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ABSTRACT. In this work we are concerned with the null controllability of
coupled parabolic systems depending on a parameter and converging to a
parabolic-elliptic system. We show the uniform null controllability of the family
of coupled parabolic systems with respect to the degenerating parameter.

1. Introduction. Let  C RY be a bounded connected open set whose boundary
0N is regular enough (N > 1). Let T > 0 and let w; and wy be two nonempty
subsets of €2, which will be referred to as control domains. We will use the notation
Q=0x(0,T) and ¥ =002 x (0,T).

The main objective of this paper is to analyze the controllability of linear coupled
parabolic systems in which one of the equations is degenerating into an elliptic
equation.

In order to state our problem, we introduce the following system

ur — Au=au+bv+ fx., in Q,

evy —Av=cu+dv+gx, in Q, (1)
u=v= 0 on Z,
u(0) = up; v(0) = vg in Q.

For any € > 0, a = a(x,t), b =b(z,t), ¢ = c(z,t) and d = d(x,t) in L>(Q), f and ¢
in L?(Q) and ug,vo in L%(Q), it is standard to show, from [13] for example, that (1)
has a unique solution (u,v) € (L*(0,T; Hj(Q2) N C([0,T7; LQ(Q))Q. For the purpose
of the present article we will consider a, b, ¢, d functions in C3(Q) and assume that
0 < € < 1/2. In particular we want to study this problem when only one control is
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active, namely when ¢ = 0 or f = 0 and analyze the dependence of the cost of the
null controllability of system (1) with respect to the parameter e.

Our interest in this problem comes from the fact that in many physical situations
system (1) is formally approximated by the following parabolic-elliptic system

ur — Au=au—+bv+ fxo, in Q,
—Av = cu~+ dv + gXuw, in Q,
u=v=20 on X,
u(0) = ug in Q.

(2)

This is the case for instance of biological systems modeling aggregation phenomena
or chemical systems having two different concentrations, see [10] and [12] and refer-
ences therein. However, even if this approximation is consistent with the existence
and uniqueness point of view, it is not clear at all what can be done from a control
theory point of view. The main reason for that arises from the fact that we are
considering systems having different physical properties and therefore, at least a
priori, different control properties.

If a,b,c,d are in L>°(Q) and d < u1, where py is the first eigenvalue of —A with
Dirichlet boundary condition, as in the parabolic-parabolic case, it is standard to
show that for every f and g in L?(Q) and ug in L?(f2) that (2) possesses a unique
solution u € L2(0,T; H} (2)) N C([0,T); L2(2)) and v € L2(0,T; H*(Q) N HE(Q)).

It is important to mention that this question of approximating an equation by
another having different physical properties was already studied in the case of a
hyperbolic equation degenerating into a parabolic one and vice-versa. In fact, it
was proved in [11] that system

eupy — Au+u = fxo in Qx(0,7),
u=0 on 009 x (0,7T), (3)
u(0) = up; u(0) =wy in €,

is null controllable, for each e fixed, and the controls remains bounded when € — 0
if we impose some geometric condition on ). Furthermore, the control sequence
converges, when € — 0, to a control for the heat equation

u —Au= fx, in Qx(0,7T),
u=0 on 00 x (0,7), (4)
u(0) = ug in Q.

Another relevant work is [9], in which the authors consider the linear transport
diffusion equation

yr — €Ay + M(z,t) - Vy = fx, in Qx(0,T),
y=0 on 9Q x (0,7), (5)
y(0) = yo in Q,

and investigate the cost of the control in the vanishing viscosity limit ¢ — 0 and,
in particular, they try to determine in which situation it is possible to obtain a
control which remains bounded as ¢ — 0. In that paper the authors are able to
prove boundedness of controls by assuming some conditions on the vector field M
and the time T'. See also [3] and [6] for the analysis of (5) in the 1-d case, with M
constant.

Regarding the case of parabolic systems converging to parabolic-elliptic systems,
as far as we know, the first time this problem was addressed was in [2] (see also
[4]). There, the authors considered the case of a nonlinear parabolic-elliptic system
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appearing in electrocardiology as a simplification of a coupled parabolic system mod-
eling electrical activities in the heart. Combining Carleman estimates and weighted
energy inequalities, the authors are able to prove that the control properties of the
parabolic-elliptic system can be viewed as a limit process of the control properties
of a family of nonlinear parabolic systems.

Let us denote by (u(t;e, (uo, vo), f,9),v(t; €, (ug,vo), f, g)) the solution of (1) at
time ¢ € [0, 7] associated to (ug,vo) € L?(2)? and (f, g) € L*(Q)?.

Our first main result in this paper is given by the following Theorem.

Theorem 1.1. Let (ug,vo) € L*(Q)? and a,b,c and d be C3(Q) functions. Then

1. If ¢ # 0 in @, for some w CC wy and d < py (w1 being the first eigenvalue
of —A with Dirichlet boundary condition), then system (1) is uniformly null
controllable, with respect to €, with control only in the first equation. More
precisely, for each 0 < € < 1/2, there exists f = f(e) € L*(Q) such that

(U(T7 €, (UOa UO); f(e)v O)a U(Ta €, (u07 UO)a f(e)v O)): (07 O) (6)
Moreover, we have the following estimate on the control
1 ()XunIE2(q) < CllluollZz(n) + ellvollZ2 (), (7)

where C' is a constant that does not depend on €, ug and vg.

2. Ifb# 0 inw, for somew CC wy and d < p1, then system (1) is uniformly null
controllable, with respect to €, with control acting only in the second equation.
More precisely, for each 0 < € < 1/2, there exists g = g(e) € L?(Q) such that

(u(T's€, (uo,v0), 0, 9(€)), v(Ts e, (uo, vo), 0, g(e)))= (0,0). (8)

Moreover, we have the following estimate on the control

[l9(€)XwalZ2(q) < ClluollZ2(q) + €llvol|22(a)): (9)
where C' does not depend on €, ug and vg.

Remark 1. We believe that the ideas given in this paper can be useful when
dealing with the case where d > p1 and d is not an eigenvalue of —A with Dirichlet
boundary condition. The case in which d is an eigenvalue is an interesting open
problem.

In order to prove Theorem 1.1 we are led to consider the adjoint system of (1),

—pr—Ap=ap+c§ in Q,
p=£¢=0 on X,
o(T) =¢r; §(T) =&r in Q,
with (¢r,&r) € L*(Q)%.
It is well known that case 1 of Theorem 1.1 is equivalent to prove the existence
of a universal constant C, which does not depend on ¢, such that the observability
inequality

16Oy + €Ol <C [ oo, (1)
UJ1><(O7T)

holds for all solutions (¢,&) of (10). Analogously, one can prove that case 2 of
Theorem 1.1 is equivalent to show that

Ol oy + llEOI ey <€ [[ o, (12)
ng(O,T)
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for all solutions (¢, &) of (10).

The study of the controllability of systems of parabolic equations has obtained
a lot of attention in the recent years. For instance, in [1] the authors analyze the
controllability of a reaction diffusion system consisting of two parabolic equations
coupled by zero-order terms, obtaining the null controllability for the linear system
and the local null controllability of the semilinear system. In [8] the controllability
of a quite general system of two coupled linear parabolic equations is studied and,
combining Carleman inequalities and some energy inequalities, null controllability
is proved. See also [7] and the references therein.

Following [1] or [8] one can prove that, under the assumptions of case (2) in
Theorem 1.1, the uniform null controllability with respect to € can be obtained in
the case of a control acting on the second equation of (1). On the other hand,
following [1] or [8], if the control is only acting on the first equation of (1) one
obtains a cost of null controllability of order e~!.

Thus, in this paper we obtain a uniform estimate on the cost of controllability
of (1) in the case of a control acting only on the first equation, Theorem 1.1, case
1. Our proof can also be applied in order to obtain the boundedness of the cost of
the null controllability of (1) when the control is acting on the second equation, see
Theorem 2.3.

2. Carleman estimates and an extended adjoint system. In this section we
deduce Carleman type estimates that will be used to prove observability inequalities
(11) and (12). To this end we first define several weight functions which will be
useful in the sequel.

The basic weight will be a function ¢ € C?(2) verifying

P(x) >0, inQ, Y=0o0n09R, |[Vip(x) >0, Yz € Q\wo,

where wy CC w; (wp CC wy in the case 2) is a nonempty open set. The existence of
such a function v is proved in [5]. Then, for a positive real number A, we introduce:

(@) (@) _ 2Nl

¢(I7t) = ma Oé(fl?,t) - t(T—t)

$(t) = min g(z,t); ¢*(t) = max (a, t); (13)
zeQ zeQ

&(t) = mina(z, t); o*(t) = max a(z,t).
e e

The following Carleman inequality will be very important to our purposes:

Lemma 2.1. Let § € R, 0 < 0 < 1 and wg CC w. There exists a constant
Ao = A(,w) > 1 such that for every A > Ao there exists so = so(Q,w,A) and
C = C(Q,w, ) such that, for every s > so(T + T?), the following inequality holds:

N
82
o [ el + 3 12 v
s e olq; i
Q i;'z:l 890@8%

+ gft1 // ezsa¢ﬁ+1|Vq\2dxdt+sﬁ+3 // 625a¢ﬁ+3|q|2dxdt
Q Q

< C(S’B // e®¢P|00iq + AqPdadt + s°13 // 62‘(”‘3“<z5’8'"3|q2daz:clt)7
Q wx(0,T)

for all ¢ € C?*(Q), with ¢ =0 on .
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Proof. See [2] or [5]. O

Now we state the second main result of this paper, a Carleman type estimate for
the adjoint system (10) given by the following Theorem:

Theorem 2.2. Under the assumptions of case 1 in Theorem 1.1. There exists
Ao = Mo(Q,w1) > 1 such that for every A > Xg, there exists so = $o(£2, w1, Ag) > 0
such that, for every s > so(T + T?), the solution (p,€&) of system (10) satisfies

// 2o p2dadt + s* // e* !¢ dadt

S 0814 // o e4sa 72Sd(¢*)14|§0|2d$dt, (14)
w1 X (U,

with C' depending on Q, wy and .

Remark 2. Observe that 4sa® — 2s& < 0 for A large enough and, therefore, that
etsa” =20 ()1 is hounded.

With the purpose of proving Theorem 2.2, we extend our adjoint system to a
system of 4 equations. We set the notation:

Lyo=70—A—0, withy € Rand 6 € L(Q).
With this notation, we define the following function
w=~L_¢qp

and, if pr and & are smooth and (¢, ) is the solution of (10) associated to this
initial data, a simple calculation gives

—wy — Aw —aw = @(cb+ L_cpa — L_10d) + EL_coc — 2VEVe + 2V p(Vd — Va).

Therefore, we can add two more equations to our adjoint system, going from a
system of 2 equations to a system of 4 equations, namely

L_1,,w=p(cb+ L_coa—L_10d) +EL_coc—2VEVe+2Vp(Vd —Va) in Q,
L_cqp=w in Q,
‘C—l,a@ = Cf in Q,
E—E,df = b(p in Q,
p=&=w=0 on X,
o(T) = or; E(T) =&r; w(T) = —epr — Apr — dor in Q.

(15)

The plan of the proof of Theorem 2.2 contains five parts:

First part: We see equations of (15) as heat equations and apply the Carleman
estimate for the heat equation given in Lemma 2.1. This yields a global estimate
for ¢, w and ¢ in terms of local terms of ¢, w and &.

Second part: Using the second equation in (15) we eliminate the local integral of
w appearing in the Carleman estimate obtained in step 1.

Third part: We estimate a local integral of £ in terms of a local integral of ¢, a
local integral of ¢; and some small order terms.

Fourth part: Using the extend adjoint system, we show that we can estimate
locally in terms of a local integral of ¢ and some small order terms.

Fifth part: We gather the estimates of the previous steps and absorb the small
order terms, obtaining our desired Carleman estimate.
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Along the proof we will use the notation:

Is(s,0;p) = sP73 // 252 P 3| p2dudt + 5P // 22|V p2dadt

+s’81// e ght 2\p|2+2|68 )dadt, (16)

where s, 8 and o are real numbers and p = p(z,t).

Proof of Theorem 2.2. For an easier comprehension, we divide the proof into several
steps:

Step 1. First Carleman inequalities.

Let w’ be a nonempty set such that wy CC w’ CC w, where w is a subset of w;
where ¢ # 0. We apply Lemma 2.1 to (15);, with § = 2, and to (15)3 and (15)4,
with 8 = 1. Then

(s, Lw) < O(s° // e ¢ |w|?dxdt
’x(0,T)

s / / G2 (o + [Vl? + |€° + [VER)dadt),  (17)

Li(s, L) <C(s // eyt | dadt + s// e***¢|¢ P dxdt) (18)
w’x(0,T) Q
and

Li(s, &) < C(s* // et |¢|?dadt + 8// e*** || dxdt). (19)
w’ % (0,T) Q

Using (18) and (19) into (17) and absorbing the lower order terms, we get

<C(s // et p|*dadt + s* // e gt ¢|Pdxdt
'%(0,T) '%(0,T)

+5° // e***¢°|w|*dzdt). (20)
w’x(0,T)

Step 2. Estimate of the local integral of w.

In this step we estimate the local integral of w in the right-hand side of (20) in
terms of a local integral of ¢ and a small order term involving w. In order to do
that, we introduce a cut-off function 6 with

0 eCw”),with0<#<1land §=1ond,

where w’ CC W’ CC w.
We use (15)3 to write

/ / e> ¢y |w|?Odxdt
W x(0,T)

=5 // 20w (—epy — Ap — dp)dadt
1%(0,T)

= My + Ms + Ms (21)

and we estimate each term in the expression above.
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For the first term, we integrate by parts to see that
M, = 5es® // drpre®* 0w pdxdt
W' % (0,T)
+ 2es® // ad®e®**Qwodrdt
w'' % (0,T)
+ es® // $°e?**Qw,pdxdt (22)
w''%(0,T)
and use Young’s inequality to obtain
M; < é(s° // #°e®* | w|?dxdt + 5// Pe***|wy|*dzdt)
W' % (0,T) W% (0,T)
+Cs? // ¢2e*|p|?dadt. (23)
w” % (0,T)

Here we have used that |a;| < C¢?.
Next, since

M, = 5s° // $*e?*wh(Ve - V)dadt
W% (0,T)
4 25° // °e***wh(Va - V)dxdt
W x(0,T)
+5° // ¢°e***w (V0 - V)dxdt
W% (0,T)
+ s° / / $°e**0(Vw - V)ddt,
W % (0,T)

it is not difficult to see that, for any ¢ > 0 there exists C' = C(4) such that

My + Ms

<C(s” // > |Vp|?drdt + s° // ¢°e** |2 dadt)
w’' x(0,T) w’' x(0,T")

+6(s° // e @5 lw|*dadt + s* // e ®3 | Vw|?dxdt).  (24)
W% (0,T) W % (0,T)

Hence

s° // e ¢ |w|?dxdt
w’x(0,T)

<C(s® // 7e* |2 dadt + 57 // 29" |Vp|?dxdt)
w’’ % (0,T) w!"x(0,T)
+ (0 4+ ) Ix(s, 1, w). (25)

Now we eliminate the local integral of V. For this, we consider a set w””’ with
w"” CC w” CC w and a cut-off function 6; € C§°(w'’) satisfying

0<6,<1, 6=1o0onuw".
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Integration by parts gives

s7 // €20, ¢"|V|?dzdt = — 57 // €290, ¢" Appdxdt
W% (0,T)) " %(0,T)

- fs / / (016250 ¢7) | 2ddt. (26)
W% (0, T)
Using the fact that

|A(91628a¢7)| < C82¢9628a in w” x (O,T),

together with Young’s inequality, we see that, for any 6 > 0 there exists C = C(9)
such that

s // X5 ¢T|Vp|drdt < 5// | Ap| dadt
W% (0,T) W% (0,T)
+COs't // e o p|?dxdt, (27)
W% (0,T)

Therefore

85 // 625a¢5|w‘2d$dt < C814 // 628a¢)14|(p|2d$dﬁ
w’x(0,T) w’""x(0,T)
+(6+6)12(871;w)+6Il(871;90)7 (28)

for any ¢ > 0.
Combining (20) and (28), for § small engouh, we get

(s, Lw) + I (s,6€) + I1(s, 1;9)
< C 14 // 25a¢14|g0|2d1‘dt+54 // 625a¢4|§|2d$dt). (29)
WX w’x(0,T)

Step 3. Estimate of the local integral of €.
In this step we estimate the local integral of £ in the right-hand side of (29) in
terms of a local integral of ¢, a local integral of ¢; and some small order terms.
Using equation (15)3, and the fact that ¢ # 0 in @, we see that

84// 628a*0(¢*)4|£|2d1‘dt
W' x(0,T)

<0
=g // e2se 7(¢*)4§(—g0t — Ay — ap)dzdt
W% (0,T) c
= My + M5 + Ms, (30)

where 6 is the cut-off function introduced in step 2.
As in the previous step, we estimate each term in the expression above. We have

4
M< S / / )ezm*ew*)‘*la?dmt
// O T

2] @) o ()
W' x (0, T) c?

Integration by parts gives

4 2sa”™ (4 0
M=t [ A+ 2V (Ve + (DAY
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Using this last equality, we can show that for any § > 0 there exists C' = C(9) such
that

Mz + Mg

<4(s // et |¢|Pdadt + s* // e H? |V dadt
W% (0,T) W% (0,T)

e[ eeiagpdmdes [[ g pppdad. (32)
W% (0,T) W% (0,T)

Hence

s // €28a*9(¢*)4|§|2d.’lﬁdt < C(S4 // eZsa* (¢*)4|(‘0t|2d$dt
w’x(0,T) W' x(0,T)
+ s® / / ehse" =250 (98| o) 2ddt) + 011 (5, € €). (33)
W' x(0,T)

From (33), our objective is now reduced to estimate a local integral of ¢; in terms
of a local integral of ¢ and small order terms. This will be done in the next steps.

Step 4. Estimate of the local integral of ;.
In this step we deal with the first term appearing in the right-hand side of (33).
First, we integrate by parts to get

st / / e (¢") e |Pdxdt = — s* / / e (¢*) prpdzdt  (34)
W x(0,T) W' x(0,T)

st )
T3 // (25 (¢")") el |’ dadt.
W x(0,T)

Since
56

84 // e?sa* (¢*)4()0tt§0d$dt < 7 // erdé—SMOtt'dedt (35)
w’' x(0,T) w’ x(0,T)
814 *_2sa( 1%\8 1
w5 [ e s,
w’' x(0,T)

we just have to estimate the local integral of ¢;; in the right-hand side of (35). In
order to do that, we use (15)5 to see that

_ 6(656‘&_5/2@#)75 _ A(esdé—5/2gptt)
=% 2wy — e(e* 7)o + %02 (dup + 2dypr + diprr) (36)

with e*¢5/2p,, = 0 in 90 and e*¥$5/2, (T) = e*%$~5/2p4,(0) = 0.
Next, multiplying both sides of (36) by e*%¢~°/2(;;, integrating over @ and using
Young’s inequality, we get

// IV (e~ 20| 2dadt
Q
< C’(// |55 2wy | 2dadt + € // [(e*~5/2) o | dadt
Q Q

+// |63dé_5/2<pt|2dl‘dt+// |€Sd(£_5/2(p|2dxdt)
Q Q
+ / /Q d|e*® ¢ 2oy |2 dadt (37)
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and, since d < pp, we have

570 [[ 19652 Pasi
Q

< Cs™6 (// |58 &5 2wy, |2dedt + // le*¥$p=5/2p, Pdxdt
Q Q
+ // |€S&(£_5/2(p|2dxdt+ 62 // |(63d¢;_5/2)t(ptt|2d$dt). (38)
Q Q

Let us now estimate the first and the last term in the right-hand side of (38).

Step 4.1. Estimate of the term in 4.
Here, we estimate the last term in the right-hand side of (38). Using (15)2 and
(15)3 we can show that

—epy = —€2py — ewy — edpp — edpy + €app + eap; + ecié + ecky, (39)
from where we see that
E(€375/2) 002 < (€54 5/2) 2|2 + €2[(%0G/2), | w2
+CE (1372 lel? + 1(e°* 072 o]
+ (67221 + (2672 Pl ). (40)
Since
(e5375/2),| < Os241/2e5,
and 0 < € < 1/2, inequality (40) implies

€276 //|(esa‘<;375/2)tcptt|2dxdt
Q
<ces? / / 255GV (E2 4 6 + loel? + Lol + [weP)ddt.  (41)
Q

Step 4.2. Estimate of the term in wy;.
Here, we estimate the first term in the right-hand side of (38). From (15); we
have

—wi—Aw; — apw — awy

= (cb)rp + cbpy — eyl — €&y — eayp — eaypr — EAc — EA
— 2V Ve —2VEV e + o A(d — a) + oA(d — a) + 2V V(d — a)
+ 2V@V(d — a)t + dtt‘p + dt§0t~ (42)

We multiply both sides of (42) by €25%¢ 5wy and integrate over @, we obtain
this way

// 625d$_5|wtt|2dazdt
Q

= // 6286“5)*5Awtwttdxdt+// ateQS‘S‘qAS%wwttdxdt
Q Q

+ // 6286‘(&_5wtt@((cb)t — €At + A(d — a)t =+ dtt)d.’lﬁdt
Q

+ // GQSdQZ)iSwtt@t (Cb — eay + A(d — CL) + df)dl’dt + // a625dqg75wtwttdxdt
Q Q
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+ 2 // eQS&ggfswtthoV(d —a)idxdt + 2 // eQSngAFSwtthptV(d — a)dzdt
Q Q
+ // e25dé_5wtt§(—ectt — Act)dxdt + // 623&(5_5111”& (—ect — Ac)dazdt
Q Q

+ 2// eQquiAfswttV§Vctdxdt + 2// e2saq§75wttV§thdmdt. (43)
Q Q

After a long, but straightforward, calculation, we can show that

576 // 6256‘(25_5|wtt|2dxdt
Q

< Cs 0 (// %% Awywypdedt + // e )7 (|w|? + |wy)?)daxdt
Q Q

+ [ #5ao (Tl + 9l + VR + |vst|2>dxdt). (44)
Q

The rest of the proof of thi§ step is devoted to es:cimate the integrals
fo €25% % Awywydxdt, fo €259 5|V oy |2dzdt and fo e?%%¢ 5|V ¢, |2dxdt appear-
ing in the right-hand side of (44). This will be done in the next two substeps. The
other terms in the right-hand side of (44) can be absorbed by the left-hand side of
(29).

Step 4.2.1. Estimate of the term in ;.

We use (15)3 to see that —Ap; = wy + ey + dip + dpy. From (39) and the fact
that —A gives a norm in H?(Q) N HE (), we get

576 // €70V |2dadt < 57O // ¥ 95| Agy P dadt
Q Q
< s / / 250G 4 L6 + rf + [0 + e P)drdt. (45)
Q

All the terms in the right-hand side of (45) can be absorbed by the left-hand
side of (29).

Step 4.2.2. Estimate of the term in Aw;wy;.
We have

~ 76 ~ A
P // %475 Awywydadt = 5—// (628a¢75)t|th‘2d$dt
Q 2 JJq
<Cs™* // %473 |V, |2 dedt, (46)
Q
since
|(625d(£—5)t| < 052625d§£_3.
Next, we use (15); to see that

—wy — Awy — aw — awy
= (cb—eas + A(d — a) + di)or — (ecer + Act)é — (ece + Ac)é,
+ ((cb)e + A(d — a)y — €ay + di)p — 2VE NV e — 2VEV e,
+ 2V V(d — a) +2VeV(d — a);. (47)
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Multipyling both sides of (47) by s~ %¢25¢¢~3w,, integrating by parts and using
Young’s inequality, we get

54 // €% 73|V, |2 dadt
Q

' /Q P (|Vl? + [VEP + Ve )dedt
+ //Q 625‘3‘(|w\2 + |wt|2)dxdt), (48)

since
|(625dq§—3)t| < 082625&(25—1
and
sl <. (49)
Step 4.2.3. Estimate of the term in V¢;.

We use (15)3 to see that —e&y — A& = by + by + di€ + d€;. Multiplying both
sides by €2°%¢, and integrating over ), we obtain

/ / X NVE P drdt < / / de?®|¢, |2 dadt
Q Q
e [[ ot eP v 1oP + o Pydade, (50)
Q
which gives, from the assumption on d,

// 623d|v€t|2dxdt < C// 628d(|£|2 + ‘(P|2 + |S0t‘2)dmdt' (51)
Q Q

Step 5. Last arrangements and conclusion.
From (34), (35), (38), (41), (44), (45), (48) and (51), we get

// 2ea )4|<pt|2da?dt
w’ x(0,T)
< o5t / [ @)l dui
W% (0,T)
14 // e4so¢*725z3¢((z)>k)8€£5‘S0|2dxdt7
W x(0,T)

4O // 25|V ]2 + w2 + w]?)dadt
Q
+ 011 (s, €8), (52)

for any § > 0.
Putting (52) in (33), we obtain

st // e 0(¢*)* € dacdt
w’x(0,T)

< 0814 // o €4sa*_23d(¢*)14|(p‘2dl‘dt
w' x (0,
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4 o5 // (Vo + fwrl? + [w]?)dedt
Q
+ 511(57 €] 5)7 (53)
since
|(625a ( ) )t| < 082 2sa™ ((JS )8 and era* < 064504*72502. (54)

Finally, choosing s large enough and ¢ small enough, we put (53) in (29) and
absorb the small order terms, we obtain

I(s,Lw) + Li(s,6€) + (s, 1;¢)
< Cgl4 // 64sa*_28&(¢*)14|ﬁp|2d$dt. (55)
UJ]X(O T)
This finishes the proof of Theorem 2.2. O

Observing that the system formed by the first two equations (15) has the same
structure as the system formed by the third and fourth equation in (15) we can
argue as in steps 1 and 2 above in order to prove the following result, which is the
third main result of this paper,

Theorem 2.3. Under the assumptions of case 2 in Theorem 1.1. There exists
Ao = M(Qwa) > 1 and so = s0(Q,wa, Ng) > 0 such that, for each X > Ao and
s > 8o(T + T?) the solution (¢,€) of system (10) satisfies

// 253 ¢|2 d:cdtJrS// * 9| VE[ dudt

st / / 2091 (26, + | AL[?)dudt
Q

+53 // 625a¢3|g0|2dzdt+s// X5 P| V|2 dadt
Q Q

w70 [[ o6l + 8l e

< Cs" / / e2T|€2dadt, (56)
WQX(O,T)
with C' depending on §, wa, ¥ and Ag.

3. Proof of Theorem 1.1. Now we prove Theorem 1.1. As we said before, it is
equivalent to prove an observability inequality for the adjoint system, inequality
(11) in case 1 or inequality (12) in case 2.

Proof. As the proofs of (11) and (12) are similar, we just prove the first one. To do

this, we first change the orientation in the adjoint system (10), i.e., instead of going

from T to 0 the system will evolve from 0 to T'. Changing ¢ by T'—t, we obtain the
system

—Ap=ap+c€ in Q,

€& —AL=bp+df  in Q,

p=£6=0 on %,

v(0) = ¢r; £(0) =&r in Q.

(57)
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Our desired observability inequality becomes

2 2 2d d
()% + €T SC//MO,T)'“”' vdt, (58)

where C' is a constant which does not depend on e.
In fact, multiplying (57)1 by ¢ and (57)2 by £ and integrating over {2 we obtain,

1d €d 2 2 2
s 5 g IEDIP + Ve + [IVE @)

= /Q(a\w(t)\2 +dE@)? + (b + )p(t)E(t)) da. (59)
Using the assumption on d and Poincaré’s inequality, we get

d d
S SlleI + 5 SIEDIP < Cllg (o)l (60)

Then, by Gronwall’s inequality, we obtain
1 €
Sl + SIEDI < Clle®II” + ell€@I), (61)

where C' does not depend on e.
Integrating (61) from 7'/4 to 3T/4 we get

eI +

1 2, € 2 s/ 2 2
IO+ S <0 [ ] o + Pz (62)

Using the Carleman inequality given by Theorem 2.2 and Remark 2, we obtain
the desired observability inequality

1 €
SleIP+Sle@iE <c [[ Pt (63)
UJ1><(O,T)

where C' does not depend on e.
Inequality (63) proves case (1) of Theorem 1.1. Using Theorem 2.3 we prove case
(2) of Theorem 1.1 . In this way, the proof of Theorem 1.1 is established. O
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