|

wpx(0,T)

/ / (A(04¢* ¢ p) Az3 + 2V Azz - V(04997 p) + 046> $° p A%23)Ed x|

w3 x(0,T)
f / e’ |p|? (£ 2 dxdt + 8(s f / e®9 | AzzPdxdt
wix(0,T)
+ 3 / / %93 |V Azz|dxdt) (2.32)

because

V(016> 9 p)| < Cs¢°e>“pl 4 and |A (03¢ pg*)| < Cs?¢e™ p1 4
For the term in Aws3, estimate (2.11) gives

// ¢ Az3Awsdxdi < CllpF3l 72 oy, + 857 f/ >\ AzaPdxdr. (2.33)

wox(O T)
Finally, for the last term we have
|| 6 ®rsndPrapinan < cs’) [[ @450 sz + andxar
wpx(0,T) w3 % (0,T)

<cs® // G123 Ay Pdxdt + CllpFs|2, 1.y, + 057 // 25045 A s 2.
a)0><(0T)
(2.34)

because
(0~ < Cs' 1G5 p.

Thus, we have the following estimate for the local integral of Az3:

// eZsa¢5|Az3|2dxdt

w3 x(0,T)

( [[ eamavtasar+s [[ @i |$|2dxdt+||pF3||L2(0TV))

w0><(0 T) wox(O T)
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+8(s° // e | Azs)Pdxdt + s° // 23|V Az Pdxdt + 1_o(s, VV Az3)).
Q 0

(2.35)

Step 5. Estimate of a local integral of Ayr.

In this step, we estimate the local integral of Ay in the right-hand side of (2.35). For that, we
use (1.5) to write

50 / / ¢8| Ay |2dxdt (2.36)

wgx(0,T)
1 —~
< s / / 05> $ 1552 p Ay (&, + AE — ME + fo — Mp™'$% An)dxdt.
wyx(0,T)

The rest of this step is devoted to estimate each one of the terms in the right-hand side of the
above integral. For the first term, we have the following estimate

Claim 2.5. For any § > 0, there exists C > 0 such that

K f / 6365 13592 p A&, dxdr|

% (0,T)

< (s // PG p P18 Pdxdi + 10 F3 122 0 1.y

@§x(0,T)

+8(ha(s, pp2%E) + To(s, AY) +5° / / B9 |Az3|Pdxdt).  (2.37)
0

We prove Claim 2.5 in Appendix C.
Next, we integrate by parts the second term in (2.36) to obtain

S9 // 9562Av(xp¢18$—9/2AwA%-dxdt

wy % (0,T)

=—s / / AYV (X% pp'8~205) - VEdxdt

wyx(0,T)

- f/ 05¢X% p'8p 12V (AY) - VEdxdt.

g% (0,T)

<cs // eX%P%0|p 2| VE 2dxdt + 8To(s, AY). (2.38)

wyx(0,T)
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because
|V(62S01p¢18$—9/205)| S CS$29/2p62sozlwg.
Next,
517 // 06X P20\ p 2| VE Pdxdt = —s7 // 06> p|2 AEEdxdt
wfx(0,T) wfx(0,T)
— ff A(Oge™$* | o) & |Pdxdt (2.39)
w§x(0,T)
¥ [ P pPsPdndr + 51205, 057%),
§x(0,T)
because

|A@6e™ @ pP)] < Cs*¢™ |pPe™ 1 .

Finally, for the last three terms, we have

9 f/ 056599189 p AyrEdxdt| < Cs' / 5% o Ple Pddr + 8To(s. AY),

g% (0,T) g% (0,T)
(2.40)
9 f/ 6362 p 5~ A frdxdi] < Cs'S / G2 ol dxds + STo(s. Ay
W x(0,T) @y x(0,T)
(2.41)
and

// 6 ezs“¢18A¢Andxdt|<C//¢ %121 fi12dxdt + 8To(s, AYr).  (2.42)

@3%(0,T)

Gathering (2.24), (2.36)—(2.42), we obtain, after absorbing the lower order terms, the estimate:

To(s, AY) + I(s, pgp %) + / / %95 p?|Ap|Pdxdr + / / UG O0p 2|V Pdxdt

o [[ e |s|2dxdr+//¢ %ol |f1|2dxdr+s15/ 34 pP| foPdxdr

wox(() T)
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—_~ - 8
+// e25“¢*9|p|2|m3|2dxdt+s// 62““¢8|p|2|%|2d0dt>, (2.43)
Vv
0] s

for C = C(R2, w) and every s > 5o(2,w, T, A). Notice that we can add the last term in the
lef-hand side of (2.43) because g—f =0.
To finish the proof, we notice that

- -~ 8
|//ezsa¢_9|p|2|Av3|2dxdt|+s// ezm¢_8|p|2|%|2dadt (2.44)
v
0 =
<Cs // e8| Azz + w3)|*dxdt
)
< CloFilg iy, +55° [ [ @45 822 Paxdn,
0

for any § > 0. Moreover, we also have
|s° /f e>%P3 | Azy |Pdxdt|
wyx(0,T)

<5’ / (A (G265 P7) Azy + 2V (4™ $%) - VAz) + 04e®*¢° A%z1)z1dxdt|

w§x(0,T)

<Cs° f / 9% 21 Pdxdr + 8(s° / f X3P | Azi|Pdxdt
0

wgx(0,T)

+5° // P3|V Azi Pdxdt + 1-a(s, VV AzY)), (2.45)
0

since
|V (04¢%%¢°)| < Cs¢6e2m1wg and |A(B4e>% )| < CS2¢7€2mlwg.
From (2.12), (2.35), (2.43), (2.44) and (2.45), we finish the proof of Theorem 2.2. O

3. Null controllability for the linear system

In this section we solve the null controllability problem for the system (1.4), with a right-hand
side which decays exponentially as t — 7.
Indeed, we consider the system
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L, c,u)+(0,0,Vp)=(hi,h2+ 81X, H3 + g26N—2Xw,).

V-u=0 in Q, X
=2 =0; u=0 on X, G-
n(x,0) =no; c(x,0) =co; u(x,0) =up in Q,
where
Ln,c,u)= (n, —An+ MAc,c; — Ac+ Mc + MoefM’n, Uy — Au — neN)
= (L1, L2, L3)(n, c,u). (3.2)

The aim is to find (g1 Xw,» 82Xw,) € L2(0, T; H'(RQ)) x L*(Q) (g2 =0, if N = 2) such that the
solution of (3.1) satisfies

nx, T)=cx,T)=u(x,T)=0. (3.3)

Furthermore, it will be necessary to solve (3.1)—(3.3) in some appropriate weighted space. Before
introducing such spaces, we improve the Carleman estimate given in Theorem 2.2. This new
Carleman inequality will only contain weight functions that do not vanish at = 0.

Let us consider a positive C°°([0, T']) function such that

o= I «T/2) if0<t<T/)2 )

£(1) if3T/4<t<T,
and define our new weight functions as

M) _ 2 nolleo . 5) eMo(x)
= , Y, t) = ———,
g(t)ll g(t)ll

P(6) =miny (x,1), y*(1) = max¢(x,1), f*(t) =max f(x,1), B=minB(x,1). (3.5
xeQ xe xeQ xeQ

Blx.1)=

With these new weights, we state our refined Carleman estimate as follows.

Proposition 3.1. Let (o7, &7, v7) € L2(Q) x L2(Q) x Hand (fi1, f», F3) € L*(Q) x L*(Q) x
L%(0, T; V). There exists a positive constant C depending on T, s and ), such that every solution
of (1.5) verifies:

T T
/ f 3B5=0\V o Pdxdr + / / 3By — (¢),I*dxdt
0Q 0Q

T T
+ / f SByH e 2dxdr + f / B 0\Ve 2dxdr
0Q 0Q

T
+ / / PP lPdxdi + p(0) = (@20 72, + 1EO) 172 g, + 10O,
0Q
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=C( f/ HPHBEPON 1 Pl Pdxdr + (N —2) // PP P i Pdeds

w1 x(0,T) wyx(0,T)
+ / / 3B f112dxdr + / / P2 3B 1 12axdr + / / SPOF2 + |V F3?)dxdt),
0 0 0
(3.6)
where

1
W = [ o.ndx.
1€2]
Q
Proof. The proof of Proposition 3.1 is standard. It combines energy estimates and the Carleman

inequality (2.5). For simplicity, we omit the proof. O

Now we proceed to the definition of the spaces where (3.1)—(3.3) will be solved. The main
space will be:

E: {(n’c7u5p7g17(N_2)g2)EEO:
ePPPLy(n, ¢, u) € L2(Q), e PP (zz(n, c.u) — gm)e L2, T: H'(Q),

e BBy <£3 (n,c,u)+Vp — €N—2g2X2> e L2(0),

on dc
/L:l(n,c,u)dx:Oand—:—:u:OonE ,
v dv
Q

where

Eo= {(n, i, p, g1 (N —2)g2) : |e 2P 2n] 12 o) + lle™F 3257 2¢) 12,

+llx1e P 32BN 2 gy 12 o)+ (N = ) llx2e™F 2B ()P g 120
+ ”3_3/2“3“”LZ(O’T;H—I(Q)) <00,
e~SIABRI3 /4y ¢ 120, T3 HA() N L¥(0, T; HY(Q)),

e PPV e 120, T; HA(Q),

e=32B5=2=2/1 120, T HA(Q)) N L=(0, T; V)}.

Notice that E is a Banach space for the norm:
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”(n,C,M, P, 81, (N_2)82)”E

= [ 2P7 0l ) + e P TP T, )
Hlxre P PP g2, o) + (N =D)lxee™ P 2P ()Pl )
—3/25B,, 112
+||e MHLZ(O,T;H’I(Q))

+||e_5/2sﬂ?3[’1 (”l, c, Li) ”iZ(Q) + ”6_5/2“3?2 <£2(7’l, c, M) - ngl) ”iz((),T;HI(Q))

+le>/2Bp=3/2 <C3 (n,c,u) +Vp— €N—282X2> ||i2(Q)

—5/4sB=13/4 112 —5/4sB~13/4 112
+||€ V n”L2(0,T;H2(SZ)) + ||€ V n”LOC(()’T;Hl(Q))

—5/4sB~—1/4 2
+||6‘ / Sﬁy / VC”LZ(O,T;HZ(Q))

—3/2sf?)7—2—1/11 —3/2s,§?—2—2/11

+lle w720 ey € #3000, 7:%) - 3.7)

Remark 3.2. For every (1, ¢, u, p, g1, (N — 2)g2) € Eo, we have that V - (nV¢) € L2(e~ P9
Q). In fact,

//e—553?6|v-(nVc)|2dxdt5//@‘553?6(|an2|%|2+InI2IAc|2)dxdt
0 0

< //(|675/4SB\?13/4V11|2|675/4SB\V1/4VC|2 + |e*5/4s//3\?13/4n|2|e*5/4“’§5/\*1/4Ac|2)dxdt
0

< 00.

Remark 3.3.1If (n,c,u, p,g1,(N — 2)g2) € E, then n(T) = ¢(T) = u(T) = 0, so that
(n,c,u, p, g1, (N —2)g2) solve a null controllability problem for system (3.1) with an appropri-
ate right-hand side (h1, ko, H3).

We have the following result:

Proposition 3.4. Assume that:

3
(no, co, 1) € H'(Q) x H*(Q) x V, /nodx =0, % =00ndQ, (3.8)
v
Q

eSBBP3y € L2(0, T LA()), e /2P92hy € L2(0. T H' (),

and
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Then, there exist (g1x1, (N —2)g2x2) € LZ(O, T; HI(Q)) X LZ(Q), such that, if (n,c,u, p) is
the associated solution to (3.1), one has (n,c,u, p, g1x1, (N —2)g2x2) € E. In particular, (3.3)
holds.

Proof. Following the arguments in [9,10], we introduce the space

— 0 d
Py=1(z,w,y,q) € C}(0); —Zz—wzyZOonE,/z(x,T)dxzo,
av v
Q

V.y=0, /q(x, Ndx =0,Aq =0, (L3(z,w,y) + Vq)|2=0}
Q

and consider the bilinear form on Py:

a(@w,3,9), (z,w,y,q))

0

- // PHAPIIPLIE DL w, y)dxds
0

o [[ (16 mm + vabese
Q

FVHY[LG D.9) + VG V[ w. ) + Vq])dxdt

+ /f PP T3BLO 5 P Dwdxdt
w1 x(0,T)

+(N —2) ff B3 ()01 ya P yrdxdt. (3.9)
wr%(0,T)

Here, we have denoted £* is the adjoint of L, i.e.,

L*(z,w,y) = (—z — Az + Moe ™ w — yey, —w; — Aw + Mw + MAz, —y, — Ay)
= (ﬁ*a E;v ;C;)(Z,w, y)

Thanks to (3.6), we have that a : Py x Py — R is a symmetric, definite positive bilinear form.
We denote by P the completion of Py with respect to the norm associated to a(.,.) (which we
denote by ||.||p). This is a Hilbert space and a(., .) is a continuous and coercive bilinear form
on P.

Let us now consider the linear form
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(G.(z w. . )

T
= //h1zdxdt + // howdxdt + f Hs - ydxdt + /(noz(O) + cow(0) + ug - y(O))dx
o 0 Q

It is immediate to see that

(G. @ w. v ) =le™> PP hil 2 71200 162777 (2 = @a) 120
- IIe’S/zsﬁfzhzlle(Q)||€5/2“§?72w||L2(Q)
e PPyl gl P9y 2 )
+ 10, co, u0) I 20 12(0) — (2)2(0), w(0), Y(O) |2 (-

In particular, we have that (see (3.6))
G, z,w,y. @)l < C<||e5/2”373h1 20752260 + e PP hall 2 )
+ e 252 My |l 20y + [l (no, co, uo)an(m) Iz w, y. )l p-

Therefore, G is a linear form on P and by Lax—Milgram’s lemma, there exists a unique
(Z,w,V,q) € P such that

a(@w,5, 9, (z,w,y,9)=(G, (z, w,y,9), (3.10)

for every (z,w, y,q) € P. We set

@.C0) = (PP 0L @ .9, PPN E W, ), P (LG B, 9)

+ Vg — AL3E W, ) + V) (3.11)
and
@1, (N —2)82) = —(2F T3Bp81 55, (N — 2)e2F 3B ()9, 1), (3.12)

Let us show that the quantity

e N e Y Ll A

+llxe PG 12, b (N = 2)llxae T BE ) P2, )

is finite.
We begin noticing that
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T

—3sB 112
/ I ot

0

T
-3 -~ 2
/ sB sup  <u,<¢ >H-1@).H (@) dt
n;qu(m Ho

T
/e3xﬂ sup < L35G 0,9+ VG — ALIE B, 9+ VD, § >4 oy 4
=1 ’

12 8

T
B ~ ~ 2
= / sup (33/235(»6; (/Z\» w, 3)\) + Vq)v g‘)LZ(Q)
rd HC”H(l)(Q)Zl

+(PPVLIEW.5) + V). VE) 20y dt

< // SPULIG D.5) + VP + V(LG B, 9) + Ve Pdxdt.
)

Moreover, since V -y = 0,Agq = 0 and (ﬁ*(z w,y) + Vq)|E: 0, we have that

3125P (E;(z, w,y) + Vq)e L?(0,T; V) and the equality is achieved. It is now immediate to
see that

lle —3/2sﬂA9/2A + P —3/2sﬂA—12A“L2 n ||e—3/2c,sA

|| 2( 0) ||L2(OTH I(Q))

+lxe B2 12, 4 (N = D)llxae T IBEN )12,
=a(@, 00, 9), @, U, 7)) < oo. (3.13)

Let us show that, (77, ¢, ) is the weak solution of (3.1) with (g1, g2) = (81, 22).-
First, it is not difficult to see that the weak solution (72, ¢, &) of system (3.1) with g; =g; and
g2 = &> satisfies the following identity

T
/ @, ¢, u) - (f1, f)dxdt +/ <u, F3 >H-1(Q).H)(@) dxdt

=//h1(pdxdt+//h2$dxdt+/ Hs - vdxdt
0] 0] o
+//§1X1§dxdt+(N—2) //§2X2v1dxdt
0 0

+ (10, 9(0)) + (co, w(0)) + (1o, v(0)), Y(f1, f2, F3) € L*(Q)* x L*(0, T; V), (3.14)

where (¢, &, v, ) is the solution of
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L9, §,v)+ (0,0, V) = (f1, f2, F3) in Q,

V.-v=0 in Q,
3.15
3—@’:%:0;1):0 on X, ( )

ox,T)=0; E&x,T)=0; v(x,T)=0 in Q.
Let us now take (flk, fzk, F3k) € CP(Q) x C3°(Q) x C3°(0, T; V) converging to (f1, f2, F3)
ask — oo.Here V = {u € C3°(2), V-u =0in Q}. Moreover, let (¢%, £k, vk, %) be the solution
of

L*(gk, €5 k) + (0,0, Vaky = (fF, f5 FEy i 0,

V.-k=0 in Q,
a0k aEk o (3.16)
%:%:0,1}:0 on X,

o (x, T)=0; &K(x, T)=0; v*(x,T)=0 in Q.
We have that ((pk , ék, vk, nk) € Py and from energy estimates, we have that (gok, Sk , vk) con-
verges to (¢, &, v, ) in the space LZ(Q) X L2(Q) x L2(0,T; V) (actually it converges in a

better space).
From (3.10) and the definition of (7, ¢, %), we have

T
//ﬁf{‘dxdr+//€f2’<dxdr+/ <, F§ >go1 gy m) (e dxd!
0 0

0

T
= / / higfdxdr + / / hog*dxdr + / Hj - v¥dxdt + / (09" (0) + co&*(0) + ug - v*(0))dx
Q

0 0 0
+ // X1§1Ekdxdt+(N—2) // Xg?g}v’fdxdt. (3.17)

w1x(0,T) wyx(0,T)

P N

We may pass to the limit in (3.17) to conclude that (7, c,u) also satisfies (3.14) for every
(f1, f2. F3) € L*(Q) x L*(Q) x L*(0, T; V).

The following lemma says that, possibly changing ¢ in (3.11), (7, ¢, %) is in fact the weak
solution of (3.1).

Lemma 3.5. Let u € L2(0, T; H~1(Q) with V - u = 0 and such that

T
/ <u, F >H-1(9). H)(Q) dt=0
0

forevery F € L2(0, T; V). Then there exist q € L2(0, T; L(Z)(Q)), with Aq =0, such that
u=Vgq.

Proof. The result follows from de Rham’s theorem. O
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From Lemma 3.5, identities (3.14) and (3.17), we conclude that (7, C, %) is in fact the weak
solution of (3.1).
Let us now show that (77, ¢, ) belongs to E. Indeed, it only remains to check that

e~SIHBRIAG € 120, T3 HA(Q) N L®(0, T; H'(Q)),

e/MBp=1/4e e 120, T: H ()
and that
e3P p=22NgG e [2(0, T; HA(Q) N L, T; V).
To this end, let us introduce (n*, c*, u*) = p(¢t)(, ¢, u), which satisfies
nf — An* = —MAc* + phy + piit in Q,

cf — Ac* = —Mc* — Moe™M'n* + pgix1 + pha + p¢ in Q,
uy — Au* +Vp*=n*ey + pgax2en—2+ pHz + piit in Q,

Vour=0 in 0. (3.18)
%Z%L::O; u*=0 on X,

n*(x,0) = p(O)no; c*(x,0)=pO)co; u*(x,0)=pO)ug in Q.

We consider four cases:
Case 1. p= e’5/433)’/\13/4.

In this case, we have that

| < Ce—5/4s]33]79/2 < Ce—3/2s]33)79/2 (3.19)
and
lor| < e —32Bp—12 (320)

From (3.13), it follows that ;7 and p,¢ belong to L?(Q). Therefore, from well-known regularity
properties of parabolic systems (see, for instance, [14]), we have

e BBL/AR € 1200, T; HX(2)) N L2, T; HY(Q)),

e=SMBP3/48 € 12(0, T; HA(RQ)). G20
Case 2. p= 6_5/45377_1/4.
In this case, a simple calculation gives
01| < Ce™ S4B 13/4 (3.22)

and from Case 1, we conclude that p,c belongs to L%, T; H! (RQ)).
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Using the definition of g (see (3.12)) and (3.6), we can also show that

/ / V(e S4Bp=1142) 2 < Ca(G, i), (. D)), (3.23)
0

for some C > 0, since e7/233+4‘95*?122’1/2 < Ces“ﬁ?’6. Hence it follows that e’5/453?’1/4§ €
L*(0,T; H'()).
Therefore, from the regularity theory for parabolic systems, we deduce that

e~SI4BY1/4 € 1200, T3 H()) N L0, T HX(R)), o)
e=SMBp14T e L2(0, T H3(Q)). '
Case 3. p= e_3/2s§')7_1_1/“.
In this case, we have
oi] < Ce™3/%8, (3.25)
and it follows that
e32B5=1=11G ¢ 1200, 7, H! (Q)) N L™(0, T; H).
Case4. p = 6_3/2SE?_2_2/“.
In this case, we have
o] < Ce™3/2Bp=1=1/11, (3.26)

and it follows that

~

e P22 e 120, T HX(Q)) N L™(0, T; V).
This finishes the proof of Proposition 3.4. 0O
Remark 3.6. For every a > 0, and every b, ¢ € R, the function sb e‘”/§ y¢ is bounded.
4. Null controllability to trajectories

In this section we give the proof of Theorem 1.2 using similar arguments to those employed,
for instance, in [10]. We will see that the results obtained in the previous section allow us to
locally invert the nonlinear system (1.1). In fact, the regularity deduced for the solution of the
linearized system (1.4) will be sufficient to apply a suitable inverse function theorem (see The-
orem 4.1 below). Thus, letus set n = M + z, ¢ = Mpe M! + w and u = y and let us use these
equalities in (1.1). We find:
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L(z,w,y)+(0,0,Vp)
=—(-Vz+V-@Vw),zw+y-Vw, (y-V)y) + (0, g1 x1. (N —2)g2x2),

V.y=0 in @, (4.1)
3—3:%—'5:0;y=0 on X,
2(x,0) =no—M; w(x,0)=co— Mp; y(x,0)=ug in Q.

This way, we have reduced our problem to a local null controllability result for the solution
(z, w, y) of the nonlinear problem (4.1). We will use the following inverse mapping theorem (see
[12]):

Theorem 4.1. Let E and G be two Banach spaces and let A : E — G be a continuous function
from E to G defined in B, (0) for some n > 0 with A(0) =0. Let A be a continuous and linear
operator from E onto G and suppose there exists Ko > 0 such that

lele = KollA(e)llg (4.2)
and that there exists § < Ky U such that

[ A(er) — Ale2) — Aler — e2)|l < dler — el 4.3)

whenever ey, ey € By(0). Then the equation A(e) = h has a solution e € B, (0) whenever ||h| ¢ <
cn, where ¢ = K(;l — 4.

Remark 4.2. In the case where A € C! (E; G),using the mean value theorem, it can be shown,
that for any § < K, ! inequality (4.3) is satisfied with A = 4’(0) and n > O the continuity
constant at zero, i.e.,

1A' () = A O)ll£ek:c) < 8 4.4)
whenever |le||g < 1.

In our setting, we use this theorem with the space E and
G=XxY,

where

X = {(h1, ha, H3); /P P30 € L2(Q), e *P5%hy € L2(0, T; HY(R), (4.5)

¢S/2P5=512 5y e L2(Q) and /hl(x, Hdx =0a.e. 1€ (0,T)),
Q

9
Y = {(z0, wo, yo) € H' () x HX(Q) x V: /zgdx =0, # —0ondQ}  (4.6)
v
Q

and the operator
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A(Z’ w, y’ gl, (N - 2)g2)

= <£(z, w,y)+(0,0,Vp)+ (y-Vz+ V- -Vw),zw+y-Vw, (y-V)y)

- (Os 81X1, (N - 2)g2X2)7 Z(~a O)v U)(., 0)7 )’(, O)>7

(Zv w,y,p,81, (N - 2)82)) € E. Wehave
A'(0,0,0,0,0) = (E(Z, w, y) + (0,0, Vp) — (0, g1 x1, (N —2)g2%2), 2(., 0), w(., 0), y(., 0))’

forall (z,w,y, p, g1, (N —2)g2)) € E.
In order to apply Theorem 4.1 to our problem, we must check that the previous framework
fits the regularity required. This is done using the following proposition.

Proposition 4.3. A€ C1(E; G).

Proof. All terms appearing in A are linear (and consequently C'), except for (y - Vz + V -
(zVw), zw +y - Vw, (y - V)y). However, the operator

(zow,y, 81,8, G, 81,8)) > (y-VEI+ V- VD), z+y- Vi, (y - V)F)  @.7)

is bilinear, so it suffices to prove its continuity from E x E to X.
In fact, we have

”V : (ZVII))”X] = ”ZA'I) +Vz. Vlb”LZ(e—SJEj‘;ﬁ;Q)

< C||€_5/2sﬁ5/\3ZALD”L2(Q) + ||€_5/2Sﬂj'/\3vz . VII)”LZ(Q)

< C<||e_5/4sﬁ?13/42||L°0((),T;H1(Q))||e_5/4sﬁ’7>_1/4AlD||L2(O,T;H1(SZ))
+ ||e_5/4sﬁ?13/4w||L°°<0,T;L2<sz)>||"’_5/4S'37_1/4V’1’||L2(o,T;H2<Q>>>’

for a positive constant C.
For the other term, we have

1y - VZlx, =1y - VEll o psipgo. )
< Clle PPy | Lo, vy e EPBAVEN 20,7 @)

< C”e—3/2s,§»\—2—2/11

> =S/BRIAYZ|

YllLe©,7;vy lle 0,7;H(Q))
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Analogously,

”Zﬁ)”XZ + ”y . Vﬁ))”XQ - ”y : Vﬁ)”LZ(efﬁﬁ?At;o’T;Hl(Q)) + ”Za}”Lz(e’SSE)//\‘t;O,T;Hl(Q))

~5/4sB =

< C||le™¥/FPp=2=2/1 7D 20, 7m0

Yl so.rovy Il

F ClleS/4sB13/4 —5/4sB 3

/4w ~
zllz20.7: 11 @plle VD20 @)

Finally, for the last term, we have

1 - VIDNx; = CUY - VID 255555, 0)

< C|le~3/2B5—2-2/11

v —3/2sﬁ?—2—2/11

YllLe©,7:v)) lle V§||L2(0,T;L2(Q)))
Therefore, continuity of (4.7) is established and the proof Proposition 4.3 is finished. O
An application of Theorem 4.1 gives the existence of §, n > 0 such that if ||(ng — M, co —
Mo, ug)|| < n/(K(;] — §), then there exists a control (g1, (N — 2)g>2) such that the associ-
ated solution (z, w, y, p) to (4.1) verifies z(T) = w(T) =0, y(T) =0 and ||(z, w, y, g1, (N —
2)g2)lE < n. This concludes the proof of Theorem 1.2.

Appendix A. Some technical results

In this section, we state some technical results we used along this paper.
The first result will be a Carleman estimate for the solutions of the parabolic equation:

N
w—Au=fo+» d;f;in Q. (A.1)

j=1

where fo. fi,.... fv € L*(Q).
The following result is proved in [13, Theorem 2.1].

Lemma A.1. There exists a constant Ay only depending on 2, wo, no and £ such that for any
A > Ag there exist two constants C()) > 0 and S()), such that for every s >5 and every u €
L*(0, T; H'(Q)) N H' (0, T; H~1(Q)) satisfying (A.1), we have

57! //62”‘¢71|Vu|2dxdt+s// > ul>dxdt
0 0

—-1/2 —1/4. 112 —-1/2 —1/4+1/11 2
SC(S / ”eS(¥¢ /u||H1/4‘]/2(2)+S / ”eSOld) /+/ u”LZ():)
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N
+572 / / >~ folPdxdt + ) / / ™| f;12dxdt
0 =g

+s / / e25“¢|u|2dxdt). (A.2)

wox(0,T)

Recall that

172
_ 2 2
”u”H%%(E) - (||u||H1/4(0,T;L2(BQ)) + ”u”LZ(O,T;Hl/Z(BQ))) .

We now state a Carleman estimate for solutions of the heat equation with homogeneous Neu-
mann boundary condition.

Lemma A.2. There exist C = C(Q2, ') and Lo = Ao(2, ') such that, for every A > Lo, there
exists so = so(2, ', A) such that, for any s > so(TH 4+ 122y any qo € LX(Q) and any f €
L%(Q), the weak solution to

g —Aq=f in Q,

% =0 on %, (A3)

qg(x,0)=qo in L,
satisfies
I;;(s,q)5C(sﬂ//ezm¢ﬂ|f|2dxdt+sﬂ+3 // e2S“¢ﬂ+3|q|2dxdt>,
(0] ' x(0,T)

forall B eR.

The proof of Lemma A.2 can be deduced from the Carleman inequality for the heat equation
with homogeneous Neumann boundary conditions given in [9].
The next technical result is a particular case of [4, Lemma 3].

Lemma A.3. Let B € R. There exists C = C(\) > 0 depending only on 2, wo, ng and £ such

that, for every A > 1, there exist 51(\) such, for any s > 51(L), every T > 0 and every u €
L%, T; H! (R2)), we have

§3tP //e25a¢3+ﬁ|u|2dxdt
9

T
<C|s'tP //ezs“¢1+ﬂ|Vu|2dxdt+s3+ﬁf/ezm¢3+5|u|2dxdt . (A4
0

0 wo
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Remark A.4. In [4], slightly different weight functions are used to prove Lemma A.3 Indeed,
the authors take €(¢) =t(T — t). However, this does not change the result since for proving this
result we only use integration by parts in the space variable.

We now present two regularity results for the Stokes system (see [15]).

Lemma A.5. For every T > 0 and every F € L?(Q), there exists a unique solution u €
L%0, T; H2(2)) N HY(0, T; H) to the Stokes system

ur—Au+Vp=F in Q,

V-u=0 in Q,
u=~0 on X, (A.5)
u(x,0)=0 in Q,

for some p € L*(0, T; H' (Q)) and there exists a constant C > 0, depending only on Q, such
that

lull 20,7822 + 14l 510,78 = ClIF llL2(g)-
Moreover, if F € L*>(0, T; H*(Q)) N H'(0, T; L2(Q)) and satisfies the compatibility condition
Vpr=F(0)in 0%,
where pr is any solution of the Neumann boundary value problem

—Apr=V-FO) in Q,

. A.6
‘%”—f:F(O)-v on 012, (A.6)

then u € L2(0, T; H*(Q)) N H(0, T; H3())) and there exists a constant C > 0, depending
only on 2, such that

Il 20, 7:14 @) + 14l 110, 7:12(02)) = C<||F||L2<0,T;H2(sz>> + ||F||H1(0,T;L2(sz>)>-

Lemma A.6. If F € L*>(0, T; V), then u € L*(0, T; H3(Q)) N H'(0, T; V)) and there exists a
constant C > 0, depending only on 2, such that

||M||L2(0,T;H3(Q)) + ”“”HI(O,T;V) = C||F||L2(0,T;V)-

Furthermore, if F € L>(0,T; H3(Q)) N H'(0,T; V) then u € L*(0, T; H ()) N H' (0, T;
H3(Q)) N HZ(O, T; V) and there exists a constant C > 0, depending only on <2, such that

lull 220,785 @) + 1l 107132 + 1l 2. 7:v) < CUIF 207832 + 1 Fill 20.7:v)) -
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Appendix B. Carleman inequality for the Stokes operator
In this section we prove Lemma 2.3 used in the proof of Theorem 2.2.

Proof. For better comprehension, we divide the proof into several steps.
Step 1. Estimate of VVA(z;), i =1, 3.

We begin noticing that since F3 € L?(0,T,V), we have that p'v € L?(0, T; H3(Q)) N
H'(0,T;V) (see Lemma A.6 above). Therefore, we can apply the operator VV A- to the equa-
tion of z; (see (2.10)),i =1, 3, to get

o~

~Ziy— AZi =—-VV(A(p'v;)) in Q, (B.1)

where Z = VV Az;. Here, we have used the fact that Ar =0in Q.
Next, we apply Lemma A.1 to (B.1), with i = 1, 3, and add these estimates. This gives

S 4 — 7 2
le(s2><cz<s ey Z| W

i=1,3 i=1,3

/f > o' 12|V Av; |*dxdt + s // P\ Z; |2dxdt)

whx(0,T)

_1 _ =
5t e N ZiT gy (B2)

Notice that this can be done because the right-hand side of (B.1) belongs to L20, T; H ().
Now, using Lemma A.3, with 8 =0, we see that

s // 2 93| Z:Pdxdt

i=1,3

<Y // SegZibdxdr+st [[ @egzibara |, ®3)

i=1,3 w2 x(0,T)

for every s > C1, where Z; := VAz;. R
In (B.2), we estimate the local integral of Z;, i = 1, 3, as follows:

s // 2P| Z; Pdxdt < s f/ 0¥ $|V Z; |2 dxdt

wyx(0,T) w3 x(0,T)
/f AEX%P0,)|Zi |*dxdt — s // 06XV - (Z)) Zidxdt
@}x(0,T) @5 (0,T)
3 // ¥ P37, 2dxdt + ST_2(s; Z;), (B.4)

w3 x(0,T)
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for any § > 0, since
|A(62S0l¢92)| S Cs2¢3e25011w(2)

Hence,

)3 (SS// 293\ Z;dxdt + Ta(s; ZJ)
3
0

i=1,

_1 _1 _ =
<C Z(s e TIZiN2 | s I Z 2, (B.5)
i=1,3 H3"2(%)
// X' 1|V Av; |2 dxdt + 53 ff >3 Z; |2dxdt>
w3 x(0,T)

Using again Lemma A.3, with 8 =2,i =1, 3, we get

$d // %P | Az |Pdxdt < C<s3 // >3 Z;\Pdxdt
) o
/ / e2sa¢5|Az,-|2dxdz), (B.6)

@3 x(0,T)

for every s > C.
From (B.5) and (B.6), we obtain

( / [ @180 Pavar + 5 / [ et izaands + Tt Za>)
i=1,3

_1 s _lA. 2 1 sa _1/4_‘_1/11/\' 2
SC,-—X];(S 2e* e 4Zl”HélT’%(E)+s 2e% ¢ Zilia, (B.7)
// 9 o' 12V Av; [P xdt + s° f/ >3 Zi\*dxdt
2% (0,7)
// ezm¢5|AZi|2dxdt),

wpx(0,T)

for every s > Cy.
Step 2. Estimate of VAv;, i =1, 3.

By (2.11) and the fact that st/ Se2sa$11/ 5 is bounded, we estimate the integrals involving
V Av;, i =1, 3, on the right-hand side of (B.7). Indeed,
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// > p' 12|V Av; |>dxdt
0
=/f o' pI "2V Apvy)|Pdxdt
0

SC<52+2/11ff€2sa$2+2/lllvAWi|2dxdt+S2+2/11\/‘/‘ezsaaz—i_z/ll'Zilzdxdt)
Q Q

< c(onguiz(O,T;V) + g2t/ / / e2s'°7$3|z,-|2dxdz), (B.8)
)

since
|oz,|2 < CT2¢2+2/“.

Therefore, from (B.7) and (B.8), we have
> <s5// e | Azi|Pdxdt + s // e25“¢3|Z,~|2dxdt+T_2(s;Z-))
i=1,3 o o

_1 _1
<Cc) (ungniz(O,T;Vﬁs 2)le* ¢ 4z,»||fil

Bl—

i:l,3 z' (2)

+s—%||esa¢—1/4+1/112i”i2(2)

+53 /f >3\ ZiPdxdt + s f / e2s"‘¢5|Az,~|2dxdt>. (B.9)
3% (0,T) w0y x(0,T)

Step 3. Estimate of a global term of z;.

From the fact that A defines a norm in HZ(Q) X HOl (2), we have

5 / / P\ Pdxdt <C Y ° / / >3\ Az;i|Pdxdt, (B.10)
o =13
since z|gg =0and V- z =0.
Hence,
5 // ezsaaﬁ\slzzlzdxdt
0]

+ > (s5 // ezm¢5|Azi|2dxdt+s3// X3P Z; Pdxdt + T_»(s; Z-))
i=1,3 0 0
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2 D O ) L sa —1/4+1/115 2
<C Z(ongan(O,T;v)ﬂ NGTEZI g AT N Zi s

el
[S']

i=1,3
+ 53 /f >3\ ZiPdxdt + s° f/ ezmq&SIAzilzdxdt). (B.11)
w3 x(0,T) wpx(0,T)

Step 4. Estimate of the local integral of Z;, i =1, 3.

‘We have
$3 /f >3 Z;Pdxdt < 53 // 03> 9% |V Az;|Pdxdt
w3 x(0,T) w3 x(0,T)
3
S
== // A€>$303)| Az |*dxdt — s° // 03223V - Z; Azzdxdt
w3 x(0,T) wpx(0,T)
<Cs® // P3| Az [Pdxdt + ST_o(s: Z;), (B.12)
wpx(0,T)
since

|A(e2sa¢393)| S Cs2¢562_¥0( 1(08

From (B.11), we get

$d // ezxaaﬁ\s|z2|2dxdt
0
+ > <s5// ezs“¢5|Azi|2dxdt+s3// ¥ $3 Z; Pdxdt + T_o(s: Z))
i=1,3 0 0
1 1~ 1 -~
< C F 2 -2 S 712' 2 -7 S 71/4+1/llz_ 2
< i;}(up a0y T8 INEGTHZIL ) 5T il2s)
+s° / / ezs“¢5|Az,~|2dxdt). (B.13)
w3 % (0,T)

Step 5. Estimate of the L? boundary terms.

Using the fact that

15 Zi T2 5y < 1€ ZiliFa o) + s 2“0 2 Zill2 ) s~ 2071 PV Zill 29y (B.14)
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it is not difficult to see that we can absorb s~ 2 ||es°‘¢_l/4+l/“z' ||i2( in (B.13) by taking s

large enough.

%)

Step 6. Estimate of the Hi> boundary terms.

To eliminate the H%% boundary terms, we show that z;, i = 1, 3, multiplied by several weight
functions are regular enough. We begin noticing that, from (2.11), we have

5° //ezsaa>5|p|2|v|2dxdt§C(||pF3||i2(O’T;V)+s5 // % |zPdxdt).  (B.15)
0 0

Thus, the term ||S5/2€S&$5/2,OU||2 is bounded by the left-hand side of (B.16) and
L2(Q) y

2 .
”ng ”LZ(O,T;V)'

5 //ezsa$5|12|2dxdt+s5 f/ eX0H | p|?|v|Pdxdt
0 0
+ Z (s5 // PP | AziPdxdt + 57 /f X3 | ZiPdxdt + 1_»(s; Z)) (B.16)
i=1,3
: 0 0

+5° // ezm¢5|Azi|2dxdt).
(%)

w3 % (0,T)

B)—

R

_1 o Ll
<c) j(onzniz(o,T;Vﬁs 2)e* ¢ 4Zi||f{
i=1,3

We define now

with
T(t) = 321N G32=1/1 57
From (2.10), we see that (Z, 7) is the solution of the Stokes system:

—% — AT+ VFi=—Ipv—Tz inQ,

V.z=0 in Q,
7=0 on X,
2(T)y=0 in Q.

Taking into account that

o~

@ < TV, |p| < cs' G p,

| < Cs°24°2e%p, |T'] < Cs*/%§%/%,

and using Lemma A.5, we have that
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Ze L?0,T; H>(Q) N HY(0, T; L*(Q))

and
”Z”LZ(O T: HZ(Q))ﬁHl(O T: LZ(Q)) (”55/2(,];5/2 Sapv”LZ(Q) + ||s5/2:£5/2 AaZ”LZ(Q))
(B.17)
thus, ||lz||L2(0 TH2(0)NH(0.T:L2(0)) is bounded by the left-hand side of (B.16).
Next, let
=0z, rF =1 ()r,
with

I%(1) = §1/27 21 §1/2=2/11 5@
From (2.10), (z*, r*) is the solution of the Stokes system:

—zf = A"+ Vr* = —I*p'v - (*)z inQ,

V.z*=0 in Q,
=0 onx,
Z(T)=0 in Q.

Let us show that the right-hand side of this system is in L2(0, T; H2()) N HY(0, T; L2()).
For the first term, we write

Fov=0p0T " p pv=0pT o~ G +1w) (B.18)

and since

pT o7 < C,
we see that [*p'v = L2(0, T; HZ(Q)). Moreover, because

|(l*p’7_1p_l)’| < Cs$l+l/ll
the regularity of 7 and the one of w give
I*p've H(0, T; L*(Q)).

From (B.18), (2.11) and (B.17), we have

C<”35/2$5/2 s@ 5/2(’55/2 s@

”LZ(Q))
+C”'0F3”L2(O,T;V)' (Blg)

* 112
”l P v”Lz(O,T;HZ(Q))ﬂHl(O,T;LZ(Q)) S Iov||L2(Q) + ||S
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For the other term, we write
Yz =T"1a"% (B.20)
and since
ayi=c
we have that (I*)'z € L2(0, T; H*(2)). From the regularity of Z, and the fact that
(@) T < Csp+M,

we have that (I*)'z € H'(0, T; L2(R2)) and

”(l ) Z”LZ(O T: HZ(Q))ﬂHl(O T: LZ(Q)) (”‘5‘5/2255/2 solpv”L2( ) + ||SS/2a;5/2esaZ||EZ(Q)> .
(B.21)
Using Lemma A.5 once more, we obtain
* 2 . aé 1 .2
z7eL“(0, T;H(Q)NH (0, T; H*(2))
and
”Z ||L2(O T: H4(Q))ﬂHl(0 T; HZ(Q)) (”S5/2$5/2 Sapv”LZ(Q) + ||S5/2$5/2 SaZ”LZ(Q))
+ C||'0F3”L2(O,T;V)' (B22)
Let us now define 7 = Iz, where
T= 75/22¢ 5/22 ;5@
From (2.10), (Z,7) is the solution of the Stokes system:
%, — AT+ Vi=—Ilpv-Tz inQ,
V.Z7=0 in Q,
7=0 on X,
2(T) =0 in Q.
Noticing that
I’l7| < Cs1—5/22+1/11$—5/22+1+1/11esa — C(l*)l/z(’f)l/z
and interpolating H 2(Q) and H*(2), we obtain
7 ~ 172 1/2
1720 20,7 @) = CITZN st i 12 ot 7 pescsny (B.23)

and 7'z € L2(0, T; H3(Q)).
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Next, interpolating L%(Q) and H%(S2), we obtain

-~ 1/2
”l Zt “Lz((),T;Hl(Q)) =< C”lZ[ ||L2(0 T: LZ(Q)) ”l*ZI ”LZ(O,T;HZ(Q))'

We also have the following estimate

< C|ls*2e %2 2||}} 17217

1@z
ZlL20,17;H () L2(0,T;L2()) L2(0,T;H2(Q))"

Therefore, the following estimate holds

<”s5/2$5/2 s@ 5/2(’1;5/2 s@

”l Z”LZ(O T; H%(Q))QHI(O T: HI(Q)) IOUHLZ(Q) + ||S Z||L2(Q)

+ 0P 1)) - (B.24)

Next, writing

-~

Ip'v =o' (%)~ V2112 0= (12 (1)1 27 4+ T2 (%) 24
and using the fact that
G e e R Pyl

the regularity of z, z* and the one of w, we have that Tp/ NS L2(0, T; H3(Q)) and the following
estimate holds

5/255/2 sa

T 2
”l'o/U”LZ(O,T;H—‘(Q)) S pU”LZ(Q) + ”S Z“LZ(Q)

C (||s5/2$5/2 5@
+10Fs a0 ray)) - (B.25)

It is immediate to see that

||((Z*)l/zil/zz)t||L2(0,T;H1(Q)) = C||(l*)l/zil/ZZ”Hl(o,T;Hl(Q))

1/2 1/2
/ 1z

= Clzl g 0,72 172 10,72 0)

and because
|(Tp’(l*)_l/21~_l/2,o_l)’| < Cs$l+l/“,

we also have that

I (lA,o/(l*)*1/2l~71/2p71)/(1*)1/2[1/22||L2(0,T;H1(sz))

1/2 ~ ., 1/2
! A

5/2 s@ 352
= Clls™e= ™2l o, ri o 2 o, e

Hence, Tp’v € H'(0, T; H'()) and we have the estimate
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170" 0 130w oyt .71t ey = € (I528% 2% pvilda ) + 15728722 2,
F10F 20 10 ) (B.26)
Therefore, from Lemma A.6, we conclude that
Tze L*0,T; B> (Q) N H' (0, T; H(Q)) (B.27)
and has the estimate
12120 om0, rsmcay = € (15720265 0ul2, ) + 15520% 2722,
+10F a0 rayy) (B.28)

Now, since

W Zill 20, 7.1 @pna ©0.7:050-1 ) < CNlzllL20, 785 @)nH! 0.7:H3 ()

and

ST le g Z; || <s~V2iz; ||

3

(2)

JB\
ol
-B\
I\)\

=
the H2 boundary terms on the right-hand side of (B.16) can be absorbed by its left-hand side

by taking s large enough.
Therefore, we conclude that

$d //ezsa($5|z2|2dxdt + 5 // ezsa$5|p|2|v|2dxdt
0 0

n Z( // 2W¢)5|AZ |2dxdt+s // 2m¢) | Z; |2dxdt+1 2(s; Z; )) (B.29)

i=1,3

<c> <||pF3||2Lz(0’T;V) f/ eS| Az |2dxdr>

i=13 w3 x(0,T)
which is exactly (2.12). O
Appendix C. Proof of Claim 2.5

In this section, we prove Claim 2.5 used in the proof of Theorem 2.2.
First, we use integration by parts to see that
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$ // 056591359 p A Erdnd = —5° // 05659 39243 (A Y Edxd

wyx(0,T) g% (0,T)
s / / 65 (5% pp 3351, Ay eddr.
w0 x(0,T)
(C.1)
For the first term, we use (2.16) to write
0 // 6567 pp—12 18 (— Ay Edxdi
wyx(0,T)
=5[] osePepg o (Aaw) - oe 55 ¢
wyx(0,T)
+pd 22 Avs — (pp %), Ap)dxd. (C.2)
Let us now analyze each one of the terms in (C.2).
5° / / 05eX% pp /2188 A(AY)dxdt
a)gx(O‘T)
=5 // V(05> pd 2298y . V(AY)Edxdt (C.3)
wyx(0,T)
— s // 05¢>% pp 2 ¢18VE - V(AY)dxdt
w3y x(0,T)
sc<sl9 /f > 9™ |p| & Pdxdr + sV [/ ezs“$26|p|2|vs|2dxdz)+afo(s,Aw),
g% (0,T) g% (0,T)
since
|V(9562S0tp$—9/2¢18)| S CS$29/2,06’2S011LU(5)~
Notice that
s17 // 05> %P0 p 2| VE Pdxdt = —s7 // 05> 0| p|> AEEdxdt
w§x(0,T) @§x(0,T)
§17
+ f/ AB6e™ "¢ |p|H) | Pdxdt (C.4)

@$x(0,7)
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¥ [ PG pPPandr + 51205, 057%),
0§ x(0,T)

because
|A@6e™ @ p)] < Cs*$™ P> 1 .

Next,

S9 // esezsaa—g/zd)lgpéa—g/zpAsdxdt

a)Sx(O,T)

o /f A(05¢**¢°|p)|€Pdxdt — Cs° f/ 05¢>° % p|?|VE *dxdt

wyx(0,T) w3y x(0,T)

// G |02l Pdxdt +5° f/ 29| P VE2dxdr) (C.5)

wyx(0,T) wyx(0,T)
because
|A@se™ ¢’ 1p1)| < Cs¢!|p|*e> 1 s and [§ ' < CT*.
‘We estimate the term in v3 as follows
f/ 05> %% p2& Avsdxdt = s° // 05> $° p€ A(z + w)dxdt

@3%(0,T) @3 x(0.T)

st // PG P 1§ Pdxdt + 0 F3l32 g 7.y, 35 // 97| Az *dudr,

wo x(0,T)
(C.6)

for any § > 0. Finally, we have
2 [[ eseod e e pd P Mg
wyx(0,T)

= // 05e™ ¢ 6 (0p~"%) (AY + An)dxd

wyx(0,T)

and it is not difficult to see that
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K // 656818 (p3~0/), Ayredxdi] < Cs" // PG| pP e P

wyx(0,T) g% (0,T)
+81o(s, AY), (C.7)
since
[(pd~2/%),| < Cs' TG,

For the other term in (C.1), we have

$ f f 65> pp'35~9/), Ay dxdi

w3 x(0,T)

<5 // PG o1 Pdxdt + 5To(s, AY) C8)

% (0,T)

since
|(62so{p¢18$—9/2)t| < Csl+l/11$321/22625ap.

Therefore, we have the estimate

s° // 6569 § 18591 p Ay dxd|

w3 x(0,T)
< (s / / 2G5 pR1g Rdxdt + [0 Fall2a g 7.y,
w§x(0,T)
+8(Ia(s, pd %) + To(s, AY) +5° f f 9| Azs|Pdxdt). (C.9)
0
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