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Abstract. In this paper we study the controllability of the Keller—Segel system approximating its parabolic—elliptic version. We
show that this parabolic system is locally uniform controllable around a constant solution of the parabolic—elliptic system when
the control is acting on the component of the chemical.
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1. Introduction

Let 2 C RY (N = 2,3) be a bounded connected open set whose boundary J¢? is regular enough.
Let T > 0 and w’ and w be two (small) nonempty subsets of 2 with w’ CC w. We will use the notation
Q=2 x(0,T)and X = 012 x (0,T) and we will denote by v(x) the outward normal to {2 at the point
x € 012

We will be concerned with the following controlled Keller—Segel system

ug — Au = —V - (uVv) in @,
evy — Av = au — bv + gx in @,
ou 0Ov (1.1)
v v on

w(z, 0) = ug; v(x,0) = vy in {2,

where a and b are positive real constants, ug, vg = 0 are the initial data, g is an internal control and ¢ is a
small positive parameter, which is intended to tend to zero. In (1.1), x : RY — R is a C* function such
that suppy CC w,0 <y < land y = 1inw'.
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System (1.1) is a classical equation in chemotaxis, describing the change of motion when a population
reacts in response to an external chemical stimulus spread in the environment where they reside. In
many applications (see, for instance [4,22,23]), system (1.1) is approximated by the following parabolic—
elliptic system:

up — Au = —V - (uVv) inQ,
—Av=au—bv+gx inQ,

ou Ov (1.2)
% = % = on 2,
u(zx,0) = ug in (2.

In (1.1) and (1.2), v = wu(x,t) > 0 and v = wv(x,t) = O represent, respectively, the concen-
trations of species (i.e, the population density) and that of the chemical (i.e., concentration of the
chemical substance). For more details about the Keller—Segel system see, for instance [3,5,16,17,20,
24,25].

The goal of this paper is to analyze the controllability of (1.1) around a fixed trajectory of (1.2),
uniformly with respect to €. More precisely, we consider a constant solution (M7, M) € R? of (1.2),
with ¢ = 0, and we seek for a control g = g(¢) such that (u(T),v(1T)) = (M, M>) and g is bounded
with respect to .

Remark 1.1. Each one of the models (1.1) and (1.2) can be viewed as a single nonlinear parabolic
equation for u with a nonlocal (either in x or (x,t)) nonlinearity, since the term Vv can be expressed
as a linear integral operator acting on u. In the first model, the variations of the concentration v are
governed by the linear nonhomogeneous heat equation, and therefore are slower than in the latter system,
where the response of v to the variations of « are instantaneous, and described by the integral operator
(—A)~! whose kernel has a singularity. Thus, one may expect the evolution described by (1.2) to be
faster than in (1.1), especially for large values of € when the diffusion of v is rather slow compared to
that of «. Moreover, the nonlinear effects for (1.2) should manifest themselves faster than for (1.1) (see

[4D.

As usual in control theory, we study the controllability of (1.1) around (M, M>) by first analyzing the
controllability of its linearization around this trajectory, namely:

ut—Au: —MIA’U—I—}LI in Q,
ey —Av=au—bv+gx+h, inQ,
ou  Ov (1.3)
—=—=0 X
v v on =

w(z, 0) = ug; v(x,0) =vy in (2,

where h; and h; are given exterior forces belonging to an appropriate Banach space X (see (4.5)) and
having exponential decay at ¢ = 7'. Our objective then will be to prove that we can find g so that the
solution (u, v) of (1.3) satisfies (u(1"), v(1")) = (0, 0) and moreover we want that the quantity V - (uVv)
belongs to X. Then, we employ an inverse mapping argument introduced in [18] in order to obtain the
controllability of (1.1) around (M, M>).
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The most important tool to prove the null controllability of the linear system (1.3) is a global Carleman
inequality for the solutions of its adjoint system, that is to say,

—p— Ap = a + f in Q,
5€§t — Al = —-b§ — MiAp+ f, inQ,

QD = —— =
v on %, (1.4)

plx,T) = or; &, T)=¢&r in {2,

/ prdx =0,
2

where f; and f, are arbitrary L*(Q) functions.

Actually, due to the fact that the control is acting on the second equation of (1.3), we need to bound
global integrals of ¢ and £ in terms of a local integral of £ and global integrals of f; and f,. The main
difficulty when proving a Carleman inequality of this type for the solution (¢, £) of (1.4) comes from
the fact that the coupling in the second equation is in Ay and not in . In fact, the inequality we prove
will contain global terms with the L?-weighted norms of Ay and ¢ in the left hand side, no global
terms in ¢, while a local integral of ¢ and global integrals of f; and f, will appear in its right-hand
side.

With the help of the Carleman inequality and an appropriate inverse function theorem, we will prove
the following result, which is the main result of this paper.

Theorem 1.2. Let 0 < ¢ < 1 and (M, M) € ]Rﬁ_ be such that aM, — bM, = 0. Then, there exists
v > 0 such that, for any (ug,vg) € HY(2) x H*(2) with ug, vy > 0, satisfying ﬁ fQ uodr = M,

% = 0on 052 and ||(uo — My,v0 — Md)|| g1 )x 22y < 7> We can find g € L*(0,T; H'(£2)), with
91l L2071 (2)) bounded independently of €, such that the associated solution (u,v) to (1.1) satisfies:

(w(T),v(T)) = (My, M) in £2.

Remark 1.3. Note that all constant trajectories (M, M) € R%r of (1.1) satisfy aM; —bM, = 0. On the
other hand, condition “ﬁ' | o U dz = M, in Theorem 1.2 is necessary since the mass of u is preserved,
ie.,

ﬁ/ u(x,t)dr = ’—(12‘/ up(x)dx Vit > 0. (1.5)
2 o}

Let us now mention some works that have been devoted to the study of the controllability of degener-
ating coupled parabolic systems.

To our knowledge, the first time that the study of the controllability of coupled parabolic systems
degenerating into parabolic—elliptic ones was analyzed was in [2] and [1], where the authors analyze
the local null controllability of a nonlinear coupled parabolic system approximating a parabolic—elliptic
system modeling electrical activities in a cardiac tissue. Combining Carleman inequalities and weighted
energy estimates, the authors prove the stability of the control properties with respect to the degenerating
parameter.

Another related work is [6], where the authors analyze the null controllability of degenerating coupled
parabolic systems with zero-order couplings. In there, by extending the adjoint system to a system of
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four equations, the authors are able show that, in general, the control properties are preserved in the limit
when the degenerating parameter goes to zero.

Concerning the controllability of the Keller—Segel system, the only result we know is the one obtained
in [15], where the authors analyze the controllability of the Keller system (1.1), with e = 1, around a
fixed trajectory of (1.1) (i.e., a solution of (1.1) with g = 0), when a control is acting on the first equation,
which is not natural from the physical point of view. The authors are able to show that the Keller—Segel
system is controllable around this trajectory if the trajectory has good regularity properties. However, in
their case, since the control is acting on the first equation, the problem is easier from a mathematical point
view because the adjoint system of the linearization of the Keller—Segel system around the trajectory has
a zero-order coupling (see [14]). Another interesting work in this subject is [8], in which the authors
show that, in dimension 2, any global in time bounded solution of system (1.1) converges to a single
equilibrium (a stationary solution of (1.1)) as the time tends to infinity.

The paper is organized as follows: In Section 2, we prove a Carleman inequality for the system (1.4).
In Section 3, we deal with the null controllability of the linearized system (1.3). Finally, in Section 4, we
prove the local uniform controllability of (1.1) around the constant trajectory (M, M>).

2. Carleman inequality

In this section we prove a suitable Carleman inequality for the adjoint system (1.4). This will provide
a null controllability result for the linear system (1.3) with an appropriate h; (see Section 3).

Before stating the desired Carleman inequality, let us introduce several weight functions which will
be useful in the sequel. The basic weight will be a function 7y € C*(£2) verifying

no(x) >0 in £2, o =0 ondf2, ‘Vno(:v)| >0 Ve 2\wo,

where wy CC w' is a nonempty open set. The existence of such a function 1) is proved in [12]. Then,
for some positive real number A, we introduce:

e)\’r]o(l‘) e>\770(a7) _ 62)‘“770“00
D t = i A s t - s
Hot) =G @D AT — 1)
G(t) = mind(z, 1),  ¢*(t) = max ¢(z, 1), (2.1)
xres? zel?
a*(t) = max a(z, t), & = min o(z, ).
xesf? xef?

Recall that weights like «, ¢, etc. were already used in [18] in order to obtain Carleman inequalities for
the (adjoint) Stokes system (see also [11]).
Let us also introduce the following notation:

Ig(s,a;q):sﬁ+3 //ezsa¢ﬁ+3]q\2dxdt+sﬁ+l //ezsa¢ﬁ+l|Vq\2dxdt
Q Q

) dz dt, (2.2)

N 2
+8671 //625a¢ﬁl O_2|qt|2 + Z an
Q 1,7=1
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where s, 5 and o are real numbers and g = g(x, t).
The following Carleman inequality holds the following lemma.

Lemma 2.1. There exist C = C(2,u') and Ny = \o(£2,w') such that, for every X\ > )\, there exists
so = 50(§2,w’, \) such that, for any s > so(T* + T?), any qo € L*(£2) and any f € L*(§2), the weak
solution to

o —Ag=f inQ,
dq

— =0 on X, (2.3)
ov
q@,00=¢q in{2,
satisfies
Ig(s,0;5q) < C’(sﬁ // ezsaq§f3|f|2dx dt + 513 // ezso‘qﬁf6+3|q|2 dxdt)
Q w’x(0,T)

forall B € Rand any 0 < o < 1.

The proof of Lemma 2.1 can be deduced from the Carleman inequality for the heat equation with
homogeneous Neumann boundary conditions given in [12].
The main result of this section is as follows.

Theorem 2.2. Given 0 < & < 1, there exist C = C(£2,w') and N\g = N\o(£2,w") such that, for every

A\ = Ao, there exists so = so(£2,w', \) such that, for any s > so(T* + T?), any (o1, é7) € L*(2)? and
any f1, f» € L*(Q), the solution (p, £) of system (1.4) satisfies

s //ezsa¢3]Ago|2dxdt+Il(5,s;£)

Q
< C(slg // ezso‘gﬁlg\ﬂzdxdt—ksm //ezso‘¢10|f1|2da:dt+s3 //625a¢3]f2]2dxdt>.
Q

w!' x(0,1) Q
2.4)

Proof. For the purpose of the proof, let w; C (2,4 = 1,2, 3, be such that
Wy CCw CCwp CCwz CCw
and let p; > 0 (2 = 1, 2) satisfies

pi € CHwit1)s pi =1 inw;.
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Let us assume for the moment that f;, f, € Cg°(Q) and pr,{r € C5°(§2). From (1.4), (the first
equation in (1.4)) we have that Ay satisfies

—(Ap) — A(Ap) = aA§ + Af1 inQ,
OAp _0 on X, (2.5)
ov .
Ap(z,T) = Apr in £2.
Applying inequality (2.3) to (1.4), (the second equation in (1.4)), inequality (A.2) (in Appendix A) to
(2.5) and adding these two inequalities, we get

s //ezsa¢3]A<p\2d:rdt+Il(5,s;§)

Q
<C<s3 // e’ |Ap|* dz dt + s* // e? oY ¢|P da dt

wy X(0,7) w’x(0,T)
+ s* //e25a¢4\f1|2dxdt+s// e2sa¢|fz|2dazdt> (2.6)
Q Q

for s > so(T* 4+ T%).
The rest of the proof is devoted to estimate the local integral in Ay in the right-hand side of (2.6).
First, we observe that

s // e® ¢ | Ap|* dz dt < s° // P12 P | Ap|? da dt

w1 X(0,7") w3 X(0,7)

3
- / / PP NP~y — AE T VE — fydadt  (2.7)

w3 X(0,T)

and estimate each one of the terms in the right-hand side of (2.7).
The following estimate is straightforward

s® // p1p2e> P Ap(bE — f,) da dt

w3 x(0,T)
< Cys® // e’ (1€)* + | fo|?) dz dt + 657 // e’ | Ap|? da dt (2.8)
w3 X (0,1 w3 x(0,1)
forany 6 > 0.

In order to estimate the other two terms in (2.7), we introduce a function § = 6(z, t) given by

0 = pis°ples. 2.9)
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From (2.5) we see that
—(0Ap): — A(BAp) = aBAE + OAf) — O:Ap — 2V 0 - V(Ap) — ABAp  in Q,
0Ap =0 on 2/,
0Ap(z, T) =0 in (2.
We write 6Ayp = n + 1, where 7 and ) solve, respectively,

—n — An = aBAE + OAf,  in Q,

n=20 on Y,
n(z,T)=0 in 2
and
-y — AY = —0,Ap — 2V0 - V(Ap) — ABAp  in Q,
=0 on X/,
We have

s // P1P2875 % PP ApAE da dt = // p2e°%(n + )AL dx dt.

w3 x(0,T) w3 x(0,T)
The first term in the right-hand side of (2.13) can be estimated as follows

/ / p2e°“nAE dx dt

w3 % (0,1

<46 // e25“|A£|2dxdt+Cgslo/ @' (1€)* + | 1) dz dt.

w3 x(0,T) wy X (0,T)
In fact, to prove (2.14), we use following estimate.

Lemma 2.3. The solution n of (2.11) satisfies

/ In|*dxdt < Cs'° // e* " (|E)* + | f1]?) dz dt

Q w2 x(0,T)
for a constant C > 0.

We prove estimate (2.15) at the end of Appendix A.

319

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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For the second term in the right-hand side of (2.13), we use integration by parts to get

P2 PAE Az dt = — P52 2e3 Ve -V i dx dt
/I /I (o7g7)

S7/2¢7/2
w3 % (0,T) w3 %(0,7)
_ 7/2 47/2 sa\ | . (0
// V(pas’2¢"%e5) - VE Fng drdt
w3 x(0,7)
" 2
< Cs // S9¢96250¢|V§|2 dx dt + (5‘ TR (2.16)
s'2¢ L2(0,T:H! ()
w3 X (0,T) 0

for any o > 0.
For the sequel, we need the following result.

Lemma 2.4. The solution v of (2.12) can be estimated as follows:

Y
s7/247/2

2

L2(0.T:H{}($2)) s72012 ) |\l o1

< C(//|n|2d:vdt+s3 //q§3e23"]Ag0\2dwdt> (2.17)
Q

Q

2

for a constant C' > 0 independent of s.

In order to prove Lemma 2.4, we consider the system satisfied by 57/2—127/2 and we perform standard

energy estimates. This yields the L?(0,7; H}({2)) estimate. Then, the L*(0,T’; H~'(£2)) estimate is a
direct consequence from the fact that

Y
|+(7757)

For the sake of simplicity, we omit the complete proof.
From (2.16) and Lemma 2.4, it follows that

/ / pre**PAE dz dt

w3 x(0,1)

<C / / §?¢?e* | V¢ da dt

w3 x(0,T)

+5<//\m2dxdt+s3 //¢3ezsa|A<p\2dxdt>. (2.18)
Q

Q

Y
C 57/2(;57/2

< .
L2(0,T;H~1(£2)) L2(0,T;H} (£2))
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Hence, from (2.17) and (2.18), the term in (2.13) is estimated as follows:

s / / 0192675 PP ApAE d dt

w3 x(0,1)

< C< // 39¢962504‘V§‘2 dl’dt—i—slo // ¢10623a(|§’2 + ‘f1|2) dl‘dt)

w3 x(0,T) wy X(0,T)

+5< // e2m\Ag|2dxdt+s3//¢3e28a|A<p|2dxdt).
Q

w3 X(0,T)

Let us now estimate the first term in the right-hand side of (2.7). We have

es’ // p1p2e®* PP Aoy da dt = € // p2e°“(n + )& dw dt.

w3 X(0,T") w3 X(0,1)

It is immediate that

€ // p2e°“n&y da dt

w3 x(0,7)
< Cs // In|* dx dt + 6 // e\ & |* dx dt
w3 x(0,T) w3x(0,7)
for any o > 0.

For the other term in (2.20), we have

€ // pae®*p€ da dt

w3 x(0,1)

Y
— €<< 7/2 7/2 ’esa87/2¢7/2§p2
s'2¢ t L2(0,T;H =1 (£2)),L2(0,T;H} (£2))

w sa J7/2 17/2

w3 X(0,7)
w 2 2
< o <87/2—¢>7/2>t LA0.T:H-1(52)) * C‘SH87/2¢7/235ap2£HLZ(O,T;H(%(QD
o] o [ Ve P s
TP g t

w3 x(0,T)

321

(2.19)

(2.20)

2.21)

(2.22)
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Therefore, from Lemma 2.4, we obtain

/ / 127" A&y dz dt

w3 x(0,7)
s 2 sa 2
C( // Inl* do di + ||s7/%¢7/% pzfHLQ(o,T;Hé(Q))Jr // |(es72¢772) | ‘5’2dxdt>
w3 x(0,T) w3 x(0,7)
( // e\ &[> da dt + §° //¢3 250‘|Ag0]2dxdt> (2.23)

w3 x(0,1)

Hence, from (2.8), (2.19) and (2.23), we get

// e*%¢ | Ap|* dx dt

wy X(0,7)
< C<s3 // e (|€)* + | o) dz dt + // §2¢?e® | VE|F da dt
w2 X(0,T) w3 X (0,7)
2 2
+ H37/2¢7/2esap2§HLz(O,T;Hé(Q)) + // ‘(650487/2¢7/2)t‘ |§’2 dr dt
w3 x(0,7)
+ SlO // e2sa¢10(|£‘2 + |f1|2> dx dt)
wy x(0,7)
+ 5( // e**|A¢)P dz dt + s //¢3 259 A|* dar dt + €2 // 25“§t|2dxdt>
w3x(0,T) w3 x(0,T)
(2.24)
for any 9 > 0.
Combining (2.24) and (2.6), and taking § > 0 small enough, we obtain
s //ezsa¢3|Ago|2d:cdt+Il(e,s;§)
Q
< C<54 // e* ¢t E|F da dt + // s’ (|¢)* + |VE?) dz dt
W’ x(0,T) w3 x(0,1)
+slo//ezsa¢10]f1]2dxdt+s3 //ezso‘qz&S\fg\zd:vdt). (2.25)
Q Q

To finish the proof, we estimate the local integrals involving V¢ in (2.25).
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Integration by parts gives

/ / §? 7| VEF da dt < / / ps’ ¢’e* Y| VEF da dt

w3 X (0,1 w’x(0,T)
=— / / ps’ e UAEE da dt
w’x(0,T)
— / / V(s°¢’e*p) - V&£ da dt, (2.26)
w! x(0,T)

where p € C2(w') is such that
p=20 and p=1 inw;s.

From (2.25) and (2.26), we obtain

s //ezsa¢3]Acp|2dxdt+Il(€,s;§)

Q
< C<318 // e23°‘¢18\§|2dxdt+310//625“¢10\f1|2dxdt+33 //e25a¢3]f2]2dxdt>.
Q Q

w’x(0,T)
(2.27)

Using the density of C§°(Q) and C§°(£2) in L*(Q) and L*({2), respectively, we finish the proof of
Theorem 2.2. O

3. Null controllability of the linear system with a right-hand side

In this section we want to solve the null controllability problem for the system (1.3) with a right-hand
side which decays exponentially as ¢t — 7"

This result will be crucial when proving the local controllability of (1.1) in the next section.

Indeed, for any 0 < ¢ < 1, we would like to find a control g = g(¢), bounded independently of ¢,
such that the solution to

g(u, v)az (h1,9x + h2) in Q,

u v

o _ 2T 3.1
ov Ov on 2, G.D

u(zx, 0) = ug; v(x,0) = vy in (2,
where

L(u,v) = (uy — Au 4+ MAv, cvy — Av + bv — au), (3.2)
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satisfies
w(z,T) = 0; v(x,T)=0 1in (2. (3.3)

Furthermore, it will be convenient to prove the existence of a solution of the previous problem in an
appropriate weighted space. Before introducing the spaces where we solve problem (3.1)—(3.3), we
improve the Carleman inequality obtained in the previous section. This Carleman inequality will contain
only weight functions that do not vanish at ¢ = 0. In order to introduce these new weights, let us consider
the function

T?/4) if0<t<T/2
| <t<1) .
® {t(T—t) ifT/2<t<T 34)
and we define our new weight functions to be
X)) _ o2MImolloo Ao()
e e e
5 t) = s s t)= —— 5
B, t) s 1) = o
() = miny(z,?), () = max ¢(z, 1), (3.5)
zEef? zes?

B*(t) = max f(z,t), B = minB(z,1).
TEeS? x€Sf2

With these new weights, we can state our refined Carleman estimate as follows.

Lemma 3.1. Given 0 < ¢ < 1, there exists a positive constant C' depending on T, s and A, such that
every solution of (1.4) verifies:

/ / ey e du dt + / / 02| Ve dadt + / / 5o — (@)al drdt
Q @ “

+ [ 5 Tl andt + 00 = (0000 g [0y + <66 O,
Q

<o [ ey inasas [[ e G lnr
Q Q
+ / / e (v*)lsrxlzmzdxdt), (3.6)
Q

where

1
(P = m/ﬂg@(:ﬂ,t)dx.
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The proof of this lemma is standard. It combines energy estimates, together with the fact that 5 < «
in Q.

Now, we proceed to the definition of the spaces where (3.1)—(3.3) will be solved. The main space will
be:

E= {(u,v,g) € Ey: 6786’3/73/2 (L(u, v))1 e L(Q),

ey (L, ), — gx) € L*(0,T; H'(12),

/(L(u,v))ldx:0and % = % =0on E},
Q

where

Ey={(u,0,9): ¢ (v") u, e (7)o, xe 7 (v7) g € LAQ),
e*/20" 504138y ¢ 12(0,T; HA(2)) N L™ (0,T; H'(2)),
e /274728y € L2(0,T; H¥(2)) and e~ /27" 472/8g € [2(0,T; H'(12)) }.

Observe that F is a Banach space for the norm:

H(“’“’Q)HE = Heisﬁ* (7*)_5““L2(Q) + Heisﬁ* (7*)_3/2UHL2<Q> + HXeisﬁ* (’7*)_99HL2(Q)

+[le™P472 (L, O g + €™ (L), = 9) | 2o i

+ Hes/Zﬁ*—sB;YB/S + He—s/zﬁ*;y—zs/s

v H L2(0,T,H3(£2))

3.7

u ‘ | L2(0,T;H2(2)NL°(0,T;H (£2))
+ Heis/m*'rZS/ggHLZ(O,T;H‘(Q»‘

Remark 3.2. If (u,v,g) € E, then w(T) = v(I) = 0, so that (u,v, g) solves a null controllability
problem for system (1.3) with an appropriate right-hand side (hy, h).

We have the following result.

Proposition 3.3. Let 0 < ¢ < 1 and (M, M>) € R? be such that aM; — bM, = 0. Assume that:

(o, v0) € H'(£2) x HA(12), / updz = 0, % =0 onon (3.8)
] 1%
and
e P42y € 20, T 12(2), e Py hy € L2(0,T; H'(12)). (3.9)

Then, there exists a control g € L*(0,T; H'(£2)), bounded independently of <, such that, if (u,v) is the
associated solution to (3.1), one has (u,v, g) € E. In particular, (3.3) holds.
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Proof. In this proof, we follow the ideas of [12].
Let L* be the adjoint operator of L, i.e.,

L¥*(z,w) = (—z — Az — aw, —sw; — Aw + bw + MAz)
and let us introduce the space

ow

= {(z,w) € Cm(@);% =—=0o0n Z],/ 2z, T)de =0Vt € [O,T]}.
8V 61/ I?)

Then, for ((, p), (z, w) € Py, we define

a((C ), (2o w) : / / 295 (47) (¢ ), (L (2o w), dar dit

/ / 26" () (L*(C, ), (L*(z,w)), dz dt
+/ ]x|26256*(7*)18pwdxdt.

From the Carleman inequality (3.6) applied to functions of F,, it follows that we have a unique continu-
ation property for the system

{ L*(z,w) = (0,0) inQ,
0z  Ow (3.10)
o~ ov =0 on 2,

which implies that a(-, -) is a scalar product on Fj.

Therefore, we can consider the space P, the completion of F, with respect to the norm associated to
a(-,-) (which we denote by || - || p). This is a Hilbert space and a(-, -) is a continuous and coercive bilinear
form on P.

Let us also introduce [, given by

<l,(z,w)>:// hlzdxdt—i—// hzwdxdt—i—/ up(x)z(x,0)dx
o}
Q Q

+€/ vo(x)w(x,0)dx (3.11)
2

for all (z,w) € P.
After a simple computation, and thanks to (3.6), we see that

W’ (z, w)>‘ < O(He_sﬂ&_yzhl HLZ(Q) + “6_867_1hZHLZ(o,T;Hl(Q)) + H (o, 51/21}0) HL2<Q)2)

< ||Gzow)|p, V(z.w) € P. (3.12)
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In other words, [ is a bounded linear form on P and the constant C' in (3.12) does not depend on ¢.
Consequently, in view of Lax—Milgram’s lemma, there exists a unique (2, w) € P satisfying:

a((Z,0), (z,w)) = (I,(z,w)) Y(z,w) € P. (3.13)
We set
@9 = (7 (v) (LG w) . e () (L* 2, w),) and §=—e*% (v*)"oy. (3.14)

We must see that (u, 0) satisfies:

[f e+ /7'”” o+ [/'“W R <o @IS
Q

and that it is a solution of the reaction—diffusion system (3.1).
The first property follows from the fact that (2, w) € P and

[[ e )+ /7-4% “Jof + [/'“W P
Q

= a((2,0), (2,0)).

In particular, from this last identity we see that (@1,9) € L*(Q)* and § € L?*(Q) and, from (3.12) and
(3.13), follows that g is bounded independently of €.
Now we consider (u, v) the weak solution of

— At = —MjAD + hy in @,
el —AV+bv=au+ gy +h, inQ,
ou  0v (3.16)
—=—=0 X
ov  Ov on =

u(x, 0) = ug; v(x,0) =vy in (2.

We have that (u, v) is also the unique solution of (3.16) defined by transposition. Of course, this means
that (u, v) is the unique function such that

//(ﬂ,@)~(Fl,Fz)dxdt://hlgodxdt—i—//hzfdxdt—i—//gxfdxdt
Q Q Q Q

+ / ug(x)p(x,0)dr + E/ vo(x)€(x,0)dx (3.17)
0 I7;
for any (Fy, F5) € L*(Q)?, where (¢, £) is the solution of
—pr — Ap =al + F) in Q,
—&§t —A§ = —b§ — MiAp + F> inQ,
1
8—('0 = % =0 on Y, (3.18)

ov  Ov
o(z,T) = 0; &z, T)=0 in 2.
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From (3.13) and (3.14), we see that (u, v) also satisfies (3.17). Consequently, (i, 0) = (@, v) and (u, D)

is the solution of (3.1).
Finally, we must see that (u, 0, §) belongs to . From (3.15), it only remains to check that

e8P B4 3084 € 12(0,T; H*(2)) N L®(0,T; H'(2))
and
e /247585 ) € L2(0,T; HY(2)) x L*(0,T: H'(12)).

To this end, let us introduce the pair (v*, v*) = p(t)(, 0), which satisfies:

uy — Au* = — M Av* + phy + pi in Q,

evf — Av* + bv* = au* + pgx + pho +epv in Q,

ou*  Ov* (3.19)
= = X

v ov 0 on =

u*(x,0) = p(0)uo(x); v*(x,0) = p(O)vo(x) in £2.
We will consider then two cases.

Case 1. p = e3/28"=8413/8,
In this case, it is not difficult to show that

o] < Ce7 (1) 2 (3.20)

and then we have that p;4 and p;0 belong to L*(Q). Therefore, from well-known regularity properties
of parabolic systems (see, for instance [21]), we have

e?/2" 504138 ¢ [2(0,T; HA(2)) N L™(0,T; H'(2)), G3a1)
e*/20" 504318 € 12(0,T; H(12)). '
Case 2. p = e %/28"3-25/8,
In this case, a simple calculation gives
|pe| < Ce¥/?B"=sB413/8, (3.22)

Using the regularity obtained in Case 1, we conclude that p;@ and p;© belongs to L*(0, T'; H'(12)).
Using the definition of § and (3.6), we can also show that

J[I1v(e )

Q

2 < Ca(30), 2, 0)), (3.23)

where C' does not depend on ¢ and hence it follows that 6_5/26*'}_25/% € L*0,T; H'(£2)) and is
bounded independently of .
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Therefore, from the regularity theory for parabolic systems and Remark 3.4, we deduce that

—5/2B* 4 —25/8 o0 g7l 2 pey)
{e 5758y € L°(0,T; H'(2)) N L2 (0, T; HX(9)), 24

e /275758 € L2(0,T H3(12)).
This finishes the proof of Proposition 3.3. O

Remark 3.4. Given any ¢ > 0, any f € L*0,T; H'(£2)) and any z, € H?({2), with % = 0, the
solution of

ez —Az+z=f inQ,
0z

=0 on Y, (3.25)
ov .
z(x,0) = 29 in {2
satisfies
1zl 20r. w3y < C(1fl2or.may + 120l m22)»

where C' > 0 is independent of ¢.
In fact, multiplying (3.25) by €Az; and integrating over {2, we get

52/ Vzt\zdx—i-——/ A2 da +——/ \Vz\zd:r</ VfP da.
2

This last inequality gives ez; € L*(0,T; H'(£2)). Using elliptic regularity for (3.25), the result follows.

4. Uniform exact controllability to the trajectory

In this section we give the proof of Theorem 1.2 using similar arguments to those employed, for
instance, in [18]. We will see that the results obtained in the previous section allow us to locally invert
the nonlinear system (1.1). In fact, the regularity deduced for the solution of the linearized system (3.1)
will be sufficient to apply a suitable inverse function theorem (see Theorem 4.1).

Thus, let us set u = M, + z and v = M, + w and let us use these equalities in (1.1). We find:

0z Ow

2 _ 27 4.1
ov  Ov on %, “.D
2(x,0) = ug — My; w(zx,0) =vg — M, in (2,

where L was introduced in (3.2).
This way, we have reduced our problem to a local null controllability result for the solution (z, w) to
the nonlinear problem (4.1). We will use the following inverse mapping theorem (see [7,13]).
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Theorem 4.1. Let E and G be two Banach spaces and let A: E — G be a continuous function from E
to G defined in B,)(0) for some n > 0 with A(0) = 0. Let A be a continuous and linear operator from E
onto G and suppose there exists Cy > 0 such that

lellz < Col|Ace)]|, (4.2)
and that there exists 6 < C,, U such that

| Aler) — A(e2) — Aer — e)|| < ller — e, (4.3)

whenever ey, e, € By(0). Then the equation A(e) = h has a solution e € B,(0) whenever ||h|c < cn,
where c = M~' — 6.

Remark 4.2. In the case where A € C'(E;G), using the mean value theorem, it can be shown, that for
any 6 < M~!, inequality (4.3) is satisfied with A = A’(0) and 7 > 0O the continuity constant at zero,
ie.,

A €)= AO)| iy < 0. (4.4)

whenever |le||g < 7.

In our setting, we use this theorem with the space E and
G=XxY,

where

X= {(hl, ha)se 0432y € LA(Q),e Py 'hy € L2(0,T; H'(12))
and / hi(z,t)dz =0a.e.t € (0, T)}, 4.5)
9]
Y = {(zo,wo) e H'(12) x HZ(Q);/ 20dz = 0and % —0on 8()} (4.6)
2

and, for each 0 < € < 1, the operator
Az, w,9) = (L(w,v) + (V - (2Vw), —gx), 2, 0, w(, 0))  ¥(z,w,g) € E.
We have
A'(0,0,0) = (L(u,v) + (0, —gx), 2(-, 0), w(-,0)) V(z,w,g) € E.

In order to apply Theorem 4.1 to our problem, we must check that the previous framework fits the
regularity required. This is done using the following proposition.
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Proposition 4.3. A ¢ C'(E;G).

Proof. All terms appearing in A are linear (and consequently C!), except for the term V - (zVw).
However, the operator

((z1, w1, 1), (22, w2, 92)) + V - (21 Vo) 4.7

is bilinear, so it suffices to prove its continuity from £ x E to X.
In fact, we have

HV : (21Vw2)HX < UHe_Sﬁﬁ%ﬂzlvwzHL?(O,T:H‘(Q))

< UHes/zﬁ*—sB;yw/s —s/zﬁ*;y—zs/s

w2 H L20.T;H3(2)) (4.8)

Z1 HLOO(O,T;HI(Q)) e
for a positive constant C' which does not depend on «.
Therefore, continuity of (4.7) is established and the proof Proposition 4.3 is finished. O

An application of Theorem 4.1 gives the existence of 4,7 > 0, which a priori depend on ¢, such that if
||(uo—Mi,vo—Mo)|| < n/(Cy 1_§), then there exists a control ¢ = g(¢) such that the associated solution
(z,w) to (4.1) verifies 2(T) = w(T) = 0 and ||(z, w, g)||z < 7. To finish the proof of Theorem 1.2, we
must show that Cy, i and ¢ does not depend on ¢. This is a direct consequence from the fact that the
constant Cj in (4.2) does not depend on ¢ (see Theorem 3.3), that we can take any 6 < C; ! and that n
can be chosen to be §/C.
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Appendix A. Some technical results
In this appendix we prove some technical results used in the proof of Theorem 2.2.

Lemma A.1. There exist C = C(£2,w) and Ny = Mo({2,w) such that, for every X > g, there exists
so = s0(§2,w, \) such that, for any s > so(T* +T®), g € C5e(Q) and o1 € C5°(S2), the solution ¢ of

—pt —Ap=Ag inQ,

g—(p =0 on 2’ (Al)

1%
o(x,T) = pr in {2,
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satisfies

53//e25a¢3y<p\2d:cdt ( // e* ¢’ |p|* dr dt + s* // e |g\2dxdt> (A.2)
Q

wx(0,T)

Proof. The proof is inspired by the arguments in [10] (see also [9,19]).
We view ¢ as a solution by transposition of (A.1). This means that ¢ is the unique function in L*(Q)
satisfying

// phdxdt = // gAz dx dt +/ or(x)z(x, T)dz Vh € L*(Q), (A.3)
Q
Q Q
where we have denoted by z the solution of the following problem:
—Az=h inQ,
8
— =0 on X,
z(x 0) = in £2.

Let us introduce the space
— 0
Xp = {z e C*@): &£ =0on 2},
on

the operators £ = 0; — A, L* = —0; — A and the norm || - || x, with
Iyl = / [elefarders [[ eyt aa
wx(0,T)

for all y € Xj.
Due to Lemma 2.1, || - || x is indeed a norm in X,. Let X be the completion of X, for the norm || - || x
Then X is a Hilbert space for the scalar product (-, -) x, with

(w, y)X—// o (L*w) (Ly) dedt + // e* ¢ wy dz dt.

wx(0,T)

Let us also consider

l(w) = s // e**p}owdrdt Yw e X.

By virtue of Lemma 2.1, we have that [ € X'. Consequently, from the Lax-Milgram’s lemma, there
exists a unique y € X such that
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Now, let us set

(w3}

= —s%e¥yl, and 2 =Ly, (A.4)
It is not difficult to see that 2 is, together with ¥, a solution to the null controllability problem

5 — AS = S +0l, inQ,

95
8_§ =0 on 2, (A.5)
200=2(T)=0 in 2.

We have

lyll5 = // Iz drdt 4 570 // “20G 3 p)? da dt
wx(0,T)
<Cs? //ezso‘¢3\g0|2 dxdt (A.6)
Q

for A > Ao and s > so(T* + T®), since

1/2
Ul < O ( [ oo ar dt)
Q

for this choice of the parameters s and .
From (A.3) and (A.5), it follows that

// ¥’ dz dt = //gAzda:dt— // @v dz dt. (A7)

wx(0,T)

From (A.7), we see that the proof of (A.2) is completed if we bound AZ in @) in terms of the left-hand
side of (A.7). In order to do that, we need the following estimate.

Claim 1. For A\ > )\ and s > so(T* + T®), the following estimate holds

—2// e 25~ 2|Vz|2d:cdt~|—// 202 dp dt + 573 / ¢ e 5> da dt

wx(0,1T)

< Cs? // e*5*¢%|p|* dx dt. (A.8)
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Proof. In order to get an estimate of |V2|?, we multiply (A.5) by s 2e~25%¢ 2 2. Integration by parts
with respect to x gives

572 / / e % 225, du dt 4 572 / / e 2%V |* da dt

1/\// e vy . Vizdedt — 25~ 2)\// e %2V - Vizdadt

=5 / / dpi+ 52 / / e %y 202 dx dt. (A.9)

wx(0,T)

Now we integrate by parts with respect to the time variable in the first term. We obtain the following:

1
572 / / e P25 drdt = —55*2 / / (e7>%¢7?), 121> dw dt
Q Q
< C//e2sa|2|2dxdt, (A.10)
Q

since
‘(e—2sa¢—2)t‘ < CS¢_3/4C_28a for \ > 1

Finally, using Young’s inequality for the other terms of (A.9), we obtain

—2s7 1\ / / e %IV’ Vizdrdt — 2572\ / / e %2V - Viidadt
Q Q

1
C//e_zsalézdxdt—i— 53—2 //e—2sa¢—2\v2\2dxdt, (A.11)
Q Q
s/ pp2drdt < C(//e_25“\2|2dwdt+s3 //e23a¢3]<p\2d:vdt> (A.12)
Q Q Q
and
sTINT? / / e %20z dx dt
wx(0,7)
(// T 22 drdt + 5N // e %~ 3|v\2dxdt> (A.13)
wx(0,T)

since s~ '¢p7! < C.
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From (A.9), (A.10)—(A.13) and (A.6), Claim 1 is proved. O

Claim 2. For A > \g and s > so(T* + T%), the following estimate holds

—4// e % (|52 + |A2P) dadt + s~ // e X2V dadt
// “I 2 dyp dt 4 577 // —250 0739 da dt

wx(0,T)
s //ezsa¢3<p|2 dx dt.
Q

335

(A.14)

Proof. We multiply (A.5) by the function —s~*e~25*¢~*A% and integrate over (). We obtain the fol-

lowing:

s / / e 24 |A2|? du dt
// “2ag=ta Asdrdt — s //qf) A2 dxdt
// e B *Az0 dx dt.

wx(0,T)

The last two terms in the right hand side can be estimated as follows:

s“//d)‘lAéapdxdt
Q
1
< 25—4 //e_25a¢_4|A2]2dxdt+C’sz // e ¢? || dz dt
Q Q

and

1
s // e % ALD dr dt < <78 —4// “Zap=H A2 da dt
wx(0,T)
4 // e %4 o|* da dt.

wx (0,1

(A.15)

(A.16)

(A.17)
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The last integrals in the inequalities (A.16)—(A.17) can be easily bounded using (A.8), provided we
take s > C'T®. Hence

// “20h 42 P dedt 4 5 // “2eh =4 AZ? e dt
( // e 20> dx dt + s° // e’ g0|2d:vdt)

wx(0,T)

+ s / / e %4 2,A%2 dx dt. (A.18)
Q

Let us now deal with the last term in the right-hand side of (A.18). We integrate by parts with respect
to x and we get

1
s / / e X4 A dr dt = —55—4 / / e Hag? %\vzﬁdx dt
Q Q
— st / / V(e ™) - V22 dzdt. (A.19)
Q

We integrate by parts with respect to ¢ in the first term of the right-hand side of (A.19). This yields:

——5—4// e Hap? |Vz|2d$dt —4// (e7#%¢™*), IV dz dt.

Therefore,

1
—55—4 / / e gt %Wﬂzdm dt < Cs? / / e 2% ?|V2|* dx dt, (A.20)
Q Q

since
‘(e—2sa¢—4)t‘ < 085/4e—25a¢—15/4 ifs > CT®.
In order to estimate the second term in (A.19), we take into account that
V(e >™")| < Cse >¢7>

and use Young’s inequality to obtain

1
s / / (e7>%¢™*) - V2) 5 dzdt < 15—4 / / e %4 4| ? da dt
Q

Cs™2 / / e 2y 2| V2|? da dt. (A.21)
Q
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From (A.18)-(A.21), Claim 2 is proved. O

Let us now finish the proof of Lemma A.1. From identity (A.7), we have

83)\4 \//62504(1)3‘90’2(11‘(”
( // e’ p|* dz dt + s* // g2t yg|2dxdt>

wx(0,T)

( 4 // e 2 AP dadt + 571 // TS 3|v]2dxdt> (A.22)

wx(0,T)

for any o > 0.
Finally, from Claim 2, the proof of Lemma A.1 is finished. O

Now we prove Lemma 2.3, used in the proof of Theorem 2.2.
Proof of Lemma 2.3. Given h € L*(Q)), let z be the unique solution of
—Az=h inQ,
z=0 on X, (A.23)
z2(x,0) =0 in {2.
By standard energy estimates, we have
HZtHL2(Q) + HAZHL2(Q) + HVZHLOO(()TL2(Q)) C||h||L2(Q)
The duality between (2.11) and (A.23) gives

// nhdzdt = / (abAE + OAf1)z dx dt. (A.24)
Q Q

Integrating by parts, we have

//HAfzda:dt—//Aﬁfzdwdt+2//V9-szdacdt—i—//HﬁAzdacdt (A.25)
Q Q Q Q
//HAflzda;dt://Aﬂflzdxdt—i—Z//VQ~sz1dxdt+/ 0 fiAzdx dt. (A.26)
Q Q Q Q

The result follows from (A.24) with h = 7 and the fact that

|AG] < Cs°¢°e*™ and |VO| < Cs*¢*e*™ in Q. O (A.27)
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