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Abstract

In this thesis we analyze the properties of controllability and observability for selected
partial differential equations which model various phenomena in cardiology, biology,
fluid mechanics and viscoelasticity.

We begin, in chapter 2, with the analysis of the uniform controllability of families of
linear coupled parabolic systems approximating parabolic-elliptic systems. We prove,
under appropriate assumptions on the coupling terms, the uniform, with respect to
the degenerating parameter, null controllability of the family when only one control is
acting on the system.

In chapter 3, we analyze the uniform null controllability of a family of nonlinear
reaction-diffusion systems approximating a nonlinear parabolic-elliptic system model-
ing electrical activity in the cardiac tissue. Combining Carleman estimates and energy
inequalities, we prove the uniform null controllability of the family by means of a single
control.

Chapter 4 studies the controllability of the parabolic Keller-Segel system of chemo-
taxis which converges to its parabolic-elliptic version. We show that this nonlinear
coupled parabolic system is locally uniformly controllable around a solution of the
parabolic-elliptic system when the control is acting on the chemical component.

In chapter 5, we consider the wave equation with both a viscous Kelvin-Voigt and a
frictional damping as a model of viscoelasticity. Decomposing the system in its parabolic
and hyperbolic parts, we prove the null controllability of the system when the control
region, driven by the flow of an ODE, covers the whole domain.

Finally, in chapter 6, we study the cost of controlling the Stokes system to zero.
Using a new controllability result for a hyperbolic system with a pressure term and the
control transmutation method, we show that the cost of driving the Stokes system to

c/T

rest at a time T > 0 is of order e when T' — 0%, as in the case of the heat equation.
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Resumen

En esta tesis analizamos las propiedades de controlabilidad y observabilidad de algu-
nas ecuaciones en derivadas parciales que modelan diversos fenémenos en cardiologia,
biologia, mecanica de fluidos y viscoelasticidad.

En el capitulo 2 comenzamos estudiando la controlabilidad uniforme de familias de
sistemas parabolicos lineales acoplados y que aproximan sistemas parabolicos-elipticos.
Mostramos, con hipéteses adecuadas sobre los términos de acoplamiento, la controla-
bilidad uniforme a cero con respecto al pardmetro de degeneracién, cuando sélo un
control acttia sobre el sistema.

En el capitulo 3 analizamos la controlabilidad uniforme de una familia de sistemas
de reaccién-difusién no lineal que aproximan un sistema parabdlico-eliptico no lineal
que modela la actividad eléctrica en el tejido cardiaco; utilizando estimaciones de Car-
leman y desigualdades de energia, probamos la controlabilidad uniforme a cero de la
familia por medio de un tinico control.

El capitulo 4 estd dedicado al estudio de la controlabildad del sistema parabdlico
de Keller-Segel de la quimiotaxis que converge a su version parabdlica-eliptica. Mos-
tramos que este sistema parabdlico no lineal acoplado es localmente uniformemente
controlable en torno a una solucién del sistema parabdlico-eliptico cuando el control
estd actuando en el componente quimico.

En el capitulo 5 estudiamos la controlabilidad de la ecuacién de ondas con una vis-
cosidad del tipo Kelvin-Voigt y un amortiguamiento por friccién como un modelo de
la viscoelasticidad. Descomponiendo el sistema en sus partes parabdlica e hiperbélica,
mostramos que el sistema es controlable a cero cuando la regién de control se mueve,
segun el flujo de una EDO, de forma que cubra todo el dominio.

Por tdltimo, en el capitulo 6 estudiamos el coste de controlar el sistema de Stokes a
cero. Probamos un nuevo resultado de controlabilidad para un sistema hiperbélico con
un término de presién y, utilizando el método de transmutaciéon de controles, mostra-
mos que el coste de conducir el sistema de Stokes a cero en un tiempo 7' > 0 es del orden
de e“/T cuando T — 0, es decir, el mismo orden que para la ecuacién del calor.
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Chapter 1

Introduction

1.1 General introduction

Control theory is the area of mathematics concerning dynamical systems whose be-
havior can be changed by means of controls applied through actuators. The origins of
control theory can be traced back to the 19 century, with the application of the theory
of differential equations to the study of the efficiency of mechanical systems in the in-
dustrial revolution. Nowadays, thanks to the works of mathematicians like R. Bellman,
H. Fattorini, R. Kalman, J. -L. Lions, L. S. Potryagin and D. Russell, and many others,
control theory is a rich interdisciplinary branch of mathematics, with applications in
areas such as engineering, biology, economics and medicine. For more details see, for
instance, [42, 118, 119] and the rich references therein.

Generally, a control system can be written under the following abstract form

{ W= H(yu), t>0,y €Y, u €U, (1.1)

y(0) = yo,

where y is the state, the unknown of the system that we are willing to control, y is the
initial state, u is the control, the variable that can be freely chosen to act on the system
and Y and U, are the state space and the set of admissible controls, respectively.

Given a control system, the aim is to find a control such that the associated state
behaves in an appropriate manner in a given final time. This is the so-called controlla-
bility problem. We distinguish several different notions of controllability. We say that
the system is approximately controllable if, for any initial state, it is possible to steer the
solution to a state arbitrarily close (in some topology) to any target. On the other hand,
the exact controllability means that the system can be driven from any initial data to any

target. The system has the null controllability property if, for any initial data, the solu-
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tion can be driven to zero. Finally, another interesting concept of controllability is the
exact controllability to trajectories, which means that it is possible to make the state of the
system to join any prescribed trajectory, i. e., a given solution of the system.

In this thesis we analyze the controllability problem for certain partial differential
equations (PDE’s) modeling several physical phenomena. We will also be concerned
with the problem of uniform controllability. In this case, a family of dynamical systems
depending on a parameter € > 0 and approximating (1.1), when € — 07, is considered

{ dé’; = H(e,y " u), y¥* €Y CY, u € Uy, 12)

y(0) = 5.

First we prove that, for every e > 0, there exists a control u¢ € U,4 such that the
associated solution y¢ of (1.2) satisfies y(T") = y, for given states y§ and 5. that con-
verge to some yo and yr in Y, respectively. The goal is then to know if there exist y € YV’
and u € U,g, solution of (1.1), such that y¢ — y and u¢ — u, when ¢ — 0*. Moreover,
we want this convergence to be strong enough in such a way that the initial and final
conditions are preserved: y(0) = yo and y(T') = yr. If yr = 0, we say that system (1.2)
has the uniform null controllability property.

There is by now a well established literature on controllability problems (see, for
instance, [25, 86, 115, 125, 135]). The theory for finite dimensional systems was devel-
oped in the beginning of the 1960’s (see [64, 76]) and, thanks to the famous Kalman
rank condition, the problem is nowadays completely understood for the linear case
(see [79, 122]). For nonlinear finite dimensional systems the problem is also fairly well
understood, since there are many powerful sufficient conditions for local and global
controllability (see [25]).

For PDE’s the situation is a bit more delicate, even in the linear framework. One rea-
son is that a linear PDE governing the evolution may be, for instance, of hyperbolic type
(wave equation, Maxwell equations), of dispersive type (plate equation, Schrédinger
equation, Korteweg-de Vries equation), or of parabolic type (heat equation, Stokes equa-
tion), inducing very specific properties on the flow such as: the Huygens principle and
the property of propagation of singularities with finite velocity for hyperbolic equa-
tions, the infinite speed propagation property together with a weak (resp. strong)
smoothing effect for dispersive (resp. parabolic) equations and the time irreversibility
for parabolic equations. Accordingly, it is not possible to expect an exact controllability
result to hold for the heat equation with a control localized in some small part of the
domain (the solution will be smooth outside the control region) and, consequently, one
cannot attain an arbitrary final state. Hence, it will be natural to look either at the prop-

erties of approximate/null controllability or at the controllability to trajectories as long
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as the heat equation is concerned. In constrast, due to its time reversibility, it is natural
to seek for the property of exact controllability for the wave equation.

Let us recall some concepts and fundamental results on the controllability of linear
equations. These results will be important even for the nonlinear control problems we
treat, since in this case the first step is the analysis of the controllability of an appropriate
linear system.

We restrict the presentation to the case of Hilbert spaces. Nevertheless, we point out
that a similar theory can be developed in Banach spaces.

1.1.1 Controllability and Observability

In this section we essentially follow the presentations given in [25, 108, 125]. We con-
sider two (real or complex) Hilbert spaces (H,<,>p) and (U, <,>y), a time 7' > 0,
yo € H and a closed unbounded operator A : D(A) — H which generates a strongly
continuous semigroup S(t):>0. We are interested in the following class of linear control
problems
% = Ay+ Bu, t€[0,T
dt Yy + bu, [ ’ ]7 (13)
y(0) = o,
where B € L(U; D(A*)) is the operator describing the way the control u acts on the
system.

We assume that the operator B satisfies the following admissibility condition:
T
VT > 0,3Ct > 0 such that / |B*S(t)*2||Edt < Crl|z||3, Yz € D(A¥), (1.4)
0

where B*, S(t)* and A* are the adjoint operators of B, S(t) and A, respectively.

Under the admissibility condition (1.4), the Cauchy problem (1.3) is well-posed in
the sense of Hadarmad, i.e., for every yop € H and u € L?(0,T;U) there exists a unique
y € C([0,T]; H) satisfying (1.3). Moreover,

ylleqo,m;my < Cllyvollm + lwll 20,105

for a positive constant C' depending on 7', A and B.
We now summarize the different notions of controllability for system (1.3).

Definition 1.1. System (1.3) is exactly controllable at time 7" if, for any yo, yr € H, there
exists u € L2(0, T; U) such that the solution y of (1.3) fulfills y(T) = yr.

Definition 1.2. System (1.3) is null controllable at time 7" if, for any yo € H, there exists
u € L%(0,T;U) such that the solution y of (1.3) fulfills y(7) = 0.
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Definition 1.3. System (1.3) is approximately controllable at time 7" if, for any yo, yr € H
and any € > 0, there exists u € L%(0,T;U) such that the solution y of (1.3) fulfills
1y(T) — yr|lo <e

It is clear from the definitions that exact controllability implies both null and ap-
proximate controllability. The reverse being, in general, not true.

Since the problem (1.3) is linear, it can be easily shown that null controllability is
equivalent to the exact controllability to trajectories:

Definition 1.4. System (1.3) is exactly controllable to trajectories at time 7' if, for any
yo € H and any solution 7 of (1.3), i.e., a solution of (1.3) with 7(0) = 7, € H and
some given u, there exists a control u such that the associated solution of (1.3) fulfills

y(T) =y(T).

In the finite dimensional case (i.e., A € RV*N B ¢ RV*M N M € N), all four
definitions above are equivalent to a purely algebraic condition, the Kalman condition:
rank(B, AB, A?B, ..., AN"1B) = N. As a consequence, for finite dimensional systems,
controllability at a time Ty > 0 implies controllability at any time 7" > 0.

As noticed by D. Russell in [116], and formalized by J. L. Lions in the famous H.U.M.
(Hilbert Uniqueness Method) (see [86, 87, 88]), the properties of controllability for sys-
tem (1.3) are equivalent to certain measurements (observabilities) of its adjoint system
(dual problem).

Indeed, let us consider the adjoint system of (1.3):

(1.5)

—% = A*z, t €[0,7],
2(T) = zp € H.

The following results hold.

Theorem 1.1. System (1.3) is exactly controllable at time T if and only if there exists a constant
C > 0 such that

T
ozl < 02/0 1B*2(8)| B dt, Var € H. (1.6)

Inequality (1.6) is called strong observability inequality. It means that one can recover
a complete information about the initial state zy from a measurement on [0, 7] of the
output B*z(t).

Theorem 1.2. System (1.3) is null controllable at time T if and only if there exists a constant
C > 0 such that

T
12(0) |13 < C? / 1B*2()| 3 dt, Yer € H. (17)
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Inequality (1.7) is called weak observability inequality. Only z(0) is recovered, not z7.
Notice, however, that when system (1.3) is reversible then null and exact controllability
are equivalent, which is not the case if the system is not reversible.

Theorem 1.3. System (1.3) is approximately controllable at time T if and only if, for any zp €
H,
B*z(t) =00n [0,T] = 2z = 0. (1.8)

Property (1.8) is called the unique continuation property for the system (1.5).

From Theorem 1.2 we immediately infer that null controllability for (1.3) implies its
approximate controllability by backward uniqueness.

We remark that there is no reason for the uniqueness of a control driving an initial
state yo to a final state yr. However, for the exact and null controllability problem,
we can define in a natural way a distinguished control, the one of L?(0,T; U) minimal
norm.

Let us assume that the system (1.3) is exactly controllable at time 7". Then, for every
yr € H,the set UT (yr) of u € L?(0,T;U) such that

[ye = Ay + Bu,y(0) = 0] = [y(T') = yr]

is nonempty. The set UT (yr) is clearly a closed affine subspace of L?(0,T;U). Let
UT (yr) denote the element of U’ (y7) of smallest L?(0, T; U)-norm. It immediate fol-
lows that the map
UT(yr): H — L*0,T;U)
yr =  U'(yr)

is a linear map. Moreover, using the closed graph theorem, it can be shown that this
(T), is called the cost of
the exact controllability of system (1.3). The following result holds.

linear map is continuous. The norm of &/ T(yr), denoted by Cg,t

Proposition 1.1. CZ,(T') is the infimum of the constants C' > 0 for which the strong observ-

ability (1.6) holds, i.e.,

T
CEAT) = 1" () ccnsmoiraon) = dnt { el < O [ B2 e, vor 1)

In the case where (1.3) is null controllable at time T', for every yo € H, the set U T(yo)
of u € L?(0,T;U) such that

[yt = Ay + Bu,y(0) = yo] = [y(T) = 0]

is nonempty. The set U (yy) is a closed affine subspace of L?(0,T;U). As before, let
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U™ (yo) denote the element of U7 (yo) of smallest L?(0, T’; U)-norm. Again, it is not hard
to see that the map
UT(yo): H — L*0,T;U)
yo = U (y)

is a continuous linear map. The norm of U7 (y,), denoted by C(J)\;t(T), is called the cost of
the null controllability of (1.3). One can obtain the following result.

Proposition 1.2. Cé}f)t(T) is the infimum of the constants C' > 0 for which the weak observ-

ability property (1.7) holds, i.e.,
N T 2 2 [1 2
Copt(T) = 11U (yo)ll ;2 0m50)) = Jnf) {HZ(O)HH <C /0 | B*2(t)|[3rdt, Var € H} :

From Propositions 1.1 and 1.2, we see that the cost of the exact/null controllability
of (1.3) is the optimal constant for which the strong/weak observability for the adjoint
system (1.5) holds .

If system (1.3) is exactly (resp. null) controllable, there is a constructive way to build
the controls U7 (yr) (resp. UT (yo)) of L?(0,T;U) minimal norm described above. Let
us explain this in the context of the exact controllability. For any yo € H, the duality
between (1.3) and (1.5) gives

T
<y(T),zr >g= / <wu(t), B*z(t) >u dt+ < yo,2(0) >p .
0

We introduce the following functional J : H — R given by

T
Ter) =3 [ Bt <.20) >0 = <y g 19
It is not difficult to see that if 7 has a minimum 27 then, taking ¢ = B*Z, where 2 is
the solution of (1.5) associated to 2y, the solution y of (1.3) with the control @ satisfies
y(T) = yr-

Indeed, the functional 7 is clearly strictly convex and, from the admissibility con-
dition (1.4), continuous. Finally, using the strong observability inequality (1.6), one can
easily show the coercivity of J. Hence, J has a unique minimizer Z7 and the control
@ = B*Z is the one of L?(0,T;U) minimal norm. Moreover, the following estimate

holds:
il 20,70y < Clot (D) lyrl o (1.10)

Similarly, in the null controllability case, we obtain the control iy of L(0,T;U)
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minimal norm as the minimizer of the following functional

1 T
Tn(er) = © / 1B*2(8) [ di+ < yo, 2(0) >, (L11)
0

2
which is clearly strictly convex and continuous. The coercivity is not straightforward as
in the exact controllability case. Nevertheless, we can show that Jy is coercive in the
space H, which is the completion of H with the norm (which follows from the weak

observability (1.7))
T 1/2
ezl = ( / HB*z<t)HUdt> .

The control i obtained as the minimizer of 7 satisfies
llall 2 0.r0) < Cope(T)llyol - (1.12)

From the above, we see that the study of the controllability of a given linear PDE
is equivalent to the obtainment of a suitable observability inequality for the adjoint
system, i.e., a full knowledge of the solution of the adjoint system at a given time using
only local measurements of it. However, we point out that the proof of such inequalities
require tools adapted to the PDE under investigation; e.g. Ingham inequalities, multiplier
methods, microlocal analysis or Carleman inequalities ([4, 46, 73, 86, 113, 115, 134]).

1.1.2 Methodology

The crucial analytic tool we employ when trying to prove observability inequalities
are the so-called Carleman inequalities. These are weighted energy estimates for the
solutions of PDE’s, with weights of exponential type. They were first introduced for
the quantification of unique continuation, going back to the early work of Carleman
[12]. Over the last few years, the field of applications of Carleman inequalities has
gone beyond its original domain: nowadays they are also used in the study of inverse
problems and control theory for PDE’s (see, for instance, [46, 134, 135]).

For a space domain {2, a control region w C €2, and a time 7' > 0, the Carleman

inequalities will obey the following basic structure:

// B3| Pdadt < C’// Ba|p|2dxdt, (1.13)
QX(O,T) ‘UX(OvT)

where ¢ is the solution of the PDE (the adjoint system) and the constant C' > 0 and
the weight functions 8; and 2 depend on some parameters and are independent of the

initial state.
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The basic idea behind a Carleman type inequality like (1.13) can be already seen
when dealing with the stability of ODE’s (see [134]). Indeed, consider the linear ODE in

RN:
n(t) =aly(®), te (0,7, e
y(O) = Yo,
where a € L>°(0,T). It is well-known that all solutions of (1.14) satisfy:
max [y(t)| < ellll=T|yo|, Vyo € RN, (1.15)

t€[0,T

A Carleman type proof of (1.15) is performed as follows. For any A € R, we have

jt(e-wy(t)\?) = (a(t) — Ne My ()] (1.16)

Choosing ) large enough so that 2a(t) — A < 0 for almost every ¢ € (0,7"), we find that
ly(®)] < Xlyol, ¢ € 10,7, (1.17)

which proves, in particular, (1.15). The key point in the above proof, and in all Carleman
type estimates, is that one must take parameters in the weight functions to be large
enough in order to absorb the undesired terms.

Let us now describe some of the main difficulties one may encounter when dealing
with the uniform controllability of a given family of PDE'’s. It is convenient to first have
a quick look at the finite-dimensional context. In fact, even in this case, it may happen
that the limit system is not controllable while the approximating family is controllable
for every value of the parameter € > 0. To see this pathology, we consider the following

two examples, due to Chow [22]:

Y16 = —Oy1 + €u,
Y26 = —Y2 +u,

(1.18)
yse = —(1+e€)ys +u,
Yar = —(1+€)ya +2u
and
Y1 = —Y1 +y2 +u, (1.19)

€Y2t = —Y2 — U.

Using the Kalman rank condition, one can show that both systems (1.18) and (1.19) are
controllable for each € € (0, 1) but not for e = 0.

As we will see, the key point in the study of the uniform controllability for (1.2) is the
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construction, for each € > 0, of a control «¢ such that ||uf||,, < C||y§||y for a constant
C independent of € and some appropriate norm ||.||z,,. In fact, if this is the case, since
the state of a controllable system can be estimated in terms of the initial state and the
control, we will be able to obtain a uniform bound for y¢ in terms of the initial data yg.
Notice that this problem is closely related to the study of the cost of the controllability
of system (1.3), which is also tackled in this thesis.

To end this section, we summarize the main achievements of this thesis.

Chapter 2: We consider a family of linear coupled parabolic systems approximating
a parabolic-elliptic system. Under appropriate assumptions on the coupling terms, the
uniform null controllability of the family, when only one control is acting on the system,
is proved. The results of this chapter are based on the article [20], in collaboration with
S. Guerrero and J.-P. Puel.

Chapter 3: The uniform null controllability of a family of nonlinear reaction-diffusion
systems approximating a nonlinear parabolic-elliptic system modeling electrical activ-
ity in the cardiac tissue is studied. Combining Carleman estimates and energy inequal-
ities, the uniform null controllability of the family by means of a single control is ob-
tained. The results of this chapter are based on the articles [5] and [6], in collaboration
with M. Bendahmane.

Chapter 4: We analyze the controllability of the parabolic Keller-Segel system of
chemotaxis which converges to its parabolic-elliptic version. Using Carleman estimates
and an inverse mapping theorem, we show that this parabolic system is locally uni-
formly controllable around a solution of the parabolic-elliptic system when the control
is acting on the chemical component. This chapter is based on the article [19], in collab-

oration with S. Guerrero.

Chapter 5: We consider the wave equation with both a viscous Kelvin-Voigt and fric-
tional damping as a model of viscoelasticity. Decomposing the system in its parabolic
and hyperbolic part, we prove the null controllability of the system when the control
region, driven by the flow of an ODE, covers all the domain. This chapter is based on
the article [21], in collaboration with L. Rosier and E. Zuazua.

Chapter 6: We study the cost of controlling the Stokes system to zero. Using a
new controllability result for a hyperbolic system with a pressure term and the control
transmutation method, we show that the cost of driving the Stokes system to rest at
time 7 is of order e“/” as T — 0%, the same as for the heat equation. The results of
this chapter is based on the article [18].

In the following section, the content of each chapter is discussed more specifically.



10 CHAPTER 1. INTRODUCTION

1.2 Main contents of the thesis

Given a domain Q C RY and a time 7" > 0, we set Q := Q x (0,7), ¥ := 9Q x (0,7T).
We use w, w; and ws to denote (small) open regions of 2 in which the controls will act,
and denote by 3 = (z,t) a weight in the form

n(x)

Blx,t) = e*T—0F (1.20)

for some constant £ > 1 and an appropriate function 7 that depends on the control
region and such that n(z) < 0 for all z € €.

Chapter 2: Controllability of fast diffusion coupled parabolic systems

The first chapter of this thesis is concerned with the analysis of the uniform null con-
trollability of the following family of coupled parabolic systems:

uf — Auf = au® + b + f1,, in Q,
evy — Av® = cu® + dv + g1, in Q,
u€ = ’UE = 0 on E,
u(0) = up; v(0) = vy in Q,

(1.21)

where a = a(x,t), b = b(z,t), ¢ = ¢(x,t) and d = d(z,t), f and ¢¢ are internal controls
and ¢ is a small positive parameter, intended to tend to zero.

Systems like (1.21) are prototypes of biological systems modeling aggregation phe-
nomena or chemical systems having two different concentrations (for more details, see
references [11, 61, 62, 85] or chapters 3 and 4 of this thesis).

Our interest in the uniform null controllability of (1.21) comes from the fact that, in
applications, this family of parabolic systems is usually approximated by the parabolic-
elliptic system:

uy — Au=au+bv+ fl, in Q,
—Av = cu+dv + glg, in Q,
u=v=0 on X,
u(0) = ug in Q.

(1.22)

Notice that, even if this approximation is consistent with the existence and unique-
ness point of view, it is not clear at all what can be done from a control theory point
of view. The main reason for that arises from the fact that we are considering systems
having different physical properties and therefore one could expect these two systems

to have, at least a priori, different control properties. In chapter 2 it is shown that the
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properties of controllability and observability for (1.22) can be obtained as a limit of the
respective properties for the family (1.21).
In fact, the following result is proved.

Theorem 1.4. Let T > 0,0 < € < 1/2 and let Q C RN(N > 1) be a bounded connected
open set whose boundary is sufficiently regular, (ug,vo) € L?(2)? and a,b, c and d be C3(Q)
functions. It holds:

(i) If ¢ # 0in @, for some w CC wy C , and d < py (py being the first eigenvalue of
the Laplacian with Dirichlet boundary condition), system (1.21) is uniformly null con-
trollable, with respect to €, with control only on the first equation. More precisely, for any
0 < € < 1/2, there exists f€ = f(e) € L*(Q) such that the associated solution (u€,v¢) of
(1.21) (¢¢ = 0) satisfies:

(u(T),v*(T))= (0,0). (1.23)
Moreover, the following estimate on the control can be obtained:

Hf€1w1H2L2(Q) < C(HUOH%Q(Q) + GHUOH%Z(Q))v (1.24)
where C'is a constant that does not depend on €, ug and vy.

(ii) If b # 0 in @, for some w CC wy C Q, and d < pq, then system (1.21) is uniformly
null controllable, with respect to €, with control acting only on the second equation. More
precisely, for any 0 < € < 1/2, there exists g¢ = g(€) € L*(Q) such that the associated
solution (u€,v) of (1.21) (f€ = 0) satisfies:

(u(T),v*(T))= (0,0). (1.25)
Moreover, the following estimate on the control can be obtained:

Hggl(UQH%?(Q) < C(HUOH%Q(Q) + 6””0”%?(9))7 (1.26)
where C' does not depend on €, ugy and vy.

From Theorem 1.4, we obtain a control f (resp. g), the weak limit of {f“}¢>¢ (resp.
{g}e>0), such that the solution (u€,v¢) of (1.21) converges weakly to (u,v) solution
of (1.21) associated to f (resp. g) in the space (L*(0,T%; Hg(€2)) N C([0,T]; L*(2))) x
L0, T; H(Q)).

The key point in the proof of Theorem 1.4 is the obtainment of a suitable uniform

observability inequality for the adjoint system of (1.21) (to simplify the notation we omit
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the index € on each term):

—pt—Ap=ap+c inQ,
—e& — Al =bp+d¢ in Q,
p=£6=0 on X,
o(T) = or; (T) =& in €L

(1.27)

In fact, proving case 1 of Theorem 1.4 is equivalent to prove that the following ob-

servability estimate

0By + llEOI ey <€ [ JoPdsas (1.28)
w1><(0,T)

holds for all solutions (¢, §) of (1.27), where C' is bounded with respect to e. Analo-
gously, the proof of case 2 of Theorem 1.4 is equivalent to show that

o) B2y + €Oy <€ [ ezt (1.29)
UJQX(O,T)

for all solutions (¢, &) of (1.27).

In order to explain the methodology of the proof of Theorem 1.4, let us consider the
case 1 and describe its main ideas.

The uniform observability inequality (1.28) is a consequence of the following Carle-

man inequality.

Theorem 1.5. Assume c # 0 in w, for some w CC wy C Q, and d < py. Then, for any
0 < € < 1/2, the solution (y, &) of (1.27) satisfies:

// ﬂ%|<p[2dxdt+// Ba|€|?dxdt < C// B3|p|2dxdt, (1.30)
Q Q w1 % (0,T)

where C does not depend on e and the weights 3;, i = 1,2, 3 are of the form (1.20).

In fact, combining Theorem 1.5 and energy estimates for the adjoint system (1.21),
leads to inequality (1.28).

Notice that in (1.30), global estimates of ¢ and £ are given in terms of a local estimate
of ¢. The main difficulty when trying to obtain an estimate like (1.30) for system (1.27)
comes from the fact that the equations for ¢ and ¢ have different diffusion rates. Actu-
ally, the key point in the proof is to write equations for ¢ and £ with the same diffusion
rate.

In order to do so, we consider the operator L, 4 given by

Lyg:=70—A—0, foryeRand b € L™(Q)
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and define a new function

w = ﬁ_e’d@-

We extend the adjoint system (1.27) to a system of four equations, namely

L 1w = o(ch + L_coa — ,C_l,od) +&L_coc—2VEVe + 2Vp(Vd — Va) in Q,
L_cqp=w in Q,
L_1qp=ck in @,
L_cqaé =byp in Q,
p=¢(=w=0 on X,
o(T) = or; E(T) = &r; w(T) = —epr — Apr — depr in Q.
(1.31)

In (1.31), we simply have applied the operator in the second equation of (1.27) to ¢,
denoting this new unknown as w and writing the equation satisfied by w. This gives a
parabolic equation for ¢ with the same diffusion rate as the one in the equation for &,

i.e., equations (1.31), and (1.31),, respectively.

We divide the proof into four steps.
Step 1: We view equations of (1.31) as heat equations and apply a suitable Carleman
estimate for heat equations with a precise dependence with respect to the degenerating
parameter multiplying the time derivative. Adding the inequalities obtained for each
equation, we obtain global estimates of ¢, £ and w in terms of local estimates of ¢, £ and
w.
Step 2: Using the second equation in (1.31), we eliminate the local integral of w appear-
ing in the Carleman estimate obtained in step 1. This yields global estimates of ¢, £ and
w in terms of local estimates of ¢ and €.
Step 3: Using (1.31);, we estimate a local integral of £ in terms of a local integral of ¢
and a local integral of ;.
Step 4: Finally, using (1.31); and (1.31),, we estimate ¢, locally in terms of a local integral
of .

Using Theorem 1.5 and energy estimates for (1.27) we finish the proof of case 1 of

Theorem 1.4.

The proof of case 1 of Theorem 1.4 described above also includes the second case of
the same theorem. For that, one just needs to notice that the system formed by the first
two equations in (1.31) has the same structure as the adjoint system (1.27) and advance

similarly as in steps 1 and 2 given above in order to prove the following result.

Theorem 1.6. Assume b # 0 in W, for some w CC wy C Q, and d < py. Then, for any
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0 < € < 1/2, the solution (¢, ) of (2.10) satisfies:

[ sigpasar+ [[ Siepavar<c [[ siepiar (1.32)
Q Q w2 %X (0,7

where C' does not depend on e and the weights f3;, i = 1,2, 3 are of the form (1.20).

Chapter 3: Uniform null controllability for a degenerating reaction-diffusion
system approximating a simplified cardiac model

In chapter 3, we analyze the properties of controllability and observability for a fam-
ily of reaction-diffusion systems which degenerates into a parabolic-elliptic system de-
scribing the cardiac electric activity on a domain 2 € RV (N = 1,2,3).

The bidomain model (see, for instance, [23, 59, 65]) governing the electrical activity in
the cardiac tissue is given by the following nonlinear coupled parabolic system:

emvr — Div(M;(z)Vu;) + h(v) = fl,, inQ,
cmVt + Div(Me(z)Vue) + h(v) = gly, inQ,
U; = Ue =0 on X,
v(0,2) = vo(x), in Q,

(1.33)

where ¢, > 0 is the surface capacitance of the membrane, the nonlinear function / :
R — R is the transmembrane ionic current and f and g are the stimulation currents
applied to wy and wy, respectively.

In (1.33), the functions u; = w;(t,z) and u. = u.(t, z) represent, respectively, the in-
tracellular and extracellular electric potentials, and we call their difference v = u; — u. the
transmembrane potential. The intracellular and extracellular conductivity tensors M, (x)
and M (z), aiming to model the anisotropic properties of the media, are supposed to
be C*°, bounded, symmetric and positive semidefinite.

Due to its difficulty to be implemented (see, for instance, [7, 23, 45]), in many appli-

cations the bidomain model is simplified into the monodomain model:

CmUp — M%Div(Me(a:)Vv) +h(v) = fl,, InQ,

—Div (M(x)Vue) = Dw (Ml(x)Vv) in @, (1.34)
V= = 0 on E,
’U(O) = g in Q,

where M = M, + M..
Notice that the main difference between the bidomain model (1.33) and the mon-

odomain model (1.34) is the fact that the first one is a system of two coupled parabolic
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equations whereas the second one is a system of a parabolic-elliptic type. In this part
of the thesis the goal is to show that, actually, the properties of controllability and ob-
servability for the monodomain model can be obtained as a limit process of the con-
trollability properties of a family of coupled parabolic systems related to the bidomain
model.

More precisely, given € > 0, we approximate the monodomain model by the follow-
ing family of parabolic systems:

CmV§ — ﬁDiv(Me(x)va) + h(ve) = f1ly, inQ,
eu ; — Div(M(x)Vug) = Div(M;(z) Vo) in Q, (135)
vE=ui =0 on X,
v(0) = vo; uS(0) = ue in Q.

We prove the next theorem.

Theorem 1.7. Assume h is C1(R), globally Lipschitz and h(0) = 0. Given (vg,uco) €
L%(Q)?, there exists a control f¢ € L?(wy x (0,T)) such that, for any 0 < e < 1/2, the
solution (v, ut) of (1.35) satisfies:

Moreover, the control f€ satisfies the estimate:

1/ Lenl 12200y < C(Ivoll72(0y + ellueollF2(q)) (1.36)
for a constant C = C(Q,wy, ||a||p~,T) > 0.

As usual when dealing with the controllability of nonlinear systems, the key point

for proving Theorem 1.7 is a uniform controllability result for the linearized system:

CmUf — ﬁDiv(Me(m)Vve) +a(t,z)v¢ = f1,, inQ,

eu ; — Div(M(z)Vug) = Div(M;(x)Vo©) in Q, (1.37)
ve=ug =0 on X,
v(0) = vo; u&(0) = uey in €,

where «a is a bounded function.

The uniform null controllability result proved for (1.37) is the following.

Theorem 1.8. Given (vg,uc0) € L*(Q)?, there exists a control f¢ € L?(wy x (0,T)) such
that, for any 0 < e < 1/2, the associated solution of (1.37) is driven to zero at time T'. That is to
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say, the associated solution verifies:

Moreover, the control f€ satisfies the estimate:

17T By < ClllvolZ2(gy + ellucol o)), (139)

for a constant C' = C'(,wn, ||a|| e, T) > 0.

Once we have proved Theorem 1.8, we prove Theorem 1.7 using standard fixed
point arguments.
The idea of the proof of Theorem 1.8 is to consider the adjoint system of (1.37) (to

simplify the notation we omit the index e)

—Cmpt — ﬁDiv(Me(az)Vgp) +a(t,x)p = Div(M;(2)Vee) inQ,
=0

—€pet — Div(M(z)Vpe) inQ, (139)
o =pe=0 ony,
QP(T) = @75 SOG(T) = Pe, T in Q

and to show the following uniform Carleman inequality:

Theorem 1.9. There exists a positive constant C' = C(Q, wy, ||a||p,T), such that, for every
(o1, per) € L?()?, every 0 < € < 1/2 and every a € L°°(Q), the solution (p, @) of (1.39)

satisfies:

// 5f\py2d:pdt+// 522|<p\2dmdt§0// B3| |*dxdt, (1.40)
Q Q w1 % (0,T")

where p = Div(M (x)Ve(x,t)) and the weights (;, i = 1,2, 3 are of the form (1.20).

Notice that, since the control is acting on the first equation of (1.37), we need a Car-
leman inequality giving global estimates of ¢ and ¢, in terms of a local integral of ¢,
uniform with respect to . Because the coupling term in the first equation of the adjoint
system (1.39) is in Div(M;(z)V¢,) and not in ¢, the results of Chapter 2 cannot be ap-
plied directly. However, we can work with smooth solutions of (1.39) and then consider
p(x,t) = Div(M(z)Vpe(z,t)) as a new variable, and work with the system

— ¢y — Div(M.(2)Ve) + a(z,t)p = p in @,
—eor — Div(M = i

epi — Div(M(z)Vp) = 0 in Q, (1.41)
p=p= 0 on Z,

o(T) = pr; p(T) = pr in Q.



1.2. MAIN CONTENTS OF THE THESIS 17

For system (1.41), the results of chapter 2 can be applied in order to obtain the inequality
(1.40). Nevertheless, it is important to say that in chapter 3 we give another direct
proof of this result, combining Carleman inequalities and weighted energy estimates,
which, for this particular case, is simpler than the one obtained through the arguments
of chapter 2.

Finally, using Theorem 1.9 and energy estimates, we deduce the observability in-
equality:

2/3

(0220 + ellpe(0)][22(q) < eCOFYTHlallLmHllalloeT) // o o2dedt, (1.42)
w1 XU,

for all solutions of (1.39), where C' = C(£2, wy).
Theorem 1.8 then follows directly from the observability inequality (1.42).

Chapter 4: A uniform controllability result for the Keller-Segel system

Chapter 4 of this thesis is concerned with the uniform null controllability of the Keller-
Segel system:
ur — Au = —V - (uVo) in Q,

evy — Av=au—bv+gx in Q, (143)

ov — ov
u(x,0) = up; v(x,0) =vy in Q,

Qu _ dv _ ) on X,

where a and b are positive real constants, g is an internal control and ¢ is a small positive
parameter, which is intended to tend to zero. In (1.43), x : R¥ — R is a C* function
such that supp y CCw,0< y <land y =1inw'.

Here, we assume that 2 C RY (N = 2,3) is a bounded connected open set whose
boundary 012 is regular enough and w’ CC w.

The Keller-Segel model (1.43) is an equation from mathematical biology which aims
to explain the aggregation phenomena of organisms due to chemotaxis, i.e., the change
of motion when a population formed of individuals (such as amoebae, bacteria, en-
dothelial cells etc.) reacts in response (taxis) to an external chemical stimulus spread
in the environment where they reside. Chemotaxis is a fundamental cellular process
in the development of multicellular organisms and, particularly, it plays an essential
role in embryonic development, tissue homeostasis, wound healing, immune response,
progression of diseases, as well as finding food, repellent action and forming the multi-
cellular body of protozoa (see [61, 62] and the references therein).

In many applications (see [82, 105] and references therein), system (1.43) is approxi-

mated by the following parabolic-elliptic system:
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u — Au = -V - (uVv) in Q,
—Av=au—-bv+gyxy in Q,

, . 1.44
g%f = % =0 on X, (1.44)
u(z,0) = up in Q.

Therefore, as in the previous chapters, it is natural to seek for the uniform null con-
trollability for the Keller-Segel system (1.43).

In chapter 4, we prove the uniform controllability of (1.43) around a particular tra-
jectory of (1.44). More precisely, the following result is proved.

Theorem 1.10. Let 0 < € < 1and let (M, My) € Ri be such that aM,—bMs = 0. Then there
exists 0 > 0 such that, for any (ug,vo) € H*(Q) x H?() satisfying ﬁ Jo uodz = M, 9% =
0 0n 0Q and ||(uo — M1, vo— M2)|| (o)< 2y < 6, one can find g = g(e) € L*(0,T; H'(RQ)),

uniformly bounded with respect to €, such that the associated solution (u,v) of (1.43) satisfies:
(w(T),v(T)) = (M, My) in Q.

In (1.43) (and (1.44)), v = u(x,t) > 0 and v = v(z,t) > 0 represent the concentra-
tions of species (i.e, the population density) and the chemical (i.e., concentration of the
chemical substance), respectively. Therefore, we are controlling the Keller-Segel system
through the chemical concentration, which is reasonable from a biological point of view.
Here, the condition aM; — bM; = 0 means that (M;, M>) is a stationary solution of the
parabolic-elliptic system (1.44).

In order to study controllability of (1.43) around (M7, M>), we first analyze the uni-
form null controllability of its linearization around this trajectory, namely

u — Au = —Mi{Av + hy in Q,

evy — Av =au —bv+ gx, + he in Q,

% = % =0 on X, (1.45)
u(z,0) = ug; v(z,0) = vy in Q,

Jo uo(z)dz =0,

where h; and hy are applied forces belonging to appropriate spaces X; and Xy, re-
spectively, having exponential decay at ¢ = T and [, hi(x,t)de = 0 for almost all
t € [0,7]. The idea is to prove that there exists g so that the solution of (1.45) sat-
isfies (u(T"),v(T)) = (0,0) and so that the quantity V - (uVv) belongs to X;. Then we
employ an inverse mapping argument introduced in [129] and obtain the controllability
of (1.43) around (M, My).

As in chapters 2 and 3, we prove the null controllability of the linear system (1.45)
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through a global Carleman inequality for the solutions of its adjoint system, that is to say,

—pt —Ap=al+ fi in Q,

—€& — A = —b — MiAp + f> in Q,

G =% = on ¥, (1.46)
o(x,T) = ¢r; £(z,T) =& in Q,

fQ er(z)dr =0,

where f; and f; are arbitrary L? functions.

Notice that, in the adjoint system (1.46), fQ prdr = 0. This condition comes from
the fact that [, u(z,t)dz = 0 for all ¢ € [0, T], where (u,v) is the solution of (1.45).

Since the control is acting on the second equation of (1.45), we need to bound global
integrals of ¢ and ¢ in terms of a local integral of £ and global integrals of f; and f. The
main difficulty when proving a Carleman inequality of this type for (1.46) comes from
the fact that the coupling in the second equation is in Ay and not in ¢, as in chapter
3. In fact, the inequality we prove contains global terms with the L2-weighted norms
of Ay and ¢ in the left hand side, no global terms in ¢, while a local integral of £ and
global integrals of f; and f> appear in its right-hand side.

The Carleman inequality proved for system (1.46) is the following.

Theorem 1.11. There exists C = C(Q,w,T) > 0 such that, for any 0 < € < 1 and any
f1, f2 € L*(Q), the solution (p, &) of (1.46) satisfies:

[ shiidzar [ siiaefarar <o [[ siixierasar+ [ sz

+ / /Q B3| fo2dxdt), (1.47)

where the weights B;,1 =1,2...,5 are of the form (1.20).

The proof of Theorem 1.11 is divided into 3 steps.
Step 1. Carleman Inequality for Ay.

We write S1¢ = 1 + 1, where 7 solves a heat equation with f; as a right-hand
side term and ¢ solves a heat equation with a right-hand side in H*(0, T'; H*(12)). We
consider the equation satisfied by 1) and apply the usual Carleman inequality for the
heat equation with a Neumann boundary for ¢ and combine it with the usual energy
estimates for the equation satisfied by 7. This gives a global estimate of Ay in terms of
a local integral of Ay and global integrals of A¢ and f;.

Step 2. Carleman inequality for &.

In the second step we obtain a Carleman inequality for £, with a precise dependence
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of the degenerating parameter multiplying the time derivative and combine it with the
Carleman inequality obtained in step 1. This gives a global estimate of { and Ay in
terms of local integrals of £ and Ay and global integrals of f; and fo.

Step 3. Estimate of the local integral of Ai.

In the last step, we estimate a local integral of At in terms of a local integral of £
and global integrals of f; and f». Combining steps 2 and 3, the proof of Theorem 1.11 is
completed.

Once we have proved Theorem 1.11, we concentrate on the null controllability prob-
lem for the linear system (1.45) with a right-hand side which decays exponentially as
t—1T.

This result is crucial in order to prove the local controllability of (1.43). Indeed, we
want to find g € L%(0,T; H'(£2)) such that the solution of

L(’LL, U) = (h‘la h2 + gX) ln Qa
% = % =0 on X, (1.48)

u(z,0) = up; v(z,0) =vy in £,

where
L(u,v) = (u — Au+ M1 Av, evy — Av + bv — au), (1.49)

verifies
u(z,T) =v(z,T) =0in Q. (1.50)

Furthermore, we want to prove the existence of a solution of the previous problem in
an appropriate weighted space. In order to do so, we consider weights similar to those
in (1.20), but that do not degenerate at t = 0 and prove the following refined Carleman

inequality.

Lemma 1.1. There exists C' = C(Q,w,T) > 0 such that, for any 0 < e < 1, every solution of
(1.46) satisfies:

/ /Q 22(€ Pt + / /Q 2Bl — () o Pdedt + [|(0) — (9(0)) |2 + ell€(0)

<C< / / B2l 2dadt + / / 2| o dedt + / / v§f2|2dxdt), (L51)
Q Q Q

1
(9)al® = 7 /Q (e, t)d

where
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and
n(x)

y(z,t) = eT-0* (1.52)

for a constant k > 1.

The proof of this lemma is standard, being just the combination of inequality (1.47)
and an energy estimate for the adjoint system (1.46).

Once we have got (1.51), we solve (1.48)-(1.50). Actually, we prove two controllabil-
ity results: first, we obtain a null controllability result for (1.48) with no supplementary
regularity for the control and the state; second, we prove (1.48)-(1.50) by means of states
and controls more regular.

The null controllability result for (1.48) with no supplementary regularity for the
control and the state is the following.

Proposition 1.3. Let 0 < € < 1 and let (M, Ms) € Ri satisfying aMy — bMy =0. Assume
that (ug,vo) € L3(Q) x L*(Q), 75 'h1 € L3(Q) and that v *hy € L*(Q). Then there exists
g =g(e) € L*(w x (0,T)), bounded independently from e, such that (1.48)-(1.50) are satisfied.

The proof of Proposition 1.3 follows from the fact that (1.51) implies the existence of
a unique minimizer for the functional

oter &) = [ it (0 = ((0) ) + el 0)

+ / /Q hi(p — () g)dzdt + / /Q haotdadt.

The second main null controllability result for (1.48) is the key to deduce controlla-
bility properties for the nonlinear system (1.43).
The Banach space where (1.48)-(1.50) are solved is:

E = {(u,v,9) € By : e >4 L(u,v) € L*(Q), e **~*F4* (o L(u,v) — gx)€ L*(0,T; H'(2)),

ou Ov
/QH1L(u7v)dx =0and il v 0Oon X},

with
Ey = {(U,U,Q) : H’YZIUHL%Q) + H’Y5_1UHL2(Q) + H”YP,_IQHB(Q) < 00,
V6w € L0, T; H*(Q)), 7 'u € L™(0,T; H (),

2T1Av € 12(0,T; H'()), 77 'V € L2(0,T: H?(ﬂ))},

for some appropriate weights v and ~7 of the form (1.52).
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The null controllability result for (1.48) with regular state is the following.

Proposition 1.4. Let 0 < € < 1 and let (M, Ms) € Ri be such that aM; — bMy = 0 and
assume the following hypotheses on the initial condition and the right-hand side

(uo,v0) € H(Q) x H(Q), / updz = 0, 86”“ = 00n 09 (1.53)
QO 14
and
(v *h1, 77 the) € L2(Q) x L*(0,T; HY(Q)). (1.54)

Then there exists a control g = g(e) € L*((0,T); HY(Q)), bounded independently from e, such
that, if (u, v) is the associated solution of (1.48), one has (u,v) € E. In particular, (1.50) holds.

In order to prove Proposition 1.4, we prove the existence of a unique solution (i, 9, §)

for the extremal problem:

inf L[l (@5 2lgP + [lg 72 Hel + [fg 7 21o?)
subject to g € L(0,T; H*(Q)) and
ur — Au = —M1Av + hy in Q,
evi —Av+bv=au+gx+hey in Q, (1.55)
% = % =0 on X,
u(z,0) = up; v(z,0) = vy in Q,
\ \u(w,T) =0; v(z,T)=0 in Q.

Using Lagrange’s principle, there exist dual variables (2, w) such that

(1.56)

(Avﬁ) = (VEHIL*(‘& A)77§H2L*(27w)) in Q7
g = —3x in Q,

where L* is the adjoint operator of L, i.e.,

L*(z,w) = (=2 — Az — aw, —ewy — Aw + bw + M1 Az).

Finally, using the regularizing effect of parabolic equations, it is shown that (u, v, §) has
the desired regularity properties.
For proving Theorem 1.10, we first reduce the problem to a local null controllability

result. We write (z, w) = (u— M, v — Ms), where (u, v) is the solution of (1.43). The pair
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(z,w) is then the solution of the nonlinear problem:

L(Z,’U}) = (_v ’ (sz)ang) in Qa
% = % =0 on X, (1.57)
2(x,0) = up — My; w(z,0) =vg — My in Q.

We notice that (2(T"), w(T')) = (0,0) if and only if (uw(T"),v(T")) = (M1, M>).

The end of the proof is to apply the following inverse mapping theorem (see [27]):

Theorem 1.12. Let E and G be two Banach spaces and let A : E — G be a continuous function
from E to G defined in B, (0) for some n > 0 with A(0) = 0. Let A be a continuous and linear
operator from E onto Y and suppose there exists Cy > 0 such that

llelle < CollA(e)l|e (1.58)
and that there exists § < Cyy'' such that
|| A(e1) — Ale2) — Aler — e2)[| < [ex — ea] (1.59)
whenever e1,ex € By(0). Then the equation A(e) = h has a solution e € B,)(0) whenever
||h|le < en, where c = Cyt — 4.
In fact, we use this theorem with the space E defined before and
G =X x L) x L*(Q),
where
X = {(h1,h2) : 75 'h1 € L*(Q), 7 'ha € L*(0, T} Hl(Q)),/th(:v,t)dx =0}. (1.60)
The operator A will be given by
A(z,w,9) = (L(u,v) + (V- (2Vw), —gx)), 2(0), w(0)) V(z, w, g) € E.

Using the regularity of the functions within the space E, it is shown that A € C'(E; G)
and that
A(0,0,0) = (L(u,v) + (0, —gx)), 2(0),w(0)) V(z,w,g) € E.

Using Proposition 1.4, we finish the proof of Theorem 1.10.
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Chapter 5: Null controllability of a system of viscoelasticity with a moving
control

Chapter 5 of the present thesis is devoted to extension of the work of P. Martin et al.
[95] to the multi-dimensional case. More precisely, we analyze the controllability of the
following model of viscoelasticity:

yu — Ay — Ay + b(x)yr = 1,ph, in Q,
y=0 on ¥, (1.61)

y(x,0) =yo(z), yt(z,0) = y1(z) in Q,

where Q is a smooth, bounded open set in R (N > 1) and b € L>®(Q).

In [95], in the 1 — d setting, the authors show the null controllability of (1.61) if the
control region moves so that its support covers the whole domain where the equation
evolves in time.

For null controllability to hold in the multi-dimensional case, we will also assume
that the control region moves in such a way that its support covers the whole domain.
Actually, if w(t) = wforall 0 < t < T, i.e,, if the support of the control does not move
in time (as it is often considered), system (1.61) is not controllable, except for the trivial
case where w = ().

The techniques used in [95] are based on Fourier analysis and can not be applied in
the multi-dimensional case. Hence, we use a different strategy, based on the fact that

system (1.61) can be rewritten as the following parabolic-ODE system:

{ y—Ay+ (b—1)y =z, (1.62)

zi+ 2= l,ph+ (b—1)y.

Our analysis of the controllability of (1.62) is done through Carleman inequalities for
its adjoint system, also a parabolic-ODE system. The key is the use of the same weight
function for both Carleman inequalities, the one for the heat and the one for the ODE.
To our knowledge, all the Carleman inequalities for the heat equation available in the
literature are proved in the case where the control region is fixed. In the problem we
are dealing with, the control region is moving in time, so that a transport effect is added
to the ODE (see system (5.97)). Hence, the proof of Carleman inequalities for the heat
equation and ODE’s when the control region is moving is also one of the novelties we
present in this thesis.

Our null controllability result for (1.61) is as follows.

Theorem 1.13. Under appropriate assumptions on the trajectory of the control region w(t) (see
conditions (5.9)-(5.13)), for any T > 0 and any (yo,y1) € L*(Q)? with y1 — Ayy € L?(1),
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there exists a function h € L?(0,T; L*(Q)) for which the solution of

yu — Ay — Ay + b(2)ye = L,h, inQ,
y(z,t) =0, on Y, (1.63)
y(-,0) = yo; (-, 0) =y inQ

Fulfills y(., T) = y,(., T) = 0.

Conditions (5.9)-(5.13) of Theorem 1.13 basically mean that at the end of the evolu-
tion of w(t) we have covered the whole domain (2.

The proof of Theorem 1.13 is performed by showing the null controllability of the

system
yr — Ay + (b(z) — Dy =2 in@Q,
242 =lyph+(b(z)—1)y nQ, (1.64)
y(z,t) =0 on >,

z(z,0) = zp(z); y(x,0) = yo(x) in Q.

More precisely, we prove the following result.

Theorem 1.14. Under appropriate assumptions on the trajectory of the control region w(t) (see
conditions (5.9)-(5.13)), for any T > 0 and (yo,y1) € L*(Q)?, there exists a control function
h € L*(0,T; L*()) for which the solution (y, z) of (1.64) satisfies y(.,T) = z(.,T) = 0.

In Theorem 1.14 we observe the need for conditions (5.9)-(5.13). Indeed, the fact
that at the end of the evolution of w(t) the whole domain €2 is covered, is a necessary
condition to control the ODE (1.64),.

Let us now give the main idea of the proof of Theorem 1.14.

First, we consider the adjoint system of (1.64):

—pt —Ap+ (b(z) = 1)p = (b(x) — 1)g inQ,

—qt+q=p in Q, (1.65)
p(l’,t) =0 on E,
p(l‘,T) = po(.%'); Q(x>T) = QO(-W) in

and prove the following two lemmas.

Lemma 1.2. There exists a constant Co > 0 such that, for all p € C([0,T); L*(2)) with
pt + Ap € L(0,T; L*(R2)), the following holds:

T T T
//92|p|2dmdt§00 //9%|pt+Ap|2dxdt+// 02|p|*dzdt | . (1.66)
0JQ 0JQ 0 Jw(t)
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Lemma 1.3. There exists a constant Cy > 0, such that, for all ¢ € H'(0,T;L?*(%)), the
following holds:

T T T
/ / 6?|q|*dzdt < Cy </ / 02|q|*dzdt + / / 9%|q|2dxdt>. (1.67)
0Ja 0Ja 0 Ju(t)

In Lemmas 1.2 and 1.3, the weights 6; = 6;(x,t), i = 1,2 are similar to those defined
in (1.20). The main difference is that n = n(x,t), which is related to the fact that our

control region is moving in time.
To finish the proof of Theorem 1.14, we proceed as follows.
Step 1. Carleman estimates with the same weight.

We apply the Carleman inequalities given in Lemmas 1.2 and 1.3 to p and ¢, respec-
tively. We combine these inequalities and obtain global estimates of p and ¢ in terms of

local integrals of p and g.
Step 2. Estimate of the local integral of p.

Similarly as in chapter 2 of this thesis, we estimate a local integral of p in terms of a

local integral of g.
Step 3. Observability Inequality

Finally, using semigroup theory, we prove the following observability inequality:

T
2 2 2
/Q [p(0)? + g(0)P)dz < © /0 /  lat 0 dsdt, (L.68)

for all (po, qo) € L*(Q2)%.

From the observability inequality (1.68), we complete the proof of Theorem 1.14, and
hence, the proof of Theorem 1.13.

Chapter 6: A hyperbolic system and the cost of null controllability for the
Stokes system

The last chapter of this thesis is devoted to the analysis of the cost of the null controlla-
bility as T — 07 of the Stokes system:

Yy — Ay +Vp=gl, in Q,
divy =0 in @Q,
y=20 on X,
y(0) = yo in €.

(1.69)
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Our motivation for this chapter comes from the well-known fact that the cost of the null
controllability for the single heat equation

v —Av = fl, inQ,
v=20 on X, (1.70)
v(0) = v inQ

is of the form eC(@«)(+1/T) g7 5 o (see, for instance, [98, 99]). More precisely, one
has
I[f1lullz2() < €C(Q’w)(1+1/T)H%HL?(Q)- (1.71)

However, unlike the case of the heat equation, the known results in the literature about

the null controllability of the Stokes system (see, for instance, [38]) give

(Quw)(1+1/T4

lglullr2(g) < € Nlyoll r2(a)- (1.72)

As observed in [32], the main reason for the form of the cost in (1.71) is due to the
fact that the fundamental solution of the heat equation in R" is given by

1 _l=?
@(.’E,t) = W@ 4t (1.73)

Since the fundamental solutions of the heat equation and the Stokes system have, at
least for N = 2,3, the same behavior in time (see [56, 57, 121]), the following natural

question arises:

Question 1.1. Do the costs of the controllability for the heat equation and the Stokes
system have the same order in time as T — 01?

The aim of chapter 6 is to give a positive answer to Question 1.1. In order to do so,
we assume that O C RY (N > 2) is a bounded connected open set and star shaped
with respect to the origin, and that the boundary 02 is sufficiently regular. The control
region w will be a nonempty subset of 2 satisfying:

3O ¢ RY, O being a neighborhood of 99 and w = QN O. (1.74)
We introduce the following spaces, usual in the context of fluid mechanics,
V = {ue H{(Q)N; divu=0},

H={ue L*(QV; divu=0,u-v=0o0ndQ}.

The main result of chapter 6 is then stated as follows
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Theorem 1.15. Assume w satisfies (1.74) and let 0 < T' < 1. For any yo € H, there exists a
control g € L*(w x (0,T)) such that the solution y of (1.69) satisfies:

y(T) = 0.

Moreover, there exist positive constants Cy and Cs, depending only on 2 and w, such that

/ / (g2 dadt < CreC/ Ty, (1.75)
wx(0,T)

forallyo € Hand 0 < T < 1.

The first attempt to prove Theorem 1.15 is to analyze the different ways one can
prove (1.71) and (1.72). In fact, there are at least two different methods to prove (1.71).
The first one is based on spectral decompositions, it is the so-called Lebeau-Robbiano
strategy (see [82]). The second one is based on the use of global Carleman inequalities
(see [44, 46]). For the Stokes system, it seems that a Lebeau-Robbiano strategy is difficult
to prove, since one must deal with the pressure and, to our knowledge, it has not been
proved yet to hold. Consequently, the most known method used to prove (1.72) is based
on Carleman inequalities (see [38]).

The main difference when proving (1.71) and (1.72) by means of Carleman inequali-
ties are the weights one must use. Indeed, for the heat equation the weights used are of
the form

eC/(HT—1))
p(t) = T 1) (1.76)

while for the Stokes system the weights take the form

O/ (T 1))

AT (1.77)

p(t) =
If we were able to use weights as (1.76) for the Stokes system then these two equations
would have costs of controllability of the same order. However, a careful analysis of
both proofs indicates that the obstruction to have weights of the form (1.76) for the
Stokes system is due to the pressure term and that, probably, it is of purely technical

nature.

Hence, our strategy will not be based on the use of Carleman inequalities but rather
on the application of the Control Transmutation Method (CTM).
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In fact, we consider the following hyperbolic system with a pressure term:

Uy — Au+ Vp = hl,, inQ,
divu =0 in Q,
u=20 on X,
u(0) = u%u (0) =u!  in Q.

(1.78)

We show the null controllability of (1.78) and apply the CTM in order to guarantee the
null controllability for the Stokes system (1.69). Moreover, since we know the cost of the
controllability for (1.78), we use the transmutation formula for the control and show the
estimate (1.75).

We prove the following controllability result for (1.78).

Theorem 1.16. Assume w satisfies (1.74) and let T/2 > Ry = max{|z|,xz € Q}. Given
(ug,u1) € V x H, there exists a control h € L*(w x (0,T)) such that the associated solution u
of (1.78) satisfies:

Moreover, there exists a positive constant C, such that the following holds:
// \hPdzdt < C(||uol[P + |u'|F). (1.79)
wx(0,T)

Notice that system (1.78) is not of Cauchy-Kowalewski type, which makes impossi-
ble the application of Holgrem’s Theorem as in the case of the wave equation. As far
as we know, Theorem 1.16 is a completely new result. The exact controllability of (1.78)
when the control is acting on the boundary was shown in [107].

Let us now give the main ideas of the proof of Theorem 1.16.

We consider the adjoint system of (1.78):

b1t —Ap+Vqg=0 in @,
divg=0 inQ,
=0 on Y,
$(0) = ¢°; ¢4 (0) = ¢' inQ,

(1.80)

where ¢° € H and ¢! € V.
We need to show the existence of a positive constant C' such that the following ob-

servability inequality holds:

6 + 1612 < © / / P dedt, (1.81)
wx(0,7)
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for all solutions of (1.80).

First we prove the following two results.

Theorem 1.17. If we take T/2 > Ry := max{|z|,z € Q} then, for every solution of (1.80)
with initial data (¢°, ¢') € V' x H, the following estimate holds:

12 012 Ry 06\ ?
o' |7 + ||0° |7 < 2(T—2R0)//E<81/> dx. (1.82)

The proof of Theorem 1.17 is performed through the multiplier method, exactly as
in the case of the wave equation, by taking into account that, for regular solutions,

/ O . O di —o.

o O; Tk oxy.

Theorem 1.18. Assume w satisfies (1.74) and that there exists a constant C > 0 such that, for
every (¢°, ¢*) € V' x H, the weak solution ¢ of (1.80) satisfies:

11 + |} < C// |y |2 dacdt. (1.83)
wx(0,T)

Then inequality (1.81) holds for all solutions of (1.80) with initial data (¢°, ¢*) in H x V.

We also prove Theorem 1.18 borrowing ideas from the controllability theory for the
wave equation.
Furthermore, using contradiction arguments and adapting the ideas of [136] to the
present case, we prove (1.83).
Once the exact/null controllability of (1.78) is proved, we use the Control Transmu-
tation Method as follows.
We introduce two different time intervals (0,7") and (0, L) and consider the Stokes
system
y—Ay+Vp=gl, inQ;:=Qx(0,T),
divy =0 in Q,

(1.84)
y=0 on ¥; := 0 x (0,7),
y(0) = yo in Q
and the associated hyperbolic system with a pressure term
uyg —Au+Vqg=nhl, inQ;:=Qx(0,L),
divu=0 in Q, (1.85)
u=0 onY; =90 x (0,L), ’

u(0) = yo; w(0) =0 in €
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in Q x (0,7) and © x (0, L), respectively.

We take yo € V and L > 2Ry. It follows from Theorem 1.16 that system (1.85) is null
controllable, with a control h € L?(w x (0, L)) satisfying (1.79).
We set

y(t) = /k(t, s)u(s)ds

and

o) = [ bleoh(s)s,
where & is the solution of

ke = 82k in D'((0,T) x (—L, L)),
k(0,z) = 5(0),

HT.) =0, (1.86)

||k”%2((0,T)><(—L,L)) < 7€aL2/T7
for appropriate constants o and ~.

Since w is the solution of (1.85) and k is the soluion of (1.86), we can prove that (y, g)
solves, together with some p, the Stokes system (1.84). We also have that y(7") = 0, since
k is a controlled solution of the heat equation. From the definition of the control g, it
follows that

|g|*dzdt < ‘|kH%2((0,T)><(fL,L))||hH2LQ(w><(07T))’

wx (0,7
Finally, using the properties of £ and Theorem 1.16, inequality (1.75) holds in the case
ofyp e V.
Using the regularizing effect of the Stokes system, we finish the proof of Theorem
1.15.
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Capitulo 1

Introduccion

1.1 Introduccion general

La teoria del control es la parte de las matematicas relacionada con los sistemas dindmicos
cuyo comportamiento se puede cambiar por medio de controles aplicados a través de
actuadores. Los origenes de la teoria del control se remontan al siglo XIX, con la apli-
cacién de la teoria de ecuaciones diferenciales al estudio de la eficiencia de sistemas
mecénicos en la revolucién industrial. Actualmente, gracias al trabajo de matematicos
como R. Bellman, H. Fattorini, R. Kalman, J.-L. Lions, L.S. Potryagin, D. Russell, en-
tre otros, la teoria del control es una rica rama interdisciplinaria de las matematicas,
con aplicaciones en areas como ingenieria, biologfa, economia y medicina. Para maés

detalles véase, por ejemplo, [42, 118, 119] y las referencias alli citadas.

De manera general, un sistema de control se puede escribir en la forma abstracta

{ %:H(y,u),t>0,y€Y, u € Uy, (1.1)

y(0) = vo,
donde y es el estado, la variable que estamos dispuestos a controlar, yg es el estado inicial,
u es el control, la variable que podemos elegir libremente para que acttie en el sistema
y Y y U,q son, respectivamente, el espacio de los estados y el conjunto de los controles
admisibles.

Dado un sistema de control, el objetivo serd encontrar un control tal que el estado
asociado se comporte de una manera apropiada en un tiempo final dado. A este tipo de
problemas se les llama problemas de controlabilidad. Se distinguen varias diferentes
nociones de controlabilidad. Se dice que el sistema es aproximadamente controlable si,
para cualquier estado inicial dado, se puede llevar la solucién del sistema a un estado

arbitrariamente cerca (en alguna topologia) de cualquier otro estado dado. Por otro

33
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lado, la controlabilidad exacta significa que se puede llevar el sistema desde cualquier
dato inicial a cualquier otro estado dado. Decimos que tenemos la propiedad de la
controlabilidad nula o a cero si, para cualquier dato inicial, la solucién puede ser llevada a
cero. Por ultimo, otro concepto interesante es el de la controlabilidad exacta a trayectorias,
que significa que es posible llevar el estado del sistema a cualquier trayectoria prescrita,
es decir, a una determinada solucién del sistema.

En esta tesis analizamos la controlabilidad de algunas ecuaciones en derivadas par-
ciales (EDPs) que modelan varios fendmenos fisicos. También estudiaremos el pro-
blema de la controlabilidad uniforme. En este caso consideramos una familia de sistemas

dindmicos,

1.2
v£(0) = 5, (12

dependiendo de un pardmetro e > 0 y aproximando (1.1), cuando € — 0.

{ dCZlJ; = H6(67y67u6)> y6 €Y C Y7 uc € uada
€

Primero probamos que, para cada € > 0, existe un control u° € U,  tal que la solucién
y© de (1.2) satisface y“(T") = y5, para ciertos estados dados y y v convergiendo a 3o y
yr en Y, respectivamente. El objetivo serd entonces saber si existen y € Y y u € Uy,q,
solucién de (1.1), tal que y© — y y u¢ — u cuando € — 0. Por otra parte, queremos que
esta convergencia sea lo suficientemente fuerte de manera que las condiciones iniciales
y finales sean preservadas: y(0) = yo y (') = yr. En el caso en que yr = 0, se dice que
el sistema (1.2) tiene la propiedad de controlabilidad uniforme a cero.

Actualmente existe un vasta literatura relacionada a los problemas de control (véase,
por ejemplo, [25, 86, 115, 125, 135]). La teoria para los sistemas de dimension finita ha
sido desarrollada a principios de la década de 1960 (véase [64, 76]) y, gracias a la famosa
condicién del rango de Kalman, el problema estd completamente entendido en el caso li-
neal (véase [79, 122] ). Para los sistemas no lineales de dimension finita el problema esta
también bastante bien entendido, ya que existen varios métodos conocidos de condi-

ciones suficientes para el estudio de la controlabilidad local y global (véase [25]).

Para EDPs la situacién es un poco mas delicada, incluso en el marco lineal. Una de
las razones es que una EDP lineal que gobierna la evolucién puede ser, por ejemplo,
del tipo hiperbdlico (ecuacién de ondas, las ecuaciones de Maxwell), del tipo dispersivo
(ecuacién de placas, ecuacion de Schrodinger, ecuacion de Korteweg-de Vries), o del
tipo parabdlico (ecuacién del calor, ecuacién de Stokes), que inducen propiedades muy
especificas sobre el flujo: el principio de Huygens y la propiedad de la propagacién
de singularidades con velocidad finita para ecuaciones hiperbélicas, la velocidad de
propagacién infinita juntamente con un efecto regularizante débil (resp. fuerte) para
ecuaciones dispersivas (resp. parabdlicas) y la irreversibilidad en tiempo para ecua-

ciones parabdlicas. En consecuencia, no es posible esperar un resultado de controlabili-
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dad exacta para la ecuacién del calor con un control localizado en una pequefia parte del
dominio (la solucién serd regular fuera de la regiéon de control), por lo que no se puede
alcanzar un estado final arbitrario. Por eso, en lo que a la ecuacién del calor se refiere,
es natural estudiar las propiedades de controlabilidad aproximada, nula o a trayecto-
rias. Por el contrario, debido a su reversibilidad en el tiempo, es natural estudiar la
propiedad de la controlabilidad exacta para la ecuacién de ondas.

Para un mejor desarrollo de este trabajo, en la siguiente seccién recordaremos al-
gunos conceptos y resultados fundamentales en el estudio de la controlabilidad de
ecuaciones lineales. Estos resultados seran importantes incluso para los problemas de
control no lineales que trataremos ya que, en este caso, el primer paso es el andlisis de
las propiedades de controlabilidad de un sistema lineal apropiado.

Restringiremos la presentacion al caso de los espacios de Hilbert, sin embargo,

sefilalamos que una teoria similar puede ser desarrollada en espacios de Banach.

1.1.1 Controlabilidad y Observabilidad

En esta seccién seguimos esencialmente [25, 108, 125]. Consideramos dos espacios de
Hilbert (reales o complejos) (H,<,>p) y (U, <,>p), un tiempo T" > 0, yo € H y un
operador no acotado A : D(A) — H que genera un semigrupo fuertemente continuo
S(t)t>0. Estamos interesados en la siguiente clase de problemas de control lineal

(1.3)

% — Ay + Bu, t € (0,7,
y(O) = Yo,

donde B € L(U;D(A*)") es un operador que describe la manera en que el control u
actta en el sistema.

Asumimos que el operador B satisface la condicion de admisibilidad:
T
VT > 0,3Ct > 0 tal que / |B*S(t)*2||fdt < Crl|z||%, Yz € D(A®), (1.4)
0

donde B*, S(t)* y A* son los operadores adjuntos de B, S(t) y A, respectivamente.

Bajo la condiciéon de admisibilidad (1.4) el problema de Cauchy (1.3) estd bien
planteado en el sentido de Hadarmad, es decir, para todo yp € H y u € L3(0,T;U),
existe una unica y € C(]0,T]; H) solucién de (1.3). Ademas, existe una constante C' > 0,
dependiendo solamente de T, A y B, tal que

lylleqom;m < CUlyolla + lullL20,r0))-

Recordamos de nuevo las diferentes nociones de controlabilidad para el sistema
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(1.3).

Definicién 1.1. Un sistema (1.3) es exactamente controlable en el tiempo 7" si, para todo
Yo,yr € H, existe un control u € L?(0,T;U) tal que la solucién y de (1.3) satisface

y(T) = yr.

Definicién 1.2. Un sistema (1.3) es controlable a cero en el tiempo T si, para todo
yo,yr € H, existe un control u € L%(0,T;U) tal que la solucién y de (1.3) satisface
y(T) = 0.

Definicién 1.3. Un sistema (1.3) es aproximadamente controlable en el tiempo 7' si, para
todo yo,yr € H y todo € > 0, existe un control u € L?(0,7T;U) tal que la solucién y de
(1.3) satisface||y(T') — yr||m < €.

De la definicién se deduce que la controlabilidad exacta implica tanto la controlabi-
lidad nula como la controlabilidad aproximada. El reciproco, en general, falso.
Para sistemas lineales se demuestra que la controlabilidad nula es equivalente a la

controlabilidad exacta a trayectorias:

Definicién 1.4. Se dice que (1.3) es exactamente controlable a trayectorias en el tiempo
T si, para todo yp € H y cualquier solucién y de (1.3), es decir, una solucién de (1.3) con
7(0) = 7y € H y algtn u dado, existe un control u tal que la solucién asociada de (1.3)
satisface y(T') = y(T).

En el caso de dimensién finita, es decir: A € RV*N B ¢ RV*M N M € N, las
cuatro definiciones anteriores son equivalentes a una condicién puramente algebraica,
la condicién del rango de Kalman: rank(B, AB, A%B, ..., AN=1B) = N. Como conse-
cuencia, para sistemas de dimension finita, controlabilidad en un tiempo 7y > 0 implica
controlabilidad en cualquier tiempo 7" > 0.

Como fue notado por D. Russell en [116], y formalizado por J.-L. Lions en el famoso
HUM (Método de la Unicidad de Hilbert) (véase [86, 87, 88]), las propiedades de contro-
labilidad para el sistema (1.3) son equivalentes a ciertas mediciones (observabilidades)
de su sistema adjunto (problema dual).

En efecto, consideremos el sistema adjunto de (1.3):

—dz — A T
{ G=Az te 0.7, L5)

2(T) =27 € H.

Los siguientes resultados son ciertos.
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Teorema 1.1. El sistema (1.3) es exactamente controlable en el tiempo T si y solamente si existe

una constante C > 0 tal que
T
lerllty <€ [ 1B 2(0)l e, Var < B, (16)
0

Ala desigualdad (1.6) se le llama desigualdad de observabilidad fuerte. Eso significa que
podemos recuperar una informacién completa del estado inicial z desde una mediciéon
en [0,7] de B*z(t).

Teorema 1.2. El sistema (1.3) es controlable a cero en el tiempo T si y solamente si existe una
constante C' > 0 tal que

T
12(0)]|3; < 02/0 ||B*2(t)||}dt, Vzr € H. (1.7)

Ala desigualdad (1.7) se le llama la desigualdad de observabilidad débil. Solamente z(0)

puede ser recuperado, pero no z7.

Teorema 1.3. El sistema (1.3) es aproximadamente controlable en el tiempo T' si y solamente si
para todo zp € H,
B*z(t) =00n [0,T] = 27 = 0. (1.8)

La propiedad (1.8) es conocida como la propiedad de continuacion tinica para el sistema
(1.5).

Del Teorema 1.2 se concluye, por la unicidad retrégada, que la controlabilidad a cero
para (1.3) implica la controlabilidad aproximada del sistema.

Remarcamos que no hay razén para la unicidad del control que lleva un estado
inicial yp a un estado final y7. Entre tanto, entre todos los controles posibles se distingue
el de norma minima en L?(0,T;U).

En efecto, supongamos que el sistema (1.3) es exactamente controlable en el tiempo
T. Entonces, para cada yr € H, el conjunto U7 (yr) de los u € L%(0,T;U) tal que

[yt = Ay + Bu,y(0) = 0] = [y(T') = yr]

esno vacfo. El conjunto U7 (y7) es claramente un subespacio afin cerrado de L2(0, T; U).
Denotemos por UT (yr) el elemento de U” (yr) de norma minima en L?(0,T;U). Es

imediato que la aplicaiéon

Ut (yr): H — L2(0,T;U)
yr —  UT(yr)
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es lineal. Ademas, utilizando el teorema de la gréfica cerrada, se demuestra que esta

aplicacién es continua. A la norma de 47 (y7), denotada por CZ,

opt(T), se le llama coste de

la controlabilidad exacta de (1.3). Se tiene el siguiente resultado.

Proposicion 1.1. Cf;,t(T) es el infimo de las constantes C' > 0 para las cuales se cumple la

desigualdad de observabilidad fuerte (1.6), es decir,

T
CEAT) = 1" ) ooy = o, {11l < &2 [ 1Bs(@ . var € 1

En el caso en que (1.3) es controlable a cero en el tiempo 7', para todo yy € H, el
conjunto U7 (yo) de los u € L?(0,T;U) tal que

[yr = Ay + Bu,y(0) = yo] = [y(T') = 0]

es no vacio. El conjunto U7 (yo) es un subespacio afin cerrado de L%(0,T;U). Como
antes, denotemos por U7 (yo) al elemento de U7 (yy) de norma minima en L2(0,T;U).

No es dificil ver que la aplicacion

UT(yo): H — L*0,T;U)
yo — U (yo)

es lineal y continua. A la norma de U7 (o), denotada por C¥,(T), se le llama el coste de

opt
la controlabilidad a cero de (1.3). Se tiene el siguiente resultado.

Proposicién 1.2. Cf,}[,t(T) es el infimo de las constantes C' > 0 para las cuales se cumple la

desigualdad de observabilidad débil (1.7), es decir,

T
CT) = 1 )leamszioy = i {1 < € [ 1B°stolfpae. ver € 1)

De las proposiciones 1.1y 1.2 se concluye que el coste de la controlabilidad exacta/
a cero para (1.3) es la mejor constante para la cual la desigualdad de observabilidad
fuerte/débil para el sistema adjunto (1.5) es cierta.

Si el sistema (1.3) es exactamente controlable (resp. a cero), existe una manera cons-
tructiva de obtener el control U7 (yr) (resp. a U (yo)) de norma minima en L?(0,T;U).
Explicaremos el argumento en el caso de la controlabilidad exacta. De hecho, sea yy €
H. La dualidad entre (1.3) y (1.5) nos da

T
<y(T),zr >p= / <wu(t), B*z(t) >y dt+ < yo,2(0) > .
0
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Introducimos entonces el funcional J : H — R definido por

1

T
Ter) =3 [ B Ot <.20) >0 = <z >m. 19

No es muy dificil ver que si J tiene un minimo 27 entonces, poniendo @ = B*Z, donde
% es la solucion de (1.5) asociada a Z7, la solucién y de (1.3) con este control @ verifica
y(T) = yr-

Es facil ver que el funcional J es estrictamente convexo. Utilizando la condicién de
admisibilidad (1.4), se puede mostrar que es continuo. Por dltimo, de la desigualdad
de observabilidad fuerte (1.6) uno obtiene imediatamente la coercividad del funcional
J. Por consecuencia, J tiene un tinico minimo 27 y @ = B*Z es el control de norma

minima en L?(0,T; U). Ademas, tenemos la siguiente estimacién para el control:
il 20,70y < Cot (D) ly |11 (1.10)

De forma similar, en el caso de la controlabilidad a cero, obtenemos un control iy

de norma minima en L?(0,7; U) como el minimo del siguiente funcional

1

T
Tuter) =5 [ B 2O der <0,20) >, (1.11)
0

que es, claramente, estrictamente convexo y continuo. La coercividad no es imediata
como en el caso de la controlabilidad exacta, pero se puede mostrar que Jx es coer-

civo en el espacio H, el completado de H con la norma (debido a la desigualdad de

observabilidad débil (1.7))
T
me=<4|wwwmm)

El control @y obtenido como el minimo de Jy satisface

1/2

Nallz2 0,707y < Copt(T) Iyl |- (1.12)

De lo expuesto anteriormente, vemos que el estudio de la controlabilidad de una
EDP lineal dada es equivalente a la obtencién de una desigualdad de observabilidad
adecuada para su sistema adjunto, es decir, un conocimiento completo de la solucién
del sistema adjunto en un momento determinado utilizando unicamente mediciones
locales del mismo. No obstante, sefialamos que la prueba de estas desigualdades re-
quiere herramientas adaptadas a la EPD en cuestion; por ejemplo, desiqualdades de
Ingham, métodos de los multiplicadores, andlisis microlocal y desigualdades de Carleman ([4,
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46,73, 86,113, 115, 134]).

1.1.2 Metodologia

La herramienta analitica fundamental que emplearemos para demostrar las desigual-
dades de observabilidad serdn las llamadas desigualdades de Carleman. Estas desigual-
dades son, basicamente, estimaciones de energia con peso exponencial para las solu-
ciones de una EDP dada. Dichas desigualdades fueron introducidas por primera vez
para estudiar la cuantificaciéon de la continuacién tinica, remontdndose a los primeros
trabajos de Carleman [12]. Entre tanto, en los tltimos afios, el espectro de aplicaciones
de las desigualdades de Carleman ha aumentado més alla de su motivacién original:
hoy en dia también se utilizan en el estudio de problemas inversos y en la teorfa del
control de EDPs (para més detalles ver [46, 134, 135]).

Dado un dominio espacial §2, una regién de control w C § y un tiempo 7" > 0, las

desigualdades de Carleman obedeceran la siguiente estructura bésica:

// B2|p|?dxdt < 0// B3| dxdt, (1.13)
Qx(0,T) wx(0,T)

donde ¢ es la solucién de la EDP (el sistema adjunto) y la constante C' > 0 y las fun-
ciones peso 31 and 3 dependen de ciertos pardmetros pero son independientes del
estado inicial.

La idea bésica que motiva las desigualdades de Carleman como (1.13) puede pre-
sentarse incluso en la siguiente EDO en RY:

yt(t) = a(t)y(t), te [O7T]7

1.14
¥(0) = yo. (L.14)

donde a € L*>(0,T") (see [134]). Es bien sabido que las soluciones de (1.14) satisfacen:

max |y(t)| < ell@ll=T]yo|, Vyo € RV, (1.15)
t€[0,T]
Una demostracion del tipo Carleman para (1.15) es la siguiente. Para todo A € R, tene-

mos

i1 (02 )= 20 = e (116)

Eligiendo ) suficientemente grande de forma que 2a(t) — A < 0 para casitodo ¢t € (0,7),
se obtiene
[y()] < e [yol, ¢ € (0,77, (1.17)
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que prueba, en particular, (1.15). La clave de esta demostracién, y de todas las estima-
ciones del tipo Carleman, es que uno debe elegir los pardmetros en las funciones peso lo
suficientemente grandes de forma que los términos no deseados puedan ser absorbidos.

Ahora describiremos algunas de las principales dificultades que uno puede encon-
trar cuando se intenta analizar la controlabilidad uniforme de una determinada familia
de EDPs. Es conveniente primero analizar el caso de dimensién finita. De hecho, in-
cluso en este caso, puede suceder que el sistema limite no sea controlable mientras que
la familia que lo aproxima lo sea, para cada valor del pardmetro ¢ > 0. Para ver esta

patologia, consideramos los siguientes dos ejemplos, debidos a Chow [22]:

Y1t = _5y1 + eu,
Y2t = —Y2 + u,

(1.18)
Y3t = —(1+€)ys +u,
Yot =—(1+€)ys + 2u
y
Yir = —Y1+y2 +u, (1.19)

€Ya2t = —Y2 —U.

Utilizando la condicién del rango de Kalman, se demuestra que los sistemas (1.18) y
(1.19) son controlables para cada € € (0,1) pero no para € = 0.

Como veremos mas adelante, la clave en el estudio de la controlabilidad uniforme
para (1.2) es la construccién, para cada e > 0, de un control u€ tal que ||u®||u,, < C||y§|ly
para una constante C' > 0 independiente de € y alguna norma apropiada ||.||,,. De
hecho, si este es el caso, ya que el estado de un sistema controlable se puede estimar
en términos del estado inicial y el control, seremos capaces de obtener una estimacién
uniforme para y© en términos de los datos iniciales yj. Obsérvese también que este
problema esta directamente relacionado con el estudio del coste de la controlabilidad
de (1.2), que también serd abordado en esta tesis.

Para terminar esta secién, describiremos de manera resumida los principales logros
de esta tesis.

Capitulo 2: Analizamos la controlabilidad uniforme de familias de sistemas
parabdlicos lineales acoplados que aproximan sistemas parabélico-elipticos y mostra-
mos, con hipéteses adecuadas en los téminos de acoplamiento, la controlabilidad uni-
forme a cero de las familias cuando sélo un control estd actuando en el sistema. Los re-
sultados de este capitulo 2 estdn basados en los resultados del articulo [20], en
colaboracién con S. Guerrero y J.-P. Puel.

Capitulo 3: Se analiza la controlabilidad uniforme a cero de una familia de sistemas

de reaccion-difusién no lineales que aproximan a un sistema parabdlico-eliptico no li-
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neal que modela la actividad eléctrica en el tejido cardiaco, probamos la controlabilidad
uniforme a cero de la familia por medio de un tinico control en el sistema. Este capitulo

estd basado en los articulos [5] y [6], en colaboracién con M. Bendahmane.

Capitulo 4: Estudiamos la controlabilidad del sistema parabélico de Keller-Segel de
la quimiotaxis que converge a su version parabdlico-eliptico. Mostramos que este sis-
tema parabdlico es localmente uniformemente controlable a cero en torno a una solucién
del sistema parabdlico-eliptico cuando el control estd actuando en la ecuacién del com-
ponente quimico. Este capitulo estd basado en el articulo [19], en colaboracién con S.
Guerrero.

Capitulo 5: Analizamos la controlabilidad de la ecuaciéon de ondas con viscosidad
del tipo Kelvin-Voigt y un amortiguamiento por friccion como un modelo de la visco-
elasticidad. Probamos la controlabilidad a cero del sistema cuando la regién de control
se mueve, segtn el flujo de una EDO, de forma que cubra todo el dominio. Este capitulo
estd basado en el articulo [21], en colaboracién con L. Rosier y E. Zuazua.

Capitulo 6: Estudiamos el coste de la controlabilidad a cero para el sistema de
Stokes. Utilizando el método de transmutaciéon de controles, probamos que el coste
para llevar el sistema de Stokes a cero en un tiempo 7' > 0, cuando 7' — 07, es del
orden de /T

articulo [18].

, como en el caso de la ecuacién del calor. Este capitulo estd basado en el

En lo que sigue describiremos en més detalles el contenido de las diferentes partes
de esta tesis.

1.2 Contenido de la tesis

Dado un dominio 2 C RY y un tiempo T > 0, fijamos la notacién @ := Q x (0,7), ¥ :=
02 x (0,T). Ademas, usaremos w, w; y wo para denotar (pequefios) conjuntos abiertos
de 2 en los cuales el control acutard y usaremos § = (z,t) para denotar una funcién
peso que tiene la siguiente forma

n(x)

Bla,t) = eFT-0F (1.20)

para algtin £ > 1 y un funcién n apropiada, dependiendo de la regiéon de control y tal
que 7(z) < 0 para todo = € Q.
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Capitulo 2: Controlabilidad de sistemas parabélicos acoplados y con difusién
rapida
El capitulo 2 de esta tesis estd dedicado al analisis de la controlabilidad uniforme de la

siguiente familia de sistemas parabdlicos acoplados:

uf — Au = au + b + f1,, en Q,
evy — Av® = cu® + dv + g1, en Q,
u¢ =vc=0 sobre X,
u(0) = up; v(0) = vy en (2,

(1.21)

donde a = a(z,t), b = b(x,t), c = c(z,t) y d = d(z,t), f¢y ¢g° son controles y € es un
parametro positivo, que convergerd a cero.

Los sistemas de la forma (1.21) son prototipos de sistemas biolégicos que modelan
fendmenos de agregaciéon o de sistemas quimicos con dos diferentes concentraciones
(para mds detalles, ver las referencias [11, 61, 62, 85] o los capitulos 3 y 4 de esta tesis).

Nuestro interés en la controlabilidad uniforme de (1.21) es debido a que, en la
préctica, esta familia de sistemas parabdlicos usualmente se aproxima mediante el sis-

tema parabolico-eliptico:

u — Au=au+bv+ fl, en Q,
—Av = cu+dv + glg, en @,
u=v=0 sobre X,
u(0) = ug en (.

(1.22)

Obsérvese que, incluso si esta aproximacion es consistente con la teoria de existencia
y unicidad, no esta del todo claro qué es lo que se puede hacer desde el punto de vista
de la teoria de control. La razén principal se debe a que estamos considerando sistemas
que tienen diferentes propiedades fisicas y, por tanto, uno podria esperar que estos
sistemas tengan, al menos a priori, diferentes propiedades de control. En el capitulo
2 mostramos que las propiedades de controlabilidad y observabilidad para el sistema
(1.22) pueden ser obtenidas como limite de las respectivas propiedades de controlabili-
dad y observabilidad para la familia (1.21).

En efecto, probamos el siguiente resultado:

Teorema 1.4. Sean T > 0, 2 C RY(N > 1) un conjunto abierto conexo y limitado cuyo borde
es regular, (ug,vo) € L*(Q)% y a,b, c y d funciones en C3(Q). Entonces:

(i) Sic# Oenwparaalgunw CC wy C Qyd < py (py esel primer autovalor del Laplaciano
con condicién de Dirichlet en el borde), el sistema (1.21) es uniformemente controlable a
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cero, con respecto a €, con un control actuando solamente en la primera ecuacion. Mds
precisamente, para cada € > 0, existe f€ = f(e) € L*(Q) tal que la solucién (u¢,v¢) de
(1.21) (¢¢ = 0) satisface:

(u(T),v"(T))= (0,0). (1.23)

Ademds, tenemos la siguiente estimacion para el control:

1/ Len 1720y < Clluoll72q + ellvoll7z(0y): (1.24)

donde C' > 0 es una constante que no depende de €, ug y vo.

(i) Sib # 0enw paraalgiinw CC wy C Qyd < p, entonces el sistema (1.21) es controlable
uniformemente a cero, con respecto a €, con un control actuando solamente en la sequnda
ecuacion. Mds precisamente, para cada € > 0 existe g¢ = g(e) € L*(Q) tal que la solucion
(uf,v°) de (1.21) (f€ = 0) satisface:

(u(T),v"(T))= (0,0). (1.25)
Ademds, tenemos la siguiente estimacion para el control:

19T 220y < CllluolZa(q + ellonlZ2(ay), (126)

donde C > 0 es una constante que no depende de €, ugy y vo.

Obtenemos imediatamente del Teorema 1.4 un control f (resp. g), el limite débil de
{f}eso0 (resp. {g }e>0), tal que la solucién (u€, v€) de (1.21) converge débilmente a la
solucion (u, v) de (1.21) asociada a f (resp. g) en el espacio (L*(0,T’; Hg(2)) N
C([0,T); L2(9))) x L2(0, T HY(2).

La clave en la demostracién del Teorema 1.4 es la obtencién de una desigualdad de
observabilidad uniforme para el sistema adjunto de (1.21) (para simplificar la notacién

no escribiremos el indice € en cada termino):

—pr—Ap=ap+c§ en Q,
—e§t — AL =bp+d{ en Q,
p=£=0 sobre ¥,
o(T) = ¢r; E(T) =&r en Q.

(1.27)

De esta manera, el caso 1 del Teorema 1.4 es equivalente a mostrar que la siguiente
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estimacion de observabilidad
I00) ey + €O By < € [ Jofdsat (1.28)
w1 x(0,T")

es cierta para todas las soluciones (¢, £) de (1.27), donde C' > 0 estd acotada con respecto
a e. De manera anéloga, el caso 2 del Teorema 1.4 es equivalente a mostrar que

()220 + ellEO)] 2y < C / / € Pdedt, (1.29)
ng(O,T)

para todas las soluciones de (¢, ) de (1.27).

Ahora explicaremos la metodologia de la prueba del Teorema 1.4. Consideramos el
caso 1 y daremos las ideas principales.

Probaremos la desigualdad de observalidad uniforme (1.28) como una consecuencia

de la siguiente desigualdad de Carleman.

Teorema 1.5. Sea c # 0 enw paraalgin w CC w1 C Qyd < p, la solucion (p, ) del sistema
(1.27) satisface:

/ / B2\ ddt + / / B2lePdedt < C / / B2\ drdt, (1.30)
Q Q w1 % (0,T)

donde C' > 0 no dependende de € y las funciones peso f3;, i = 1,2, 3 son de la forma (1.20).

Combinando el Teorema 1.5 y estimaciones de energia para el sistema adjunto (1.21),

probamos (1.28).

Obsérvese que en (1.30) tenemos estimaciones globales de ¢ y £ en términos de es-
timaciones locales de ¢. La principal dificultad cuando uno intenta probar una esti-
macién de la forma (1.30) para el sistema (1.27) se debe a que las ecuaciones para ¢ y
¢ tienen diferentes tasas de difusién. De hecho, la clave de la prueba es obtener ecua-

ciones para ¢ y £ con la misma tasa de difusion.

Para obtener ecuaciones para ¢ y £ con la misma tasa de difusién, consideramos el
operador L, ¢ dado por

Lyg:=70—A—0,parayeRyl e L>7Q)

y definimos la nueva funcién

w=L_cqp.
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Extendemos el sistema adjunto (1.27) a un sistema de cuatro ecuaciones de la forma

Ly qw=p(cb+ L coa— L 10d)+EL coc—2VEVe+2Vp(Vd - Va) en Q,

L_cqp=w en @,

L yap=ck en @,

L_ca§ = by en @Q,

p=E(=w=0 sobre X,

(1) = or; £(T) = &r; w(T) = —epr — Apr — der en Q.
(1.31)

En (1.31) hemos aplicado a ¢ el operador de la segunda ecuacién de (1.27), llamando a
esa nueva incégnita w y escribiendo la ecuacioén satisfecha por w. Eso nos da una nueva
ecuacién parabolica para ¢ con la misma tasa de difusién que la de la ecuacién de &, es
decir, las ecuaciones (1.31), y (1.31),, respectivamente.

Procedemos en cuatro etapas.
Etapa 1: Vemos las ecuaciones de (1.31) como ecuaciones del calor y aplicamos desigual-
dades de Carleman adecuadas para ecuaciones del calor con una dependencia precisa
con respecto al pardmetro de degeneracién multiplicando la derivada en el tiempo.
Sumando las desigualdades obtenidas para cada ecuacién, obtenemos estimaciones
globales de ¢, £ y w en términos de estimaciones locales de ¢ , £ y w.
Etapa 2: Utlilizando la segunda ecuacién en (1.31), eliminamos la integral local de w que
aparece en la desigualdad de Carleman obtenida en la etapa 1. Eso nos da estimaciones
globales de ¢, £ y w en términos de estimaciones locales de ¢ y &.
Etapa 3: Utilizando (1.31); estimamos una integral local de £ en términos de una integral
local del ¢ y una integral local de ;.
Etapa 4: Por ultimo, utlizando (1.31), y (1.31),, estimamos ¢; localmente en términos de
una integral local de ¢.

Usando Teorema 1.5 y estimaciones de energia para (1.27) terminamos la prueba del

caso 1 del Teorema 1.4.

La prueba del caso 1 del Teorema 1.5 también contiene la demostracién del caso 2
del mismo teorema. Para ello utilizamos el hecho que el sistema formado por las dos
primeras ecuaciones en (1.31) poseen la misma estructura que el sistema adjunto (1.27)

y entonces procedemos como en las etapas 1y 2 para probar el siguiente resultado.

Teorema 1.6. Si b # 0 en W para algiin w CC wy C Qy d < p, la solucion (p, §) del sistema
(1.27) satisface:

// 5%y§|2d:cdt+// B3| Pdxdt < o// B2|€|?dxdt, (1.32)
Q Q w2 %X (0,T)
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donde C' > 0 no depende de € y las funciones peso 3;, i = 1,2, 3, son de la forma (1.20).

Capitulo 3: Controlabilidad uniforme a cero para un sistema de reacién-difusién
aproximando un modelo cardiaco simplificado

En el capitulo 3 estudiamos las propiedades de controlabilidad y observabilidad de
una familia de sistemas de reacién-difusiéon que se degenera en un sistema parabélico-
eliptico describiendo la actividad eléctrica en un dominio 2 € RN (N = 1,2, 3).

El modelo de bidominio (véase, por ejemplo, [23, 59, 65]) que gobierna la actividad
eléctrica en el tejido cardiaco es dado por el siguiente sistema parabdlico acoplado no
lineal:

emr — Div(M;(z)Vu;) + h(v) = fl,, enQ@,
emvt + Div(Me(2)Vue) + h(v) = gly, en@,
U = Ue =0 sobre X2,
v(0,z) = vo(x), en €2,

(1.33)

donde ¢, > 0 es la superficie capacitante de la membrana, la funcién no lineal 2 : R —
R es la corriente i6nica de la transmembrana, y f y ¢ son las corrientes de estimulaciéon
aplicadas a w; y w9, respectivamente.

En (1.33), las funciones u; = wu;(t,z) y ue = ue(t,x) representan los potenciales
eléctricos intracelular y extracelular, respectivamente. A la diferencia v = u; — u. la
llamamos el potencial de la transmembrana. A los tensores de conductividad intracelular
y extracelular M;(z) y Mc(z), que modelan las propiedades anisotrépicas del medio, se
les pide que sean C'*°, acotados, simétricos y semidefinidos positivos.

Debido a su dificultad de implementacion (véase, por ejemplo, [7, 23, 45]), en muchas

aplicaciones el modelo de bidominio es simplificado en el modelo de monodominio:

Gt — 1 Div (M. (2)V0) + h(v) = flo, enQ,

—Div(M(z)Vue) = Div(M;(z) Vo) en (),

(1.34)
v="1u, =0 sobre X,
v(0) = o en (),

donde M = M; + ML..

Obsérvese que la principal diferencia entre el modelo de bidominio (1.33) y el mo-
delo de monodominio (1.34) es que el primero es un sistema de dos ecuaciones parabdlicas
acopladas mientras que el segundo es un sistema del tipo parabdlico-eliptico. En esta
parte de la tesis nuestro objetivo serd mostrar que, en realidad, las propiedades de con-
trolabilidad y observabilidad para el modelo de monodominio pueden se obtenidos

como un proceso limite de las propiedades de controlabilidad y observabilidad para
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una familia de sistemas parabdlicos acoplados relacionados con el modelo de bido-
minio.

Mas precisamente, dado € > 0, aproximamos el modelo de monodominio por la
siguiente familia de sistemas parabdlicos:

CmV§ — ﬁDw(Me(m)VUG) + h(ve) = f1,, enqQ,
eus ; — Div(M(z)Vug) = Div(M;(z) Vo©) en @,
: (1.35)
ve=ul =0 sobre X,
v(0) = vo; uS(0) = uey en ().

Probamos:

Teorema 1.7. Supongamos que h es una funcion en C*(R), globalmente Lipschitz y que h(0) =
0. Dados vy y ue o en L*(Q), existe un control f€ € L*(wy x (0,T)) tal que la solucion (v¢, ut)
de (1.35) satisface:

v (T) =ué(T) = 0.

Ademds, el control f€ tiene la siguiente estimacion:

1/ Venl 1220y < C(llvoll72q) + ellueollZ2(q)) (1.36)

para una constante C' = C(Q, w1, ||al|e=,T) > 0.

Como de costumbre cuando se estudia la controlabilidad de sistemas no lineales, la
clave para probar el Teorema 1.7 serd un resultado de controlabilidad uniforme a cero
para el sistema linenalizado:

o — i Div(Me(x)V0) + alt. 2ot = [ L, en Q.

eut ; — Div(M(z)Vug) = Div(M;(x)Vo©) en @,

, (1.37)
ve=uf =0 sobre X,
v(0) = vo; u(0) = ueyo en €,

donde a es una funcién acotada.

El resultado de controlabilidad uniforme a cero que probamos para (1.37) es el si-
guiente.

Teorema 1.8. Dados vy  ueo en L*(Q2), para cada e > 0 existe un control f€ € L*(w; x (0,T))
tal que la solucién asociada de (1.37) es cero en el tiempo T" > 0. Es decir, la solucién asociada

satisface:
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Ademds, el control f€ tiene la siguiente estimacion:

1 L llZ2iq) < CllvolZ2iqy + €llueollZ2(a)) (1.38)
Q) () €9

para una constante C' = C(2, w1, ||a||e,T) > 0.

Una vez probado el Teorema 1.8, probamos el Teorema 1.7 mediante argumentos de
punto fijo.
La idea de la prueba del Teorema 1.8 es considerar el sistema adjunto de (1.37) (una

vez mas, no escribimos el indice ¢):

—Cmpt — ﬁDiv(Me(x)Vgo) + a(t,z)p = Div(M;(2)Ve.) enQ,
=0

—epo; — Div(M . 7
€Pet iv(M(z)Vpe) en Q (1.39)

p=pe=0 sobre ¥,

o(T) = @15 9e(T) = Pe,r en

y probar la desigualdad de Carleman uniforme:

Teorema 1.9. Existe una constante positiva C = C(Q,wi, ||a||r~,T) tal que, para todo
o1, per € L2(Q) y a € L®(Q), la solucion (p, p.) de (1.39) verifica:

// 5%\p2dxdt+// 5§y<p\2dmdtgc// B2||2dudt, (1.40)
Q Q w1 % (0,T")

donde p = Div(M (z)Ve(x,t)) y las funciones peso B;, i = 1,2, 3 son de la forma (1.20).

Obsérvese que como el control estd actuando en la primera ecuacién de (1.37), nece-
sitamos una desigualdad de Carleman que nos de estimaciones globales de ¢ y ¢,
en funcién de una integral local de ¢, uniformemente con respecto a . Una vez que
el término de acoplamiento en la primera ecuacién del sistema adjunto (1.39) es en
Div(M;(z)Vg,) yno en ¢, no podemos aplicar directamente los resultados del capitulo
2. Entre tanto, podemos trabajar con soluciones regulares de (1.39) y considerar p(z,t) =

Div(M(z)Vpe(z,t)) como una nueva variable y trabajar con el sistema:

—pt — Div(Mc(2)Ve) + a(x,t)p = p en Q,

—epu = Din(M()Vp) = 0 n, L)
p=p=0 sobre X,

o(T) = or;p(T) = pr en ().

Para el sistema (1.41) podemos aplicar los resultados del capitulo 2 y obtener la desi-
gualdad (1.40). Entre tanto, es importante decir que en el capitulo 3 damos una prueba

directa de este resultado, combinando desigualdades de Carleman y desigualdades de
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energia con peso que, en este caso en particular, es mucho mas sencilla que la prueba
obtenida a través de los argumentos del capitulo 2.

Por ultimo, utilizando el Teorema 1.9 y estimaciones de energfa, deducimos la desi-
gualdad de observabilidad

2/3

19(0)] 220y + elle(0)| B2y < eCUHY/THIallz HlellzooT) / / o et 02)
w1 X (U,

para las soluciones de (1.39), donde C' = C'(£2, wy).

El Teorema 1.8 es entonces consecuencia de la desigualdad de observabilidad (1.42).

Capitulo 4: Un resultado de controlabilidad uniforme para el sistema de Keller-
Segel

El capitulo 4 estd dedicado a la controlabilidad uniforme a cero del sistema de Keller-
Segel:
up — Au = -V - (uVo) en Q,
evp —Av=au—bv+gxy en Q,
% = % =0 sobre X,

u(z,0) = ug; v(z,0) =vy en €,

(1.43)

donde a y b son constantes positivas, g es un control interno y € es un parametro
positivo, que convergera a cero. En (1.43), x : RY — R es una funcién C* tal que

suppx CCw,0< x<lyx=1linw.

En este capitulo sunpondremos que 2 C RY (N = 2, 3) es un abierto conexo cuya
frontera 0S2 es suficientemente regular y w’ CC w.

El modelo de Keller-Segel (1.43) es una ecuacion de la biologia matematica que tiene
como objetivo explicar los fenémenos de agregacion de organismos debido a quimio-
taxis, es decir, el cambio de movimiento cuando una poblacién formada por individuos
(tales como amebas, bacterias, células endoteliales, etc) reacciona en respuesta (taxis) a
un estimulo quimico externo propagado en el entorno en el que residen. La quimiotaxis
es un proceso celular fundamental en el desarrollo de los organismos multicelulares vy,
en particular, desempefia un papel esencial en el desarrollo embrionario, la homeostasis
del tejido, la cicatrizacién de heridas, respuesta inmune, la progresién de enfermedades,
asi como la biasqueda de alimentos, accién repelente y la formacién de cuerpos multi-

celulares de protozoarios (ver [61, 62] y sus referencias).

En varias aplicaciones (ver [82, 105] y sus referencias), el sistema (1.43) es aproxi-
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mado por el siguiente sistema parabdlico-eliptico:

ug —Au = -V - (uVv) en Q,
—Av=au—bv+gxy en Q,

1.44
% = % =0 sobre X, (144
u(z,0) = ugp en (.

Asi como en los capitulos anteriores, es natural estudiar la controlabilidad uniforme
del sistema de Keller-Segel (1.43).
En el capitulo 4 mostramos la controlabilidad uniforme (1.43) entorno a una solucién

particular de (1.44). Més prescisamente, probamos el siguiente resultado.

Teorema 1.10. Sea 0 < ¢ < 1y (M;,Ms) € Ri tal que aM; — bMy = 0. Entonces, existe
& > 0 tal que, para cada (uo,vo) € H' () x H?(Q) satisfaciendo [, uodz = My, 2% = 0 sobre
OQy ||(uo— My, v0— Ma)|| g1 () x 2() < 6, podemos encontrar g = g(e) € L*(0,T; H' (),

uniformemente acotado con respecto a e, tal que la solucion (u,v) de (1.43) satisface:
(w(T),v(T)) = (M, Ma) in Q.

En (1.43) (y (1.44)), v = u(z,t) > 0y v = v(z,t) > 0 son, respectivamente, la
concentracién de la especie (i.e., la densidad de la poblacién) y la del quimico (i.e., la
concentracién de la sustancia quimica). Por tanto, estamos controlando el sistema de
Keller-Segel a través de la sustancia quimica, que es razonable desde el punto de vista
biolégico. La condicién aM; — bM> = 0 simplesmente significa que (M7, M) es una
solucién estacionaria del sistema parabdlico-eliptico (1.44).

Para poder estudiar la controlabilidad de (1.43) entorno a (A;, M;), primeramente
analizamos la controlabilidad uniforme a cero de su linealizacién entorno a esa trayec-

toria, es decir

wu — Au=—M{Av+ M en @,

eve — Av=au—bv+gx, +ha en Q,

% = % =0 sobre X, (1.45)
u(z,0) = up; v(z,0) = vy en (2,

Jo uo(x)dz =0,

donde h; y hg son funciones pertenecientes a ciertos espacios de Banach X; y X», re-
spectivamente, teniendo decaimiento exponencial en t = T'y [, hi(x,t)dz = 0 para
todo ¢ € [0,7]. La idea es entonces probar que podemos encontrar g de forma que la
solucién de (1.45) satisface (u(7T'),v(T")) = (0,0) y que la cantidad V - (uVv) pertenece
a X;. Entonces, aplicando un argumento de aplicacién inversa introducido en [129]
obtenemos la controlabilidad de (1.43) entorno a (M;, Ms).
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Asi como en los capitulos 2 y 3, mostramos la controlabilidad a cero del sistema
lineal (1.45) por medio de estimaciones globales de Carleman para las soluciones de su

sistema adjunto, es decir

—py — Ap =al + fi en @,

—€& — Al = —b — M1Ap + f> en Q,

%@5 — % =0 sobre X, (1.46)
o(x,T) =or; £(2,T) =&r en €,

fQ er(x)dx =0,

donde f; y f2 son funciones L?(QQ) arbitrarias.

Obsérvese que en el sistema adjunto (1.46) ponemos fQ prdx = 0. Esta condicién
es reminiscente de la condicién [, u(x,t)dz = 0 para todo ¢t € [0,T], donde (u,v) es la
solucién de (1.45).

Obsérvese también que, como el control estd aplicado a la segunda ecuacién de
(1.45), necesitamos estimar integrales globales de ¢ y £ en términos de estimaciones lo-
cales de ¢ y estimaciones globales de f; y fo. La principal dificultad cuando uno intenta
probar una desiguald de Carleman de este tipo para (1.46) se debe a que el acoplamiento
en la segunda ecuacién es en Ay y no en ¢, como en el capitulo 3. De hecho, la desi-
gualdad que obtenemos contiene términos globales de normas L? con peso de Ay y
€ en el lado izquierdo de la desigualdad, sin términos locales en ¢, mientras que una
integral local de £ e integrales globales de f; y f2 aparecerdn en el lado derecho.

La desigualdad de Carleman que probamos para (1.46) es la siguiente.

Teorema 1.11. Existe C = C(Q,w,T) > 0 tal que, para todo 0 < e < 1y todas f1, fo €
L3(Q), la solucién (i, ) del sistema (1.46) satisface:

//QB%Ededt//QBgQ!A(demdt§C(//625§’X|2‘§’2dxdt+//Q@%‘fl’zdxdt

+ / /Q B3| fo|*ddt), (1.47)

donde los pesos B;, 1 =1,2...,5 son de la forma (1.20).

La prueba del Teorema 1.11 estd divida en 3 partes.

Etapa 1. Desigualdad de Carleman para Ayp.
Escribimos 519 = 71 + ¢, donde 7 es la soluciéon de una ecuaciéon de calor con
f1 como lado derecho y 7 es soluciéon de una ecuacién del calor con lado derecho

en H'(0,T; H?()). Consideramos la ecuacién de v y aplicamos desigualdades de
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Carleman clésicas para la ecuacién del calor con condiciones de Neumann y combi-
nanos esta desigualdad con estimaciones de energfa para la ecuaciéon de 7. Esto nos
dara estimaciones globales de Ay en términos de una integral local de A e integrales
globales de Al y fi.

Etapa 2. Desigualdad de Carleman para &.

En la segunda parte de la prueba, obtenemos una desigualdad de Carleman para &,
con una dependencia precisa con respecto al pardmetro de degeneracién multiplicando
la derivada en tiempo y la juntamos con la desigualdad de Carleman de la etapa 1. Eso
nos da una estimacion global de £ y Ay en términos de una integral local de £ y otra en
A1 e integrales globales de f1 y fo.

Etapa 3. Estimacion de la integral local de Aq.

En la altima parte, estimamos la integral local de A en términos de una integral
local de £ e integrales globales f; y f2. Combinando los resultados de las etapas 2 y 3

terminamos la prueba del Teorema 1.11.

Una vez probado el Teorema 1.11, nos concentramos en el problema de la controla-
bilidad a cero del sistema lineal (1.45) con un lado derecho que decae exponencialmente
cuandot — T.

Este resultado serd crucial en la prueba de la controlabilidad local de (1.43). De
hecho, queremos encontrar g € L2(0, T; H(Q)) tal que la solucién de

L(u,v) = (hl’ h? + gX) en Qv
% - % =0 sobre X, (1.48)

u(x,0) = up; v(z,0) =vy en €,

donde
L(u,v) = (us — Au+ M1 Av, evy — Av + bv — au), (1.49)

verifica
u(z,T) =v(z,T) =0en . (1.50)

Ademads, queremos probar la existencia de una solucién para este problema en un es-
pacio con pesos apropiado. Para eso consideramos pesos similares a (1.20), pero que no
degerenan en t = 0 y probamos la siguiente desigualdad de Carleman.

Lema 1.1. Existe C = C(Q,w,T') > 0 tal que , para todo 0 < ¢ < 1, toda solucén de (1.46)
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verifica:
/ /Q 22(€ Pt + / /Q 22l — () o Pddt + [|(0) — (9(0)) |2 + ell€(0)

§C< / / B2l 2dadt + / / 3P deds + / / v§f2|2d:cdt), (L51)
Q Q Q

1
(9)al® = g7 /Q (e, t)dx

donde

n(x)

y(z,t) = eT-0F (1.52)
para alguna constante k > 1.

La prueba de este resultado es cldsica, siendo simplemente la combinacién de (1.47)
y estimaciones de energia para el sistema adjunto (1.46).

Una vez obtenido (1.51) resolvemos (1.48)-(1.50). En realidad, probamos dos re-
sultados de controlabilidad: primero, obtenemos un resultado de controlabilidad a cero
para (1.48) sin hip6teses adicionales de regularidad para el control y el estado; segundo,
probamos (1.48)-(1.50) por medio de controles y estados mas regulares.

El primer resultado de controlabilidad a cero que probamos para (1.48) es el si-

guiente.

Proposicion 1.3. Sea 0 < ¢ < 1y (M, Ms) € ]R?F con aMy — bMy =0. Supongamos que
(ug,v0) € LE(Q) x L2(R), v5 'hy € L3(Q) y vy 'ha € L*(Q). Entonces, podemos encontrar
g = g(e) € L*(w x (0,T)), acotado independientemente de ¢, tal que (1.48)-(1.50) se verifica.

La demostracién de la prososicion 1.3 es consecuencia de que (1.51) implica la exis-

tencia de un tinico minimo para el funcional

oter &) = [ it o (0= (9(0) ) + elen,0)

+ / /Q h (i — () ) dwdt + / /Q hotdadt.

El segundo resultado de controlabilidad a cero que probamos para (1.48) es la clave
para obtener resultados de controlabilidad para el sistema no lineal (1.43).

El espacio de Banach donde resolvemos (1.48)-(1.50) es

E = {(u,v,9) € By : e >4, L(u,v) € L*(Q), e **~*F4* (o L(u,v) — gx)€ L*(0, T; H'(2)),

ou Ov
/QH1L(u, v)der =0y Eoiair 0 sobre X},
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con
Ey = {(U,Uag) v tullzeg) + s ollzeg) + s 9l gy < oo,
Ve u € LA(0,T; H*(Q)), 76 'u € L=(0,T; HY(Q)),
7 tAv € L2(0,T; HY(Q)), 77 ' Vo € L*(0, T; H2(9>>},

para pesos apropiados s y 7 de la forma (1.52).

El resultado de controlabilidad a cero, con estado regular, para (1.48) es el siguiente.

Proposicién 1.4. Sea 0 < € < 1y sea (My, M) € R? tal que aMy — bMs = 0 y supongamos
las siguientes hipéteses:

(uo,v0) € H'(Q) x HX(Q), / upda = 0, %”V“ = 0 sobre 9 (1.53)
Q
y
(3 'h1,71 the) € LA(Q) x L*(0,T; H'(92)). (1.54)

Entonces, existe un control g = g(e) € L*((0,T); HY(2)), acotado independientemente de e,
tal que, si (u,v) es la solucion de (1.48), se tiene (u,v) € E. En particular, (1.50) se verifica.

Para probar la proposicién 1.4, mostramos que existe una tnica (%, 0, §) solucién del

problema extremal:

inf ([ (@) 29521912 + [ 272 ul? + [ %5 2f)
sujetoa g € L*(0,T; HY(Q)) y
u — Au = —M;Av + hy en Q,
evp — Av+bv=au+gx +he en Q, (1.55)
% = % =0 on X,
u(z,0) = up; v(z,0) = vy en (),
u(z,T) =0; v(z,T) =0 en .

Utilizando el principio de Lagrange, mostramos que existen variables duales (2, w) tal

que

{(a,@) = (VL L* (3,1), 43T15L* (£,1)) en Q, (1.56)

=~y en @,

Nl
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donde L* es el operador adjunto de L, i.e.,
L*(z,w) = (—2 — Az — aw, —ewy — Aw + bw + M1Az).

Finalmente, usando el efecto regularizante de las ecuaciones parabdlicas, se muestra

que (u, v, g) tiene las propiedades de regularidad que necesitamos.

Para probar el Teorema 1.10 primero reducimos el problema a un resultado de con-
trolabilidad local a cero. Escribimos (z, w) = (u—M;,v—M>), donde (u, v) es la solucion
de (1.43). El par (z, w) serd entonces solucién del problema no lineal:

L(z,w) = (=V - (z2Vw), gxw) en @,
% — 3715 =0 sobre X, (1.57)
2(x,0) = ug — My; w(z,0) =vg — My en €.

Tenemos que (2(T"), w(T')) = (0,0) siy solamente si (u(T"),v(T")) = (M1, M>).

El final de la demostracion es la aplicacion del siguiente teorema de aplicacion in-
versa (véase [27]):

Teorema 1.12. Sean E y G dos espacios de Banach y sea A : E — G una funcién continua
de E a G definida en n B, (0) para algun n > 0 con A(0) = 0. Sea A un operador linear y
continuo de E sobre Y y supdéngase que existe Co > 0 tal que

lellz < Col|A(e)]|a (1.58)

y que existe § < C ! tal que
[lA(e1) — Ale2) — Aler — ea)]] < df[e1 — eq| (1.59)
siempre que ey,ea € By(0). Entonces la ecuacion A(e) = h tiene una solucién e € B, (0)

siempre que ||h||¢ < cn, donde ¢ = C'o_1 — 0.

En efecto, aplicamos este teorema con el espacio I definido anteriormente y con el
espacio
G =X x LYQ) x L*(Q),

donde

X = {(h1,h2) 175 'hy € L*(Q),~; 'ha € L*(0,T; Hl(Q)),/th(a:,t)dx =0}. (1.60)
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El operador A viene dado por
Alz,w,9) = (L{u,v) + (V- (2Vw), =gx)), 2(0), w(0)) ¥(z,w, g) € E.

Utilizando la regularidad de las funciones de E mostramos que A € C*(E;G) y por lo
que
A'(0,0,0) = (L(u,v) + (0, —gx)), 2(0),w(0)) ¥(z,w, g) € E.

De la proposicién 1.4, se termina la demostracién del Teorema 1.10.

Capitulo 5: Controlabilidad a cero para un sistema de viscoelasticidad por
medio de controles méviles

El capitulo 5 de esta tesis estard dedicado a extender al caso mutlidimensional los resul-

tados de P. Martin et al. en [95] en el caso 1 — d del siguiente modelo de viscoelasticidad:

Yt — Ay — Ay + b(x)yr = 1yph, en Q,
y=0 sobre ¥, (1.61)

y(z,0) = yo(x), ye(x,0) =y1(x) en Q.

Aqui, Q es un abierto acotado y regular de RY (N > 1) y b € L*°(Q).

En [95], en el caso de 1 — d, los autores muestran que (1.61) es controlable a cero si
la regién de control se mueve de forma que su soporte cubre todo el dominio donde la
ecuacién evoluciona en el tiempo.

Para que la controlabilidad a cero sea posible, supondremos que la regién de control
se mueve de manera que cubra todo el dominio. En realidad, siw(t) = wpara0 <t < T,
i.e., si el soporte del control no se mueve en el tiempo (como se considera usualmente),
el sistema (1.61) no es controlable, excepto para el caso trivial w = (2.

Las técnicas utilizadas en [95] estdan basadas en el andlisis de Fourier y no pueden
ser aplicadas al caso multidimensional. Asi que usamos una estrategia distinta, basada

en el hecho de que se puede escribir el sistema (1.61) como el siguiente sistema:

{ y—Ay+(b—1)y =z, (1.62)

ze+ 2= l,ph+ (b—1)y.

Nuestro andlisis de la controlabilidad de (1.62) sera a través de las desigualdades de
Carleman para su sistema adjunto, que también es un sistema del tipo parabdlico-EDO.
La clave es el uso de la misma funcién peso para ambas desigualdades de Carleman,
tanto la ecuacién parabdlica como la EDO. Por lo que sabemos, todas las desigualdades

de Carleman que uno encuentra en la literatura son para el caso de regiones de control
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fijas. En el caso con el que lidiamos la regién de control se mueve en el tiempo, de forma
que un efecto de transporte es afiadido a la EDO (véase el sistema (5.97)). Por lo tanto,
la demostracién de las desigualdades de Carleman para la ecuacién del calor y EDO’s
cuando la regién de control se mueve es también una de las principales novedades que

presentamos en esta tesis.

Nuestro resultado de controlabilidad para (1.61) es el siguiente.

Teorema 1.13. Con hipéteses apropiadas sobre la trayectoria de la regién de control w(t) (véase
condiciones (5.9)-(5.13)), para todo T > 0 y todo (yo,y1) € L*(Q)? con y1 — Ay € L?(1),
existe una funcion h € L*(0,T; L*(Q)) para la cual la solucién de

Yt — Ay — Ay + b(x)yr = Lypyh, en @,
y(z,t) =0, sobre %3, (1.63)

y(-,0) = yo; ue(-,0) = m1 en Q,

verifica y(.,T) = y(.,T) = 0.

Las condiciones (5.9)-(5.13) en el Teorema 1.13 basicamente significan que al final de
la evolucion de w(t) hemos cubierto todo el dominio €2.

La demostracion del Teorema 1.13 se hace primeramente probando la controlabili-

dad a cero del sistema

ye — Ay + (b(x) =y = 2 en @,
ztz=lyph+(b(z) - 1)y  enq, (1.64)
y(z,t) =0 sobre ¥,

2(2,0) = 20(2); y(z,0) = yo(z) en Q.

Mads precisamente, mostramos el siguiente resultado.

Teorema 1.14. Con hipéteses apropiadas sobre la trayectoria de la regién de control w(t) (véase
condiciones (5.9)-(5.13)), para todo T > 0 y todo (yo,v1) € L?*(Q)?, existe un control
h € L*(0,T; L*()) tal que la solucion (y, z) de (1.64) verifica y(.,T) = 2(.,T) = 0.

Del Teorema 1.14 vemos la necesidad de las condiciones (5.9)-(5.13). En efecto, el
hecho de que al final de la evolucién de w(t) hayamos cubierto todo el dominio (2 es

una condicién necesaria para controlar la EDO (1.64),.

En lo que sigue daremos las principales ideas de la prueba del Teorema 1.14.
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Primero consideramos el sistema adjunto de (1.64):

—pt — Ap+ (b(x) = 1)p = (b(x) = 1)g enQ,
—q+q=p en @,
p(z,t) =0 sobre ¥,
p(z,T) = po(x); q(z,T) = qo(x) en Q,

(1.65)

y probamos los siguientes resultados.

Lema 1.2. Existe una constante Co > 0 tal que, para todo p € C([0,T]; L?(2)) con p; + Ap €
L2(0,T; L3(2)), se tiene:

T T T
/ / 602|p|*e***dxdt < Cj / / 02|p; + Ap|>dxdt + / / 02|p|>dxdt | . (1.66)
0Ja 0Ja 0 Juw(t)

Lema 1.3. Existe Cy > 0 tal que, para todo ¢ € H'(0,T; L*(0)), se tiene:

T T T
/ / 03|q|?dxdt < Cy (/ / 02 |q:|*dzdt + / / 9%|q|2dwdt>. (1.67)
0Ja 0JQ 0 Jul(t)

En los lemas 1.2 y 1.3, los pesos 6; = 6;(z,t), i = 1,2, son similares a (1.20), la
principal diferencia es que aquin = 7n(z, t), que estd relacionado al hecho de que nuestra
regioén de control se mueve en el tiempo.

Para terminar, resumimos las etapas de la demostracion del Teorema 1.14.

Etapa 1. Desigualdades de Carleman con el mismo peso.

Aplicamos las desigualdades de Carleman de los lemas 1.2 y 1.3 para p y g, respec-
tivamente. Combinando estas desigualdades obtenemos estimaciones globales de p y ¢
en términos de integrales locales de p y q.

Etapa 2. Estimacion de la integral local de p.

Anédlogamente a lo que hemos hecho en el capitulo 2, estimamos la integral local de

p en términos de una integral local de q.
Step 3. Desiqualdad de Observabilidad

Por dltimo, utilizando la teoria de semigrupos, probamos la siguiente desigualdad
de observabilidad:

T
2 2 2
/Q [p(0)? + g(0)P)dz < © /O /  lat 0 drdt, (1.68)

para todo (po, q0) € L*(Q)2.
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De la desigualdad de observabilidad (1.68) completamos la demostraciéon del

Teorema 1.14 y, consecuentemente, la demostracién del Teorema 1.13.

Capitulo 6: Un sistema hiperbdlico y el coste de la controlabilidad para el
sistema de Stokes

El daltimo capitulo de esta tesis estara dedicado a analizar el coste de la controlabilidad
a cero, cuando T — 01, del sistema de Stokes:

Yy — Ay +Vp=ygl, en Q,
divy =0
vy en @, (1.69)
y=20 sobre X,
y(0) =yo en ().

Nuestra motivacion para este capitulo se debe al conocido hecho de que el coste de la
controlabilidad a cero de la ecuacién del calor

v — Av = fl, enq@,
v=>0 sobre X, (1.70)
v(0) = v en )

es de la forma e“(2)(1+1/T) cyando T — 0T (véase, por ejemplo, [98, 99]). Concreta-
mente:
1 fLullz2(q) < eCEIEFYD yg | 2. (1.71)

Entre tanto, al contrario del caso de la ecuacion del calor, los resultados conocidos de

controlabilidad a cero para la ecuacién de Stokes (véase, por ejemplo, [38]) nos dan
910 llz2(@) < €7 lyo |2 . (1.72)

Como se observa en [32], la principal razén para la forma del coste (1.71) se debe a
que la solucién fundamental de la ecuacién del calor en RY viene dada por
(1) L -if (1.73)
T,t) = ———5€e 4. .
(4mt)N/2
Una vez que las soluciones fundamentales de la ecuacién del calor y del sistema de
Stokes tienen, al menos para N = 2,3, el mismo comportamiento en el tiempo (ver

[56, 57, 121]), la siguiente cuestién surge naturalmente:

Pregunta 1.1. ; Tienen los costes de la controlabilidad para la ecucaién del calor y el

sistema de Stokes el mismo orden en tiempo cuando 7' — 07*?
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El objetivo del capitulo 6 es dar una respuesta positiva a la pregunta 1.1. Para ello
asumiremos que 2 C RY (N > 1) es un abierto conexo, estrellado con respecto al origen
y con frontera 052 suficientemente regular. Nuestra regién de control sera un conjunto
no vacio w de (2 satisfaciendo:

3O c RY, 0 es un entorno de 9 yw=02Nn0O. (1.74)
Introducimos los siquientes espacios usuales de la mecénica de fluidos
V = {ue H{(Q)Y; divu=0},

H = {ue L*(QY; divu=0,u-v=0sobre 9Q}.

El principal resultado del capitulo 6 sera:

Teorema 1.15. Sunpdgase que w satisface (1.74), yo € H y sea 0 < T < 1. Entonces existe un
control g € L*(w x (0,T)) tal que la solucion y de (1.69) verifica:

y(T) =0.

Ademds, existen constantes positivas Cy y Cy, dependiendo solamente de 2 y w, tal que

/ / (g2 dadt < C1eC/ Ty, (1.75)
wx(0,T)

paratodoyyo € Hy0 < T < 1.

El primer intento con el fin de demostrar el teorema 1.15 es analizar las diferentes
formas en que uno puede probar (1.71) y (1.72). En efecto, existen al menos dos métodos
diferentes para demostrar (1.71). El primero de ellos se basa en la descomposicién es-
pectral de la ecuacién, también conocida como estrategia de Lebeau-Robbiano (ver [82]).
El segundo método se basa en las desigualdades Carleman (ver [44, 46]). Para el sistema
de Stokes, una estrategia del tipo Lebeau-Robbiano es dificil de probar, ya que uno tiene
que lidiar con la presién y, por lo que sabemos, esto todavia es un problema abierto, por
lo cual, el método més conocido usado para probar (1.72) se basa en las desigualdades
de Carleman (ver [38]).

La principal diferencia al probar (1.71) y (1.72) por medio de las desigualdades de
Carleman son los pesos que uno debe utilizar. En efecto, para la ecuacién del calor los

pesos son de la forma
eC/ (T 1))
HT —1t)

plt) = (1.76)
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mientras que para el sistema de Stokes los pesos son de la forma

O/ (T-1))

T (1.77)

p(t) =
La razén por la cual tenemos distintos pesos para el sistema de Stokes y la ecuaciéon
del calor se debe a que uno tiene que lidiar con la presién en el sistema de Stokes. Si
fuéramos capaces de utilizar pesos de la forma (1.76) para el sistema de Stokes, entonces
las dos ecuaciones tendrian costes de controlabilidad del mismo orden. Entre tanto, un
andlisis cuidadoso en ambas demostraciones indica que la obstrucién es la presién y
que, en principio, es apenas una cuestion técnica.
Consecuentemente, nuestra estrategia no estard basada en estimaciones de Carle-
man, pero si en el Método de Transmutacion de Controles (CTM). En efecto, consider-

amos el siguiente sistema hiperbélico con un término de presion:

utt—Au—FVp:hlw, en Q,
divu=20 en (),
u=0 sobre 3,

uw(0) = uu (0) =ul  en Q.

(1.78)

La idea para demostrar el Teorema 1.15 es la siguiente. Probamos la controlabilidad
acero de (1.78) y aplicamos el CTM para obtener la controlabilidad a cero para el sistema
de Stokes (1.69). Ademads, una vez conocido el coste de la controlabilidad de (1.78),
utilizamos la férmula de transmutacién para el control y obtenemos la estimacion (1.75).

Probamos el siguiente resultado de controlabilidad para (1.78).

Teorema 1.16. Supéngase que w satisface (1.74) y sea T/2 > Ry = mix{|z|,z € Q}. Dado
(ug,u1) € V x H, existe un control h € L*(w x (0,T)) tal que la solucion u de (1.78) verifica:

Ademds, existe una constante positiva C' tal que
J[ - hldsde < e (luollt + ') (179)
wx(0,T)

Remarcamos que el sistema (1.78) no es del tipo Cauchy-Kowalewski, lo que hace
imposible la aplicacién del Teorema de Holgrem como en el caso de la ecuacién de
ondas. Por lo que sabemos, el Teorema 1.16 es un resultado nuevo en la literatura. La
controlabildad exacta de (1.78) cuando el control actia en el borde fue demostrado en
[107].
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Daremos ahora las principales ideas de la prueba del Teorema 1.16.
Consideramos el sistema adjunto de (1.78):

b1t —Ap+Vg=0 en @,
divep =0 en (),
¢=0 sobre X,
¢(0) = ¢% 1(0) = ¢' enQ,

(1.80)

donde ¢’ € Hy ¢!t € V.
Necesitamos mostrar que existe una constante C' > 0 tal que la siguiente desi-

gualdad de observabilidad se verifica
610 [[ (ot 181)
wx(0,T)
para toda solucién de (1.80).

Primeramente probamos los siguientes resultados.

Teorema 1.17. Si tomamos T/2 > Ry = mdx{|x|,x € Q} entonces, para toda solucion de
(1.80) con dato inicial (¢°, ¢*) € V x H, se tiene:

12 012 Ry 0\ >
o™ 15 + l[¢° |y < 2(T—2Ro)//2<61/> dx. (1.82)

La demostracién del Teorema 1.17 estd basada en la aplicaciéon del método de los
multiplicadores, exactamente como en el caso de la ecuacién de ondas, para ello primero

mostramos que, para soluciones regulares,

dp 04" B
/Q Bz, Tk Dy dxdt = 0.

Teorema 1.18. Supdngase que w satisface (1.74) y que existe una constante C' > 0 tal que, para
todo (¢°, ¢') € V x H, la solucion ¢ de (1.80) verifica

1°1% + o' | < C// | > dadt, (1.83)
wx(0,7)
entonces la desigualdad (1.81) es cierta para toda solucién de (1.80) con dato inicial (¢°, ¢*) en

HxV.

Probamos el Teorema 1.18 de manera andloga al caso de la ecuacién de ondas.
Seguidamente, utilizando argumentos de contradiccién similares a los de [136], pero

adaptados a nuestro problema, probamos (1.83).
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Una vez obtenida la controlabilidad a cero/exacta de (1.78), aplicamos el CTM como
sigue.

Introdcucimos dos intervalos de tiempo (0,7) y (0, L) distintos y consideramos el
sistema de Stokes

ye— Ay +Vp=ygl, enQ;:=Qx(0,7),

divy =0
wy en G, (1.84)
y=0 sobre ¥; := 0Q x (0,7,
y(0) = wo en
y el sistema hiperbdlico con un término de presiéon
uy —Au+Vqg=nhl, en@Q;:=Q x(0,L),
divu=20 en Q, (1.85)
u=20 sobre ¥; := 09 x (0, L),

u(0) = yo;w(0) =0 en €

en Q x (0,7)y Q x (0, L), respectivamente.

Tomamos yg € V' 'y L > 2Ry. Utilizando el Teorema 1.16 vemos que el sistema (1.85)
es controlable a cero con un control h € L?(w x (0, L)) verificando (1.79).

Definimos

y(t) = / k(t, s)u(s)ds

o) = [ bleoh(s)is,
donde & es la solucion de

ki = 0%k en D'((0,T) x (—L, L)),
k(0,2) = 6(0),

k(T,z) =0, (1.86)

1Rl 0,7y (1,0 < 7T

para constantes apropiadas « y 7.
Una vez que u es solucién de (1.85) y k es solucién de (1.86), se muestra que (y, g)

resuelve, junto con algtn p, el sistema de Stokes (1.84). También se tiene que y(7') = 0,

una vez que k es una solucién controlada de la ecuacién del calor. De la definicién del
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control g, tenemos

// lgPdadt < ||kI72(0,7)x (- .o 1 P20 0,1
wx(0,7)

Finalmente, de las propiedades de k y el Teorema 1.16, tenemos que la desigualdad
(1.75) se verifica cuando yg € V.

Utilizando el efecto regularizante del sistema de Stokes, se termina la demostracién
del Teorema 1.15 .
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Chapter 2

Controllability of fast diffusion
coupled parabolic systems

2.1 Introduction

Let 2 C RY be a bounded connected open set whose boundary 52 is regular enough
(N > 1). Let T > 0 and let w; and wy be two nonempty subsets of €2, which will
be referred to as control domains. We will use the notation @ := 2 x (0,7) and ¥ :=
o0 x (0,7).

The aim of this chapter is to analyze the controllability of linear coupled parabolic
systems in which one of the equations is degenerating into an elliptic equation.

In order to state the problem, we introduce the system:

uy — Au=au+bv+ fl, in Q,
evy — Av=cu+dv+gl,, in Q,
u=v=20 on 3,
u(0) = up; v(0) = vo in Q.

2.1)

Forany € > 0, a = a(x,t), b = b(x,t), ¢ = ¢(z,t) and d = d(z,t) in L>®(Q), f and ¢
in L2(Q) and ug, vp in L?*(Q), it is standard to show, from [91] for example, that (2.1)
has a unique solution (u,v) € (L*(0,T; H&(Q))QO(C([O,T]; LQ(Q))2. For the purpose
of the present chapter we will consider a, b, c,d functions in C3(Q) and assume that
0 < € < 1/2. In particular we want to study this problem when only one control is
active, namely when g = 0 or f = 0 and analyze the dependence of the cost of the null
controllability of system (2.1) with respect to the parameter e.

Our interest in this problem comes from the fact that in many physical situations

system (2.1) is formally approximated by the following parabolic-elliptic system:

67
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u — Au=au+bv+ fl, in Q,
—Av =cu+dv + glg, in Q,
u=v=0 on X,
u(0) = ug in Q.

(2.2)

This is the case for instance for biological systems modeling aggregation phenomena
or chemical systems having two different concentrations, see [61, 62] and the refer-
ences therein. However, even if this approximation is consistent with the existence and
uniqueness point of view, it is not clear at all what can be done from a control theory
point of view. The main reason for that arises from the fact that we are considering
systems having different physical properties and therefore, at least a priori, different
control properties.

If a,b,c,d are in L*°(Q) and d < p1, where p; is the first eigenvalue of —A with
Dirichlet boundary conditions, as in the parabolic-parabolic case, it is standard to show
that for every f and g in L?(Q) and g in L?(f2), that (2.2) possesses a unique solution
u € L2(0,T; HY () N C([0,T); L2(2)) and v € L2(0,T; H*(Q) N HY(2)).

It is important to mention that this question of approximating an equation by an-
other one having different physical properties was already studied in the case of a
hyperbolic equation degenerating into a parabolic one and vice-versa. In fact, it was
proved in [83] that system

euyp —Au+u =1, in@Q,
u=20 on X, (2.3)
u(0) = uo; u(0) =y in €,

is null controllable, for each ¢ fixed, and that the controls remains bounded when ¢ —
0" if we impose some geometric condition on (2. Furthermore, the control sequence

converges, when e — 07, to a control for the heat equation

ur — Au = f1l, inQ,
u=20 on X, (2.4)
u(0) = ug in Q.

Another relevant work in this subject is [53], in which the authors consider the linear

transport diffusion equation

Yt — €Ay + M(x,t) - Vy = fl, inQ,
y=20 on X, (2.5)
y(0) = vo in Q
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and investigate the cost of the controllability in the vanishing viscosity limit e — 07
and, in particular, they try to determine in which situation it is possible to obtain a
control which remains bounded as ¢ — 0%. In that paper the authors are able to prove
boundedness of controls by assuming some conditions on the vector field M and the
time 7'. See also [26, 55] for the analysis of (2.5) in the 1-d case when M is constant.

Concerning the case of parabolic systems converging to parabolic-elliptic systems,
as far as we know, the first time this problem was addressed was in [5] and [6] (see also
chapter 3 of this thesis), where the authors considered the case of a nonlinear parabolic-
elliptic system appearing in electrocardiology as a simplification of a coupled parabolic
system modeling electrical activities in the heart and, combining Carleman estimates
and weighted energy inequalities, the authors are able to prove that the control prop-
erties of the parabolic-elliptic system can be viewed as a limit process of the control
properties of a family of parabolic systems.

Let us denote by (u(t; e, (uo, o), f, 9), v(t; €, (uo, vo), f, g)) the solution of (2.1) at time
t € [0, T associated to (ug,vo) € L?(2)? and (f, g) € L*(Q)>.

The first main result in this chapter is given by the following Theorem.
Theorem 2.1. Let (ug,vo) € L?()? and a, b, c and d be C3(Q) functions. Then:

(i) If ¢ # 0in w, for some w CC wy, and d < py (g being the first eigenvalue of —A
with Dirichlet boundary condition), then system (2.1) is uniformly null controllable, with
respect to €, with control only on the first equation. More precisely, for each 0 < € < 1/2,
there exists f = f(e) € L?(Q) such that

(U(T; €, (u07 UO)a f(e)a 0)7 U(T; €, (UOa UO)a f(e)a 0)): (07 0)' (26)

Moreover, we have the following estimate on the control

1 () Lenll72(g) < CllluollF2(q) + €llvollZ2y); (27)

where C' is a constant that does not depend on €, ug and vo.

(ii)) If b # 0 in @, for some w CC wg, and d < pi, then system (2.1) is uniformly null
controllable, with respect to €, with control acting only on the second equation. More
precisely, for each 0 < € < 1/2, there exists g = g(¢) € L*(Q) such that

(u(T; €, (up,v0),0,9(€)),v(T;e, (ug, vo), 0, g(e))): (0,0). (2.8)
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Moreover, we have the following estimate on the control

19(€) L l[72() < CllluollZ2(qy + €llvol| 7o) (2.9)
where C does not depend on e, ug and vy.

In order to prove Theorem 2.1 we are led to consider the adjoint system of (2.1),

—pr—Ap=ap+c§ in Q,
—e§ — AL =bp+df  in Q,
p=£&=0 on X,
o(T) = ¢r; §(T) =&r in Q,

(2.10)

with (¢, &r) € L2(Q)2.

It is well known (see, for instance, [86]) that case 1 of Theorem 2.1 is equivalent to
prove the existence of a universal constant C', which does not depend on ¢, such that the
observability inequality

o0) ey + l€OBaey <€ [ Jodsat 2.11)
le(O,T)

holds for all solutions (¢, ) of (2.10). Analogously, one can prove that case 2 of Theorem
2.11is equivalent to show that

()220 + €llEO)] 2y < C / / € Pdudt, 2.12)
w2 %X (0,T)

for all solutions (¢, ) of (2.10).

The study of the controllability of systems of parabolic equations has obtained a lot
of attention in the recent years. For instance, in [69] the authors analyze the controlla-
bility of a reaction diffusion system consisting of two parabolic equations coupled by
zero-order terms, obtaining the null controllability for the linear system and the local
null controllability of the semilinear system. In [51] the controllability of a quite general
system of two coupled linear parabolic equations is studied and, combining Carleman
inequalities and some energy inequalities, null controllability is proved.

Another relevant work concerning to the controllability of coupled systems is [47],
in which the authors analyze the null controllability of a cascade system of m coupled
parabolic equations, obtaining the null controllability for the cascade system whenever
they have a good coupling structure. For a general discussion about the controllability
of parabolic systems, see the survey paper [70].

It is important to mention that, unlike the analysis done in this thesis, the afore-
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mentioned works are devoted to systems that do not degenerate. Actually, following
[69] or [51], one can prove that, under the assumptions of case 2 in Theorem 2.1, the
uniform null controllability, with respect to ¢, can be obtained in the case where one
control is acting on the second equation of (2.1). On the other hand, following [69] or
[51], if the control is acting only on the first equation of (2.1) one obtains a cost of null
controllability of order ¢~ 1.

Therefore, some analysis is required in order to guarantee the uniform controllabil-
ity with respect to the degenerating parameter e. Thus, in this chapter we analyze this
problem and obtain a uniform estimate on the cost of controllability of (2.1) in the case
of a control acting only on the first equation (case 1 of Theorem 2.1). Our proof can also
be applied in order to obtain the boundedness of the cost of the null controllability of

(2.1) when the control is acting on the second equation (see Theorem 2.4).

2.2 A model problem

In this section we consider a system consisting of two ODE’s in which one of them
is converging to an algebraic equation. This example is useful to better understand
the problems we have and techniques we shall use in the context of systems of PDE’s
like (2.1), where things are necessarily technically more involved and complex due to
the much richer structure associated to the continuous character of the media under
consideration and the needed analytical tools. It also shows how difficult it can be
when analyzing the uniform controllability for degenerating systems, even for simple
equations.

Given a € R, consider the controlled ODE system

ry + 2 +ay© =g,
ey + 2 +y- =0, (2.13)
z¢(0) = z0, y°(0) = yo

and the respective adjoint system

Pt + 2 + f = 07
e+ €&+ ap =0, (2.14)
©(0) = o, £(0) = &o.

The observability inequality which gives the uniform null (exact) controllability of
(2.13) is the following

T
(T2 + ele(T)? < C / o[, (2.15)
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where C'is independent of e.

The following Theorem holds.

Theorem 2.2. There exists a constant C' > 0, independent of 0 < € < 1/2, such that, for every
(ug,vo) € R?, the associated solution (u,v) of (2.14) satisfies (2.15).

Proof. We consider a function § € C3([0,7]), 0 < 6 < 1, such that

0 =0in[0,7/4],
0 =1in [3T/4,T).

Multiplying (2.14), by ¢ and (2.14), by 60¢, respectively, we get

0d, 9

5@\94 +0lp|” = —0¢p¢
and 0 d

a9 2 _ _

> 2 |€17 + 0l¢l? = —adipt.

Adding this two identities, we obtain

0.d

2 2 2 LA
5 g el +€lel”) + (" + [€]7) = (1 + a)fpt.

Integrating this last expression from 0 to 7', we get

! ) T)? Ta 2 Hd
§(|s0( )"+ €lé(T)] )+/0 (lpl” + [€17)dt

T T o
= —/ (1+a)9g0£dt+/ 5(\<p|2+6|£|2)dt. (2.16)
0 0

Now we analyze the terms involving ¢ in the right-hand side of (2.16). First, we
have that

T T T
\/ (14 a)fpdt| gcz;/ 0|<p\2dt+5/ 0|¢|%dt, (2.17)
0 0 0
for any 6 > 0.

Next,

T 0/ T 0/
/ Teleldt = —/ et + Q) = v + Ay (2.18)
0 0



2.2. AMODEL PROBLEM 73

We have
T 9// T 9/
A = / —epfdt +/ —e&ppdt (2.19)
0o 2 0o 2
T 9// T 0/
= —/ Sepler +p)d —/ P +ap)d
0 0
T 9///(t) 9// ) T 9/ 5
—e [ G = Polelae— [ S+ aloPya
and
T 9/ T 0/ 9//
M= [ Sotert oyt = [ (G = TDlelar (2.20)
0 0

From (2.17), (2.18), (2.19) and (2.20), we see that

1 2 2 T 2 2 T 2 T 2
ST+l + [ 0016+ lgde < O [ loPae+s [ o @21)

Finally, taking § small enough, the result follows.

Notice that the key point in the above proof is to use several times the adjoint system
in order to estimate the integral on &.

The following uniform null controllability result for (2.13) is a consequence of The-
orem 2.2.

Corollary 2.1. Given T > 0 and a € R. For every 0 < € < 1/2 and every (zo, yo) € R?, there
exists a control g € L?(0,T) such the solution (z€, y¢) of (2.13) satisfies:

25(T) = y*(T) = 0

and .
/ g2dt < C(Jzof? + elyol?), (222)
0

for a constant C' > 0 does not depending on e.
Moreover, the solution (x€,y¢) converges to (x°, —2°) in L>(0,T) x L*(0,T), where x° is

the solution of

2+ (1+a)a’ = g°,

2%(0) = zo, 2°(T) =0, (2.23)

with g° being the weak limit of g¢ in L*(0,T).
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2.3 Carleman estimates and an extended adjoint system

In this section we deduce Carleman type estimates that will be used to prove observ-
ability inequalities (2.11) and (2.12). To this end, we first define several weight functions
which will be useful in the sequel.

The basic weight we need is given by the following Lemma.

Lemma 2.1. Given a nonempty open set wy CC wi (wg CC wo for the case 2 of Theorem 2.1),
there exists a function 1) € C*(Q) verifying

P(x) > 0inQ, ¢ =00n0Q, |Vi(z) > 0Vr e Q\wp.

Proof. See [46]. O

Using this weight, we introduce:

(@) e M (@) _ o2M[¢]]oo
o(x,t) = T — 1) a(z,t) = Tt
$(t) = min ¢(z,1); ¢*(t) = max ¢(x,1), (2.24)
e e

a(t) = min a(z,1), a*(t) = maxa(a, ),
z€Q e
for some positive real number .

With this notation, now we state a Carleman inequality which will be very important
to our purposes.

Lemma 2.2. Let 3 € R, 0 < 0 < 1 and let w, wy be two nonempty subsets of Q such that
wp CC w. There exist \g = A\o(Q2,w) > 1 and sg = so(2,w, o) such that, for every X > Ao
and every s > so(T + T?), the following inequality holds:

N
9%q
s—1 2sa 1 B—17 2 2 2 dxdt
F [ ol + Y g s
2,J=1
+ 57! / / e* ¢V dadt + 7 / / e* 73 g *ddt
Q Q

< C(sﬁ // ¥ P |00yq + Aq|?dxdt + sP+3 // 628“¢ﬁ+3\ql2dxdt>,
Q wx(0,T)

forall ¢ € C%(Q), with ¢ = 0 on X, where C = C(Q,w, \).

Proof. This result is basically the same as the one proved in [46]. However, here the
derivative in time is degenerating and a careful proof must be performed in this case.

For the sake of completeness, we give a prove of this result in appendix A. O
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The second main result of this chapter is a Carleman type estimate for the adjoint
system (2.10).

Theorem 2.3. Under the assumptions of case 1 of Theorem 2.1, there exist A\g = Ao(€2,w1) > 1
and so = so(§, w1, Xo) > 0 such that, for every A > \g and every s > so(T + T?), the solution

(p, &) of (2.10) satisfies:

st // e2m¢4\g0]2dxdt+// e p|¢|Pdadt
Q Q

< 0814 // on €4sa*72sd(¢*)14|¢‘2d‘rdt’ (225)
w1 X (U,

with C depending only on Q, wy and \.

Remark 2.1. Notice that 4sa* — 2s&@ < 0 for A large enough and, therefore, that
esa”"=25¢ ()14 js bounded.

With the purpose of proving Theorem 2.3, we extend our adjoint system to a system
of 4 equations. We set the notation:

Lyg:=70—A—0, foryecRand 0 € L™(Q). (2.26)
Then we consider a new function
w = E*E,d(p

and, if o and &7 are smooth and (¢, €) is the solution of (2.10) associated to this initial

data, a simple calculation gives
—wy — Aw —aw = p(cb+ L_coa — L_10d) +EL coc — 2VEVCe + 2V p(Vd — Va).

Therefore, we can add two more equations to our adjoint system, going from a system

of 2 equations to a system of 4 equations, namely

L_1qw=p(cb+L_coa—L_10d)+EL _coc—2VEV e+ 2Vp(Vd — Va) in Q,
L_cqp=w in Q,
£—1,a90 =cf in Q,
L_ca§ = by in Q,
p=¢(=w=0 on X,
o(T) = or; §(T) = &r; w(T) = —epr — Apr — dor in €.
(2.27)

The plan of the proof of Theorem 2.3 contains five parts:
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First part: We see equations of (2.27) as heat equations and apply the Carleman es-
timate for the heat equation given in Lemma 2.2. This yields a global estimate for ¢, w
and £ in terms of local terms of ¢, w and &.

Second part: Using the second equation in (2.27), we eliminate the local integral of w

appearing in the Carleman estimate obtained in step 1.

Third part: We estimate a local integral of £ in terms of a local integral of ¢, a local

integral of ¢; and some small order terms.

Fourth part: Using the extend adjoint system, we show that we can estimate ¢; locally

in terms of a local integral of ¢ and some small order terms.

Fifth part: We gather the estimates from the previous steps and absorb the small

order terms, obtaining our desired Carleman estimate.

Along this thesis, we will use the notation:

I5(s,0;p) = 8713 // 25 P3| p2dudt + 5711 // 25 pP |V |2 dadt
Q Q

N
— S - 82
+ 57 1//@8 7 |pe” + D \%;x_y?)dmt, (2.28)
ij=1 """

J

where s, § and ¢ are real numbers and p = p(z,1).

Proof of Theorem 2.3. For an easier comprehension, we divide the proof into several
steps:

Step 1. First Carleman inequalities.

Let w’ be a nonempty set such that wy CC w’ CC w, where w is a subset of w; in which
¢ # 0. We apply Lemma 2.2 to (2.27);, with § = 2, and to (2.27)3 and (2.27)4, with
6 = 1. Then

Ir(s,1;w) SC’(S5 // e ¢P w2 dadt
w'x(0,T)

42 / / B2 (ol + (V2 + €2 + |VEP)dadt),  (229)
Q

Li(s,1;9) < O(s* / / e?2 ¢t |2 dxdt + s / / e ¢|¢|*dxdt) (2.30)
w’x Q

)

and

Li(s, &) < O(s* // 625a¢4\§]2dxdt+s// e |p|*dxdt). (2.31)
w’x(0,T) Q
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Adding (2.29), (2.30), (2.31), and absorbing the lower order terms, we get

I (S,l,UJ)+Il $ 65 +Il(371,</7)

<C(s // eZ 24 o Pdadt + st // eXo gt ¢ Pdadt
w’x(0,T) (0,7)

+ s / / e ¢°|w|*dzdt). (2.32)
w'x(0,T)

Step 2. Estimate of the local integral of w.
In this step we estimate the local integral of w in the right-hand side of (2.32) in terms
of a local integral of ¢ and a small order term involving w. In order to do that, we

introduce a cut-off function 8 with
0 CPW"),with0<f<landf=1onw/,

where w’ CC W’ CC wy.
We use (2.27)9 to write

s // 2595 | w|*0dxdt = s° // X525 0w(—ep; — Ap — dyp)dzdt
W% (0,T) W% (0,T)
= My + My + Ms. (2.33)

We estimate each term in the expression above. For the first term, we integrate by parts
to see that

M, = 5es® // pre?**Owpdrdt + 2es° // ad° e 0w pdadt
"%(0,T) "x(0,T)

+e€s // $° e Owypdadt (2.34)
1%(0,T

and use Young’s inequality to obtain

M; < é(s° // ¢° e w| dxdt + s// pe”* wy|*dxdt)
w'"x(0,T) w' x(0,T)

+Cs’ / / or) e || *dxdt. (2.35)
W x ,

Here we have used that |ay| < C¢?.
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Next, since
My = 5s° // ¢*e*wh (Vo - Vo)dadt + 2s° // $°e*wh(Va - Vip)dxdt
w'"x(0,T) w'""%x(0,T)
+s° / / ¢°e*%w(VO - Vip)dadt + s° / / ¢°e**0(Vw - Vip)dadt,
w'"'x(0,T) w''x(0,T)
it is not difficult to see that, for any § > 0 there exists C = C(6) such that

Moy + Mz < 5(s° // X5 |w|*dadt + 53 // e ¢3 | Vw|*dxdt)
w'x(0,T) w''x(0,T)

+O(s" // 22TV 2dadt + s° // PP |2 dxdt). (2.36)
w' % (0,T) w''x(0,T)

Hence

s / / e ¢? |w|*dxdt < O(s” / / Ye* | p|*dxdt (2.37)
w'x(0,T) w'" x(0,T)

+ 57 // e*¢T |V |*dzdt) + (5 + €2)Iz(s, 1, w).
w'"x(0,T)

Now we eliminate the local integral of V. For this, we consider a set w”’ with w” CC

w"” CC wy and a cut-off function 6, € C§°(w") satisfying
0<6;<1,0;=1onu".
Integration by parts gives
s // €229, |Vp|*dadt = — 57 // %529, 0" Appdzdt
W x(0,T) W x(0,T)
1
— 5T // A(01e%%07) |2 dzdt.  (2.38)

2 W% (0,T)

Using the fact that
|A(91625a¢7)’ < 052¢9625a inw” x (0, T),

together with Young’s inequality, we see that, for any 6 > 0 there exists C' = C(§) such
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that
57 // 2527V p|?dzdt < 5// e25Y Ap|?dxdt
W% (0,T) W % (0,T)
+ Cs' // e252 M o2 dadt. (2.39)
W % (0,T")
Therefore
85 // 628a¢5|w|2dl‘dt < 0814 // 828a¢14|g0|2d1'dt
W' x(0,T) W % (0,T)
+ (6 +€)I2(s, L;w) +611(s, 1; ), (2.40)
for any § > 0.
Combining (2.32) and (2.40), we get
Ir(s, Liw) + Li(s, €8) + Ti(s, 1; )
<C(s* / / eZ2pM o2 dadt + s / / e ¢ | dadt). (2.41)
w'"'x(0,T) w’x(0,T)

Step 3. Estimate of the local integral of .
In this step we estimate the local integral of ¢ in the right-hand side of (2.41) in terms of

a local integral of ¢, a local integral of ¢; and some small order terms.

Using equation (2.27)3 and the fact that ¢ # 0 in @, we see that

Cc

5 / / 2 (") ¢ Pdwdt = s / / 9 (51— — A — ag)dudt
W' % (0,T) W % (0,T")

= M4 —+ M5 —+ MG, (242)
where 6 is the cut-off function introduced in step 2.

As in the previous steps, we estimate each term in the expression above. We have

S

4 4
My < — / / 259" 0 (%) ¢ Pdadt + / / e%a*%(gb*)ﬂgot\?dxdt. (2.43)
2 JJurxo,r) 2 JJwrxo,1) c

Integration by parts gives

_ A 2sa* [ x\4 Q Q Q
My= st [ ) Qe 2V VEH (At
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Using this last equality we can show that, for any § > 0, there exists C' = C(§) such that

M + Mg < 5(s* / / eZ2pt € Pdadt + 52 / / X2V E P dadt  (2.44)
ll 0 T ll 0 T

/ / | A¢|Pdxdt) +C's® / / 159 =250 (58| 2 ddt.
/l OT l/ DT

Hence

st // e 0(") €| dmdt<0( 4/ e (") | dedt (2.45)
w’%x(0,T) w"x (0

// 4sa —QSa( ) ’SD| dl’dt)
W x (0

+ 011 (s,€6¢)

From (2.45), our objective is now reduced to estimate a local integral of ¢, in terms of a
local integral of ¢ and small order terms. This will be done in the next steps.

Step 4. Estimate of the local integral of ¢;.

In this step we deal with the first term appearing in the right-hand side of (2.45). First,
we integrate by parts to get

st / / e (") oy |Pdwdt = — s / / ¥ (¢*) pupdrdt
w’'x(0,T) w’ % (0,T")

g4

w5 ] @ uleldodr. (246)
w' x(0,T)

Since

st // eQSa*(gb ) oppdrdt < <2 // 250‘¢) 5|<ptt| dxdt
W% (0,T) 1% (0,T)

+ ° // 64sa*_28d(¢*)8¢35|@|2d$dt, (2.47)
2 JJurxor)

we just have to estimate the local integral of ¢y in the right-hand side of (2.47). In order
to do that, we use (2.27)3 to see that

— €(€S&<£_5/2<Ptt)t — A(€Sdé_5/2¢tt>
= %% 2y — e(e%% ™) 1pu + 68%3_5/2(65&90 + 2dpr + dipy), (2.48)

with e54¢~%/2¢py; = 01in 99 and €5¥¢ =52, (T) = e$=5/244(0) = 0.
Next, multiplying both sides of (2.48) by e*%¢~5/2¢y,, integrating over @ and using
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Young’s inequality, we get
// IV (e*%p™ 24| 2dadt < C’(// |58 45 2| 2ddt + €2 // (e3¢ o1 |2 dcdt
Q Q Q

—|—// ]68&<]55/2g0t]2d:vdt+// |65&gz§75/2<p\2dwdt)

Q Q

+ / / d|e*® ¢~ 2oy [P dadt (2.49)
Q

and, since d < u1, we have
8_6 // ‘V(eSdé_S/Q()@tt”zd-xdt <CS_6(// ’68d$_5/2wtt|2d$dt+// ’esdqg—5/2¢t’2dxdt
Q Q Q

—i—// 58752 p|2dadt + €2 // \(es’%_s/z)t@tﬂzdxdt).
Q Q
(2.50)

Step 4.1. Estimate of the term in 4.
Here, we estimate the last term in the right-hand side of (2.50). Using (2.27); and (2.27)3,
we can show that

—eprt = —€Xpy — ewy — edyp — €dpy + earp + eapy + €cré + ey, (2.51)
from where we see that

(€070 < [(e°%¢™2) P oul* + (€% ™/2)y|* wy |
+ OIS P (Il + e + 1P +16).  (252)

Since
‘(es&é—5/2>t‘ < 082$—1/2€sd’

and 0 < e < 1/2, inequality (2.52) implies

256 // ](65é$_5/2)tg0tt\2dxdt
Q

<05 / /Q 2GR + 162 + [oul? + [l + [wn|?)dudt. (2.53)

Step 4.2. Estimate of the term in wy.
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We estimate the first term in the right-hand side of (2.50). From (2.27); we have

—wy — Awp — apw — awy = (¢b)p + cbpr — ecué — ey — eapp — eaypr — A — EAcy
—2V&Ve = 2VEV e + o A(d — a) + 9A(d — a)y + dipy
+ dtt(ﬁ + QVC,OV(d — a)t + ZVCptV(d — CL). (254)

We multiply both sides of (2.54) by ¢2**¢ 5wy, and integrate over (), we obtain this way

// 5% 70wy |2 dadt
Q

:// 6286‘@_5Awtwttd:ndt+// at6256‘¢§_5wwttdmdt
Q Q

+ //Q 625d$_5wtt<p((cb)t — ean + A(d — a); + dyy ) dadt

n //Q 625‘5‘&_510%% (cb —ear + A(d—a) + dt)dxdt + //Q a€25d43_5wtwttdxdt

+ 2 //Q 6255‘<1375wtthpV(d — a)dxdt 4 2 //Q 625&$*5wtth0tV(d — a)dzdt

+ //Q 6286‘@57511)7%6(—60@5 - Act)d:cdt + //Q 628(5‘@2)7511)75,&&(—60,5 - Ac)dxdt

+ 2//@ e?5% oWy VEVedadt + 2//@ ¥ o Pwy V& Vedzdt. (2.55)
After a long, but straightforward calculation, we can show that

576 //62625d$_5\wtt]2dxdt

<Cs " <// %0 Awywydadt + // 5445 (|w)? + |wy|?)dadt
Q Q

+ [ 26750l + 1Vil? Ve + |vgt|2>dxdt). (2.56)
Q

The rest of the proof of this step is devoted to estimate the integrals ], 0 25475 Awpwypddt,
Io 25035V | 2dxdt and Mo 45|V ¢,|2dedt appearing in the right-hand side of
(2.56).The other terms in the righ-hand side of (2.56) can be absorbed by the left had
side of (2.41).

Step 4.2.1. Estimate of the term in ;.

We use (2.27), to see that —Ap; = wy + ey + dip + dpy. From (2.51), and the fact
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that —A gives a norm in H?(Q) N H{(Q), we get

576 // e259H 7|V, P dadt < 576 // > 075 Ay, [P dacdt
Q Q

< O / /Q €203 -3( 212 + &2 + guf? + o] + |wr|?)dudt. (2.57)

All the terms in the right-hand side of (2.57) can be absorbed by the left had side of
(2.41).

Step 4.2.2. Estimate of the term in Awywyy.
We have

~A A _6 A A
s // e )75 Awywydadt = 52// (e2sa¢_5)t|th|2dxdt
Q Q

<Cs™4 // 625&$_3|th|2dmdt, (2.58)
Q

since

Next, we use (2.27); to see that

—wy — Awy — ayw — awy = (cb — ear + A(d — a) + dy) oy — (ecy + Acy)€ — (ecy + Ac)&y
+ ((¢b)t + A(d — a)y — eay + dy)p — 2VENV e — 2VEV ¢y
4OV V(d — a) + 2V eV (d — a):. (2.59)

Multipyling both sides of (2.59) by s~*e?**$ 3w, integrating by parts and using

Young's inequality, we get

s~ // 29473 Vwy|?dadt < Cs™! (// X (V2 4 |VEP + |VE|?)dedt
Q Q
- // e (Jw|? + |wy|*)dxdt), (2.60)
Q

since

‘(e2sd¢z—3)t‘ < Cs2e2sol¢z—1

and
syl <. (2.61)

Step 4.2.3. Estimate of the term in V&;.
We use (2.27)3 to see that —e&y — A& = by + by + di€ + d&;. Multiplying both sides by
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e?54¢, and integrating over ), we obtain

/ / e¥%|\Ve P dadt < / / de?s| & | dxdt (2.62)
Q Q
+C<// emyg\?da;dwr// em(ygo|2+y<pt|2)dxdt>,
Q Q

which gives, from the assumption on d,
// e*¢|V& | dzdt < C // (€ + lol® + [pe|*)dt. (2.63)
Q Q

Step 5. Last arrangements and conclusion.

From (2.46), (2.47), (2.50), (2.53), (2.56), (2.57), (2.60) and (2.63), we get

54// €250 ()4 oy Pt < C's? // €250 (59 [ o2 dadlt
W% (0,T) (0, T)
+Cs! // 2551V f2 + w2 + [w]?)dadt
Q

+0I1(s,€€), (2.64)

for any § > 0. Putting (2.64) in (2.45), we obtain

st / / e*"0(¢") € Pdadt < O (s / / (€257 4 172 ()| g *derdlt
w'x(0,T) w'x(0,T)

(2.65)
st //Q 5 (|Vpl? + e[ + [w]?)dadt)
+ 611 (s, € &),
since
(€25 (6%)4) | < Cs*e2®" (6*)8 and 20" < Cehoo" 258, (2.66)

Finally, choosing s large enough and ¢ small, putting (2.65) in (2.41) and absorb the

small order terms, we obtain

Ia(s, 150) + I (5, :€) + (s, 1) < O™ // o T @) v
w1 X

(2.67)

This finishes the proof of Theorem 2.1. [J
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Noticing that the system formed by the first two equations in (2.27) has the same
structure as the system formed by the third and fourth equation in (2.27), we can argue
as in steps 1 and 2 above in order to prove the following result, which is the third main
result of this chapter.

Theorem 2.4. Under the assumptions of case 2 of Theorem 2.1, let 1), ¢, « be the functions
defined above. There exist \g = \o(£2,w2) > 1 and so = so(2, w2, Ao) > 0 such that, for any
A > Noand any s > so(T + T?), the solution (¢, €) of (2.10) satisfies:

s // 625a¢3£|2d:rdt~|—s// X2\ Ve dadt + 571 // X 12|62 4 | AL ) dadt
Q Q Q
+5° // 625“¢3|cp|2d:vdt—|—s// e*%¢|Vp|2drdt + 571 // e? o (i) + | Ap|?)dadt
Q Q Q

< CsT / / 22T |2 dudt, (2.68)
w2 X (07T)

with C depending only on Q, wo and Xo.

2.4 Observability inequality

In this section we prove Theorem 2.1. As we said before, it is equivalent to prove an ob-
servability inequality for the adjoint system (i.e., inequality (2.11) in case 1 or inequality
(2.12) in case 2). Since the proofs of (2.11) and (2.12) are similar, we just prove the first
one. To do this, we first change the orientation of the adjoint system (2.10), i.e., instead
of going from T to 0 the system will evolve from 0 to 7. Changing ¢ by T — ¢, we obtain
the system
ot —Ap=ap+cf in Q,
e — Al =bp+d§ in Q,
p=£6=0 on X,
©(0) = ¢r; £(0) =&r in Q.

Our desired observability inequality becomes

(2.69)

(D) + (D)2 < © / / \p[2dadt, (2.70)
OJ1><(O,T)
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where C'is a constant which does not depend on e.
In fact, multiplying (2.69)1 by ¢ and (2.69)2 by £ and integrating over 2 we obtain

1d ed

5 g IPOIF + 5 ZIEBI + [[VeII* + [IVEDI*

= /Q(agp(t) +d&(t) + (b+ c)p(H)E(t)) d. (2.71)

Using the assumption on d and Poincaré’s inequality, we get

1d
2 dt

ed

eI + S ZIEDIE < Clig) @72)

Then, by Gronwall’s inequality, we obtain
1 €
DI+ DI < Cle®IF + 1O, (2.73)

where C' does not depend on e. Integrating from 7'/4 to 37°/4, we get

1 2 € 2 8T/4 2 2
SIeIP Sl < 0 [ ool + et @.74)

From the Carleman inequality given by Theorem 2.3 and Remark 2.1, we obtain the
desired observability inequality:

1 €
Sle@IP+SlemP <c [ jopdadt 275)
wlx(O,T)

where C' does not depend on e.
Inequality (2.75) proves case 1 of Theorem 2.1. Using Theorem 2.4 we prove case 2
of Theorem 2.1 . In this way, the proof of Theorem 2.1 is established. [

2.5 The heat equation with an inverse Laplacian

As explained in section 2.1, we can use Theorem 2.1 in order to obtain the null control-
lability of the parabolic-elliptic system (2.2). In this section we give a direct proof of this
result in the simple case that b = ¢ = 1 and a = d = 0, namely

ug —Au+v = f1,, in Q,
—Av=u in Q,
u=v=20 on X,
u(0) = ug in Q.

(2.76)
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The proof obtained through the passage to the limit in (2.1) is based on the use of
Carleman inequalities for the adjoint system (2.10). However, a proof based on Carle-
man inequalities for the adjoint system of (2.76) is very hard to obtain. This can be easily

seen by noticing that system (2.76) is equivalent to

up — Au+ (—A) "ty = f1,, in Q,
u=20 on X, (2.77)
u(0) = ug in Q.

Indeed, the adjoint system of (2.77) reads:

—pt = Ap+ (=A)"lp=0 in Q,
p=0 on X, (2.78)
o(T) = or. in Q.

Applying the Carleman inequality given by Lemma 2.2 to (2.80), we obtain an extra
term in the right-hand side of the inequality involving (—A)~!¢p, this term must be
absorbed, which is not straightforward. For this reason, we give an alternative proof of
the null controllability of (2.77). Our proof is based on the Lebeau-Robiano strategy for
the controllability of the heat equation (see [77]).

More precisely, we prove the following result.

Theorem 2.5. Given T > 0 and ug € L?(R), there exists f € L?*(wy x (0,T)) such that the
solution (u,v) of (2.76) satisfies:
u(T) =v(T) =0.

Moreover,
L2 x0.1)) < Clluollr2(@),
for some C' > 0.
Proof. We consider (e,,)$° the orthonormal basis of L?({2) consisting of eigenvectors of

the Laplacian, i.e., there exists a sequence 0 < A\ < Ay < ... <\, <..., such that

2 .
—Ae, = Aje, in ,

(2.79)
en=20 on 0f).

Let ug = Y a"e, be in L*(Q). The solution of (2.77) can be written as u(t,r) =

> u(t)en(x), where u™ solves

uf + (X + 5z )un =0,

un(0) = ay,.




88 CHAPTER 2. FAST DIFFUSION SYSTEMS

We have
_()"%L'i'/\%)t
U = E ane 7 en.

We divide the proof into two steps.

Step 1. Control of low frequencies.

We want to find a control f such that «(7') is orthogonal to all eigenvalues e; for
all i such that A\; < X or, equivalently, < «(T"),g > 2= Oforall g = > n<a gi€i- We
consider ¢, the solution of

—pr —Ap+ (-A)lp =0 in Q,
=0 on X, (2.80)
o(T)=g in Q,

and we define F' = {@}[O T)xeon € L* (w1 x (0,7)), forg =35 <y gieiyand K : F — R
givenby K¢ = — [, p(0)ugdz.

Let us assume that there exists a constant C' > 0 such that

K| < Cllolln2w x o, 1ol r2(0)- (2.81)

Then, by Riesz Theorem, there exists f € L?(w; x (0,7)) such that

Ko = —/ ©(0)updr = // fodxdt. (2.82)
Q w1 x(0,T)

Using the duality between (2.77) and (2.80), we can show that
< U(T),g >r2(Q)= // fodz+ < ug, QO(O) >rL2(Q) - (2.83)
w1 X (O,T)

From (2.82) and (2.83), we conclude that u(7") is orthogonal to all e; such that \; < A.

Let us now prove (2.81). We need the following result.

Proposition 2.1. There exists C > 0 such that for all X > 1 and every function

h = Z bnen

An <A

the following inequality holds
1Bl z20) < Ce“MIR|, z2(0)- (2.84)

Proof. See [77]. O
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Using Proposition 2.1, we now prove:

Proposition 2.2. There exists C' > 0 such that, for every T >0, A\ > land g = An <) Inn,
we have

C’)\
et < S [ oo 285)
W1>< 0 T

Proof of Proposition 2.2. We start observing that (2.85) is equivalent to

—2(\2 2 —(\2 A2
D lgalfe PO AT — || R 7 g AT e |12,
An<A An <A

CA
<< J[ 3 e T, nds. (286)

1x(0,T) 2y

We apply (2.84) to gy ' Ko 1/A) (T =)

I Z gﬁ(A%+1/A%)(T*S)en!]%2( < 22| Z —(AR L/ AT s e”HL2(w1>< o) (2.87)
An<A An<A

en, where s € [0, 7] is a parameter. We get

Since 37, <) |gn|2e~ 205+1/A0)(T—s) > DI lgn|2e =2 +1/2)T and from (2.87), inte-

gration in time gives

—(A24+1/x2 CA —(A241/)2)
ol E : gn( 241/ n)TenH%Q(Q) < 262 / I }: g A +1/AN(T—s enH%Q(wlx(O,T))?
An<A An<A

which is exactly (2.85).
From Proposition 2.2, inequality (2.81) follows. We also have

CA

122 (@ x0,1)) < l[uollL2(0) (2.88)

and
lu(t, |2 < Ce“Mluoll L2, (2.89)

forallt € [0,T].

Step 2. Control of high frequencies.
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We start observing that, if ug = ) Ay @ En, then

1/2
[u(®)]lL2(0) = |l Z ane—(/\%ﬂ/A%)ten”Lg( (Z la"|2e” A241/A2) >

An>A An>A

2 2y n —(\2 2
< 031/ <Z a ’2> < =Ry - (2.90)
An>A

Let A = >7°, 27" where a > 0 will be chosen later. We consider 7,,, = £ "7 | 27"
so that the sequence (T3,,){° is crescent and converges to 7. We define 7T}, = (T, +
Tmt1)/2. Wehave T, 11 — T, = %2_(7""’1)0‘ and T — T, =Ty — 1), = A21+w2 mo

As in the case of the single heat equation, we construct a control by recurrence, con-
trolling the frequencies lower than 2" in the time interval [T},,, T},] then letting system

evolve freely between [T}, T} 41]-

In the rest of the proof we will use u,(.) = u(T,, .) and, for ¢t € [T}, Try+1], we write
u(t,.) = um(t — T, -)-

From step 1, there exists f,,, € L?(w; x (0,7, — T,,)) such that

[ fml| 22w x 0,77, Tm))<C,2ma/2 2" ||y lz2(0) < C1e% " [Juml|12() (2.91)

and
(T, M r2) < C2e“ " [Jumllr2(0), (2.92)

for sufficiently large C; and Cb.
We consider the system without control in [T}, T;,,+1], i.e., f = 0, and using the

dissipation of the system, we get

ma+2m m
2~ 6022

/ 2m —
< e( m+1— T’rn)2 || ( ')||L2 < 036 04 ||um||L2(Q)

_(Oxom(2—a)
Cse Co2 HumHLQ(Q) (293)

||umallr2 @)

In fact, if 0 < o < 1, then there exists Cs > 0 such that for all m € N, —C,2-me+2m
Cr2™ < —(Cg2m(2—),

By recurrence, there exists C7, Cs > 0 such that for all m € N
_ m(2—a)
||| p2(q) < Cre” @52 |[uol| £2(q)- (2.94)

From (2.89), there exists Cy, Cjo > 0 such that for all ¢ € [T, T}, 1] we have

m _ m(2—a) m
llu(t, lz2@) < Coe™" [Jum||2() < Croe™ % T2 Jug|| 2 - (2.95)
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In particular, u(t,.) — 0in L?(Q2), when t — T, since, for t € [T}, Typy1], T — t ~

27me,

From (2.91) and (2.94), there exists C11, C12, C13 > 0 such that

fml L2 x 017~y < C192 ™ |um] |20

m m(2—a)
< Cpp 1?7 082 l[uoll 20

_ m(2—a)
< C12e™ O™ |lug | 2. (2.96)

The control over the whole time interval [0, T'] will be then define by
ftx) =300 lm 11 fm(t — T, o). Tt is not difficult to see that there exists C14 > 0
such that

o0
1l E2@ixory) < D fm(t = Ty )| 2001 x (0.7, ~ )
m=0

o
_ m(2—a)
Cia Y e 992 luollL2(q)

m=0

< 014‘ |UO‘ |L2(Q)' (297)

IN

Therefore, proof of Theorem 2.5 is finished.

2.6 Regular controls for the heat equation

In this section we use the results obtained in previous sections in order to obtain more
regular controls for the heat equation.
We consider
ug(z,t) — Au(z,t) = fl, in Q,
u(x,t) = on X, (2.98)
u(z,0) = up(x) in Q.

It is well-known that null controllability for (2.98) is equivalent to an observability
inequality for its adjoint equation

_(Pt(x7t) - A(P(i[),t) =0 in Qa
o(z,t) =0 on X, (2.99)
¢(z,T) = or(z) in Q.
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More precisely, the following inequality is required

OBy <€ [ folPdsa. (2.100)
OJ1><(07T)

Indeed, if inequality (2.100) holds, we define the functional

1
Ji(er) = 1 / / oPdudt + ello(T)] |2y + < 0(0), u(0) > (2.101)
2 ) Jurx(0,1)

and the duality between (2.98) and (2.99) allow us to show that, for each ¢ > 0, there
exists a minimizer (%) for (2.101). It is an easy matter to show that ¢, the solution of

(2.99) associated to this minimizer, is a control for the heat equation (2.98) such that

u (T)[|p2(0) < e (2.102)

It is also not difficult to show that ¢ is bounded, with respect to ¢, in L?(w; x (0, T)).
Therefore, it must converges weakly to some function ¢ in L?(w; x (0,7)). Considering
this limit function ¢ as a control for (2.98), we conclude that

where u is the solution to (2.98) associated to a control ¢ belonging to L?(w; x (0,T)).
Hence, in some sense, the control for the heat equation is a solution to the backward

heat equation, i.e., the solution of a parabolic equation.
We now give a way to obtain a control to the heat equation that minimizes some
functional like (2.101) in such a way that the control obtained solves an elliptic equation,

hence, being more regular in space.

Consider the system

U — Au = ’UL,JQ in Qa
evy — Av = fl, in Q, (2.103)
u=v=0 on X,

u(0) = up; v(0) =vg in Q.

with € > 0 some vy € L?(Q) and a nonempty subset wy of Q2 such that ws Nw; # @.
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The adjoint system of (2.103) is given by

- - A = 1w i )
Egt 5 Pluws m Q (2104)
p=£(=0 on X,

o(T) = o; £&(T) =& in Q.

The approximate controllability for (2.103) is equivalent to minimize the functional

1
seren) =3 [ jePasdt s s(ierili + érlom)
w1 X (U,

+ < ©(0),u(0) > 4+€ < £(0),v(0) > . (2.105)

We can take the limit when 6 — 0 and obtain the null controllability of (2.103).
Using Theorem 2.1, we can take the limit when ¢ — 0" and obtain the following null
controllable system

uy — Au =vl,, in @,
—Av = fl,, in Q,
u=v=0 on X,
u(0) = ug in Q.

(2.106)

Hence, the control of the heat equation can be taken of the form (—A)~!f1,,, where

flo, € LX(Q).

In the same way, if we consider the system

oY1 — Ayr = yolw, in Q,

€dry2 — Ayz = yzlu, in @,

€ys — Ays = yaly, in Q,

: (2.107)
€OtYm—1 — AYm—1 = Ymlw,_, in Q,

€O Ym — AYym = flu, in @,

y;(0) = yo,; in Q,

y; =0 on X, 1 <5< m,

for some yo; € L*(2) and (Njw;)Nw; # ¢, where w; C Q for 1 < j < m. As before, we
can show that there exists a control that drives the solution of the heat equation (2.98)
to rest and is of the form (—A)~ (™= 1, , for all m € N, where f1,, € L*(Q).
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Chapter 3

Uniform null controllability for a
degenerating reaction-diffusion
system approximating a simplified
cardiac model

3.1 Introduction

LetT > 0,Q C RY(N = 1,2,3) be a bounded connected open set whose boundary 52
is regular enough and w; and ws be two nonempty subsets of (2.

In this chapter we study the properties of controllability and observability for a fam-
ily of reaction-diffusion systems which degenerates into a parabolic-elliptic system de-
scribing the cardiac electric activity in Q (2 C R? being the natural domain of the heart).

To state the model, we let u; = wu;(t,z) and u. = u.(t, ) represent the intracellular
and extracellular electric potentials, respectively. Their difference, v = u; — u. is called
the transmembrane potential. The anisotropic properties of the media are modeled by
intracellular and extracellular conductivity tensors M;(z) and Mc(z).

The system governing the electrical activity in the cardiac tissue reads as follows:

(3.1)

emvr — Div(M;(z)Vu;) + h(v) = fl,, inQ,
et + Div(Me(2)Vue) + h(v) = gly, inQ,

where ¢, > 0 is the surface capacitance of the membrane, the nonlinear function % :
R — R is the transmembrane ionic current (the most interesting case being when h is
cubic polynomial) and f and g are stimulation currents applied to w; and wy, respec-

tively.

95
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System (3.1) is known as the bidomain model and is completed with Dirichlet bound-

ary conditions for the intra- and extracellular electric potentials
u; = e =0 on % (3.2)
and with initial data for the transmembrane potential
v(0,2) = vo(x), = €. (3.3)

We point out that realistic models describing electrical activities in the heart include a
system of ODE’s for computing the ionic current as a function of the transmembrane
potential and a serie of additional “gating variables” aiming to model the ionic transfer
across the cell membrane (see [63, 65, 93, 103]).

In the case where f1,, = gl,, and M; = uM, for some constant y € R, the bidomain

model is simplified into the following parabolic-elliptic system:

Cm Ut — LDiv(Me(w)Vv) +h(v) = fl,, inQ,

ptl
—Div(M(z)Vue) = Div(M;(z)Vv) inQ, (3.4)
v=1ue =0 on X, '
v(0) = vy in €,

where M = M; + M..

System (3.4) is known as monodomain model and is a very interesting model from the
implementation point of view, since it conserves some of the essential features of the
bidomain model as excitability phenomena (see [23, 74, 126]).

The main difference between the bidomain model (3.1) and the monodomain model
(3.4) is the fact that the first model is a system of two coupled parabolic equations while
the second one is a system of parabolic-elliptic type. Therefore, from the control point
of view, one could expect these two systems to have, at least a priori, different control
properties. In this work we show that, actually, the properties of controllability and
observability for the monodomain model can be seen as a limit process of the controlla-
bility properties of a family of coupled parabolic systems.

Given any e such that 0 < ¢ < 1/2, we approximate the monodomain model by the

following family of parabolic systems:

CmV§ — ﬁDiv(Me(x)Vve) +h(v) = fly, nQ,
eu ; — Div(M(z)Vug) = Div(M;(z) Vo) inQ, (3.5)
v =u; =0 on X,

v(0) = vo; uS(0) = uey in Q.
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The aim of this chapter is to give a positive answer to the following question:

Question 3.1. If, for each € > 0, there exists a control f€ that drives the solution (v, uf)

of (3.5) to zero at time ¢t = T, i.e.

is it true that when e — 0T the control sequence f€ converges to a function f, that drives
the solution (v, u.) of (3.4) to zero at time ¢t = 7?

In order to answer the previous question, we consider the following linearized ver-
sion of (3.5):

emv§ — H7 Div(Me(2)Vo©) + a(t, 2)vf = fl,,  inQ,

ptl
eu ; — Div(M(z)Vug) = Div(M;(x)Vo©) in Q, (3.6)
V¢ =uf =0 on X, '
0¥(0) = vp; uS(0) = e in 0,

where a is a bounded function.

Given € > 0, the first obstacle to answering, positively, Question 3.1, will be to drive
(v%,u), solution of (3.6), to zero at time T by means of a control f¢ in such a way that
the sequence of controls {f¢}.~¢ converges when ¢ — 0. Once showed that such a
convergent sequence of control { f¢}.~ for the linear system (3.6) exists, we use a fixed
point argument to conclude that the same is true for the nonlinear system (3.5).

Thus, we introduce the adjoint system of (3.6):

—Cm s — MilDiv(Me(x)Vgoe) +a(t,x)p = Div(M;(x)Ves) inQ,
—epes — Div(M(2)Vpg) =0 in Q,
P =9e=0 on X,
o(T) = r; 9e(T) = per in Q.

(3.7)

Using duality arguments, it is very easy to prove that the task of building such a conver-
gent sequence of controls { f<}.~ for (3.6) is equivalent to prove the following (uniform)
observability inequality for the solutions of (3.7):

lE OBy + I Ol <€ [[ s, (3.9)
w1 x(0,T")

where (o7, per) € L?(Q)? and a constant C = C(¢,Q, w1, T) remains bounded when
e— 0T,

We prove inequality (3.8) as a consequence of an appropriate Carleman inequality
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for the solution (¢, <) of (3.7) (see section 3.3). We notice that, due to the fact that the
control is acting on the first equation of (3.6), in our Carleman inequality, we need to
bound global integrals of ¢ and ¢ in terms of a local integral of ¢¢, uniformly with
respect to . Two main difficulties appear: first, the coupling in the first equation is in
Div(M;(x)V:) and not in ¢¢; second, we must to show that the constant we get in our
Carleman inequality does not blow up when e — 0.

In chapter 2 we have discussed about some works devoted to the controllability of
linear and semilinear parabolic equations. However, in what concerns to the control-
lability of the bidomain model, since in both equations the couplings are given by the
time derivatives of the electrical potentials, it seems very difficult to analyze the con-
trollability properties of such model. To our best knowledge, the problems of null and
approximate controllability for the bidomain model (3.1) are still open (even with two
controls). Regarding the null controllability of the monodomain model (3.4), since the
solution of the equation enters as a source term in the elliptic one, the following con-
trollability result holds:

Theorem 3.1. Let qn € R be such that % <gn <10if N =3and gy € (2,00) if N =1,2.

(i) Assume h is C*(R), globally Lipschitz and h(0) = 0. Given vy € L*(2), there exists a
control f € L?(wy x (0,T)) such that the solution (v, u.) of (3.4) satisfies:

v(T) =u.(T) =0.
Moreover, the control f satisfies the estimate:
11113200y < Cllvol72(q) (3.9)
for a constant C = C(Q,w1,T) > 0.
(ii) Assume his C1(R), h(0) = 0 and

h(v1) — h(v2)

> —C, V’Ul 75 V2, (310)
V1 — V2
0 < liminf h(g) < lim sup h(;)) < 0. (3.11)
[v| 200V [v] 500 U

Ifvy € H&(Q)ﬂWﬂl_ﬁ)’qN(Q), with ||vo||pee < 7, for sufficiently small , there exists
a control f € LIN(wy x (0,T)) such that the solution (v,u.) of (3.4), with (v,u.) €
W2ZHQ)?, satisfies:

v(T) =u.(T) =0.
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Moreover, the control f satisfies the estimate:

HflmH%QN(Q) = CHUOH%Z(Q)v (3.12)
for a constant C = C(Q,w1,T) > 0.

Case 1 of Theorem 3.1 follows from [46, Theorem 3.1] and case 2 follows from [48,
Theorem 3.5] (see also [46, Theorem 4.2]).

This chapter is organized as follows. In section 3.2, we state our main results. In
section 3.3, we prove a uniform Carleman inequality for the adjoint system (3.7). In
section 3.4, we show the uniform null controllability for (3.6). In section 3.5 we deal

with the uniform null controllability of the nonlinear system (3.5).

3.2 Main results

Throughout this chapter, we will assume that the matrices M;, j = i, e are C*°, bounded,
symmetric and positive semidefinite.

The following existence theorem holds.

Theorem 3.2. Suppose h satisfies (3.10)-(3.11). If (vo,upe) € L*(Q)? and f € L*(Q), then
system (3.5) has a unique weak solution (v¢,ut) and (v¢,us) € L*(0,T; HL(Q))x L(0,T; H(Q))
such that v§ and eug , belong to L*(0,T, H=(Q)) + LY3(Q) and L*(0, T, H~1(2)).

The proof of this Theorem is performed exactly as in [7] and, being far from the aim
of this thesis, it will be omitted.
The first main result of this chapter is a uniform Carleman estimate for the adjoint

system (3.7).

Theorem 3.3. Given 0 < € < 1/2, there exist positive constants C = C(Q,w1), Ao =
Ao (9, w1) and sg = so(Q, w1) such that, for every (o1, per) € L*(Q)? and every a € L*°(Q),
the solution (¢, ©S) of (3.7) satisfies:

// 638a’p6|2d$dt+83)\4// ¢3€38a|g06|2d$dt
Q Q

< CeMPlloo g8 \4 / / PBe?® |t |2 dadt, (3.13)
w1 X (O,T)

where p(z,t) = Div(M(x)Vi(z,t)), for every s > (T + (1 + HaH?x/f)TQ)so, A > Ao and
appropriate weight functions ¢ and « defined in (3.19) and (3.20), respectively.

The proof of Theorem 3.3 is given in section 3.3 .
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Remark 3.1. As a direct consequence of the Carleman inequality (3.13) we have, for any

e > 0, the unique continuation property
“if (¢, pt), solution of (3.7) satisfies ¢ = 0 in wy x (0,7") then (¢, ¢f) = (0,0) in Q”.

This unique continuation property for the adjoint problem (3.7) implies the approximate
controllability, at time T, of system (3.6), for any € > 0, with a control acting only in the

first equation.
Our second main result gives the null controllability of the linear system (3.6).

Theorem 3.4. Given any (vo,uco) € L*(Q)? and any 0 < e < 1/2, there exists a control
f€ € L*(wy x (0,T)) such that the associated solution of (3.6) is driven to zero at time T. That
is to say, the associated solution satisfies:

Moreover, the control f€ satisfies the estimate:

17Tl By < Clllool B2y + ellucolZaqa)): (314)

for a constant C' = C'(,wn, ||a||pee, T) > 0.

From Theorem 3.2, the proof of Theorem 3.4 is standard. However, for the sake of
completeness, we prove Theorem 3.4 in section 3.4.
The third main result of this chapter is concerned with the uniform null controlla-

bility of the nonlinear parabolic system (3.5).
Theorem 3.5. Let gy € R be as in Theorem 3.1 and 0 < € < 1/2.

(i) Assume h is C1(R), globally Lipschitz and h(0) = 0. Given (vo,uc0) € L?(Q)?, there
exists a control ¢ € L?(wy x (0,T)) such that the solution (v¢,u¢) of (3.5) satisfies:

Moreover, the control f€ satisfies the estimate:

1/ Lenl 1720y < C(Ivoll72(0y + ellueol72()). (3.15)
for a constant C = C(Q, wy, ||al|r~,T) > 0.

(ii) Assume his C1(R) and satisfies (3.10)-(3.11). If (vo, uc ) € (H&(Q)HWQ(I_ﬁ)’qN(Q))z,
with ||(vo, te,0)||Le < v, for sufficiently small v does not depending on e, there exists a
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control f¢ € LIN(w; x (0,T')) such that the solution (v, u) of (3.5), with (v, uf) €
WZHQ)?, satisfies

Moreover, the control f¢ satisfies the estimate:

Hfalle%‘lN(Q) < C(HUOH%Z(Q) + €||Ue,0|’%2(g))a (3.16)
for a constant C' = C(Q, wy, ||a||re,T) > 0.

The proof of Theorem 3.5 is achieved applying fixed point arguments, and it will be

done in section 3.5.

Remark 3.2. In our analysis, we restrict the dimension to N = 1, 2, 3, because the bido-
main model makes sense only in such dimensions. Nevertheless, from the mathemati-
cal point of view, systems (3.4), (3.5) and (3.6) also make sense for any N € N (the 1-d
case corresponding to the cable equation) and, with the appropriate adaptations (when

necessary), all the results of this chapter still hold for higher dimensions.

3.3 Carleman inequality

In this section we prove Theorem 3.3.
To simplify the notation, we neglect the index € and, since the only constant which
matters in our analysis is €, we assume that all other constants are normalized to be the

unity. In this case the adjoint system (3.7) reads:

—pt — Div(Me(2)Vp) + a(z,t)p = Div(M;(2)Vp.) inQ,

—€pe — Div(M(z)Vp,) =0 in Q, (3.17)
P = Pe = 0 on Z,
@(T) = PT; @E(T) = Pe, T in €.

We notice that, if @7 and ¢, 1 are regular enough, taking p(z, t) = Div(M;(z)Vee(z,1)),
the pair (yp, p) satisfies:

—pt — Div(Me(z)Ve) + a(z, t)p = p in Q,
—epy — Div(M(2)Vp) =0 in Q, (3.18)
p=p=0 ony,
o(T) = or;p(T) = pr in Q.

We prove the Carleman inequality (3.13) using system (3.18).
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Before starting the proof of the Carleman inequality, we introduce the following
weights (which are slightly different from those used in chapter 2),

AW mlvle) ‘ Amlllloc 1o
¢(x’t)_t(T——t)’ ¢ (t)—lgiﬂe%l¢($at)—m7 (3.19)

A mll) _ Amllblle A [Bllo0 _ 2Amllilloo
(3.20)

for a parameter A > 0 and a constant m > 1.

Remark 3.3. From the definition of a and «* it follows that 3a* < 2a (for A large
enough!). Moreover

¢*(t) < (x,t) < MVg* (2, t)

and
o | < eMWlITg2,

The following Carleman inequality holds.

Lemma 3.1. Let 5 € {0,1}, 0 < 0 < 1, w be a nonempty subset of Q and wy CC w. There
exists a constant Ao = \o(§2,w) > 1 such that for every X > Ao, there exists so = so(§2, w, \)
and C = C(Q,w) such that, for every s > so(T + T?), the following inequality holds:

,8 1// 23a¢5 1 Q‘Qt|2

+ 57N / / 6250‘¢*3+1|Vq]2dxdt+3'3+3)\4 / / e** 3 g *dudt

< Ceﬁ>\|¢|< // 25@¢5|05tq+ Z 8 | 2dxdt + P304 // 2sa¢ﬁ+3|q‘2d$dt>
wx(0,T)

HYdxdt

forall g € C*(Q), withq =0 on X.
Proof. See appendix A. O

Proof of Theorem 3.3 . For an easier comprehension, we divide the proof into several
steps:

Step 1. First estimate for the parabolic system.
In this step we obtain a first Carleman estimate for the adjoint system. We will use
some sharp Carleman inequalities, with respect to ¢, for the equation and get a global

estimation of ¢ and p in terms of a local integral of ¢ and another of p.
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First, we consider a set w’ such that wg CC w’ CC w; and apply the Carleman
inequality given by Lemma 3.1, witho = 1, 8 = 0and o0 = ¢, f = 1 to ¢ and p,
respectively, to obtain

N

2
// sl 1e?5| gy Pdadt + 571 // P le?s Z \ 0 ©|*dxdt
Q Q ij=1 axixj

+ 531 / / 35| dxdt + s\? / / P>V |2dadt (3.21)
Q Q

< C(// e (|p]* + ||?)dxdt + s A* // ¢3e2sa|cp|2d:cdt>
Q w’x(0,T)

and

N 82
// %% p;|Pdadt 4+ €2 // 25 Z | p|dxdt
Q Q ij=1 (%cixj
4 gt // B2 p|2dmdt + s2N2e2 // $2e2°|V p|2dawdt (3.22)
Q Q

< CeMlPlloo g4 322 // pre® 5 p|2dadt.
w’x(0,T)

Next, we add (3.21) and (3.22) and absorb the lower order terms in the right-hand
side, we get

N
62
// dLe? %oy ?dxdt + // P e Z |8x'x'g0|2dxdt
Q Q ij=1 CaatV}

+ s\ // 3% |2 dxdt + 52\ // >V | 2dadt
Q Q
N 2
+€2 // 628a‘pt‘2d$dt+// eZsa Z ‘ 0 p‘zdl'dt (323)
Q Q ij=1 8xz~xj
+ s\t / / ¢re? | p|?dadt 4 s*\? / / ¢%e?*® |V p|2dxdt
Q Q

< C(e)‘lw||°°s4)\4 // e | p|Pdadt + s*A // ¢36250‘\g0]2dxdt>,
w'x(0,T) w’x(0,T)

for s > (T + (1 + ||al|2*)T?)s0.

At this point a remark has to be done. If we were trying to control (3.6) with controls on

both equations, inequality (3.23) would be sufficient for such purposes.
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Step 2. Estimate of the local integral of p.
In this step we estimate the local integral involving p in the right-hand side of (3.23). It
will be done using equation (3.18);. Indeed, we consider a function ¢ satisfying

£eCP(w), 0<E<T, &(a) =1z e
Then

C€>‘|‘¢Hoos4)\4 // €2sa¢4|p|2dl‘dt

'x(0,T
S CeA||w||oos4>\4 // 628a¢4‘p’2£dmdt

w1 X 0,7
= Ce)‘||¢||0054)\4 // €2sa¢4p(_@t _ DZ'U(Meng) + agp)fdxdt
w1 X 0,7

=F+F+d.

In the sequel we estimate each parcel in the expression above.

E = Ce/\||w”°°s4/\4(// sape® ¢ poldadt
OJ1>< OT

e[ emGapptdades [[ et ppgdsn
w1 x(0,T) w1 x(0,T)
= Fy + E> + Es.

It is immediate to see that

Ei+ Fy < 7S4A4 // 259t | p|2dadt + CeMNWlie 8)\4/ 25248 | |2 daxdt
w1 x(0,T) w1 x(0,T)

(3.24)

and

By < 5/ €259 |2d:z:dt+CeQ’\W|°°e 2 8)\8// 2528 | 2dadt.
2 w1>< OT w1>< OT
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Next,

N
e MWl iyt = 3 / / 50,00 20§ p( MU, o) durdt
ij*l UJ1><(0 T)

/ [ 0. 0p(MI 0, )t
w1>< 0 T

,Jl

+ Z // 25a¢43mip(Méj8wjg0)fd;rdt

]1 1><0T

/ / o) 25 ¢ p(M7 0y, )0y, Eddt
d,j=1" "1

and we can show that

1 1
F< ﬁ84)‘4 // o e pH p|2dadt + 632)\2v623a¢2|Vp|2d:rdt
w1 X

1 2
+ CePMPllee 838 // *@%p[Pdwdt + // e o2zt
w1 %x(0,T) 2 w1 x(0,T) 8a:ia:j

Finally,

G < st // e252 1| p|* ddt
10 w1 % (0,T)

+ CePMWlloe g4 a) 2 // e gt p|?dxdt.
w1 X

Putting E, F' and G together in (3.23), we get

N 82
// era]cpt|2dxdt+// s Z ] o|2dadt
Q Q [z 0wz,
+ st\1 / / e |pPdxdt + 52\ / / P2e* |V | dadte / / 5% py |2 dadt
// 2sa 4)\4/ ¢4 25a|p| dxdt

+ 52\2 / / 2|V p|2dadt
Q

< CePWllse =268 )\8 // 252 8| |2 dudt.
w1 x(0,T

(3.25)



106 CHAPTER 3. THE MONODOMAIN MODEL

Using (3.25) we can prove that, for every € > 0, system (3.6) is null controllable. How-
ever, the sequence of controls obtained this way will not be bounded when ¢ — 0t.
Therefore, we need to go further and improve estimate (3.25). This will be done in the
next step.

Step 3. An energy Inequality.

The reason why we do not obtain a bounded sequence of controls out of step 2 is be-
cause of the term ¢~2 in the right-hand side of (3.25). In this step we prove a weighted
energy inequality for equation (3.18)2. This inequality will be used to compensate the
€2 term in (3.25).

Let us introduce the function

This new function satisfies:

€0y — Div(M(x)Vy) = e%sa?e%w*p inQ,
y=0 on Y, (3.26)
y(0) =y(T)=0 in Q.

We multiply (3.26) by y and integrate over 2, we get

ed

3 * Ssa*
5 8Ol + CIVHOI < 5 [ saited = Opttyy(t)de.

Integrating from 0 to 7" and using Poincaré’s and Young's inequalities, it is not difficult

to see that
// egsa*|p|2d$dt < C€2€4>\H1/’Hoo // s4¢)4625a|p‘2d$dt- (3-27)
Q Q
From (3.25) and (3.27), we obtain
J[ i< comvimixs [ g, G2
Q w1 %x(0,T")

This inequality gives a global estimate of p in terms of a local integral of ¢, with a
bounded constant.

Step 4. Last estimates and conclusion.

In order to finish the prove of Theorem 3.3, we combine inequality (3.28) and another
Carleman inequality to equation (3.18);. Indeed, we have
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2

9" 2
dzdt
8£Ui$j(p| v

N
// 871¢7163sa|()0t|2dl‘dt+871 // (;571638(1 Z |
Q Q ij=1

+ s3)\1 / / ¢35 Pddt + sA? / / e35% |V p|*ddt (3.29)
Q Q

< C<// 35| p|2dxdt 4 s\ // ¢363sa]g0|2dxdt),
Q UJ1><(0,T)

where ¢ is, together with p, solution of (3.18).

Notice that here we just changed the weight ¢ by €35*. The proof of (3.29) is the
same as the one given by Lemma 3.1, just taking a slightly different change of variable
(see appendix A).

.
350" e have

// 359 p|?dxdt < // e | p|2dadt
Q Q

Next, since €35 < ¢

and, by (3.28),

J[ eippaza s et [ geeigpana
Q w1><(O,T)

From (3.28) and (3.29), it follows that

// 35| p|2dadt 4+ s3\* // P3| P dadt < CePNIVll g8 )4 // B p|?dxdt,
Q Q w1 x(0,T)
(3.30)

which is exactly (3.13).

By density, we can show that (3.30) remains true if we take initial data in L?((2).
Therefore, the Carleman inequality (3.13) holds for all initial data in L?(£2).

This finishes the proof of Theorem 3.3.

3.4 Null controllability for the linearized system

This section is devoted to prove the null controllability of linearized equation (3.6). It
will be done by showing the observability inequality (3.8) for the adjoint system (3.7)
and solving a minimization problem. The arguments used here are classical in control

theory for linear PDE’s. Hence, we just give a sketch of the proof.
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Sketch of the proof of Theorem 3.4. Combining the standard energy inequality for system
(3.18) and the Carleman inequality given by Theorem 3.3, we can show the following
observability inequality for the solutions of (3.18):

a 2/3 a [ee]
HSO(O)H%?(Q) +€HP(0)H%2(Q) < CUAY/THlal[foo +lallLooT) // o lo?dzdt,  (3.31)
w1 X (U,

where C' = C'(2,w;) is a positive constant.

Next, since p(x,t) = Div(M (z)Ve(z,t)) and p. = 0 on 052, we have

lpellm20) < Cllp®)] 20,
for all t € [0, T)]. Therefore, it follows from (3.31) that

a 2/3 a [o'e]
19(0)][22qy + €lle (0|32 < COFYTHlalliHlallooT) // o o2dedt,  (3.32)
w1 XU,

which is the observability inequality (3.8).

From (3.32) and the density of smooth solutions in the space of solutions of (3.17)
with initial data in L?(£2), we see that the above observability inequality is satisfied by
all solutions of (3.7) with initial data in L?(12).

Now, in order to obtain the null controllability for linear system (3.6), we solve, for

any ¢ > 0, the following minimization problem:

Given ¢ and ¢, 7 in L2(%),

Minimize J;5(¢7, @e,r), With

1
Ts(or, er) = {2 // o || Pdzdt + €(ue,0, 95 (0)) (3.33)
w1 X (U, *

+ (v0, (0)) + 8(|leorll 2(0) + €2 llper |L2(Q))}a

where (¢, @) is the solution of the adjoint problem (3.7) with initital data (¢7, e 7).

It is an easy matter to check that 7 is strictly convex and continuous. So, in order to
guarantee the existence of a minimizer, the only thing remaining to prove is the coer-
civity of J.

Using the observability inequality (3.8) for the adjoint system (3.7), the coercivity of 7 is
straightfoward. Therefore, for each § > 0, there exists a unique minimizer (gagT, ©%) of

J. Let us denote by ¢ the corresponding solution to (3.7) associated to this minimizer.
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Taking f<° = ¢“91,, as a control for (3.6), the duality between (3.6) and (3.7) gives
& 1 y &

[ () 220 + [ug (T)]| 20 < 6, (3.34)

0

where (v® ,u2’6 is the solution associated to the control 9. It also gives
g

17 TenlF2¢q) < CllvollF2q) + €llucollFz(q))- (3.35)

From (3.34) and (3.35), we get a control f€ (the weak limit of a subsequence of f €91, in
L?(wy x (0,T))) that drives the solution of (3.6) to zero at time 7. From (3.35), we have

the following estimate on the control f¢,

1/ Lanl 1720y < C(IIW172(0) + ellugollF2(y)- (3.36)

This finishes the proof of Theorem 3.4. O

3.5 The nonlinear system

In this section we prove Theorem 3.5. The proof is achieved through fixed point argu-
ments.

Proof of Theorem 3.5 (case 1): We consider the following linearization of system (3.5):

emv§ — H7 Div(Me(2)Vo©) + g(2)v° = 1y, inQ,

ptl
eu y — Div(M(z)Vug) = Div(M;(x)Vo©) in Q, (3.37)
UE = uz = 0 on Z, .
v(0) = vo; uS(0) = uey in Q,
where h
his) if |s| > 0,
g(s) =4 3 (3.38)
R'(0) if s =

It follows from Theorem 3.4 that, for each (vo, uc ) € L*(Q)? and 2z € L*(Q), there exists
a control function f¢ € L?(Q) such that the solution of (3.37) satisfies:

As we said before, the idea is to use fixed point arguments. For that, we will use the

following generalized version of Kakutani’s fixed point theorem, due to Glicksberg [54].

Theorem 3.6. Let B be a non-empty convex, compact subset of a locally convex topological
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vector space X. If A : B — B is a convex set-valued mapping with closed graph and A(B) is
closed, then A has a fixed point.

In order to apply Glicksberg’s Theorem, we define a mapping A : B — X as
follows

A(z) = {v (v, ug) is a solution of (3.37), such that v(T') = u:(T) =0,
for a control f€1,, satisfying (3.14)}.

Here, X = L?(Q) and B is the ball

B={z¢€ L*0,T,H}(Q), 2 € L*(0,T, H 1 (Q));
||ZH%2(07T;H01(Q)) + HthQLQ(o,T;H—l(Q)) < Mj}.

It is easy to see that A is well defined and that B is a convex and compact subset of
L2(Q).

Let us now prove that A is convex, compact and has closed graphic. It will be done
into the next few steps.
e A(B) C B.
Let z € B and v € A(z). Since v satisfies (3.37), the following inequality holds

||UE”%2(0,T;H&(Q)) + ||U§||12(0,T;H*1(Q)) < Ki. (3.39)

In this way, if z € B then A(z) C B, if we take M = K;.

e A(2)is closed in L?(Q).

Let z € B fixed, and v, € A(z), such that v, — v. Let us prove that v € A(z).

In fact, by definition we have that vy, is, together with a function u¢ ,, and a control f7,
the solution of (3.37), with || <1, | |%2(Q) < C(Hv0||%2(m + €] [te0] ]%Q(Q)). Therefore, we
can extract a subsequence of f;, denoted by the same index, such that

fily, — f1,, weaklyin L?*(Q).

Since f;, is bounded, we can argue as in the previous section in order to obtain the
inequality
Hvﬂﬁz(oj;gé(g)) 10 allF 20,100y < M- (3.40)
Therefore,
ve — v€ weakly in L2(0, T; H}(2)),
v — v strongly in L?(Q),
vf,, — vf weakly in L?(0,T; H~1(Q)).
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Using the converges above and (3.37)2, we see that there exists a function u. such that

ug ,, — uf weakly in L2(0,T; Hj(€2)),
uf ,, — uf strongly in L?(Q),
uf o, — uf , weakly in L*(0,T; H~(9)).

It follows that (v, uf) is a controlled solution of (3.37) associated to the control f. Hence,
v¢ € A(2) and A(z) is closed and compact of L?(Q).

e A has closed graph in L?(Q) x L?(Q).

We need to prove that if z, — 2, v — v¢ strongly in L?(Q) and v, € A(z,), then
ve € A(z). Using the two steps before, it is easy to show that v* € A(z)

Therefore, we can apply Glicksberg Theorem to conclude that A has a fixed point. This
proves Theorem 3.5 in the case where the nonlinearity is a C'* global Lipschitz function.

Proof of Theorem 3.5 (case 2): The proof of the local null controllability in the case 2 of
Theorem 3.5 is done as in [69].

We consider the linear system

Vs — ﬁDiv(Me(x)qu) +a(z)vf = f1l,, inQ@,
eu ; — Div(M(z)Vug) = Div(M;(x)Vo©) in Q,
ve=ui =0 on X,
v(0) = vo; uL(0) = ue in Q,

(3.41)

with (vg, ueo) € (H3(92) N w2 ()2, 2 € £(Q) and

Lan
a(z):/o %(sz)ds.

It is not difficult to show the null controllability of system (3.5) with a control in L?(w; x
(0,T)). However, these L? controls are not sufficient to apply fixed point arguments
and obtain the null controllability of the nonlinear system (3.4). For that reason, we
modify a little the functional (3.33), obtaining controls which allows to use Schauder’s

tixed point Theorem. In fact, for any § > 0, we consider the minimization problem:

Minimize J5(¢1, wer), With

1 T
j(S(SOT, SOeT) = {2 /0 / 625a¢8|¢5|2dxdt + E(Ue’o, QOZ(O)) (3 42)
w1 *

+ (v, ¢°(0)) + 5<||<PT|\L2(Q) + 61/2||<Pe,T||L2(Q)> },
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where (¢, ¢¢) is the solution of the adjoint system (3.7) with initial data (¢, e 7).

As before, it can be proved that (3.42) has an unique minimizer (-, 02°). Defining
[0 = e252¢%p% and using the fact that ¢ is, together with a go?‘s, the solution of (3.7),
we see that f¢° is the solution of a heat equation with null initial data, right-hand side
in L?(Q) and Dirichlet boundary conditions. Using the regularizing effect of the heat

equation, we can show the estimate

17 Ten | Fan (@) < CllvollF2(q) + €llucolliz())- (3.43)

Taking the limit when § — 0", we get a control f¢1,,, € L (Q) such that the associated
solution (v, uf) of (3.41) satisfies:

The proof is finished applying Schauder’s fixed point Theorem for system (3.41).



Chapter 4

A uniform controllability result for
the Keller-Segel system

4.1 Introduction

Let Q C RY (N =2, 3) be a bounded connected open set whose boundary 992 is regular
enough. Let T > 0 and ' and w be two (small) nonempty subsets of  with v’ CC w

and we denote by v(x) the outward normal to €2 at the point « € 052.

In this chapter we will be concerned with the following controlled Keller-Segel sys-

tem:
up — Au = -V - (uVo) in Q,

evy —Av=au—bv+gyxy in Q, 1)

ov — Oov —
u(z,0) = up; v(z,0) =vy in £,

Gu _ dv _ ) on X,

where, a and b are positive real constants, g is an internal control and € is a small positive
parameter, which is intended to tend to zero. In (4.1), x : RY — Ris a C* function such
that supp x CCw,0 <y <land y =1linw'

System (4.1) is a classical equation in chemotaxis, describing the change of motion
when a population reacts in response to an external chemical stimulus spread in the
environment where they reside. In many applications (see [82, 105] and the references
therein), system (4.1) is approximated by the following parabolic-elliptic system:

ug — Au=—V - (uVv) in Q,
—Av=au—bv+gyxy in Q,

4.2
Gu—0v=9 on 3, 42
u(z,0) = ug in Q.

113
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In (4.1) and (4.2), v = u(z,t) > 0 and v = v(x,t) > 0 represent, respectively, the
concentrations of species (i.e, the population density) and that of the chemical (i.e., con-
centration of the chemical substance).

The goal of this chapter is to analyze the controllability of (4.1) around a fixed trajec-
tory of (4.2), uniformly with respect to e. More precisely, we consider a constant solution
(M, Ms) € R? of (4.2), with g = 0 (which is equivalent to require that aM; — bMs = 0),
and we seek for a control g = g(e) such that (u(T),v(T)) = (M, Ms) and g is bounded
with respect to e.

Remark 4.1. Each one of the models (4.1) and (4.2) can be viewed as a single nonlin-
ear parabolic equation for u with a nonlocal (either in x or (z,t)) nonlinearity, since the
term Vv can be expressed as a linear integral operator acting on . In the first model,
the variations of the concentration v are governed by the linear nonhomogeneous heat
equation, and therefore are slower than in the latter system, where the response of v
to the variations of u are instantaneous, and described by the integral operator (—A)~!
whose kernel has a singularity. Thus, one may expect the evolution described by (4.2)
to be faster than in (4.1), especially for large values of ¢ when the diffusion of v is rather
slow compared to that of u. Moreover, the nonlinear effects for (4.2) should manifest
themselves faster than for (4.1) (see [11]).

As usual in control theory, we study the controllability of (4.1) around (M7, Ms) by

tirst analyzing the controllability of its linearization around this trajectory, namely

up — Au = —MiAv + hy in Q,
evi —Av=au—bv+gx+he in Q, i3
ov ~— ov ’
u(z,0) = up; v(z,0) = vy in ©,

where h; and hy are given forces belonging to appropriate Banach spaces ( X := X; x
Xo, see (4.79)) and having exponential decay at ¢ = 7. Our objective is to prove that
we can find g so that the solution of (4.3) satisfies (u(7"),v(7")) = (0,0) and moreover
we want that the quantity V - (uVv) belongs to X;. Then we employ an inverse map-
ping argument introduced in [129] in order to obtain the controllability of (4.1) around
(M, My).

The most important tool to prove the null controllability of the linear system (4.3) is
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a global Carleman inequality for the solutions of its adjoint system, that is to say,

—pr— Ap=al+ fr in Q,

—e§t — AL = —b§ — MiAp + fo in Q,

doe =% = on ¥, (4.4)
o(x,T) = ¢r; &£(x,T) = &r in Q,

Jo erdz = 0.

Here, fi and f> are arbitrary L?(Q) functions.

Actually, due to the fact that the control is acting on the second equation of (4.3), we
need to bound global integrals of ¢ and £ in terms of a local integral of £ and global
integrals of f; and f>. The main difficulty when proving a Carleman inequality of this
type for (4.4) arises from the fact that the coupling in the second equation is in Ay and
not in . In fact, the inequality we prove will contain global terms with the L*-weighted
norms of Ay and £ in the left hand side, no global terms in ¢, while a local integral of £
and global integrals of f; and f; will appear in its right-hand side.

With the help of the Carleman inequality and an inverse function theorem, we prove
the following result, which is the main result of this chapter.

Theorem 4.1. Let 0 < ¢ < 1 and let (M, Ms) € Ri be such that aMy — bMy = 0. Then
there exists § > 0 such that, for any (ug,vo) € HY(Q) x H? () satisfying ﬁ Jo uodz = My,
9v0 = 0 on 0 and ||(ug — M, vo — Ma)|| 1oy w2y < 6, we can find g € L2(0,T; H(1)),
uniformly bounded with respect to €, such that the associated solution (u,v) of (4.1) satisfies:

(u(T),v(T)) = (M, M) in Q.

Remark 4.2. Notice that all constant trajectories (M, Ms) € ]R%r of (2.1) satisfy aM; —
bMs = 0. On the other hand, condition ﬁ fQ upodr = M, in Theorem 4.1 is a necessary

condition, since the mass of u is preserved, i.e.,

1 1
|Q|/ u(x, t)dr = |Q|/u0(az)d:n, vt > 0. (4.5)
Q Q

Concerning the controllabity of the Keller-Segel system, the only result we know
is the one obtained in [58], where the authors analyze the controllability of the Keller
system (4.1), with € = 1, around a fixed trajectory of (4.1) (i.e., a solution of (4.1) with
g = 0), when a control is acting on the first equation, which is not natural from a physical
point of view. The authors are able to show that the Keller-Segel system is controllable
around this trajectory if the trajectory has good regularity properties. However, in their

case, since the control is acting on the first equation, the problem is much easier from a
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mathematical point of view because the adjoint system of the linearization of the Keller-
Segel system around the trajectory has a zero-order coupling term. Another interesting
work in this subject is [37], in which the authors show that, in dimension 2, any global
in time bounded solution of system (4.1) converges to a single equilibrium (a stationary

solution of (4.1)) as time tends to infinity.

4.2 Carleman inequality

Let us consider the adjoint system (4.4). In this section, we obtain a suitable Carleman
inequality for this system. This will provide a null controllability result for the linear
system (4.3) for suitable h; and hs (section 4.3).

As in chapters 2 and 3, we consider the basic weight function given by Lemma 2.1

and introduce:

. e ml[nolleo+m0(2)) . eMmllnolleo+1°(x)) _ ¢5/4mX[nol|oo
¢(x7 ) — t4(T— t)4 ’ CM(CL‘, ) - t4(T— t)4 ’
4(t) = miné(z, 1), ¢*(t) = maxd(z,1), a*(t) = maxa(e,t), & = mina(z,t),  (46)
€ z€Q FISY) €

where m > 4 is a fixed real number and A > 0 is a real parameter.

We remark that these weights functions were already used in [38] in order to obtain

a Carleman inequality for the Stokes system.

Throughout this chapter we will also use the notation:

Ig(s,05p) = 8713 // %P3 p|2dadt + 71 // 5P p|2dadt
Q Q

N
— sa  B— 0
w0 [[ o Ut Y @)
ij=1 "7

where s, § and o are real numbers and p = p(z,1).
The following Carleman inequality holds:

Lemma 4.1. Let f € L?*(Q) be given. There exist \g = Ao(,w'), so = so(,w’, \) and
C = C(Q,u', )\, T) such that, for every X\ > X\o, any s > so(T* +T%) and any qo € L*(Q), the
weak solution of

o —Au=f in Q,

99— on ¥, (4.8)

q(z,0)=q in Q
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satisfies:

Ig(s,0;p) < C(sﬁ // 2P| f |2 dudt + 713 // 628a¢6+3|q|2d1‘dt>,
Q w’%x(0,T)

forall e Randany 0 <o < 1.

A proof of Lemma 4.1 can be deduced from the Carleman inequality for the heat
equation with homogeneous Neumann boundary condition (see [40]) by keeping track
of the degenerating parameter o, as in the case of the heat equation with Dirichlet
boundary condition (see [46]). For the sake of completeness, we prove this result in

appendix A.

The main result of this section is stated as follows.

Theorem 4.2. Given 0 < € < 1, there exist Cyp = Cp(2,w) > 0and sg = so(,w, A\, T) such
that for every X\ > Co, every s > so and any fi1, fo € L*(Q), the solution (i, &) of system (4.4)
satisfies:

_[2(8 €, esa¢ 9/25 // 23a+2sa 6|A(p‘2d£€dt—|—// 28a+2sa 6|ch\2d:cdt

<c< // P72 |y ¢ Pdadt 4 s° // 24470 f1 | dxdt

+ s / Pt | d:vdt), (4.9)
Q

with C' = C(Q, w).

Proof. Since the proof is a bit technical, for a better understanding, we will divide it into

several steps.
Step 1. Carleman Inequality for A.

We write e5%¢~9/2¢p = 1 + 1, where 7 solves a heat equation with a L? right-hand
side and 1 solves a heat equation with right-hand side in H'(0,T; H%(Q)). Applying a
Carleman inequality for ¢ and energy estimates for 7 we obtain a global estimate of Ay
in terms of a local integral of At and global integrals of A¢ and f.

The functions 7 and v stand to solve

—— An=e* Y2 f; in Q,

9n — 0 on ¥, (4.10)

n(T)=0 in Q
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and - o
_wt _ Aw — aesa¢—9/2§ _ (esa¢—9/2)t¢ in Q,
=0 on ¥, (4.11)
Y(T)=0 in Q,

respectively.

Using standard energy estimates for the heat equation with Neumann boundary
condition, we have

1130y + [1A01172(q) < Clle 6™ fill72(g)- (4.12)
Next, from (4.11) we see that
—(AY) — A(AY) = ae* G2 AE — (e967) Mg in Q,
ALY — on ¥, (4.13)

AY(T) =0 in Q.

Let w” be a nonempty set such that w” CC «’, applying Lemma 4.1 to equation (4.13),
with B =0and o = 1, we get

Io(s, 1, Av) 30(53 / / 2523 Avp|Pdadt + / / 250258 =9\ A ¢) 2 dudt
W% (0,T) Q
+ 85/2 // €2sa+28&¢;_13/2|A(p|2d$dt), (4.14)
Q
for any s > so(Q,w”, T, \) (a proof of (4.14) is achieved taking into account that
’(esd$—9/2)t| < CSO(T)QAS—IS/465&,

since
&y| + || < CT@** and |97} | < CT®,

for some C' = C(Q,w) and any s > so(2,w, A, T)).
Since e*¥¢~92Ap = Ay + A, estimate (4.14) gives

Io(s, 1, Av) <C(s3 / / e252 3| Adp|Pdadt + / / 250256 =9\ A€ 2 dudt
W% (0,T) Q

5/2 250 45/2(| Anp|? + | An[2)d dt). (4.15)
] //Q (18] + | Af?)da
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The last term in the right-hand side of (4.15) can be estimated as follows
§%/2 //Q > 2 (| A2 + |AnP)dadt < Cs® //Q 247 f1 P dadt
+8Io(s,1, A), (4.16)
for any 6 > 0 and any s > so(2,w”, T, A). Here we have used estimate (4.12).

Therefore, combining (4.12), (4.15) and (4.16), we obtain

Io(s,1,80) + [l + 181y <0 (s [ oy OB
w''x ,
+// 625a+25d$79‘A€’2dxdt
Q
+ 53 / 628d<;39yf1\2da:dt>. (4.17)
Q

Hence, we have the following Carleman estimate for Ay:

// €28a+28d§£_6|A§0‘2d.’Edt SC(Sg // 628a¢3|A¢|2diﬁdt
Q w'' % (0,T)

+ // €28&+28d§£_9|A§‘2dm’dt
Q
+ s° / %979 f1\2da:dt>. (4.18)
Q
for any s > so(Q, ", T, \).
Step 2. Carleman inequality for .

In this step, a Carleman inequality for ¢ is obtained. Combining this inequality with
the Carleman inequality from the previous step, global estimates of { and Ay in terms

of local integrals of £ another in Ay and global integrals of f; and f, are obtained.
We consider the function e5%¢~9/2¢, which fulfill the system:

—e(e*¥p™92¢), — ¥ 2AE = F in Q,

3(65‘5‘595;9/25) -0 on X, (4.19)
(e%9¢=926)(T) = 0 in Q,

where F = —be)™%/%¢ — Mye**6™"2Ag — (e"67%2)i€ + €472 o,
Applying Lemma 4.1 to the equation (4.19), with 5 = 2 and ¢ = ¢, absorbing the lower
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order terms, we get
Iy(s,e,e®%¢p9%¢) < C<s5 / / 250256 =412 it (4.20)
w’x(0,T)

+32 //Q ¢2€28a<‘A¢’2+’An‘Q)da?dt—i-SQ //62625a+25&(£7f2‘2d1'dt>.

Using estimate (4.16), we see that

Io(s,e,e2479/%) < © <s5 / / o T e 51 A0) 42
w’x(0,

+83 // e?sdqg—Q‘fﬂdedt_{_SQ // 625a+28@q§—7‘f2|2dxdt’
Q Q

forany 6 > 0 and any s > so(Q, ', T, ).

Adding (4.17), (4.18) and (4.21), absorbing the lower order terms, we obtain

Io(s, €, €5 2¢) + In(s, 1, Atp) + // e250+256 46| Ao |2 dudt
Q

< C<83 // 623a¢3|A1/)\2dxdt—l—s5 // 628a+28d¢)_4|§|2d$dt
w''x(0,T) w’%x(0,T)

+S3 // €2Sd$_9‘f1|2d$dt+52// 62sa+28d§£_7‘f2|2d$dt), (422)
Q Q

for any s > so(Q,w’, T, \).

Step 3. Estimate of the local integral of A and conclusion.
In this step we estimate the local integral At in the right hand side of (4.22) in terms of
a local integral of £ and global integrals of f; and f. In order to do that, we introduce a

cut-off function 8 with

0 e CPw),with0<f<landf=1onw".

Next, we use (4.4) to write

56 §=9/2 A
Ay = —Tl(—eft + A&+ be’*E — fo) + An
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and then it follows that
s3 / / 252 3| Avp |2 ddt (4.23)
w'"x(0,T)

< Ll / / 0625 32 Aip(—ee®VEs + e*CAE + be® ¢ — € fo + My An)dxdt.
M, w' % (0,T)

The rest of this step is devoted to estimate each one of the terms in the right-hand side

of the above integral. For the first one, integration by parts gives

es® // 0e2 332 Ape® & dadt
w’%x(0,T)
= es® / / 02554 9243 ApyEdadt
w’x(0,T)
+ es? // 0623a68d¢3q[3_9/2(2at + ) ApEdxdt
w’%x(0,T)
+ 3es? / / 0e>5%e%% 922y ApEddt
w’x(0,T)
—9/2¢s° / / Ge> e 3o 12 g, Apedadt  (4.24)
w’x(0,T)
and it is not difficult to see that

|683 // 9€2sa¢3§£_9/2A’¢)68d§tdl‘dt’ < Cs’ // 628a+28dq§7|f|2d$dt
w’%x(0,T) w’x(0,T)

+ 21y(s, 1, Av). (4.25)

where C' does not depend on e.

Next, we integrate by parts the second term in (4.23) to obtain
s / / 9e>**e* ¢392 Ap Acdudt (4.26)
w’x(0,T)
=g / / >3 32 APV - VEdndt
w’x(0,T)
+ 53 / / OAPV (€253 p~/?) . Vedadt
w’%x(0,T)

+ 53 / / e e*% ¢392V (AY) - VEdadt.
w’x(0,T)

Integrating by parts the terms in the right-hand side of (4.26), and using Young’s in-
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equality, we show that
’83 // 0625068d¢3$_9/2A’¢A5d1}dt’ < 037 // ¢7€2sa+25d’£‘2d$dt
w'x(0,T) w’x(0,T)
+01p(s, 1, Av). (4.27)
Here, we need to used the fact that
|V(625a€s&¢3)| < CS¢4€QSQ+S& and |A(€23aesd¢3)| < C$2¢5€25a+8d,

for some C' > 0. Finally, for the last two terms, we have

|3 / / 025 e33 332 A (b€ + fo)dadt| (4.28)
w’x(0,T)

< s / / G320 (612 4| o[ dudt + 61o(s, 1, Ad)
w’x(0,T)
and

Ex // o) 052 e3% 93492 Ayp Andadt] < Cs® //Q >4 070 12 dxdt + 61o(s, 1, Av).
w’ % (0,

(4.29)

Gathering (4.25), (4.27), (4.28) and (4.29) in (4.23), we obtain from (4.22), after absorbing
the lower order terms, the Carleman inequality:

(s e, 2670%€) 4 Io(s, L M) + [ [ #0260\ A Py
Q
_|_// €2Sd+25d§£_6|v@’2d$dt
Q

S O<S7// ¢7€25a€28d|£‘2d$dt+83 // 628d$_9|f1|2d$dt
W' x(0,T) Q

+ 53 / / Ple2satisq f2|2d:vdt>, (4.30)
Q

for C = C(,w) and every s > s0(£2,w, T, \). Observe that we can add the last term in
the lef-hand side of (4.30) because g—f = 0. From (4.30) and the definition of the function
X, we obtain our desired Carleman inequality (4.9).
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4.3 Null controllability of the linear system with a right-hand

side

In this section we want to solve the null controllability problem for the system (4.3),
with a right-hand side which decays exponentially ast — 7.

This result will be crucial when proving the local controllability of (4.1) in the next
section.

Indeed, for any 0 < ¢ < 1, we would like to find g = g(¢) € L*(0,T; H'()),
bounded independently from ¢, such that the solution to

L(u,v) = (h1,ha +gx)  in Q,
u(z,0) = up; v(z,0) =vy in
where
L(u,v) = (u — Au+ M1 Av, evy — Av + bv — au), (4.32)

verifies
u(z,T) = 0; v(z,T) =0in Q. (4.33)

Furthermore, it will be convenient to prove the existence of a solution of the previous
problem in an appropriate weighted space. Before introducing such spaces, we improve
the Carleman inequality obtained in the previous section. This Carleman inequality will
contain only weight functions that do not vanish at ¢ = 0. In order to introduce these
new weights, let us consider the function

. (4.34)
HT —t) fT/2<t<T,

T?/4) 0<t<T/2
m):{( /4) ifo<t<T/
and we define our new weight functions as

Mml[molloc+7° () _ ¢5/4mA] ol eMml 1ol oo 410 ()
4 ) ’7(16? t) = 4 )
(1) (1)

6(xvﬂ =

4(t) = miny(z, 1), v*(t) = max ¢(x, 1), B*(t) = max f(x,t), f = min B(x,1).  (4.35)
e e e e

With this new weights, we state our refined Carleman estimate as follows.

Lemma 4.2. There exists C = C(Q,w, A\, T") > 0 such that, for any 0 < e < 1, every solution



124 CHAPTER 4. THE KELLER-SEGEL SYSTEM

of (4.4) satisfies:

// 235+235A 4|§’2dl‘dt+// 2sB+2sB 2 76’v€| dxdt

/ // 22050\ T o dadt + [|ip(0) — (12(0)) |2 + €l [€(0)]
+// 23,8+25,8A76|(p ( )Q’ dxdt

< C(// 625579\f1|2dxdt+// (7%)3e25 28| fy 2 dat
Q

2567 +2p . :
+ / /Q ()T Ix Pl dt) (4.36)

1
(9)ald) = /Q o, t)d

where

Proof. We start the proof by showing a simple a priori estimate for the linear system
(4.3), with a precise dependence with respect to €. For this, let us introduce a function
6o € C*([0,T]) with

6o = 1in [0,7/2], 6o = 0in [3T/4,T], 65| < C/T

and define p = 0y and £ = 0y¢, where (¢, €) is the solution of (4.4). After a change of
variable in the time scale from ¢ to T' — ¢, the pair (i, £) solves:

— A =al+ 0o f1 + b in Q,
€€y — Ag = —b€ — M1AD + Oy f2 + 6 in Q, 4.37)
%f = gTﬁ = 07 on X, ’
?(x,0) =0; §(2,0) =0 in Q.

We multiply the first equation of (4.37) by —Ap and the second by ¢ and integrate over
2, we get this way

d _ _ _
—(IIFB@I* + ellEOI) +IAB@? + [IVE@* + 1@
< C(IVBI? + 160 f1]1% + 180 f211> + 1106Vl |? + 1106113, (4.38)
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which, by Gronwall’s inequality, gives
V@O + ellE®)]I*

T

< CGCT/O (1160 f1l[? + 8o f2ll* + 165V ol[* + [166€]1*)dt
forall0 <t <T.
From inequality (4.39), we see that

(4.39)

T
/0 (VB2 + el[ECt)|)dt

T
< CTecT/O (160 f1l1? + 1100 f2l1* + 106Vl + 11608 1*) it

Integrating (4.38) from 0 to T', we get

(4.40)

T T T
VB2 + el ED)]2 + / | AB(#)]||2dt + / [VE()|Pdt + / €(0)][2dt

T
< CGCT/O (160 f11I* + ll6o fol* + 1105Vl |* + 1661 1*)dt (4.41)

Going back to the original variables, inequalities (4.40) and (4.41) then gives

IVl Z20.2/2.200)) + 1207200 /2220 + IENT2(0 /2.8 ()

+IVellie (0,1/2;22(2)) T 5”5”%%(0 T/2:L2(Q))
1
< Ce“T (| f1l17 (0,37/4;2()) T Hf2HL2(0 37/4;02(Q)) T 7 (HV‘PHB(T/Q 3T/4;L2(S))

+1El1z2 0 2.57/4.0220)- (4.42)

As a consequence, we can obtain the following estimate in © x (0,7/2)

T/2
/ / 2sﬁ+2sBA—4’€| d:L‘dt—{—/ / 2sﬁ+2$ﬁA—6|A<p| dxdt
/ / 220570\ G ¢ P dadt + / / 255+2505 6|V 2devdt

VRO + IO
3T/4 R )
<o [ @ oinPasat 252 ) daat
0 Q

3T/4 . L
+ / / e255+2557—415\2+e235+28%—6\w\2dmt>. (4.43)
T/2 JQ
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On the other hand, since a = in Q x (7'/2,T'), we have:

T . T N
/ / 623,8+25,3,3/74|§’2dxdt + / / 6285+28,3§/76‘Ag0’2dxdt
T/2J0 T/2JQ

T . T . R
+/ /e2sﬁ+25ﬂ;y—6|v£‘2d$dt+ /62Sﬂ+256’?_6|Vg0’2d12dt
T/2JQ T/2J0Q

T T
:/ / 628a+28&¢4‘§|2dxdt+/ / 623a+23&¢76‘A¢‘2dxdt
T/2JQ T/2JQ

T T
+ / / 250+ 258 4=017¢ |2 ddt + / / 250250 =617 |2 ddit. (4.44)
T/2JQ T/2JQ

So, in virtue of (4.9), we have

T N T .
/ /628ﬁ+28ﬁ’?_4|f‘2d$dt—|—/ /62Sﬂ+256’§/_6|Ag0’2d1:dt
T/2JQ T/2JQ

T R T . .
+ / / P PT2P4 70|V Pdadt + / / ?P 20470\ o dadt
T/2J0 T/2J9

SC(// (62551,.3/9|f12+¢362sa+25&|f2’2)dxdt+// e?sa+25d¢7’X’2|§’2dxdt> (445)
Q Q

and, from the definition of 3, 3*, v and 4, it follows that

T . T .
/ /6285+23B’?4|§2d$dt+/ /628'8+28’B’3/6‘Ag0’2d$dt
T/2JQ T/2JQ

T . T R .
+ / / 230120576\ v¢ 2 dudt + / / 2301258576\ 9 |2 dudt (4.46)
T/2J9 T/2JQ

< C’<//Q 6283’3’_9’f1‘2d.1'dt+ //Q 736286+28B‘f2|2d$dt+ //Q 6255+25377lx|2\§|2dxdt>.

Therefore, gathering (4.43) and (4.46), we obtain the following refined Carleman in-

equality
// 628/3+283’A)/_4’€2dxdt+// 6285+283’?_6’A@|2d$dt+// 628ﬁ+283;)/—6‘v§|2d$dt
Q Q Q
+ /Q I+ 2B5-0|T o 2drdt + || Vp(0)]2 + el (0)] (4.47)

< C(//Q€2SB;Y9|f1|2dmdt+//QV36285+283’f2‘2dxdt+/A GQS/BJFZSB’Y?X’f‘QdZEdt).
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Using Poincaré-Wirtinger’s inequality, estimate (4.47) gives

// 628ﬁ+253;y—4‘§’2dxdt+// eQSﬁ-‘rQSﬁAﬁ/—G‘vg’dedt
Q Q
+ [ EFEIA O o it + o(0) ~ (0ol + O

+//Q€2s/§+253¢y6|80_ (go)ﬂ|2dxdt

< C(// 62sﬁ*+2sé(’y*)7)(’§|2dl‘dt+// GQSB’A}/_gyfﬂdedt
Q Q
+ [ e i ppasar). (448)
Q

which is exactly (4.36). O

Once we have got (4.36), we are ready to solve (4.31)-(4.33). In fact, we will prove
two controllability results: first, we will obtain a null controllability result for (4.31) with
no supplementary regularity for the control and the state (see Proposition 4.1); secondly,
we prove (4.31)-(4.33) with a more regular state (see Proposition 4.2).

Now we present our first null controllability result for (4.31).

Proposition 4.1. Let 0 < ¢ < 1 and let (M, M) € R? be such that aM; — bMy =0. Assume
that (ug,vo) € L2(Q) x L2(Q), e=2¥43Nh, € L2(Q) and that e=*5~3842hy € L*(Q). Then we
can find g = g(e) € L*(w x (0,T)) such that (4.31)-(4.33) is satisfied. Moreover, g is bounded
independently from e.

Proof. Assume, without loss of generality, that x(z) = 1,,(z). Then, for each (o7, &) €
L3(Q) x L%(2), we consider the solution of (4.4) with zero right-hand side, namely

—Yt — A‘P = a§ in Qv
—€§t — AL = —b§ — MiAp  in Q, (4.49)
g—‘p = g—f =0 on X, ’

o(z,T) = ¢r; £(z,T)=&r in Q

and introduce, each § > 0, the following functional:

neren =3 [ o ISPzt el + €2l + (ua, (0 = (£(0) o)) + (. 0)

+ //Q hi(p — () ) dadt + //Q ho&dzdt.

Using the Carleman inequality (4.36), it is not difficult to see that, for every § > 0, Js
is coercive and possesses a unique minimum (5.1, &) € L3(Q) x L2(R2). Then, setting
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g5 = &1, and denoting by (us, vs) the associated solution of (4.31), from the fact that
Js < 0 and using (4.36), we find

191122@) < C(ll(uo, €/2v0)l |20z + lle 2P 4% ha | 120y + lle ™ P4 hal| 12(g)). (4.50)

In particular, we see that gs is uniformly bounded in L*(w x (0,7T)).
On the other hand, writing explicitly the necessary condition satisfied by J;s at this
minimum (57, $s5,7) and the duality between (us, vs) and (ps,&s), we deduce that

[(u(T), e o(T)]| < 6. (4.51)

Combining (4.50) and (4.51), we get the existence of a control g (the weak limit of a
subsequence g5 in L?(w x (0,7)) ) such that the associated solution to (4.31) verifies
(4.33).

The fact that g is bounded independently from e follows from the fact that the con-
stant C in (4.50) is bounded independently from e. O

Remark 4.3. In the proof of Proposition 4.1 we have used implicitly that the solution u of
(2.1) satisfies [, u(x,t)dz = 0 for any ¢ > 0, which follows from the fact that [, updz =0
and that [, hi(z,t)dz = 0.

Now we present our second main null controllability result for (4.31), where we
seek for a more regular solution (u,v). This will be crucial to deduce controllability
properties for the nonlinear system (4.1) in the last section.

To this end, we proceed to the definition of the spaces where (4.31) verifying (4.33)
will be solved. Let II; be the projection over the i-th component. The main space is:

E ={(u,v,9) € Ey : 67233’?3H1L(u,v) € L*(Q),
PR (U L (u, v) — gx) € L2(0, T5 H'(Q)),
Ou  Ov

/QﬂlL(u, v)dr = 0 and w9 Oon X},

by = {(ujv,g) e ul| 2 ) + e 0 () 70| 2 )

+ |Ix(@)e™ = () T 2g|| 12 ) < o0,
e3B413/4 € [2(0,T; HX(Q)), e=*P413/4 € 1°°(0,T; HY(Q)),

e3P~ Ay € L2(0,T; HY()), e*%5~ V4w € L2(0, T; HZ(Q))}.
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Notice that E is a Banach space for the norm:

=[1e™* 3 2ul| 2y + e =P (v*) 20| | 2

l|(u, v, 9)|| &
+ Ix(@)e™ =2 () g 12 )
e D4 L) L2y + e P52 (MoLut,0) — 93) a2 0.z )

+ He—sB;yl?:/él —55@13/4

ull20,m;m2(0)) + e || Loo (0,711 ()

+{le™* 5 A 20,7 () + e P VAV 0] L2 o mr2 (0 (4.52)

Remark 4.4. For every (u,v, g) € Ey, we have that V - (uVv) € Lz(e_“ﬁﬁﬁ; Q). In fact,

//Qe—‘“%ﬁ\v-(uvp)dedtg//Qe—“ﬁfyﬁ(yw\?\wy?juuPAvP)dxdt

< // (\e*SBﬁ13/4Vu|2\6756’771/4V1)]2 + ‘675’6);)/13/411,‘2’6733;)/71/4A’U’2)dxdt < 0.
Q

Remark 4.5. If (u,v, g) € E then u(T") = v(T') = 0, so that (u, v, g) solve a null control-
lability problem for system (4.3) with an appropriate right-hand side (h1, hg).

We have the following result.

Proposition 4.2. Let 0 < ¢ < 1 and let (My, M) € R? be such that aM; — bMy = 0.
Moreover, assume that

(w0, v0) € H(Q) x HX(Q), / updz = 0, 83“” = 00n 09 (4.53)
0 14
and that
(e 2853 hy, e 0942 hy) € LA(Q) x L*(0,T; H'()). (4.54)

Then there exists a control g € L?((0,T); H'(R)), bounded independently from e, such that, if
(u,v) is the associated solution of (4.31), one has (u,v) € E. In particular, (4.33) holds.
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Proof. Following the ideas of [38], we introduce the extremal problem:

inf % (fo 6_2‘%’?9|u|2 + fo 6_255*_286(7*)_3|U|2 + fo |X|2(x)e_QSfB*_QS’B(’y*)_7|g|2)
subject to g € L*(0,T; H'(Q2)) and

ur — Au = —M1Av + hy in Q,
evy — Av+bv=au+gx+he in Q,
% = g—:j =0 on X,
u(z,0) = up; v(z,0) = vy in Q,
u(z,T)=0; v(x,T)=0 in Q.

(4.55)

We must show that (4.55) possesses a unique solution (%, 9, §) and then, in view of

Lagrange’s principle, there will exist dual variables (2, w) such that

(ﬁ, ,0) — (erB:yfgﬂlL*(é, 'Lf}), 6235*+253 (7*)3H2L*(2, d))) in Q, (4 56)
§= _6255*+2sﬁ(,}/*>7wx in Q, '
where L* is the adjoint operator of L, i.e.,
L*(z,w) = (=2 — Az — aw, —ewy — Aw + bw + M1 Az).
In order to prove the existence and uniqueness of solution for (4.55), let us introduce:

ow

Py = {(z,w) € C*(Q); gj =3, = 0, on E,/Qz(x,T)dx =0},

and the bilinear form
a((2,1), (z,w)) :// 25857911, L* (3, )T L* (2, w)dadt
Q
+ / / 258" 4258 (A VST, L (2, ) [ToL* (2, w)dadt
Q

+/ / Ix ()22 4258 (Y hwdadt, V(z,w) € Py,
Q

Then, if (1,7, §), given by (4.56), satisfy the control problem (4.31)-(4.33), we must

have:

a((2,), (z,w) =<, (z,w) >, V(z,w) € P, (4.57)
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where we have used the notation
<l,(z,w) >= // hizdzdt + // howdxdt + / (u02(0) + evow(0))dz. (4.58)
Q Q Q

We need to prove that there exists exactly one (Z, %) satisfying (4.57) in a appropriate
class. We will define then (4, 0, §) using (4.56) and check that (u, v, §) fulfills the desired
properties.

Thus, consider the linear space P and the bilinear form af(.,.) on Pp:

a((C,p), (22 w)) = / /Q B4, L* (¢, o)1, L* (2, w) drdt
+// €282 (VL L* (¢, p)IIp L (2, w)dadt
Q

4 / / BB ()T ()P pudadt, Y(C,p), (zyw) € Py (459)
Q

The Carleman inequality (4.47) holds for all (z,w) € Py, i.e.,
// e28ﬁ+233’y*4|w\2dazdt + // 6235+233§76|Vw|2dxdt + // 6253+28B'}76\Vz|2dxdt
Q Q Q

+ // e255+2sB'Ay—6|Az|2d:pdt + // 62SB+23B'?_6|Z — (z)Q|2dﬂcdt
Q Q

+112(0) = (2(0)) | * + el [w(0)]?
< Ca((z,w), (z,w)), Y(w,z) € P. (4.60)

From (4.60), it follows that we have a unique continuation property for the system

{L*(z,w) =(0,0) in Q, (4.61)
—0

9z _ Ow

= v on E,

which implies that a(., .) is a scalar product on F.
Therefore, we can consider the space P, the completion of Py with respect to the
norm associated to a(.,.) (which we denote by ||.||p). This is a Hilbert space and a(., .)

is a continuous and coercive bilinear form on P.

Let us also introduce [, given by (4.58) for all (z, w) € P. After a simple computation,
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we see that

| <1 (z,w) > | < le7?P32 | 217473 (2 = (2)0)ll12(q)
+ 116742 hy|| L2 1€ P42 w | 2 )

+[[(uo, €"%v0)|| 202 [(2(0)) = (2(0)) g, €/*w(0))[ 202, V(2,w) € P
(4.62)

and, in particular, using (4.60), the density of I} in P, we get

| <1, (z,w) > | <C(lle”*P4%ha|r2(q) + lle™ P42 ha|12(g)
+ ||(uo, €/20)|| L2 (y2) 1|(2, )| [P, Y(2,w) € P. (4.63)

In other words, [ is a bounded linear form on P and the constant C in (4.63) does not
depend on e. Consequently, in view of Lax-Milgran’s lemma, there exists a unique (2, )

satisfying:

a((2,w), (z,w)) = (I, (z,w)), V(z,w) € Pand (¢,w) € P. (4.64)

(,&7@) _ (628’6)’3/791__[1[/*(25,’@)), e2sﬁ*+25’é(’y*)3H2L*(£’,l@)) and g — —6285*+283(7*)7wx
(4.65)

A~

and we must see that (4, 0) verifies

// —25f 591l + // —24B* —255 =352 + // —236*—236 ) T (@)Pl3]? < oo

and is a solution of the reaction diffusion system (4.55).

The first property follows from the fact that (2, w) € P and
// 236 9‘u’2 // —25,8*—255 3’0‘2 / —2sﬂ*—2sﬂ( ) 7‘X< ’ ‘g‘2
Q
=a((2,w), (2,w))

In particular, (@,9) € L*(Q)? and g € L*(Q) and, from (4.63) and (4.64), it follows that g

is bounded independently from e.
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Let us now consider (u, v), the weak solution of

w — Al = —MAD+ I in Q,
€ty — AU+ bv=au+ gx + he in Q, 466
9u — 96 — on X (14.66)
ov ov ’
a(x,0) = up; v(x,0) = vy in Q.

We have that (@, ) is also the unique solution of (4.66) defined by transposition. Of

course, this means that (u, 0) is the unique function such that

//Q(ﬁ,f)) - (Fy, Fo)dzdt = //Q hypdzdt + //Q ho&dxdt + //Q gx&dadt

+ (0, ¢(0)) + €(vo, w(0)), (4.67)
where (¢, £) is the solution of
—pt —Ap=al+ ki in Q,
—e§t — Al = —b§ — MiAp + F> in Q,
4.68
%f = % =0 on Y, (4.68)
oz, T) =0; §(=,T) =0 in Q.

From (4.64) and (4.65), we see that (4, 0) also satisfies (4.67). Consequently, (u,0) =
(,v) and (4, 0) is the solution of (4.55).

Finally, we must see that (u, 9, §) belongs to E.

We already know that

le™"4%%a | 2(q) + |le™* =P (v") 720 2 + lx(@)e ™ P (7) 724l 12(g) < o0,

e 2B33T0 L(a, ) € LA(Q),
e~ P05 My L(a, 0) — gx)e L*(0,T; H(Q))
and that
/ HlL(uﬂj)dx = 0.
Q

The only thing remaining to check is that

e P31y € L2(0,T; H* (), 7314w € L(0,T; H'(Q))
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and that

e P57V Ay € L2(0,T; HY(Q)), =74~/ Vo € L2(0,T; HX(Q)).

To this end, let us introduce the pair (u*,v*) = p(t)(u, v), which satisfies:

,

uf — Au* = —MlAU* + phl + ptﬂ in Q,
evy — Av* 4+ bv* = au* + pgx + €pt0 + phy  in Q,

our o (4.69)
% = 6”1, =0 on X,
L v (2,0) = p(0)uo; v*(z,0) = p(0)vo in Q
We will consider two cases:
Case 1. p = e~B(%)13/4,
We have
el = [sBe(B)*/ e +13/de™0(3)%/13| < C3%/2e~F. (4.70)

Therefore, the products p;4 and p;9 both belong to L?(0,T; L(Q)). From well-known

regularity properties for parabolic systems (see, for instance, [75]), we deduce that

e~ (3)13/1q € L2(0,T; H(Q)) N L%(0, T; H'(%2)), @)
e~ (31310, &= (5)13/170, e~ (5)1/100 € L2(0, T3 LA(). |
Case 2. p = e~B(4)~1/4,
In this case, a simple calculation gives
Ipel = 1sBu(B) ™4™ 4 1/4e7P(3) 74| < e, (472)

From the regularity obtained in case 1 we have that pi and p;9 belong to L?(0, T; H(Q)).

Using definition of § and (4.60), we can easily see that
J[ @i < ca o), ) (@.73)
Q

where C does not depend on ¢ and hence it follows that e=5/28"4=25/85 ¢ 1,2(0,T; H*(R2))

and is bounded independently from e.
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Therefore, from the regularity theory for parabolic systems we deduce that

{683@)1% € L(0,T; H'(Q)) N L*(0, T H(%)), (4.74)

e=*0(3)"V/4Vi € L2(0,T; H2(Q)), e=*P(3) V1A € L(0,T; H' ().
This finishes the proof of Proposition 4.2.

Remark 4.6. Given any ¢ > 0, any f € L?(0,7; H(Q)) and any 2y € H?(), with
% = 0, the solution of

ezz— Az+z=f in Q,

% = on X, (4.75)

z(x,0) = 2o in Q
satisfies
HZHL2(0,T;H3(Q)) < C(Hf”m(o,T;Hl(Q)) + HZOHH2(Q) )7

where C' > 0 is independent from e.
In fact, multiplying (4.75) by eAz; and integrating over (2, we get

62/ Vvt|2dxdt+6d/ |Av|2d:c§/ IV fde.
Q 2dt Q Q

This last inequality gives ev; € L?(0,T; H'()). Using elliptic regularity for (4.75), the
result follows.

4.4 Uniform exact controllability to the trajectory

In this section we give the proof of Theorem 4.1 using similar arguments to those em-
ployed in [38]. We will see that the results obtained in the previous section allow us to
locally invert the nonlinear system (4.1). In fact, the regularity deduced for the solu-
tion of the linearized system (4.31) will be sufficient to apply a suitable inverse function
theorem (see Theorem 4.3 below).

Thus, let us set u = M; + z and v = M3 + w and let us use these equalities in (4.1).

We find:
L('Z)w) = (—V ’ (va)ang) in Qa
o _ow g on X, (476)
2(x,0) = ug — My; w(z,0) =vg— My in Q.

L(u,v) = (uy — Au+ M1 Av, evy — Av + bv — au).
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This way, we have reduced our problem to a local null controllability result for the
solution (z,w) of the nonlinear problem (4.76). For the sequel, the following inverse
mapping theorem is needed (see [27]):

Theorem 4.3. Let E and G be two Banach spaces and let A : E — G be a continuous function
from E to G defined in B, (0) for some > 0 with A(0) = 0. Let A be a continuous and linear
operator from E ontoY and suppose there exists Cy > 0 such that

lellz < Col|A(e)]|a (4.77)
and that there exists 6 < C; L such that
[[A(e1) — A(e2) — Aler — ea)|| < d|ler — ez (4.78)

whenever e1,ex € By (0). Then the equation A(e) = h has a solution e € B,)(0) whenever
|h|le < en, where c = Cyt — 4.

In our setting, we use this theorem with the space E defined before and

G=XXxY,
where
X = {(h1, ha) : e 2P33ny € L2(Q), e=*P~P42hy € L2(0, T; H'(Q)) (4.79)
and / hi(z,t)dz = 0a. et € (0,T)}, (4.80)
Q
Y = {(z0,w0) € H(Q) x HX(Q); / zodz = 0 and 38“’0 = 00n 90} (4.81)
Q 1%

and, for each 0 < ¢ < 1, the operator
Az, w, g) = (L(u,v) + (V- (2Vw), —gx)), 2(0), w(0)) V(z, w, g) € E.
We have
A'(0,0,0) = (L(u,v) + (0, —gx)), 2(0), w(0)) ¥(z,w,g) € E.

In order to apply Theorem 4.3 to our problem, we must check that the previous
framework fits the regularity required. This is done using the following proposition.

Proposition 4.3. A € C1(E;G).
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Proof. All the terms appearing in A are linear (and consequently C'), except for the term
V - (#Vw). However, the operator

((Zl, wl,gl), (ZQ, w2, gg))0—> (V . (z1Vw2), 0) (482)

is bilinear, so it suffices to prove its continuity from £ x E to X.
In fact, we have
(V- (21Vwa), 0)[x =[[218wz + Va1 Vwa|| 12 —at56 0 1).00)

< €| |€_286’A}/321Aw2| |L2(Q) + He_zsﬁ&:gv,lengLz(Q)

< C(Ie‘s%m/ ta1e 05 w2 g
+ Hes’éﬁlg/‘*Vzles’é?1/4V’w2HL2(Q)>

< C< \6_83’?13/421HL°°(0,T;H1(Q))"6_83’?_1/4Aw2| L2050 ()
117442 | e g lle ™5 'LQ(O:T%H“””) |

for a positive constant C which does not depend on e.
Therefore, continuity of (4.82) is established and the proof Proposition 4.3 is finished.
Ul

An application of Theorem 4.3 gives the existence of §, > 0, which a priori depend
on ¢, such that if ||(ug — My, vo — Ma)|| < n/(Cy* — &), then there exists a control g =
g(€) such that the associated solution (z,w) to (4.76) verifies (7)) = w(T) = 0 and
l|(z,w,9)||g < n. To finish the proof of Theorem 4.1, we must show that Cy, n and §
does not depend on e. This is a direct consequence from the fact that the constant Cj in
(4.77) does not depend on ¢ (see Theorem 4.2), that we can take any § < Cjy L and that
can be chosen to be §/C.
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Chapter 5

Null controllability of a system of
viscoelasticity with a moving control

5.1 Introduction

In this chapter we are concerned with the controllability of the following model of vis-
coelasticity consisting of a wave equation with both viscous Kelvin-Voigt and frictional
damping;:

Yt — Ay — Ay + b(x)yr = 1yph, in Q,

y=0 on X, (5.1)

y(,0) = yo(2); ys(2,0) = yu(z)  in Q.

Here (2 is a smooth, bounded open set in RY (N > 1), b € L°°(Q) is a given function
determining the frictional damping and i = h(x,t) denotes the control. To simplify the
presentation and notation, and without loss of generality, the viscous constant has been
taken to be the unit one v = 1. The same system could be considered with an arbitrary

viscosity constant v > 0 leading to the more general system
Y — Ay — vAy + b(x)ye = 1y, (5.2)

but the analysis would be the same.

The control  acting on the right hand side term as an external force is, forall 0 < ¢ <
T', localized in a subset of (2. This fact is modeled by the multiplicative factor 1) which
stands for the characteristic function of the set w(t) that, for any 0 < ¢ < T, constitutes
the support of the control, localized in a moving subset w(t) of €.

Typically we shall consider control sets w(t) determined by the evolution of a given

reference subset w of ) through a smooth flow X (z,,0).

139
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We consider the problem of null controllability. In other words, given a final time
T and initial data for the system (o, y1) in a suitable functional setting, we analyze the
existence of a control h = h(x,t) such that the corresponding solution satisfies the rest

condition at the final time t = T";
y(x,T) = ye(x,T) =0, inQ.

One of the distinguished features of the system under consideration is that, for this null
controllability condition to be fulfilled, the control needs to move in time. Indeed, if
w(t) =wforall 0 < t < T, ie. if the support of the control does not move in time
as it is often considered, the system under consideration is not controllable. This can
be easily seen at the level of the dual observability problem. In fact, the structure of
the underlying PDE operator and, in particular, the existence of time-like characteristic
hyperplanes, makes impossible the propagation of information in the space-like direc-
tions, thus making the observability inequality also impossible. This fact was observed
in the work by P. Martin et al. in [95] in the 1 — d setting. There, for the 1 — d model, it
was shown that this obstruction could be removed by making the control move so that

its support covers the whole domain where the equation evolves.

More precisely, in [95], the 1 — d version of the problem above was considered in the

torus, with periodic boundary conditions, b = 0 and w(t) = {z — t; x € w}, i.e.
Ytt — Yoo — Yozt = lw(t)h(x, t), xzeT. (5.3)
Recall that this system with boundary control, i.e. h = 0 and the boundary conditions
y(0,8) =0, y(1,t) =g(t),

g = ¢(t) being the boundary control, fails to be spectrally controllable, because of the
existence of a limit point in the spectrum of the adjoint system (see [109]). In the moving

frame 2’ = = + t, (5.3) may be written as
2t — 22zt — Ztwx + Zzax = a(x)h(T + 1, 1) (5.4)

where z(z,t) = y(z +t,t). In [95] the spectrum of the adjoint system to (5.4) was shown
to be split into a hyperbolic part and a parabolic one. As a consequence, equation (5.4)
was proved to be null controllable in large time. A similar result was proved in [112]

for the Benjamin-Bona-Mahony equation

Yt — Ytaz + Yo + YYz = a(x — ct)h(zx, 1), reT.
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Once again this system turns out to be globally controllable and exponentially stabiliz-
able in H!(T) for any ¢ # 0. But, as noticed in [96], the linearized equation fails to be
spectrally controllable with a control supported in a fixed domain.

As mentioned above, in both cases, the lack of controllability of these systems with
immobile controls is due to the fact that the underlying PDE operators exhibit the pres-
ence of time-like characteristic lines thus making propagation in the space-like direc-
tions impossible. By the contrary, when analyzing the problem in a moving frame, the

characteristic lines are oblique ones in (z, t), thus facilitating propagation properties.

In this chapter, we extend the 1 — d analysis in [95] to the multi-dimensional case.
This can not be done with the techniques in [95] based on Fourier analysis. Our ap-
proach is rather inspired on the fact that system (5.1) can be rewritten as a system
coupling a parabolic equation with an ODE. The presence of this ODE, in the case of
a fixed support of the control, independent of ¢, is responsible for the lack of control-
lability of the system, due to the absence of propagation in the space-like direction.
Letting the control move introduces an effect similar to adding a transport term in the
ODE but keeping the control immobile, thus changing the structure of the system into
a parabolic-transport coupled one. This new system turns out to be controllable under
the condition that all characteristics of the transport equation enter within the control
set in the given control time, a condition that is reminiscent of the so-called Geometric
Control Condition in the context of the wave equation (see [4]).

The approach in [95] would suggest to do the following splitting of (5.1):

v —Av=1,pnh+ (1 =b)(v—y), (5.5)
Yyt t+y=v.
However, the splitting can be performed in an alternative manner as follows:
- A b— 1)y =
yo— Ay + (b -1y =2z (5.6)
2t + 2= 1w(t)h + (b — 1)y.

It can easily be seen that y solves equation (5.1); if, and only if, it is the first component
of the solution of system (5.6).

Our analysis of the Carleman inequalities for these systems is analog to that in [1] for
a system of thermoelasticity coupling the heat and the wave equation. The key in [1] and
in our own analysis is to use the same weight function both for the Carleman inequal-
ity of the heat and the hyperbolic model. In [1], since dealing with the wave equation,
rather strong geometric conditions were needed on the subset where the control or the

observation mechanism acts. In our case, since we are considering the simpler transport
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equation, the geometric assumptions will be milder, consisting mainly on a character-
istic condition ensuring that all characteristic lines of the transport equation intersect
the control/observation set. This suffices for the Carleman inequality to hold for the
transport equation and is also sufficient for the heat equation that it is well-known to
be controllable/observable from any open non-empty subset of the space-time cylinder
where the equation is formulated.

It is important to mention that, as far as we know, all the Carleman inequalities for the
heat equation available in the literature are done for the case where the control region
is fixed. In the case we are dealing, the control region is moving in time. Therefore, a
new Carleman inequality must be proved in this framework. The proof of a Carleman
inequality for the heat equation when the control region is moving is one of the novel-
ties we present in this chapter.

In order to state the main result of this chapter, we first describe precisely the class of
moving trajectories for the control for which our null controllability result will hold.
Admissible trajectories: In practice the trajectory of the control can be taken to be de-
termined by the flow X (z,t,t() generated by some vector field

f e (0, T w*>RY;RY)),

i.e., X solves

X (e.1,10) = F(X(a,1,10), 1), -
X(ac, to, to) =X.

For instance, any translation of the form:
X($, t, tU) =+ V(t) - ’Y(to)v (58)

where v € C1([0,T]; RY), is admissible. (Pick f(xz,t) = ¥(t)).
We assume that there exist a bounded, smooth, open setwy C RY,acurvel' € C>([0, T]; RY),
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and two times 1, to with 0 < ¢; < t9 < T such that:
I'(t) € X(wo,t,0)NQ, Vte|0,T]; (5.9)
Q C Ugepo. X (wo, t,0) = {X(,¢,0); = €wy, t €[0,T]}; (5.10)
Q\ X (wo, t,0) is nonempty and connected for ¢ € [0,¢;] U [ta, T];  (5.11)
0\ X (wo, t,0) has two connected components for ¢ € (t1,2); (5.12)
Vy e C([0,T];9), 3t € [0,T], ~(t) € X(wo,t,0). (5.13)

The main result in this chapter is as follows.

Theorem 5.1. Let T' > 0, X (x,t,t0) and wo be as in (5.9)-(5.13), and let w be any open set in
Q such that Wy C w. Then for all (yo,y1) € L?(Q)? with y; — Ay € L%*(Q), there exists a

function h € L?(0,T; L*(Q)) for which the solution of

Yt — Ay — Aye +b(x)yr = 1x w0y (2)h, nQ,
y(z,t) =0, on %,

y(-,0) = yo; (-, 0) = 11 in €,

Fulfills y(., T) = y:(., T) = 0.

(5.14)

A few remarks are in order in what concerns the functional setting of this model:

e Viewing the system of viscoelasticity under consideration as a damped wave equa-

tion, a natural functional setting would be the following: For data in H}(Q) x
L?*(Q) and, say, right hand side term of (5.1); in L?(0,T; H (Q2)), there exists
an unique solution y € C([0,T]; H} () N C1([0,T]; L?(£2)). Furthermore y; €
L?(0,T; HY(Q)). The latter is an added integrability /regularity property of the
solution that is due to the strong damping effect of the system. This can be seen

naturally by considering the energy of the system

1
B() =5 [ [l + VoPlde,

that fulfills the energy dissipation law

d

—E(t) = — / [|Vyt|2 + b(x)]yt|2]dx +/ hydzx.
dt Q w(t)

e We can solve (5.6) so that y, solution of the heat equation, lies in the space



144 CHAPTER 5. A SYSTEM OF VISCOELASTICITY

C([0,T); HE(Q)) N L2(0,T; H?(Q)) and z, solution of the ODE, in C([0, T]; L?(Q)).
This can be done provided (yo,y1 — Ayo) € HE(Q) x L?(£2). The functional setting
is not exactly the same but this is due to the fact that, in some sense, in one case
we see the system as a perturbation of the wave equation, while, in the other one,

as a variant of the heat equation.

e From a control theoretical point of view it is much more efficient to analyze the
system in the second setting, as a perturbation of the heat equation, through the
coupling with the ODE or, after changing variables, with a transport equation.
If we view the system of viscoelasticity as a perturbation of the wave equation,
standard hyperbolic techniques such as multiplier, Carleman inequalities or mi-
crolocal tools do not apply since, actually, the viscoelastic term determines the
principal part of the underlying PDE operator and cannot be viewed as a pertur-

bation of the wave dynamics.

The analysis is particularly simple in the special case where b = 1. Indeed, in that
case, system (5.5) (with a second control incorporated in the ODE) takes the following

cascade form

{ Ut — Av = 1w(t)h, (515)

ye+y =L,k +v,

where the parabolic equation in (5.15) is uncoupled. This system will be investigated
in a separate section (section 5.2) since some of the basic ideas allowing to handle the
general case emerge already in its analysis. Note that, in this particular case, roughly,
one can first control the heat equation by a suitable control & and then, once this is done,
viewing v as a given source term, control the transport equation by a convenient k. This
case is also important because the only assumption needed to prove Theorem 5.1 in
this case is (5.10) (i.e. we don’t assume that (5.9) and (5.11)-(5.13) are satisfied). In this
particular case b = 1 a similar argument can be used with the second decomposition.

5.2 Analysis of the decoupled cascade system

In this section, we give a proof of Theorem 5.1 in the special situation when b = 1, and
w(t) = X (wo,t,0), where X is given by (5.7) for some f € C(RT; W2°(RY;RY)).

As we said before, we will prove Theorem 5.1 in the case b = 1 by proving a null
controllability result for the decomposition (5.15). The idea of the proof is as follows.
We take some appropriate 0 < ¢ < 7" and then drive the solution of the heat equation
(5.15); to zero in time e by means of a control h. Next, we let equation (5.15), evolves

freely in [0, €], i.e., k = 0, and then we control this equation by means of a smooth control
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k in the time interval [¢, 7). This gives the null controllability of the system (5.15) in the
whole time interval [0, 7.

Proof of Theorem 5.1 in the case b = 1.

Suppose (5.10) is satisfied and let

Ty = inf{T > 0; Qc UogthX(wo, t, 0)} (5.16)

Pick any T' > Tp, and pick some ¢ € (0,7 — Tp) and some nonempty open set
w_1 C wp such that

Q cC UEStSTX (WQ, t, O), (5.17)
w—_1 C X(w(),t, 0) Vit € (O,E). (5.18)

Let 7" = T — ¢, and pick any (vo, yo) € L*(Q)?. It is well known (see [130]) that there
exists some control input h € L?(0, ¢; L%(12)) such that the solution v = v(x,t) of

v—Av=1, h inQx(0,¢),

. (5.19)
v(z,0) = vo(x) in Q,
satisfies
v(x,e) =0, x € Q.
Set
h(z,t) = 1o, (2)h(z,t), x€Q,te(0,¢),
hz,t)=0, =zeQ tel(eT),
/%(x,t)zO, zeQ, te(0,e).
Then the solution v of
vt — AV = 1x(4,1,0) (x)il in Q, (5.20)
v(z,0) = vo(x) in Q, '
satisfies v(x,t) = 0 for t € [, T]. We claim that the system
Y +y = 1X(w0,t,0) (a:)k(:c, t) in €2 x (57 T)7 (5 21)
y(z,e) = yo(x) in €2,

is exactly controllable in L?((2) on the time interval (g, T). By duality, this is equivalent
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to proving that the corresponding observability inequality

T
/Q lgo(x)|2dz < C / /Q 1 (wn0) () gz, ) Pdadt (5.22)
€

is fulfilled with a uniform constant C' > 0 for all solution ¢ of the adjoint system

—q+q=0 inQx (e,T),

q(z,T) = go(z) in Q. (5.23)

Since the solution of (5.23) is given by q(z,t) = ¢~ Tqo(x), we have that

T T
/ /Q Ly o0y (@) la(, ) Pdadt > 26D /Q lg0() / 1y (o) () dt)dz.  (5.24)
1> 1>

From (5.16) and the smoothness of X, we see that for all z € Q, there is some ¢y € (¢,T),
and some ¢ > 0 such that for any y € B(z,d) and any ¢ € (¢,T) N (o — d,to + 0) we have
y € X(wo,t,0). From the compactness of (), we see that there exists a number §; > 0
such that

T
/ 1x (wo,t,0) () dt > do, Vo € Q.
€

Combined with (5.24), this yields (5.22). Thus, (5.21) is exactly controllable in L*(2) on
(e, T) with some controls k € C([e, T); L*(9)).

Let y1(z) = e yo(x) + [y €2 “v(z, s)ds. Extend & to (0,T) so that k € L?(0,T; L*(Q))
and the solution of

Yty = 1X(w0,t,0)($)l} inQ x (e,7),

P — inQ, (529

satisfies y(.,T') = 0. Thus the control (k, k) steers the solution of (5.15) from (v, yo) at
t=0to (0,0) att = T. Applying the operator J; — A in each side of (5.15), results in

Yt — DY — Ay + Yt = Lx(w.00) (@)1 + (0 — A)[Lx (o 1,0y (X)E], (5.26)

This proves Theorem 5.1, except for the fact that the control does not live in L2(0, T; L?(Q2)).
Assume now that (vg, yo) € L2(Q)x[H2(Q)NHJ ()]. To geta control k € L*(0,T; H?(2)),
it is sufficient to replace 1,4y by a(X(z,0,t)) in (5.15),, where a is a function satisfying

a € Ci(w),

a(z) =1 Vz € wy.
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X(wo,t,0) X (wo, t,0) X(wo,t,0)
) Q ) N
@ I'(t) [ J [ J
r'(t) r'(t)
Qi (t) Da(t) Qi (t) Qa(t)
N N N
0<t<ty t <t <ty to<t<T

Figure 5.1: Example for which conditions (5.9)-(5.13) are satisfied.

The proof is completed by showing the observability inequality

T
laoll% < C/ 1t = £)a(X (., 0,8))al., )| % dt

for the solution g of system (5.23), where X = H?(2) N H}(Q) and X' stands for its dual
space. This can be done as in [111, Proposition 2.1]. Next, using the HUM operator,
we notice that k € C'([e, T]; X) with k(.,e) = 0, since ¢ € C*([¢, T]; X’) for any gy €
X'. Thus, with this small change, the right hand side term in (5.26) can be written
1x (w10 u(2, t), where u € L*(0,T; L*(12)).

Remark 5.1. Observe that the situation when X (wy, t,0) moves as in Figure 5.2, Figure
5.4 or in Figure 5.5 (see below) is admissible in the case when b = 1.

5.3 Examples

In this section, we provide some geometric examples to illustrate the assumptions (5.9)-
(5.13). We use simple shapes (like rectangles) just for convenience.

e Figure 5.1 shows how a control region should move in order to satisfy conditions
(5.9)-(5.13).

e Figure 5.2 depicts a situation for which Theorem 5.1 cannot be applied, except in
the case when b = 1, as condition (5.12) fails.

e In Figure 5.3, we modify the example given in Figure 5.1 by shifting the time.
Theorem 5.1 cannot be applied as it is, since (5.11) fails. However, the conclusion
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Q
X (wo,,0)
“ X (wo, T, 0)
Figure 5.2: Example for which condition (5.12) fails.
X (w0, T.0)
R [¢) 'R /R

X (wo,t,0)

Figure 5.3: Example for which condition (5.11) fails.

of Theorem 5.1 remains valid. Indeed, assume that 2 \ w(¢) has two connected
components (resp. one) for ¢t € [0,71) U (12, T (resp. for ¢t € [11,]). Assume that
the “jump” of w(t) occurs at t = 73, with 71 < 73 < 79. Let

O := Uo<t<ry w(t), (5.27)
R= Ur<t<T w(t) (5.28)

and let n € C*°(Q2; [0, 1]) be such that

supp(n) C Ox, (5.29)
supp(1l —n) C Os, (5.30)
supp(Vn) C wo. (5.31)

Then, applying the Carleman estimate in Lemma 5.4 to (p1,¢1) = 1(X(z,0,t))(p, q)
in QN {n > 0} on the time interval [0, 73], and to (p2, ¢2) = (1 — (X (z,0,1)))(p, q)
in Q N {n < 1} on the time interval [r3,T], we can easily prove the observability
inequality (5.34).
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o (\
)

X (wo, t,0) X (wo, t,0) X (wo, t,0)

Figure 5.4: Example showing that X (wp,?,0) N Q # 0 Vt € [0, T] does not imply (5.9).

e Figure 5.4 shows that the assumption (5.9), which is needed to construct the weight
function v in Lemma 5.1 cannot be replaced by the simpler condition

X(wo,t,0)NQ A0, Vte|0,T].

e Figure 5.5 shows that the assumption (5.13), which is also needed to construct
the weight function ¢ in Lemma 5.1, does not result from the other assumptions
(5.9)-(5.12).

5.4 Null controllability of system (5.15).

In this section we proof Theorem 5.1. Using decomposition (5.6), it is easy to see that
the null controllability of (5.1) turns out to be equivalent to the null controllability of the

system
yr — Ay + (b(z) — 1)y = = in @,
2t +2 = lx (0 (2)h+ (b(z) — 1y inQ, (532)
y(x,t) =0 on Y,
2(2,0) = z0(z); y(z,0) = yo(x) in €.

More precisely, Theorem 5.1 is a direct consequence of the following result.

Theorem 5.2. Let T, X (z,t,to) and wg be as in (5.9)-(5.13), and let w be as in Theorem 5.1.
Then for all (yo,20) € L?(S2)?, there exists a control function h € L?(0,T; L*(Q)) for which
the solution (y, z) of (5.32) satisfies y(.,T) = z(.,T) = 0.
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X (wp, t,0) X (wo,t,0)
X (wo, t,0)
Q
(1) y(t) A(t)
° ° ®
(t)
®) r(t) r(t)
° 0 (1) ® | () °
X (wo, t,0)
X (w0, 1,0) X (wo, t,0)
(t) () V(1) I(t) (1) I'(t)
° ° ) ) ° °

() (1) (1)

0a(t)

Qi (t)

Figure 5.5: Example showing that (5.9)-(5.12) does not imply (5.13).

From now on we concentrate in the proof of Theorem 5.2.

Theorem 5.2 is equivalent to prove an observability inequality for the adjoint system

of (5.32), namely

—pt — Ap+ (b(z) — 1)p = (b(z) — 1)g

—qt+q=0p
p(z,t) =0

p(x, T) = po(x);q(2, T) = qo(x)

in Q,
in Q,
in X,
in Q.

(5.33)

In fact, one can show that Theorem 5.2 is equivalent to the following;:

Proposition 5.1. Let T', X, wy and w be as in Theorem 5.1. Then there exists a constant C' > 0
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such that for all (po, qo) € L*()?, the solution (p, q) of (5.33) satisfies:

T
/ p(2,0) + lq(z, 0) dz < C / / la(a, )2 dedt. (5.34)
Q 0 JX(w,t,0)

Proof of Proposition 5.1. Inspired in part by [1] (which was concerned with a heat-wave
system!), we shall establish some Carleman estimates for the (backward) parabolic
equation (5.33); and the ODE (5.33), with the same singular weight.

For a better comprehension, the proof will be divided into two steps as follows:

Step 1. We apply suitable Carleman estimates for the parabolic equation (5.33), and
the ODE (5.33),, with the same weights and with a moving control region.

Step 2. We estimate a local integral of p in terms of a local integral of ¢ and some
small order terms. Finally, we combine all the estimates obtained in the first step and
derive the desired Carleman inequality.

The basic weight function we need in order to prove such inequalities is given by
the following Lemma.

Lemma 5.1. Given T' > 0. Let X, wo and w be as in Theorem 5.1, and let wy be a nonempty
open set in RN such that
o Cwi, w1 Cw. (5.35)

Then there exist a number § € (0,T/2) and a function ¢» € C*(Q x [0, T)) such that

Vip(z,t) # 0, te[0,7], z € Q\ X(wi,t,0), (5.36)

P (x,t) # 0, te[0,T], x € Q\ X(w1,t,0), (5.37)

Py (w,t) > 0, te[0,0], z € Q\ X(wi,t,0), (5.38)

P(x,t) <0, te[T—6T), z€Q\ X(w,t,0), (539

g—i(:v,t) <0, te€0,T], x € 09, (5.40)

9@t > Slm@xory  t€[0.T) vel G41)

The proof of Lemma 5.1 will be given in section 5.5.

!See also [29] for some Carleman estimates for a coupled system of parabolic-hyperbolic equations.
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{(z,t); 0<t<T, xeX(w,t,0)}

P <0

P >0

Q

Figure 5.6: Sign of the time derivative of 1.

Next, we pick a function g € C*°(0,T) such that

1 for0 <t <§/2,
strictly decreasing for0 <t <9,
g(t) = 7
1 ford <t < 3,
g(T — 1) for T <t<T
and define the weights
o(z,t) = g(t)(e2M¥llie _ Mo(@d)), (z,t) € Q x (0,T),
0(x,t) = g(t)eM@h), (z,t) € Q@ x (0,T),

where |[¥)||zc = [[¥)|[ Lo (ax (0,r)) and A > 0 is a parameter.

Remark 5.2. Basically, ¢ drags the critical points of ¢(z,0) inside the control region
during the evolution of the flow. This is the analogous of the function given by Lemma

2.1 for the case of static control region.

Step 1. Carleman estimates with the same weight.

In this step we apply a Carleman inequality for the heat-like equation (5.33); and a
Carleman inequality for the ODE (5.33),, both with the same weight. We combine such
inequalities and obtain a global estimation of p and ¢ in terms of local integrals of p and

q.
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For the purpose of the proof, we assume that the following two lemmas are true (their

proof are given in sections 5.6 and 5.7, respectively).

Lemma 5.2. There exist some constants Ao > 0, so > 0 and Cy > 0 such that for all X > X,
all s > sgand all p € C([0,T); L?(Q)) with p; + Ap € L*(0,T; L%(12)), the following holds

T
10 18R + 1)+ X3(68) T + A (50 )25
0JQ

T T
<y (/ / Ips + Ap|Pe 2 dxdt + / / )\4(39)3|p\26_25@d$dt> . (542)
0/ 0 J X (w1,4,0)

Lemma 5.3. There exist some numbers \y > Ao, s1 > so and Cy > 0 such that for all X > Xy,
all s > sy and all ¢ € H(0, T; L?(X2)), the following holds

T T
//()\230)|q\26_2wd:vdt §C’1(//|qt|26_2wdxdt
0JQ 0JQ
T
- / / )\2(39)2|q|26_2wd:ﬁdt). (5.43)
0 J X (w,t,0)

Applying the Carleman inequality given in Lemma 5.2 to the heat-like equation (5.33),

we obtain

T
/ / [(56) " (1A + [pe]?) + X2(50)[Vpf? + A (s60)° p[2le 2% drdt
0JQ

T T
<y ( / / (b — 1)(p — q)2e~2dadt + / / )\4(50)3|p|26_25“0d3:dt> .
0JOQ 0 J X (w1,t,0)
(5.44)

Next, we apply the Carleman inequality given by Lemma 5.3 to the ODE (5.33), and

obtain

T
//()\289)Q|2628@dl‘dt
0J/Q
T T
< <// ]q—er_QS“"d:Udt—l—// )\2(59)2|q\26_25“"dxdt>. (5.45)
0JQ 0 J X (w,t,0)
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Adding (5.44) and (5.45), it is not difficult to see that
T
/ / ((56) " (1A + [pef?) + X2(50) [ Vpf? + A (s0)p[2le 2% drdt
0JQ

T
+//(A259)|q|26_259"dmdt
0Ja

T T
<C (// )\2(30)2‘q|26728¢dxdt+ // )\4(80)3‘p|232wd:€dt> . (5.46)
0 JX(w,t,0) 0 J X (w1,4,0)

for appropriate s > so > sy and A > Ay > Ag.
Step 2. Arrangements and conclusion.

In this step we estimate the local integral of p appearing in (5.46) by a local integral
of ¢ and some small order terms. Finally, using semigroup theory, we finish the proof
of Proposition 5.1.

The main result of this step is the following.

Lemma 5.4. There exist some numbers Xy > A1, so > s1 and Cy > 0 such that for all A > Ao,
all s > so and all (po, qo) € L?(2)?, the corresponding solution (p, q) of system (5.33) fulfills

T
10 18R + 1) + X2(68) T + A4 (50 ol 2%
0JQ

T T
+ / / (\2s0)|q|e™ 2P dxdt < Cy / / M8 (s0) e 2% g2 dadt. (5.47)
0JQ 0 J X (w,t,0)

Proof of Lemma 5.4. In order to prove Lemma 5.4, we just need to estimate the p
appearing in the right-hand side of (5.46 ). For that, we introduce the function

C(x,t) :=&(X (2,0,t)), (5.48)

where ¢ is a cut-off function satisfying

€ € O (w), (5.49)
0<é&(x)<1, zeRY, (5.50)
Ex)=1, z€ws. (5.51)

We have that

T T
/ / M (s0)3|p|*e” 2% dxdt < / / A (50)3|p|Pe 2 dadt (5.52)
0 J X (w1,t,0) 0JQ
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and we use (5.33)9 to write

T T
/ / A (s0)3|p|Pe P dadt = / / ¢ (s0)3pge 2 dadt
0JQ 0JQ

T
+//C)\4(S¢9)3p(—qt)eQS‘Pda:dt
0JQ
=: My + M. (5.53)

It remains to estimate M; and M>. Using Cauchy-Schwarz inequality and (5.49)-(5.50),
we have, for every € > 0,

T T
1
M| < e / / M (s0)3|p|*e” 2% dxdt + — / / M (s0)3|q|?e 2% dxdt.  (5.54)
0Jo 4e Jo J X (w,t,0)

On the other hand, integrating by parts with respect to ¢ in M, yields
T T
My = / / CAY(s0)3pyge™ 2% dadt + / / C)\4(3S3020t — 23490tc93)pqe723“’dxdt
0JQ 0JQ

T 0X -1 _
—/O/S)V§(X(x,0,t))-(8x) (X (z,0,1),t,0)f(z,t)\*(s0)>pge 2P dxdt

= My + M; — M;.

For M, we notice that for every ¢ > 0,
T 1 /T
|My| < e / / (s0) " |pe|Pe”**Pdwdt + — / / 28(0)7|g|2e*dxdt.  (5.55)
0Ja 4e Jo X (w,t,0)
Since |0;] + |p¢| < CA0?, we infer that
T
|M3| < C/ / ¢sH(N0)5 |pgle™ 2 dxdt (5.56)
0./Q

T C T
5///\4(30)3p|26_25‘pd:xdt+// Mo (s0)7|q|? e~ 2P dxdt.
0Ja 0 JX(w,t,0)

IN

€52

Finally, M3 is estimated as M;:
T C T
M3 < e / / M (s0)3|p|*e 2P dxdt + — / / M (s0)3|q|?e %dxdt.  (5.57)
0JQ € Jo JX(w,t,0)

Gathering together (5.46) and (5.52)-(5.57) and taking € small enough, we obtain
(5.47).

Now we finish the proof of the observability inequality (5.34).
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Pick any (po,qo) € L?*(Q)?, and denote by (p, q) the solution of (5.33). Note that
p € C([0,T); L*(2)) N L?(0,T; H}(Q)) and that ¢ € H'(0,T;L?(f2)). Using classical

semigroup estimates, one derives at once (5.34) from (5.47).

O]
5.5 Proof of Lemma 5.1
Proof. Pick any 0 < min(t;,T — tg,T/2). We search v (see Figure 5.6) in the form
Y(x,t) = P1(x,t) + Cova(z,t) + Cs (5.58)

where, roughly, ¢ fulfills (5.36), ¥ fulfills (5.37)-(5.39) together with Vi = 0 outside
X (w1,t,0), and Cy, C; are (large enough) positive constants.

Step 1. Construction of 1.

LetT' € C*°([0, T]; RY) be as in (5.9), and let £ > 0 be such that

B(T'(t),3¢) C X(wo,t,0)NQ,  t€0,T].

We choose a vector field f € C®(RN x [0, T];RY) such that

Fle.t) = () ifte[0,T], = € B(T(t),e),
REA I ift € [0,7], = € RN\ B(L(t), 2€).

Let X denote the flow associated with f ; that is, X solves

%jf(m,t,to) = f(X(x,t, o)1), (z,t,t0) € RN x [0,T]?,

X(x,to,to) =z, (x,to) S RY x [O,T}.

Note that

X(y+T1(0),t,0)=y+T(t) if (y,t) € B(0,e) x [0,T],
X(x,t,tg) =z if dist (z,00Q) <e, (t,ty) € [0,T)>.
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By a well-known result (see [130, Lemma 1.2]), there exists a function ) € C*°(2) such
that

P(x) >0 if zeQ;
(x) =0 if =z € 0%,
Vi(z) #0 if zeQ\ B((0),¢).

S

Actually, the function ¢ given in [130] is only of class C?, but the regularity C* can be
obtained by mollification with a partition of unity (see e.g. [110, Lemma 4.2]). Let us set

1/11(337 t) = TZJ(X($, 07 t))
Then 1 € C*°(2 x [0, 7)) and it fulfills

Pi(z,t) >0 if (z,t) € Qx (0,7, (5.59)
iz, t) =0 if (2,6) €U x[0,T],  (5.60)

Vi (z,t) = V(X (x, O,t))%i((x, 0,t) #0 if z¢€Q\ X(wo,t,0). (5.61)

For (5.61), we notice that if we write z = X (, ¢, 0), then z = X(2,0,t) hence

V(X (2,0,t)) = Vip(F) # 0

if z ¢ B(I'(0), ), which is equivalent to z ¢ B(I'(t),e). The last condition is satisfied
when z € X (wo,t,0).

Step 2. Construction of .

From (5.11), (5.12), and (5.13), we can pick two curves y; € C?([0,t2);Q) and v €
C%((t1,T); Q) such that

m(t) € X (wo, t,0), 0<t<t,
Y2(t) & X (wo, t,0), t <t<T.

We infer from (5.13) that for any ¢ € (¢1,t2), 71(t) and ~2(t) do not belong to the same
connected component of  \ X (wp,?,0). Let Q;(t) (resp. Q2(t)) denote the connected
component of i (t) (resp. y2(t)) for 0 < ¢ < t5 (resp. for t; <t < T). Clearly

(1), if0<t<t,
Q\X(OJO,t,O) = Ql(t)UQQ(t), ift;1 <t <ty
Qo(t), ifto <t <T.
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Set Q1 (t) = 0 for t € [t2,T], and Qa(t) = () for t € [0,1]. Let ¢ € C(Q x [0, T]) with
Ya(x,t) = t(lo,)(x) — Layw(x)) forte[0,T], z € Q\ X (wi,t,0),

0o

5 = 0 for (x,t) € 9 x [0,T].

Such a function v, exists, since by (5.35)

inf dist (Ql(t) \ X(w1,t,0),Q(t) \ X(w1,t, 0)) > 0.

t1<t<to
Then
%_ 1 if 0<t<ty and .’EGQl(t)\X(wl,t,O),
ot | -1 ift;<t<T and z € Qu(t)\ X(w1,t,0).
and

Vipo(x,t) =0 if € Q\ X(wy,t,0).

Note that (5.37)-(5.39) are satisfied for 2. Note also that for any pair (7, 72) with 0 <
71 < 179 < T, the set

Krmy = {(z,t) e RN 7y <t <1y, 2 € Q\ X(w1,1,0)}

is compact.

Remark 5.3. Let us now explain in details the construction of the function .

First, we pick wp and w3 such that wy CC wy CC wy CC wy. Wefix t € [0,T]. Assume
t1 < t < tg. Note that dist(Q4(t) \ X (wa,t,0),Q(t) \ X (w2,t,0) > 0, since X (wo,t,0) is
an open neighborhood of X (wy, t,0). Thus, we can construct n* € C*°(Q) such that

o) = 1 ifx e Q(t) \ X(we,t,0),
7 1 ifa e () \ X(wa, t,0).

Fort < t; (resp. t > t3), wesetn'(z) = 1 (resp. n'(z) = —1). Note that we do not impose
%—7; = 0 on 0.
Next, we consider a vector field g € C®(RY,R") such that g(z) = v(x), for all
r € 0Qand ||g(7)||eo < 2 for all z € RY (actually, we can construct this vector field).
Let us denote by #(z, t) the flow associated to g. Then, for € > 0 small enough, the
set G = {Y(z,t);—e < t < e,z € 0N} is an open neighborhood of 9. Let us also
consider an open set G C € such that dist(G2, RM\ Q) >0and Q C G UGo.
The map (t € (—¢,0),z € 9Q)— ¢(t,z) € Q is one to one for ¢ small enough. We
denote by ¢! the 9Q component of the inverse mapping.
Denoting by (1, (2 the partition of unity associated to G, Ga. Then, it (z) = (1 (z)n' (¢~ (z))+
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Go(@)n' () fullfil 2L = 0 in 9.

Furthermore, for € small enough,

~t( )_ 1 ifﬂSEQl(t)\X(OJg,t,O),
TYIZY 21 e e Qo(t) \ X(ws,t,0)

and %—T = 0 on 0f).

We pick now a partition of [0,7] denoted by 0 = tp < ¢; < ... < t} = t and
a partition of unity (in time) (7;),1 < ¢ < k, associated to (—8,t1) = To, (to,t2) =
T1, (t1,t3) = Ta, ... (tk—2,tk) = Tg—1, (tk—1, T + §) = Ty, and set

k
n(t,x) =Y i (2)T;(t)

Jj=0

Then, n € C*(Q x [0,T]) and, if sup |tj+1 — t;| is small enough, we have

o=l 1 Hrel®\X(w,10),
MEET)=9 _4 if v € Qa(t) \ X (w1,t,0).

Clearly, g—z = 0on 99N x [0, T]. Finally, set ¢2(z,t) = tn(t, x).

Step 3. Construction of .

Let ¢ be defined as in (5.58), with C; > 0 and C35 to be determined. Then (5.36) and
(5.40) are satisfied. We pick C; large enough for (5.37)-(5.39) to be satisfied. Finally,
(5.41) is satisfied for C3 large enough. O

5.6 Proof of Lemma 5.2

Proof of Lemma 5.2. The method of the proof is widely inspired from [46], and the com-
putations are presented as in [110, Proof of Proposition 4.3].
Letv=¢e*?pand P = 9; + A. Then

e *YPp=e *¥P(e*fv) = Psv + Py
where

Pow = Av+ (s + 52 |Vp|H, (5.62)
Pov = v +2sVe-Vu+ s(Ap)v (5.63)

denote the (formal) self-adjoint and skew-adjoint parts of e™*¥ P(e*%-), respectively. It
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follows that
1™ Ppl|* = || Poo|* + || Pavl[® + 2(Psv, Pav) (5.64)

where (f, g) fofﬂ fgdxdt, ||fl|?> = (f, f)- In the sequel, fon z,t)dzdt is denoted
|| f for the sake of shortness. We have

(Psv, Pov) = (Av,vy) + (Av,25Vp - Vo) + (Av, s(Ap)v) + (sprv + 8%V Po, vp)

+ (s + 82| V| ?v, 25V V) + (s + 5% Vo 2, s(Ap)v) =: I + Io+ T3+ I+ I5+ I.
(5.65)

First, observe that
—/ Vv -V =0. (5.66)

Using the convention of repeated indices and denoting 0; = 9/0x;, we obtain that
[2 = 2s / 8?1) @‘tpaﬂ)
T
= —28/ 8jv(8j8i<p8w + 8ig08j8w) + 28/ (@-v)nj&go@ivda.
0 Joq

Since v = 0 for (z,t) € 9N x (0,T), Vv = (0v/dn)n, so that Ve - Vv = (0¢/0n)(0v/on)
and

T T
/ (éb-v)njaigoaivdaz// (D /On)|dv/On|*do.
0 Jos2 0 JoQ

It follows that

T
I, = —2s //@&;cp@v@,;v—s//@igoﬁi(]@ij)—i—%// (D/0n)|0v/On|*do
0 Jos2

T
= —23//8j8i<p8jvﬁiv+s/ A(,D’V’U’Z-‘rs// (Dp/0n)|0v/On|*do.  (5.67)
0 Joo

On the other hand, integrations by parts in « yields

I3 = —s/ Vo - (vV(Ap) + (Ap)Vv) = s// Ach|v2‘2 — 3/ Ap| Vo) (5.68)

and integration by parts with respect to ¢ gives

I4 = //(Sg&tt + s 8t|v¢| )’U‘
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Integrating by parts with respect to x in I5 yields

I =— // $*V - (SOtV(P)’U‘Z — // SV - (’V80|2Vg0)]’u]2_ (5.60)

Gathering (5.65)-(5.69), we infer that

T
2(Psv, Pyv) = —4s // 0;0;p0jv0;v + 23// (0 /On)|0v/On|*do
0 JoQ2

4 / W2[s(A%0 — i) — 2820 Vo — 255V - V| Vp|?).

Consequently, (5.64) may be rewritten

T
He*S‘F’PpH2 = HP52)H2 + HPaqu2 —4s // 0;0;p0;v0;v + 28/ / (8@/8n)\8v/8n|2d0
0 Jon

4 / W2[s(A2% — u) — 2520Vl — 26*Vio - V| V[2]

CLAIM 1. There exist some numbers A\; > 0, s; > 0 and A € (0, 1) such that for all
A> A andall s > sy,

/ W2[s(A% — i) — 2820 Vo] — 257V - V|V[?]

T
LA / / (032 > Ars® / / 0P, (5.70)
0 J X (w1,t,0)

Proof of Claim 1. Easy computations show that
Oip = =M™y, D;0ip = —g()e™ (N*00; + 20;0,9)  (B71)
and
—VIVel* - Vip = —2(0;0i0) 0150050 = 2(A\ge ) (N V|* + 0,010 00 05)).
It follows from (5.36) that for A large enough, say A > A;, we have that

—V|Vp|?- Vo > ANN)3,  t€[0,T), € Q\ X(w1,t,0), (5.72)
VIVel? - Vel < ATAN)?, ¢ €[0,T], x € X(wi,t,0), (5.73)

for some constant A € (0,1). According to (5.41), we have for some constant C' > 0

IA20] + [ou| + 8:Vol2] < CANG)3,  te[0,T], = € Q.
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Therefore, we infer that for s large enough, say s > si, and for all A > A\; we have that
s(A%p — ) — 2520, V|? — 253V - VIVe[? > AXs?(\0)3,
fort € [0,T], z € O\ X(w1,t,0) and
1s(A%p — @) — 2520 Vp|? — 253V - V|Ve|?| < 347 1A\s3(M\0)3,

fort € [0,7], z € X(w1,t,0).
This gives (5.70) with a possibly decreased value of A. O

Thus, using the fact that 9p/dn > 0 on 09 by (5.40), we conclude that
1Pl + ([Pl + 4xs° [ [ o)1
T
< |le~*¢Ppl||* + 4s // 9;0;p0;v0;v + A1 \s3 / / (N3 |v|. (5.74)
X (w1,t,0

CLAIM 2. There exist some numbers \s > A1 and sy > s7 such that for all A > Xy and
all s > s9,

As //(Ae)w? + s //(Ae)—lymy? <C (3_1|Psv\|2 s //(A9)3|U|2> . (575)

Proof of Claim 2. By (5.62), we have

-1 //()\0)1]Av[2 = 5! //()\0)1|Psv — spv — 82|V ?v]?

cs—l/ (A0 (|Paol® + 2Lt Plol? + s (00) o)

C(”PUHQ // (A0)3|v \2) (5.76)

provided that s and A are large enough, where we used (5.41) in the last line to bound
©¢. On the other hand,

As / / OO)Vo2 = s / / (A0) (= Av)y — / / (V(A0) - Voo
;S//(Ae)lmmuf// 0| + / A2
C <s_1|P5v||2+)\53 //()\9) |v|2> (5.77)

by (5.76), provided that s > sy > sy and A > A2 > A;. Then (5.75) follows from (5.76)-

IN

IN

IN

IN
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(5.77). O
We infer from (5.74)-(5.75) that

|\Pav||2+)\s//()\0)|Vv|2—i—)\s_l //()\0)_1|Av|2—I—)\53//()\9)3|v|2

T
<C (He_s‘pPpHQ + 45 // 9;0ipv0;v + A‘l)\s3/ / ()\9)31;]2> . (5.78)
0 J X (w1,t,0)

By (5.71),

s// 0;0;p0v0;v < —sA //g(t)ewﬁj&;w@jvaw <Cs //()\9)|VU|2.

Therefore, for A large enough and s > sy,

|Po|? 4 As® //()\0)3\1)]2+/\s//()\9)|Vv\2+)\s1 //(A@)HAUP

T
<C <y|e—wpp||2 + )\53/ / ()\0)3v|2> . (5.79)
0 J X (w1,t,0)

Using (5.63) and (5.79), we see that for A large enough and s > s

)\sl//()\e)1|vt]2 < C)\sl//()ﬁ)1(!Pav|2+32|V¢\2]V1}]2+32]A<p|2\v]2)

T
C (He_‘(""PpH2 +)\53// ()\0)3v|2> .
0 X(wl,t,o)

Hence, there exists some number A3 > )y such that for all A > A3 and all s > s5, we

IN

have

AS? //(/\9)3|v|2—|—>\s//(>\9)|Vv|2~|—)\s_1//()\0)_1(|Av2+\vt|2)

T
<c (!\e_s‘pPp\]z—l—/\s?’// ()\9)31)]2). (5.80)
0 J X (w1,£,0)

Replacing v by e~*%p in (5.80) gives at once (5.42). The proof of Lemma 5.2 is complete.
Ul

5.7 Proof of Lemma 5.3

Proof of Lemma 5.3. The proof is divided into three parts corresponding to the estimates
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fort € [0,6], fort € [0,T — d] and for ¢t € [T' — 0, T]. The estimates for ¢ € [0, 0] and for
t € [T — 0, T] being similar, we shall prove only the first ones.

Let v = e7*?q. Then

e g = e (e*Pv) = spv + vy = Psv + Pyo. (5.81)

CLAIM 3.

1) 1)
// )\(39)2v|2dxdt§6’<// M e g |2 dadt
0JQ 0J/Q

1
+ /Q [(1=¢)*(s0)|v]*]jy—sda + / /X e )\(549)2|v|2d:ndt>, (5.82)

0

where ( is the function introduced in (5.48).

To prove the claim, we compute in several ways

0
I:= /O/Q(e_‘wqt)(l — ¢)?s0v dzdt.

We split I into

s 5
I= //(Psv)(lC)289vdl‘dt+//(Pav)(1C)259vdxdt =1 + .
0/ 0Ja
Then
5
I = //(1—()252¢t0v2d:zdt
0Ja
4 \
= //[9’(63”'“’”“ =) = g M(1 = ()P’ g 0? dadt.
0Ja
On the other hand
5
I, = //(I—C)Q(tsgewvvt)dxdt
0/
1 J 02
= /[(1—C)259!U|2]t5d$—// slg' e + ghpe ) (1 — )2 —dwdt
2 Jo 0JQ 2

1
- [[a-ovecewom- (G5
0JQ

)_I(X(:U, 0,t),t,0)f(z, t)s@demdt,
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where we used the fact that [0]v|*] ;= = 0. Clearly, since § > 1, for s > 1

1)
’/O/Q(l —)VE(X (z,0,1)) - (%X)I(X(m,O,t),t,O)f(x,t)SQUdedt]

X
d
<C / / (50)2|v|*dzdt.
0J X (w,t,0)

On the other hand, using (5.38), we see that there exist some constants C' > 0and s; > sg
such that for all s > sy and all A > A\ > 0, it holds

M (s2geM + %) > OA(s6)2, te(0,6), zeQ\ X(w,t,0)

—g'(¥) ((e%WHLw — M) s2geM — gew) >0 te(0,8), z € D\ X(wi,t,0).

It follows that for some positive constant C" > C

§ s
C// A(s0)?|vPdadt < —I+1/[(1—§)2(50)]v|2]t:5d:c+0’// A(s0)2|v|2dadt.
0Ja 2 Ja 0J X (w,t,0)
(5.83)
Finally, by Cauchy-Schwarz inequality, we have for any x > 0

é é
|| < (4r)7! // le ™5 q4|*dxdt + R// (56)%|v|*dzdt. (5.84)
0J/Q 0/Q

Combining (5.83) with (5.84) gives (5.82) for x/A > 0 small enough. Therefore, Claim 3
is proved. O
We can prove in the same way the following estimate for t € [T — 6, T'|:

T T
/ /A(se)%y?dxdtg(}(/ /)\_lle_s‘pqt|2dmdt
T—6JQ T—6 JQ

A2 2 g 20,12
Jr/Q[(l ¢)*(s0)|v| ht:T_(SdJ:Jr/T—é/X(w,t,O) A(s0)|v|*dxdt | . (5.85)

Let us now consider the estimate for ¢ € [§,T — 9].
CLAIM 4.

T-6
| [ reeodza + [ (1= 0RO Plimsde + [ (1= OB ol s
0 Q Q Q

T—6 T—6
<C / le™%Pq;|2dadt + / / N (s0)|vPdadt | . (5.86)
) Q 5 X (w,t,0)

||| and (.,.) denoting here the Euclidean norm and scalar product in L2(Q x (6, T —§)),
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we have that

le=*%qil* > 11(1 = Q)(sprw + )| > 2((1 ~ Osrw, (L~ Q). (5:87)

Next, we compute

T-96 s T-65
— 2/ /(1 — C)antt|v\2dwdt
t=08 1) Q

T-6 ;)¢ 1 )
_/6 /Q(l—g)vg(X(x,o,t)) () X @,0,0), 1,0, ) sprv .

’1)2
(1= O)spww, (1 — Ovy) = /Q (1 - s da

(5.88)

Since g(t) = 1 for t € [6,T — §], we have that ¢, = —\i)ye*?. From (5.38)-(5.39), we infer
that

soi(x, T —08) > Chsel? r€Q\ X(w,T - 9,0),
—spi(x,0) > Chse™ €0\ X(w1,6,0).

Therefore, using (5.51),

T—6

/ (1= o da
0 2

>C (/Q[(l — C)Z()\SH)‘UPht:adx + /Q[(l _ C)QO\SQ)‘U’Q]V:’;FS;Z;C) .

)

Next, with ¢ = —{(\)¢)? + M)y }e ¥ and (5.37), we obtain for A > A\; > Ao

S T—-6 T—-6
— / /(1 — )%y |vPdxdt > C/ /(1 — )*N\2s0|v|?dxdt. (5.90)
2)s Ja s Ja

Finally
T—6 8X 1 )
’/5 /Q(l — Q)VE(X (,0,1)) - (87) (X (2,0,1),t,0) f(z,t)sprv da:dt’

T—0
< c/ / Asf|v]?. (5.91)
) X (w,t,0)

Claim 4 follows from (5.87)-(5.91).

We infer from (5.82), (5.85) and (5.86) that for some constants \; > Ay, s1 > sg and
C7 > 0wehave, forall A > A\ and all s > sq,

T T T
/ / M (s0)|v|2dzdt < Cy / / le™ %P q; |*dxdt + / / M2 (s0)2|v|*dxdt | . (5.92)
0JQ 0JQ 0 J X (w,t,0)
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Replacing v by e™*%¢ in (5.92) gives at once (5.43). The proof of Lemma 5.3 is complete.
O

5.8 Additional comments

e Another decomposition

As commented in section 5.1, there is another splitting of the operator £ = 97 —
A — A@t + at/ given by
L= (0 —A)(0 + 1d).

Thus, letting
v($’ t) = y(xv t) + yt(Ia t)’

we see that (5.1); may be written as

{ v — Av = Typh+ (1= b(x))(v —y), (5.93)

Y +y=mv,
which is a coupled system of a parabolic equation and an ODE .

This splitting was used to prove Theorem 5.1 with less assumptions on the trajec-
tories (see section 5.2).

The control term £ acts directly in the heat equation and indirectly in the ODE
through the coupling term v. The problem can be treated directy as such, with
requires further work at the level of the dual observability problem since both
components of the adjoint system will be needed to be observed by partial mea-
surements only on one of its components. The problem can also be addressed
incorporating in (5.93), an additional auxiliary control acting directly in the ODE.
This leads to the system

{ v — Av = 1yph + (1 - b(2)(v —y), (5.94)

Yt +y=lypk + o,

where (v,7) € L?(Q)? is the state function to be controlled and (h, k) € L?(0, T; L?(Q2)?)
is the control input.
Once the controllability of this system is proved, when going back to the original

viscoelasticity equation, one gets

Y — Ay — Ayy + b(z)y: = 1w(t) [h — (1 —b(z))k] + (0r — A)[lw(t)k?]- (5.95)
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But, then, the second control 1,,;)k enters under the action of the heat operator. It
is then necessary to ensure that the control % is smooth enough and, furthermore,
to replace in (5.94) the cut-off function 1) by a regularized version. These are
technicalities that can be overcame with further work. To be more precise, the
control in (5.95) takes the form 1, ) (z)h with h € L?(0,T; L*(Q)), provided
that both h, k € L*(0,T; L?(2)) and

ke HY0,T; L*(Q)) N L*(0,T; H*(Q)).

Therefore special attention has to be paid to obtain smooth controls for the trans-
port equation (see section 5.2).

Manifolds without boundary

The lack of propagation properties of the ODE (5.6), in the space variable requires
the control to move in time. As we mentioned in the introduction, through a suit-
able change of variables, this is equivalent to keeping the support of the control
fixed but replacing the ODE by a transport equation. Obviously, attention has
to be paid to the Dirichlet boundary conditions when performing this change of
variables. Of course, this is no longer an issue when the model is considered in a
smooth manifold without boundary. As an example of such a situation we con-
sider the periodic case in the torus

zeTVN :=RN/zZN. (5.96)

For a moving control with a constant velocity w(t) = {z —ct; x € w}, c € RV \ {0},

system (5.6) can be put in the form of a coupled system of parabolic-hyperbolic

equations
{ v —Av —c-Vou+ (b(z —|:ct) —1)v =w, (5.97)
wg —c-Vw+w = 1,(x)h + (b(x + ct) — 1)v,
by letting
v(z,t) = y(z+ct,t), (5.98)
w(z,t) = z(z+ct,t), (5.99)
h(z,t) = h(z+ct,t). (5.100)

The system is now constituted by the coupling between a heat and a transport
equation with control & with fixed support. Once more, the problem now can

be treated by means of the classical duality principle between the controllabil-
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ity problem and the observability property of the adjoint system. The later was
solved in [95] in 1 — d using Fourier analysis techniques and in this paper we do

it using Carleman inequalities.

Note that the Carleman approach developed in this chapter cannot be applied as
it is to the periodic case. Consider for instance the case of the torus T. A weight
1 € C°(T x (0,T)) as in Lemma 5.1 does not exist, because of the periodicity in x
(see figure 5.6.) However, it is well known that the periodic case can be deduced
from both the Dirichlet case and the Neumann case (using classical extensions by
reflection, see e.g. [111]). Even if the Neumann case was not considered in this
chapter, it is likely that it could be treated in much the same way as we did for the
Dirichlet case.
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Chapter 6

A hyperbolic system and the cost of
null controllability for the Stokes
system

6.1 Introduction

Let @ C RY (N > 2) be a bounded connected open set, whose boundary 012 is regular
enough (for instance of class C*). Let T > 0 and let w be a nonempty open subset
of © which will usually be referred to as a control domain. We will use the notation
Q=0x(0,T)and X = 02 x (0,T) and we will denote by v(z) the outward normal to
2 at the point x € 99.

Given ug € L?(Q), it is well-known (see, for instance, [44, 46]) that there exists f €
L?*(w x (0,T)) such that the associated solution v to the heat equation

v — Av = fl, inQ@,
v=20 on X, (61)
v(0) = vy inQ

satisfies:
v(T) = 0. (6.2)

In other words, the heat equation is null controllable for any open control domain and

any initial data vy € L*(Q2). Moreover, one also has the following estimate:

1 1ullr2@) < Cu(T)llvoll L2, (6.3)

for a constant C;, = C}(T'), the cost of controllability for the heat equation, of the form

171



172 CHAPTER 6. THE STOKES SYSTEM

oC(Q.w)(141/T)
0r.

As pointed out in [32] (see also [31, 98, 99, 124]), the main reason for the form of the
constant C}, in (6.3) is due to the fact that the fundamental solution of the heat equation

, i.e., the heat equation has a cost of controllability of order eClT as T —

in RY is given by
1 _la?
@(l‘,t) = W@ 4t (64)

If one now considers the Stokes system

Yyt — Ay +Vp=gl, inQ,

divy =20 in Q, 65)
y=20 on X,
y(0) = yo in Q,

it is also well-known (see, for instance, [38]) that, given yo € L*(Q2) with div yo = 0,
there exists g € L?(w x (0, 7)) such that the associated solution y of (6.5) satisfies:

y(T) =0.

Nevertheless, unlike the case of the heat equation, for the Stokes system, the known

results in the literature (see, for instance, [38]) give

lgtullz2@) < Cs(T)llvoll L2, (6.6)

for a constant Cs = Cgs(T'), the cost of controllability for the Stokes system, of the form
eCQW)A+1/TY o the Stokes system has a cost of controllability at most of order ¢/ ™
asT — 0%,

Since the fundamental solutions of the heat and the Stokes system have, at least for
N = 2,3, the same behavior in time (see [56, 57, 121]), looking to (6.3) and (6.6), the

following natural question arises:

Question 6.1. Do the costs of the controllability for the heat equation and the Stokes

system have the same order in time as 7' — 07?

When trying to answer Question 6.1, the first attempt is to analyze the many dif-
ferent ways one can prove (6.3) and (6.6). In fact, there are at least two different ways
to prove (6.3). The first one is based on spectral decompositions, the so-called Lebeau-
Robbiano strategy (see [77]) and the second one based on the use of Carleman inequal-
ities (see [44, 46]). For the Stokes system, it seems that a Lebeau-Robbiano strategy is
very difficult to prove, since one must deal with the pressure and, as far as we know, it
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has not been proved yet to hold. Consequently, the most known method used to prove
(6.6) is based on Carleman inequalities (see [38]).

The main difference when proving (6.3) and (6.6) by means of Carleman inequalities
are the weights one must use. Indeed, for the heat equation the weights used are of the

form
C/MT-1) 67
p(t) = my (6.7)

while for the Stokes system the weights take the form

(C/(E(T—1)%)
plt) = —F————. (6.8)

tHT —t)4

If we were able to use weights as (6.7) for the Stokes system then these two equations
would have costs of controllability of the same order. However, a careful analysis in
both proofs indicates that the obstruction to have weights of the form (6.7) for the Stokes
system is due to the pressure term and that, probably, it is of purely technical nature.

The main objective of this part of the thesis is to show that, at least for good geome-
tries, the heat equation and the Stokes system have costs of null controllability of the
same order, as the time goes to zero. Our strategy will not be based on the use of Car-
leman inequalities but rather on the application of the Control Transmutation Method
(CTM) (see [98]).

In order to use the CTM, we are led to study the null controllability of the following
hyperbolic system with a pressure term:

uyg — Au+ Vp =hl, inQ,
divu=20 in Q,
u=20 on X,
u(0) = u®, us(0) = u!  in Q.

(6.9)

The idea is as follows. If one can show that system (6.9) is null controllable, then
the CTM can be applied to guarantee the null controllability of the Stokes system (6.5).
Moreover, if the cost of controlling (6.9) is known, then the cost of the controllability for
(6.5) can be obtained explicitly (see [98]).

It is important to mention that systems like (6.9) are simple models of dynamical
elasticity for incompressible materials. They also appear in coupled elasto-thermicity
problems where one of the coupling parameters (related to compressibility properties)
tends to infinity (see [89]).

Concerning the controllability of (6.9), as far as we know, the only result available

in the literature is [107]. There, the author shows the exact controllability of (6.9) when
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the control is acting on a part of the boundary. However, it seems that no controllabil-
ity results are known when the control is acting internally, i.e., acting on a part of the
domain. The main reason for that seems to be the fact that system (6.9) is not of Cauchy-
Kowalewski type, which makes impossible to apply directly Holgrem’s Theorem as in

the case of the wave equation.

6.2 The Stokes system with regular initial data

In this section we prove that for regular initial data the Stokes system (6.5) is null con-
trollable with a cost of order ¢“/” as T — 0*. Our proof is based on the Control
Transmutation Method in the spirit of [98] and a null controllability result for the sys-
tem (6.9).

Throughout this chapter, we assume that 2 is star-shaped with respect to the origin,
i.e., there exists v > 0 such that

z-v(z)>y>0, Ve o
and we define
Ry = max{|z|, = € Q}. (6.10)
Our control region w will be a nonempty subset of () satisfying

30 ¢ RY, O being a neighborhood of 9Qand w = QN O. (6.11)

We also define the following usual spaces in the context of fluid mechanics:

VY ={v e C5°(Q); divv =0},
V= VH&(Q)N = {u e H}(Q)Y; divu =0},
N 2 NN
={ue L (Q)"; divu=0,u-v=0o0ndN}.
The main result of this section is stated as follows.

Theorem 6.1. Assume w satisfies (6.11), yo € V and let 0 < T' < 1. Then there exists a control
g € L*(w x (0,T)) such that the solution y of (6.5) satisfies:

y(T) =0.
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Moreover, there exist positive constants Cy and Cs, depending only on Q2 and w, such that

/ / lgl2dzdt < CreC/T ol 12, (6.12)
wx (0,77

forallyo € Vand 0 < T < 1.
Proof of Theorem 6.1. For the proof of Theorem 6.1, we need the following results.

Theorem 6.2. Assume w satisfies (6.11). Then there exists To > 0 such that, for any T > T
and any (ug,u1) € V x H, we can find a control h € L?(0,T; H) such that the associated
solution w of (6.9) satisfies:

Moreover, there exists C' > 0 such that
// h|*dzdt < C (|||} + |u'(F)- (6.13)
wx(0,T)

Lemma 6.1 (Miller, [98]). There exists a positive constant o* such that, for all o« > o*, there
exists v > 0 having the property that, for all L > 0 and T € (0,inf(7/2, L)?], there exists a
distribution k € C(|0,T); M(—L, L)) satisfying

ki = 0%k in D'((0,T) x (—L, L)),
k(0,z) = 6(0),

HT.) = 0, (6.14)

2
1kl 220,y x (-2, < 7T
We prove Theorem 6.2 in section 6.4.
Let us now introduce two different time intervals (0,7") and (0, L) and consider the
two systems
y— Ay+Vp=gl, inQ::=Qx(0,7T),

divy=20 i
wy n Qr, (6.15)
y=20 on Y, := 002 x (0,7,
y(0) = yo inQ
and
uy —Au+Vqg=nhl, inQ;:=Qx(0,L),
divu =0 in Q, 6.16)
u=20 onY; := 00 x (0, L),

u(0) = yo, w;(0) =0 in Q

in Q2 x (0,7) and © x (0, L), respectively. Here, I € (0, L) plays the role of a pseudo-time
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variable.

Taking L > Tp, where Tj is the minimal time of Theorem 6.2, it follows from The-
orem 6.2 that the system (6.16) is null controllable, with a control h € L?(w x (0, L))
satisfying (6.13).

Next, we extend k by zero outside [0,7] x (—L, L), u and h by reflection to [—L, 0]
and by zero outside [-L, L] and set

y(t) = /k:(t, s)u(s)ds (6.17)

and

ot) = / k(t, $)h(s)ds. 6.18)

From (6.14), we see that
y(0) = yo and y(T") = 0

and from (6.13) and (6.14),,, we have that

// g1 dzdt < Cye®™ /T |yo [}
wx(0,T)

We finish the proof showing that the pair (y, g) solves, together with some p, the
Stokes system (6.15).

First, it is not difficult to see that
divy=0in Q; and y = 0 on X;.
Now, for any ¢ € V, we have
<ylthp >u=< [kt o)uls)ds. o>,
which implies
<wye(t), o >n=< /kt(t s)u(s)ds, > .
Using the properties of k, we see that

< yt(t)a Y >H=< /kSS(t7 s)u(s)ds, Y >H -

Integrating by parts, and using the fact that u(—L) = w(L) = w(—L) = w(L) = 0, we
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obtain
<y(t), o >pg=< /k(t, S)uss(8)ds, o >p ds,

ie.,
<y(t), o >g= /k:(t, s) < uss(s), >p ds.

Since u is, together with some ¢, solution of (6.16), we have
< plt), o >y= /k(t, s) < Au(s) + hly, ¢ >pg ds.
Therefore,
< ye(t), p >g=< /k(t, s$)Au(s)ds, o > + < /k(t,s)hlwds,w >p .
This last identity gives
<wi(t) = Ay(t), o >u=<g(t)lw, ¢ >n, (6.19)

and the proof is finished. O

6.3 The Stokes system with less regular data

In this section we improve the result obtained in section 6.2. Indeed, we prove that we
can take less regular initial data and still have null controllability for the Stokes system
with a cost of order ¢¢/T as T — 0. In order to show the result, we combine Theorem
6.1, energy inequalities and the smoothing effect of the Stokes system.

The result is as follows.

Theorem 6.3. Assume w satisfies (6.11), yo € H andlet 0 < T < 1. Then there exists a control
g € L*(w x (0,T)) such that the solution y of (6.5) satisfies:

y(T) = 0.

Moreover, there exist positive constants Cy and Cs, depending only on Q2 and w, such that

/ / g2 dadt < C1e%2/T|yo|%, (6.20)
wx(0,T)

forallyo € Hand 0 < T < 1.

Proof. We begin choosing ¢ > 0 small enough and letting system (6.15) evolve freely
in the interval (0,€¢). From the smoothing effect of the Stokes system, we have that
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y(€) = y. belongs to V. We also have, thanks to Theorem 6.1, that there exists g €
L?*(w x (0, T — ¢€)) such that the associated solution y to the problem

v —Ay+Vp=gxo, in(0,T —¢) xQ,

divy=0 in (0,7 —¢€) x , 621)

y=0 on (0,7 — €) x 01,

y(0) = ye in Q,
satisfies

y(T' —¢€) =0.
Moreover,
T—e
| [ 1Pasde < cret (622)
0 w

Let us now define the functions 3 and g by y(t + €) = y(¢), g(t + ¢) = g(t) for
0 <t < T — e. The functions y and g are defined in (¢, 7") and satisfy

U — A7+ Vg =7x. in(e,T)xQ,

fiv@:O in (¢,T) x Q, (6.23)
=0 on (¢, T) x 09,
y(e) = ye in Q.
Inequality (6.22) then becomes
T 2
[ [ gPasde < et . 629

Next, we set

0; if 0<t<e,
git) =9 _ . .
g(t); if e<t<T.

It is not difficult to see that the solution y of (6.15), with g as a control, fulfils y(7") =
0. From (6.24), and the definition of g, we have the following estimate

T
/0/ lyPdzdt < Crye /T [y.|[}. (6.25)

Let us now consider system (6.15) in the interval [0, €], i.e., we consider the system
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yr— Ay +Vp=0 1in (0,¢) x Q,

divy =0 in (0,¢) x Q, 6.26)
y = on (0,¢) x 09,
y(0) = yo in Q,
with yg € H.
We make the change of variable z(t) = e*%y(t). This new function z solves

2z — Az+ Vp = t%e_%y in (0,¢) x Q,

divz =0 in (0,¢) x Q, 627)

z2=0 on (0, €) x 09,

2(0)=0 in Q.

Using the fact that t%e_%y € L?*(0,¢; H), and the regularity of the Stokes system, we
conclude that z € L%(0, ¢; H*(2)) and that z; € L?(0,¢; H).

Multiplying (6.27) by z: and integrating by parts, we get

2 e ty(t), 2. (6.28)

d
20ealt) i+ SO =205

Integrating (6.28) from 0 to € and using Young’s inequality, we obtain

€ € 1 1 €
2 [t + 120l < Cs [ ige yode+5 [ Jafiar,
0 0 0

for any 6 > 0.
Taking ¢ small enough, we have that
€1 1
=l < [ 1z uo e 629)

and since, for e sufficiently small, re~

Finally, using the fact that ||y| |%2(076; ) < €lyol%;, we get from (6.29) that

1
[2(e)I < ee<lyold,
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and, in particular, using the fact that z(¢) = e_%y(t), we conclude that

2
ly(} < ee<lyol?- (6.30)
From (6.25) and (6.30), the result follows. O

Remark 6.1. Since y. — yo in H, the norm of y, is not bounded in V. Hence, the
right-hand side of (6.25) is unbounded when ¢ — 0.

6.4 Null controllability for the hyperbolic system

This section is devoted to prove Theorem 6.2 used in the proof of Theorem 6.1. In order
to prove the result, it is convenient to write system (6.9) in an abstract way. For that, we
introduce the Stokes operator A : H?(Q)N NV — H given by

Au = P(Au), (6.31)

where P : L?(Q)Y — H is the orthogonal projection onto H and A : H?(Q)" N
H(Q)N — L2(Q)V is the Laplace operator with Dirichlet boundary conditions. Thus,
system (6.9) is equivalent to

=A 1o,
u(0) = u®, ut (0) = ul.
The following theorem holds.

Theorem 6.4. Let (u’,ul,h) € V x H x L?(0,T; H). Then there exists a unique (weak)
solution v of the problem (6.32) such that

uwe C([0,T;V)nCL([0,T]; H)

and w satisfies:

1 1 1 1 t
S+ Sllu@ = 5l + 51l + /0 (h(s) 1o, w(s))rrds, Vi € [0,T).

Moreover, the linear mapping
V x H x L*(0,T; H) — C([0,T); V) n C*([0,T]; H)

(u”,ul, f) > u
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is continuous.

The proof of Theorem 6.4 is standard and, being far from the aim of this thesis, it
will not be reproduced here (for a proof see, for instance, [125]).

Remark 6.2. Arguing as in chapter 2 of [123], it is possible to show the existence of a
function p € H~1(0, T; L3(2)) such that (6.9) is satisfied in D’(Q). Moreover, there exists
C > 0 such that

P12 o razacany < Ol B+ 1N+ [hLul Bago 7erm):

By a classical duality argument (see, for instance, [46, 86, 97] ), it is not difficult to
see that proving Theorem 6.2 is equivalent to show the existence of a positive constant
C such that

6 + 16412 < C / / P dedt, (6.33)
wx(0,T)

for all solutions of

‘ o = Ao, 639)

QS(O) = ¢07 ¢t(0) = ¢17
where ¢ € H and ¢! € V.

Remark 6.3. Since the Stokes operator A is an isomorphism from V to V', given (¢, ¢') €
H x V', we define the solution ¢ of (6.34) as

¢ = ¢t,
where 1) is the unique solution of

wtt = A,l/}7

$(0) = A71g 1y (0) = ¢ (6.35)

Following the ideas in [120], we can show that for regular initial data the abstract prob-

lem (6.34) is equivalent to

¢t —Ap+Vp=0 inQ,
divg=0 inQ,
=0 on Y,
#(0) = ¢°, ¢ (0) = ¢ in .

(6.36)

Let us now concentrate on proving (6.33). The proof relies on some results that we

prove below.
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Lemma 6.2. If, for every (¢°, ¢') € V x H, the solution ¢ of (6.34) satisfies
16 + 16 < C [ jouPdadt, (637)
wx(0,T)

for some constant C' > 0, then inequality (6.33) holds for all solutions of (6.34) with initial data
(¢°,¢Y)in H x V',

Proof of Lemma 6.2. Given (¢°, ¢*) € H x V', we consider 9 solution of (6.35), i.e.,

=A
Vet 1/1,_ . . (6.38)
P(0) = A", 1 (0) = ¢".
Next, using the fact that ¢ = 1, and inequality (6.37), we see that
la70t + 6% <€ [ joPdadt. (6.39)
wx(0,T)

From (6.39) and the fact that A : V' — V"’ is an isomorphism, we finish the proof. O

Lemma 6.3. Let m € CY(Q)N. Then, for all regular solutions of (6.34), the following identity
holds:

(Vp,m - V¢>L2(Q)N =—(Vp,¢- Vm>L2(Q)N +(Vp, ¢(div m)>L2(Q)N . (6.40)

o

Integrating by parts with respect to x;, and using the fact that ¢ = 0 on X, we get

~ Op Omy,
7 ] 7
X = // e (8:1:1 mk>gb dxdt = // O, mkqb dxdt + // B; Dy —¢'dzdt.

Next, we integrate by parts again the first integral, this time with respect to z; and we

/ / B (mmi)dxdt:— / Vpé - Vmdadt.
T O%; Q

Hence, we conclude that

Proof. Let us set

obtain

X =- // Vpo - Vmdadt —|—/ Vpo(div m)dzxdt,
Q Q

and the proof of Lemma 6.3 is finished. O
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Lemma 6.4. Assume w satisfies (6.11) and let T' > 2Ry. There exists C > 0 such that, for
every (¢°,¢1) € V x H, the weak solution ¢ of (6.34) satisfies:

16013 + 16\ % < © / / (64]2 + |62 dudt. (6.41)
wx(0,T)

Proof. We set the notation:

E(t) = |eu(t)l7 + llo@II, vt e [0, 7).

Without loss of generality, we assume that ¢ is regular and work with the equivalent
problem (6.36), this is the case if we take, for instance, ¢° € V N H4(Q) and ¢* € V' N
H?(Q).

Using the change of variables Tt = (T'—2¢)t+T'¢, which implies ¢ < 7 < T'—¢, from

the boundary observability inequality given in Theorem 6.6 in section 6.5, we have

s L8)w

Next, we consider a vector field h € C?(Q)" such that h = v on 92 and h = 0 on
Q2 \ wand letn € C?([0, 7)) be such that n(0) = n(T) = 0 and n(t) = 1in (¢, T — €). We
define 0(x,t) = n(t)h(x), which belongs to W2°°(Q) and satisfies

v(z) forall (z,t) € 0 x (¢, —¢),
6( 0):9(xT)—0 forall = € Q,
0 in (Q\w)x(0,T).

<>
/—\
\_/

I

Then we consider the multiplier 6 - V¢ and, from Lemma 6.5 in the appendix, we
obtain the following identity for all weak solution ¢ of (6.34):

/ O (x, t)vg(x <g¢> = (¢(.),0(x,.) - Vqﬁ(.))}g—i- //Q giigf; g;iz dxdt (6.42)

[ o wityaa+ [ 29,2
+2//ank(|¢ty IVo|?)dzdt + axlekﬁxkd xdt.

Using the definition of 6, we obtain

/ /asz( )d2< //Eek(xat)’/k(l’)<g;b>2d2,
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because 0(x,t) = v(z) on 9 x (¢,T — €) and

(¢1(.),0(x,.) - Vo (.))| g = 0.

‘// 91, 06" 06 dmdt'g 0// \Vé|dadt,
Q ij oz, 8.7)]' wx(0,T)

since # € C*(Q x (0,7)).

We also have

For the pressure, we use Lemma 6.3 to see that

/ / Op 05, 0¢ drdt = — / / Vpo - VOdadt + / / Vpo(div 0)dxdt
Q c%cz alik Q Q

= (Vp, =9 - VO + ¢(div 0)) ;1 ()™ 13 -

Consequently

0 RIo%
‘// P g, 02 dmdt‘ < 05// (2 + el + |V o[2)decdt,
Q Oz; " Oxy wx (0,T)

+ 6|V Fr-1gyv (6.43)

for any 6 > 0. Thus,

1 06\ ?
// Hk(x,t)l/k(x)<¢) ds) gc// (1612 + [64]? + V|2 ddt + 6 | Tp| %1 gy -
2 /s v wx (0,T)

Using the fact that
IVplF-1(gv < CE(0),

and choosing ¢ small enough, we conclude that

T—e¢ B 2
E(0) < 0/6 /8Q (;j) ds < C//LUX((),T)(’@F +[¢]* + |Vo|?)dzdt. (6.44)

Hence, by a change of variables in time, we can show that

T—e
B(0) < c/ /(|¢|2+ 16e? + [Vo[2) dadt. (6.45)

Now, let wy be a neighborhood of 92 such that 2 N wy C w. We observe that inequality
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(6.45) is true for each neighborhood of 02, and in particular for wy, that is to say

T—e¢,
E(0) < C/ / (181> + |¢e|* + |Vo|?) dzdt.
€ wo
Now, we consider p € W1>(Q), p > 0, such that
p=11in wp, and p=0 in Q\ w.

Defining h = h(z,t) by h(z,t) = n(t)p?(z), where 1 is defined above, it follows that

h(z,t) =1 forall (z,t) € wy x (e, T —¢€),
h(z,t) =0, forall (z,t) € (Q\w)x(0,T),
h(z,0) = h(x,T) =0, forall z € Q,

S e L™(Q)

Multiplying both sides of (6.36); by h¢ and integrating by parts in (), we obtain

/ /Q h - Guudadt — / /Q he - Addt + / /Q Wp - ddedt — 0.
//Q hoy - pdxdt = //Q h|¢t|2dg;dt//Q hy - dpdadt. (6.46)

For the second term in the right hand side of (6.46), since ¢ = 0 on ¥, we have

—//QhAgZ)-quxdt://Qh|V¢|2dxdt+//Q¢-(VcZ)-Vh)dxdt.

Consequently,

//Q h!qu‘?dxdt—//Q hlqﬁty?dwdtJr//Q ht¢.¢tdacdt—//Q¢. (Vo - Vh)dudt

— // hVp - ¢pdxdt.
Q
It is immediate that

'//C2¢'(V¢'Vh)d$dt’§;//Qh|V¢!2dxdt+;//Q IV}?IQ‘MQth

We have
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Hence

//Q h|V|?dzdt < O//wX(O’T)(|¢t|2+ !¢I2)dmdt+2’//Q th-qu:cdt'.

Next, observing that
//Q hVp - gpdxdt = (p, ¢ - Vh) g1 .02 ()N, HL (0.75L2 ()N
< 0llplli-s 0z, + Collhdlliy o, riz2%):

for any § > 0, we conclude that

T—e
/ / Vel dudt < C//X(O T)(|¢t‘2 +191) dadt + Ollpl -1(07,2(0)v)-
€ wo w >

From this last estimate we infer that
B0 < C// (0.7) (160" + 10) dadt + 01Dl 07,120
wx (0,

Finally, taking ¢ small enough, we obtain

g0y <c [[ oy 618 10 dar (6.47)

which is exactly (6.41). O

Proposition 6.1. Assume w satisfies (6.11). Then there exist Toy > 0 and a constant C > 0
such that, for any T > Ty and any (¢°, ¢*) € V x H, the solution ¢ of (6.34) satisfies (6.37).

Proof of Proposition 6.1 . Let us suppose that (6.37) is not true. Then, given a natural
number n, there exists an initial data ( 2, qb%) such that ¢, the solution of (6.34) corre-
sponding to this initial data, satisfies

16011% + (0817 = nlln,el| 2 (x 0.1))-

Without loss of generality, we assume that ( NQL, d;}l) is smooth and set

5 B 1/2
K, — <||¢2||2v+ m&ﬁq) |

and ~
_ Pn
B o=

(;30:@ ¢1: gg’}z
n Kn7 n
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¢nt —> ¢+ weak starin L>(0,T; H).

We have
2 < ! 6.48
lonellz2@wxomy) < 5, (6.48)
and
16l + lonlf = 1. (6.49)
From (6.48), there exist subsequences, denoted by the same index, such that
lim inf / / Pt |Pdzdt = 0, (6.50)
n—0o0 wx(0,7)
0 — ¢ in V (6.51)
and
oL — ¢! in H. (6.52)
Since ¢y, is the solution of (6.34) associated to the initial data (¢2, 1), we have:
On is‘ bounded iI.l L>(0,T;V), 653)
¢n,t is bounded in L>(0,T; H).
Therefore, there exists a subsequence { ¢y, } such that
' ¢n — ¢ weakstarin L>*(0,7;V), 654)

From (6.54), it is not difficult to show that ¢ is the weak solution of (6.34) corresponding
to the initial data (¢°, ¢!).

Next, since V — H compactly, estimate (6.54) and the Aubin-Lions compactness
theorem give
¢n — ¢in L*(0,T; H). (6.55)

Hence, it follows from (6.50) and (6.54) that
¢t =0in w x (0,7) (6.56)

and ¢ is independent of ¢ in w.

Let us now consider the system

gtt = Aé’

6.57
£(0) = o4, £4(0) — A0, (6:57)



188 CHAPTER 6. THE STOKES SYSTEM

Taking ¢ (z,t) = ¢°(z) + fot &(x, s)ds, it is not difficult to see that 1 solves (6.34), with
(¢°, 1) as initial data. Therefore, from the uniqueness of solutions of (6.34), we have
that ¢ = ¢ and thanks to (6.56) we have that ¢ = 0inw x (0,7).
Let us now show that { = 0. Indeed, applying the curl operator in (6.57), we see that
v = curl £ satisfies
vy —Av =0 1inQ,

. (6.58)
v=0 inw x (0,7).

Then, by Holmgren’s Uniqueness Theorem (see, for instance, [86]), there exists Tp > 0
such that if 7" > T} then v = 0. Therefore, there exists a scalar function ® = ®(x,t) such
that

E=Vao in Q.

In view of (6.57)2, we have
AP =0 in Q.

Since ¢ = 0inw x (0,7), we also have that
¢ = f(t) in wx (0,7).

From the unique continuation property of the Laplace equation, we deduce that

® = f(t) in Q,
which implies
E=Vd =0 in Q. (6.59)
Hence,
ot =¢’ =0. (6.60)
From (6.41), (6.55) and (6.60), we get a contradiction, and the proof is finished. O

As a consequence of Lemmas 6.2 and 6.4, and Proposition 6.1, we have the following
result.

Theorem 6.5. Assume w satisfies (6.11). Then there exist Ty > 0 and a constant C' > 0 such
that, for any T > T and any (¢°, ¢') € H x V', the solution ¢ of (6.34) satisfies (6.33).

We end this section proving Theorem 6.2.

Proof of Theorem 6.2. We consider the functional

J:HxV —R (6.61)
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given by
1
=3 // o ]qﬁ]Qdacdt—i— <ol ul Sy —(¢0,u1)H,
wx (0,

where ¢ is the solution of (6.34) corresponding to the initial data (¢, ¢!).

Using the observability inequality (6.33) and energy estimates, we can show that
the functional 7 is continuous, strictly convex and coercive. Therefore, 7 has a unique
minimizer (¢, $'). Using the Euler-Lagrange equation of 7, we conclude that ¢, so-
lution of (6.34) associated to (<Z>0, <Z>1), is a control which drives u to zero at time T. In-
equality (6.13) then follows from the observability inequality (6.33) and the fact that
J ((2)0, <Z>1) < 0. This finishes the proof of Theorem 6.2.

Remark 6.4. The minimal time 7j in Proposition 6.1 and Theorems 6.2 and 6.5 must
satisfy Ty > 2R, and be such that Holgrem’s Theorem can be applied to conclude that
the solution of (6.58) vanishes (see [86]).

d

6.5 Boundary observability for the hyperbolic system

The main objective of this section is to prove the following result.

Theorem 6.6. If we take T > 2Ry then, for every solution of (6.34) with initial data (¢°, ¢*) €
V' x H, the following estimate holds:

8+ 101 < s [ (%) as 662

For the proof of Theorem 6.6, we need the following two lemmas.

Lemma 6.5. Let ¢ = q(x) be in C*(Q)N, then, for every regular solution u of (6.32), the
following identity holds:

g, Ou' ou’
// G () (x < ) d¥ = (w(t),q(z)Vu(t ‘0 // ai]fc')mkax- x
J J

/ / aqk — |Vul?)dadt (6.63)

ﬁpf 8u i

The proof of Lemma 6.5 is the same as in the case of a single wave equation, the

difference being that here we see the pressure as a force term in the right-hand side.
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Lemma 6.6. Let (u®,u',h) € V x H x L?(Q)". Then the weak solution of (6.32) satisfies:

ou\? 12 02 2
//2(3V> d¥ < O(Ju' 3 + [Ju HVJFHhHLQ(Q)N)'

Proof. The proof of Lemma 6.6 is obtained exactly as in the case of the wave equation,
tirst showing the result for regular solutions. Indeed, here we take the vector field g in
Lemma 6.5 to be the vector field g(x) = = and use the fact that

Op _ Ou’
dt = 0.

Proof of Theorem 6.6. Without loss of generality, we assume that ¢ is regular and then
work with the equivalent problem (6.36). Using Lemma 6.5, with g being the vector
tield m(z) = =, we have:

3/ m-u(g‘fﬂz:<¢t<.>,m<x>v¢<.>>}§+ / /Q VoPasies? [ /Q (r¢t|2—|v¢\2)dxdt-

Next, multiplying (6.36); by ¢ and integrating by parts, we easily see that

(6e(), 8()]g= //Q\étIdedt—//QV(dexdt.

Then, using this last identity and the fact that

|6 ()17 + o@IT = 19" 17 + l6°l[} vt € 0,71,

we obtain

2
(@romul) + 2RO (o o+ IR = 5 [ w( ) e

We also have
N —

1
ImVu(t) + u(t)]*< Ro|Vo(t)* Vit € [0,T],
which implies, by Gronwall inequality, that

(800, mY6(0) + L[| 2Ro(6' i + 1601



6.5. BOUNDARY OBSERVABILITY FOR THE HYPERBOLIC SYSTEM 191

Finally, combining all the above estimates, we conclude that

R 9¢\”
(2R (' + 117 2 [[ (52) oz

which is exactly (6.62).
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Chapter 7

Perspectives and open problems

Let us now give some perspective about the many different chapters of this thesis.

¢ In chapter 2 we have analyzed the uniform null controllability of systems of the

form
ug — Au=au+bv+ fl, in Q,

eve — Av=cu+dv+gl,, in Q,
u=v= 0 on E,
u(0) = up; v(0) = vo in €,

Inspired by the results in [51], it would be interesting, and natural, to consider the

uniform null controllability, with only one control, of more general systems of the

form
u — Au+cu+ E-Vu= Pi(z,t;D)(vbh) + fl, in Q,

evy — Av+ hv + K - Vo = Py(z,t,D)(ub2) + gl,, in Q,
u=v=20 on X,
u(0) = ug; v(0) = vy in Q,

where ¢, E, h, and K are constants and P;(x,t; D) (i = 1,2) is a partial differential

operator in the space variables of order i and 6; is such that |¢;| > C' > 0 in, say,

W

The methods of chapter 2 should be useful to treat such problems. However, here

a careful analysis is in order, since a decomposition like (2.26) leads to a much

more complicated extended adjoint system than (2.27).

We remark that the null controllability of (7.2) by means of one control in the case

where ¢, E, h, and K are not constants is also an interesting open problem, even

for a given fixed € > 0 (see [51]).

e In chapter 3, we consider the monodomain model (3.4) as a simplification of the

193
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bidomain model

emvr — Div(M;(z)Vu;) + h(v) = fl,, inQ,
cmVt + Div(Me(z)Vue) + h(v) = gly, inQ,
U; = Ue =0 on X,
v(0,z) = vo(x), in §,

(7.3)

where v = u; — Ue.

It would be interesting to prove controllability results for the bidomain model
(7.3). Notice that the difficult here is due to the fact that we have higher order
terms in both equations, i.e., d;u; and J;u.. As far as we know, controllability
results for (7.3) has not been proved yet, even in the case where the two controls,
f and g, are acting on the system.

In chapter 4, we consider the Keller-Segel system

u —Au=—-V-(uVv) in Q,
evy — Av=au —bv+ gy in Q,

7.4
% = % =0 on X, (7.4)
u(z,0) = ugp in Q.

We prove the uniform local null controllability of (7.4) around a stationary so-
lution of the parabolic-elliptic system (4.2), i.e., a pair (M, M3) € ]Ri such that
alM 1 — bM2 = 0.

Given any e > 0, it is an open problem whether controllability result for (7.4)
holds in the case of more general trajectories than the ones considered in chapter
4. In fact, this question is closely related to the null controllability of system (7.2)
since, given any (@, v) solution of (7.4), the linearization of (7.4) around (@, v) gives
a system like (7.2). The uniform local null controllability of (7.4) around other
trajectories is also another interesting open problem.

The results of chapter 5 concerns the controllability of a coupled system consisting
on a heat equation and an ODE when the controller/observer moves in time. As
seen in chapters 2 and 3, coupled systems consisting of parabolic equations and
ode’s are important since they appear in biological models of chemotaxis or inter-
actions between cellular process and diffusing growth factors (see [61, 94, 106] and

references therein). Systems governing these kind of phenomena are, in general,
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non linear and have the form

Ut = f(u,v),

(7.5)
vy = DAv + g(U,U),

where v and u are vectors, D is a diagonal matrix with positive coefficients and f
and g are real functions.

Using the arguments of chapter 5, it would be interesting to study the controlla-
bility of (7.5) for general functions f and g.

The analysis of performed in chapter 5 can be also related to some recent works
on the controllability of parabolic equations with memory terms. Indeed, notice
that the system (5.6) in the particular case b = 0 and z(0) = 0, in the absence of the
control h and the addition of a control of the form 1,k in the first equation, can be
written as an integro-differential equation

t
yr — Ay —y — / Sty (x, 8)ds = 1,k. (7.6)
0

This system is closely related to the one considered in [52]. There, it is shown
that the system (7.6) lacks to be null controllable. This is in agreement with our
results that, in the particular case under consideration, show also that a moving
control could bypass this limitation. It would be interesting to analyze to which
extent this idea of controlling by moving the support of the control can be of use

for more general parabolic equations with memory terms.

Finally, in the context of chapters 3 and 5, it would be interesting to study the
controllability of the general bidomain model

ey — div (D V) + Lign (v, w) = Iépp + floy,
emvr — div (DeVue) — Lion (v, w) = =15, + glu,, (7.7)

app
wy — R(v,w) = 0.

As in the case of the bidomain model (7.3), it is unknown whether any controlla-
bility result for system (7.7) holds.

In chapter 6, we study the optimal cost of the null controllability for the Stokes

system
ye —Ay+Vp=gl, in Q,
divy =10 in Q, 7.8)
y=20 on X,

y(0) = yo in €.
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We prove that if the control region w satisfies the geometrical control condition for
the multiplier method to hold, then the Stokes system (7.8) has the same cost of
the null controllability as the heat equation. It is unknown if the same result holds
for any given control region w C €.



Appendix A

Some degenerate Carleman
inequalities

This appendix is devoted to prove some degenerated Carlmeman inequalities used in
this thesis.

A.1 Heat equation with homogeneous Dirichlet boundary con-
dition

In this section we prove the Carleman inequalities given by Lemmas 2.2 and 3.1. Since

both proofs are similar, we just prove the second result.

Let g € L?(Q) and gr € L*(Q2). We consider the equation

Noog B
—qi(z,t) — Z a—%(aij(:v)a—%q(t,x)) = g(z,t) inQ,
2,J=1 (A].)
qg=0 on X,
a(T) =qr inQ,

and assume that the matrix a;; take the form

_ My
Ai5 = o )

where (M;;);; is an elliptic matrix, i.e., there exists v > 0 such that Zf\; M;;&i& > v|€)?
for all ¢ € RV,
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A.1.1 Thecase3=0

Proof of Lemma 3.1 when 3 = 0. For s > 0 and A > 0, we consider the change of variable
w(t,w) = e**q(t,w), (A.2)

which implies
w(T,z) =w(0,z) = 0.

We have
Liw + Low = gs, (A.3)

where

o 0

o 0 )
Liw = —w; + 25\ ;1 daij— wa w + 25\ ;1 daij— wa Yw, (A4)
Y9 9 o 9
_ L <22 2
Low = — ;1 87%(% o) " A ;1¢ 5 ——th— o) “Yw + soqw (A.5)
and
N
gs = €%%g + s\ Z Paij—— a ww — s\ Z qb a” a )w. (A.6)
7,7=1 i,7=1
From (A.3),
HLle%Q(Q) + |’L2w”%2(Q) + 2(Liw, Law) 2(q) = ||gSH%2(Q)' (A7)

We must analyze the terms appearing in (Liw, Law) 2 (). We write

(Liw, Lyw) 2(q) = Z I;j,
i,j=1

where [;; is the inner product in L?(Q) of the ith term in the expression of L;w and the
jth term of Low and, after a long, but straightforward, calculation, we can show that

2(Liw, Low) 2 () > 25°A'yPo > // 3|V w|Adadt + zsAny?a?/ O|VY|? | Vw|*dzdt
Q Q
—Co2 <T2s2)\4 + TN+ T%s 4+ 5303 + T52A>/ ¢ w|>dzdt
Q

— Co2(sA+ \?) / B|Vw|>dadt. (A.8)
Q
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We take A > \g and s > so(7 + T?), it follows from Remark A.1 that

2(Liw, Low) r2() + 253\ 1y 02 // @3 |w|>dxdt
on(O,T)

+ 25024202 // o|Vw|>dadt
on(O,T)

> 253Ny 202 // 3 |w|?dxdt + 2s\*y*0 2 // o|Vw|*dadt. (A.9)
Q Q

Remark A.1. Since Q\wyp is compact and |[V#)| > 0 on Q\wy, there exists ¢ > 0 such that

7| V| > & on Q\wo.

Putting (A.9) in (A.7), we get
|L1wl[Z2g) + [ Low][T2g) + 27 2s° 16102 //Q 3| w|>dadt
+ 25026%0 2 // o|Vw|>dxdt
Q
< Hgs||iz(Q) + 27253\ 161072 // 3w | dxdt
wo X (0,77

+ 257262072 / / o|Vw|>dadt.
wo X (0,77

Now we want to deal with the local integral involving Vw in the right-hand side of

(A.10)

(A.10). To this end we introduce a cutt-off function £ such that
e (w), 0<E<T, &(z) =1Vr € wp.

Using the ellipticity condition on a;;, we prove that

vo~t / / €2 |Vw|?dadt
wx(0,T)
< C(// Low¢&wdadt + (sT + o s?\?) // @3 |w|?dxdt
Q wx(0,T)

+ Aot / / ¢1/2\Vw]§¢1/2wdxdt>.
wx(0,T)
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Therefore, using Young’s inequality, we get
sA252g 2 / / €2 | Vw|*dadt
wx(0,T)
1
< / |Low|?dxdt + Cy 23\ (6% 4 6%)0 2 // ¢3|w|?dadt.

4 Q wx(0,T

Thus, inequality (A.10) gives
||L1w|\%2(Q) + ||L2w|]%2(QT) + 4723\ 2 //Q &3 |w|*dxdt
+ s\ / / o|Vw|?dxdt (A.11)
Q

< C(HengiQ(Q) 4+ 723\ 2 // ¢>3|w|2d:13dt>.
wx(0,T)

Now we use the first two terms in left-hand side of (A.11) in order to add the integrals
of |Aw|? and |w;|? to the left-hand side of (A.11). This can be done using the expressions
of Lyw and Low. Indeed, from (A.4) and (A.5), we have

// Lo Hwy|?dedt + o~ //

+83)\402/ <b3|w]2dxdt+s)\202/ o|Vw|*dadt (A.12)
Q Q

< C<|Iesaglliz(Q) +5°Ao? // ¢3|w|2dmdt>.
wx(0,T)

Using the term in \a%i(Mij %w) |2 in the lef-hand side of (A.12) and elliptic regularity,

< (et + ¥ [[ ¢3|w12dxdt)
wx(0,T)

w)|*dzdt

1/]8

it is easy to show that

co e

Estimate (A.12) then gives

//Qsl¢1]wt]2dxdt+s o // ¢ Zy wy dxdt

+s3 A1 72 // ¢3]w\2dmdt+s)\202/ o|Vw|*dadt
Q Q

< c<\|esag|y%2@) + s\t 2 // ¢3|w\2da;dt>. (A.13)
wx(0,T)
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From (A.13) and the fact that w = e**v, proof of Lemma 3.1 in the case when 8 = 0 is
finished. O

A.1.2 Thecase =1

Since the proof of Lemma 2.2 for a general 3 is similar to the proof of Lemma 3.1 when
B =1, to fix ideas, we consider only the second case.

Proof of Lemma 3.1 when 3 = 1. The starting point is to apply the Carleman inequality

given in Lemma 3.1 for ¢, i.e.,
N
0_2 // S_1¢_162sa’qt‘2dxdt+// S—1¢—162sa Z |
Q Q ij=1
+ 3\ // $3e* g2 dadt + sA? // >V q|*dzdt (A.14)
Q Q

< C(// % g2 dadt + s\ // $3e*| g2 dxdt).
Q wx(0,T)

Next, we introduce the function y(x,t) = q(x,t)(¢* (t))%, which solves the system

2

O o
dxdt
al'iSL'jq| v

oyr — Div(M(2)Vy) = —o L3206y + o (6% (1)) 2g inQ,

(A.15)
y=20 on .

Applying again the Carleman inequality given by Lemma 3.1, at this time for y, we

obtain, for s large enough, that

N 2
// S_1¢_1€2sa|yt|2d$dt+0'_2 // S—1¢—162sa Z |aa y|2d$dt
Q Q ij=1 Tilj

+ s3\1g 72 // $e® ¥ y|2dxdt + sN20 ™2 // pe* |y | dadt (A.16)
Q Q

< / / €25 g 2dandt + 5 X102 / / 6325y 2dndt).
Q wx (0,T)

From the definition of y it is easy to show that

// s—lqﬁ—le%ayth*)%y?dmtg// s_1¢_1623a]yt]2dxdt+// e*%|y|?dxdt. (A.17)
Q Q Q
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Using (A.17), inequality (A.16) becomes

N 2
// 871¢71¢*623a‘qt|2d$dt_{_0_72 // 871¢*¢7162sa Z ’ 0 q|2dl’dt
Q Q ig=1 aﬂfiﬂfj
_’_83)\40_72 // ¢3¢*628a|q‘2d$dt+8/\20'72 // ¢¢*623a’vq|2dxdt (A18)
Q Q

< C(// ¢ e?| g2 dxdt + s3\to 2 // #3 "% q|Pdxdt).
Q wx (0,T)

From Remark 3.3 the result follows. O

A.2 Heatequation with homogeneous Neumann boundary con-

dition

In this section we prove Lemma 4.1 in the case 5 = 0 (the proof in the general case
is analogous as the one for the heat equation with Dirichlet boundary condition, see
Lemma 3.1). This lemma was used in chapter 4 in order to obtain a controllability result
for the Keller-Segel system (4.1).

Proof of Lemma 4.1 in the case 3 = 0.

We introduce the following new weight functions

eXMmlnollee—m0(2)) eMmllnolloo—1°(x)) _ ¢5/4mX||nol|oo

AT -1 a(z,t) = AT = 1) , (A.19)

Qb(xvt) =

and consider wy CC W' CC w.
For an easier comprehension the proof will be divided into several steps.

Step. 1. For s > 0 and A > 0, we make the change of variable
w(t,w) = e**q(t,w), (A.20)

which implies
w(T,z) =w(0,z) = 0.

We have
Liw+ Low = fy, (A.21)

where
Liw = —ow; + 25ApV1 - Vw + 2502 0| Vi |*w, (A.22)
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Low = —Aw — s?X2¢* |V 2w + osazw (A.23)
and
fs = €5%g + sA2¢| V2w — sAopAgpw. (A.24)
From (A.21), we have that
1L1w][72(q) + [ Lawl[72(g) + 2(L1w, Law) 12(q) = ||fsll72(q)- (A.25)
In this step we analyze the terms appearing in (Liw, Law)r2 (). First, we write
(Liw, Low) 2(q) = Z Ij.
i,j=1
We have
I = a// wiAwdxdt = 0'/ —wtdZ (A.26)
Then,
s = "// 222 V2L jw2dedt = —o // S2X2y |V |2 | w|2dwdt
2 /Jo dt 0
< Cos?\°T* / / 3w |*dzdt (A.27)
Q
and
I3 = —0? // sopwwidzdt < Co e’\¢|°°sT8/ ¢3\w| dxdt, (A.28)
Q
since
o] < Ce)‘Hd’Hoong(l + T8¢) < C€>\||w”oo¢3.
Next,

Iy = -2 // sAOVYVwAwdzdt

0 0% w0
——2)\//¢¢‘ \d2+2A//axi a;‘ia—;‘;ddt

+ 25)\2 //Qgé]VdJVM da:dt—i—s)\/ngV@b'V]Vuﬂ dxdt

= A1+ Ay + Az + Ay
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We keep the boundary term A;, the term A3 > 0 and estimate the other two terms:

|As| < CS)\// o|Vw|*dadt.
Q

For A4, we first observe that

A4:s)\// ¢8£1Vw|2d2—5)\2 // B\ VY| Vw|*dzdt
s Ov Q

— s\ // dAD|Vw|*dzdt
Q
= A1 + Ago + Ays.

We keep A41 and Ayo and estimate the last term as
|Ayz| < CsA //Q o|Vw|2dzdt.
Consequently,
Io; > —2s\ //Z ¢%|%\2d2 + 252 //Q 6|V - V| 2dudt

+3A// qsal’ww\?dz—sv // O|VY|? | Vw|?dzdt
s Ov Q

— Cs\ / / o|Vw|?dzdt. (A.29)
Q
Next,
Iy = —2530\3 / / Vi - Vwe® | Vo |Pwddt
Q
:353)\4// 3|V w|Adadt + s3N\3 // AY| VY23 |w|*dedt
Q Q
o o O
3413 oy w312
+ 25°\ //Q Da; Dz, 8qub |w|“dxdt
=N [[ $I9uR S wpas
» 81/

:= By + By + B3 + By.

We keep B; and B,. Fro the other two, we have

|Bs| + | Bs| < Cs*\? // 3| w|*dzxdt.
Q
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Consequently,
I 2353)\4// ¢3|V¢]4|w|2dmdt—s3)\3/ ¢3|w|28£|w12d2
Q b ov
—Cs3\3 / 3 |w|dzdt. (A.30)
Q
We also have
Ios = 208°\ / V) - Vwooywdzdt
—052)\// poy —|w| dx — 052)\2/ VY| pou|w|>dadt
Q

— 5%\ // OV - Voy|w|*dzdt — 05>\ // PAYa|w|?dzdt
Q Q

:= D1+ Dy + D3 + Djy.
Observe that
Dl + D3]+ Dy < Coe IVl tpert [ [ lofPuiPazar,
which gives
Iz > os°\ //2 ¢at%|w|2d2 — CoeMWlleo g2 \274 / 0 |p| |w|?dzdt. (A.31)
Next,
I3 = —25)\? //Q B\ VY P pwAwdzdt

= —2s)\? // ¢|V¢|2a—wwd2+23)\2 // O\ VY|? | Vw|*dzdt

+4s )\2// g2 0¥ Ow dxdt+s>\3// S|V 2V - Vw|2dzdt

dx; Oxyx; Oxj

=F1+ Es + E3 + Ey.

We keep E4 and E». For E3 and E4, we have

Es < CS)\4// ¢|w|2d:cdt+Cs// o|Vw|>dadt
Q Q
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and
B3 < Cs?)\? // ¢2\w|2d:zdt+0)\2/ \Vw|*dxdt.
Q Q
Hence,
I3 > —2s)\? // ¢|w|28wwdz+2sA2/ B|V1p 2| Vw|?dzdt
b ov Q
—Cs)\4// gb2|w|2dmdt—05/ |Vw|?dadt
Q Q
— s\ / / *|w|?dxdt — C N2 / |Vw|2dxdt (A.32)
Q Q
and
I3y = —253\1 / (V|3 |w|* dadt. (A.33)
Q
Finally,

I3 = —205°)\? // ¢|V¢|2¢at\w|2da@dt§C’e2>‘”¢”°°s2)\2T4/ OPlw|’dedt.  (A.34)
Q Q
Therefore,

(Liw, Law) 2y = O‘// wtd2+052)\/ gba |w| dx

_gsx//ﬂw\ %dx + A//qﬁ V|

— 252 // (b!Vz/J]Q&deE—s?’)\g// ¢31w\28—¢\w12d2
» 81/ b)) 81/
+s3/\4// ¢>3|w|4|w|2dxdt+sA2/ O\ VY |* | Vw|*dzdt
Q Q
—082)\4// ¢2]w|2dmdt—0/\2/ |Vw|?dxdt
Q Q
—Cs/\4// q§2]w\2dxdt—Cs/ \Vw|*dzdt
Q Q
— CePMWlloo 2 \24 / / O*lw|*dedt — Cos® NPT / @3 |w|*dxdt
Q Q
—CS/\// ¢Vw|2dxdt—CUQeA|w°C3T8/ ¢ lw|*dadt
Q Q

— CoeP Wl g2 )24 // ¢3|w|2d:zdt—C’s3)\3/ ¢*lw|*dzdt. (A.35)
Q Q



A.2. HEAT EQUATION WITH HOMOGENEOUS NEUMANN BOUNDARY
CONDITION

207

As a consequence of the properties of 1) (see Lemma 2.1), we have

33)\4// ¢3\V¢|4\w]2dxdt+s)\2/ | VY| Vw|*dxdt
Q Q

> OsPA // gz53]w|2dxdt+05)\2/ o|Vw|*dxdt
Q Q

— s\ / / 3 |w|?dzdt — Cs\? / / o|Vw|*dadt. (A.36)
w’x(0,T) w’x(0,T)

Taking A > \o(Q,w) and s > s0(Q, w)(e?M¥lleT? 1 T8), we can absorb the lower order

terms in (A.35) and f,; and obtain from (A.25) that

IILle%%Q)+||L2w|!%2(Q>+53A4//Q ¢3le2d:ﬂdt+S>\2/Q¢|le2dxdt
—l—a// gwwtdz—i-asz)\// ¢at8—wlw|2d2
o 0 2
— 25\ ¢ \ }d2+ S\ ¢ |v [2dY (A.37)
—25)\2// ¢\w}|2aw dE—s3)\3// ¢3|w|28w| 24y
< O([[e* fllZ2(g) + 5°X // 3| w|>dadt + s\? // ¢|Vw|*dzdt).
w'x(0,T) w’x(0,T)

Let us now add integrals of Aw and w; in the left-hand side of (A.37). This can be done
since

o?s! // ¢ wy*dadt < C(s)\4 // o|w|?dzdt + s\? // | Vw|*dzdt + HLle%Z(Q))
Q Q ¢

and

s—l// o Aw| dzdt <c(s3x4/ olw|>dzdt
Q Q

+ soTBM Vs // G lwdedt + || Law|2a )
Q
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for s > CT®. Accordingly, we deduce from (A.37) that

571 // q51(02\wt\2+\AwQ)da:dt+s3)\4// gb?’\w]zdxdt—i—s)\Q// o|Vw|*dzdt
Q Q Q
+0// awwtd2+as2>\// ¢ata—¢]w|2d2
» 8V » 8V
—28)\// qﬁawlaw‘ZdE—i—s)\// ¢a—¢|Vw|2dZ (A.38)
s Ov' v s Ov
— 252 // qb\Vw\za—wwdE—s?’/\3 // ¢3]Vz/1128—¢]w\2d2
b 81/ » aV
< c(||esaf|§2(Q)+s3A4// 3 |w|Pdxdt + sN? // ¢|Vw|*dxdt).
w’ % (0,T) w' % (0,T)

Now we estimate the local integral of Vw in (A.38). To this end, let us introduce a
function 6 = 6(z), with

0eCPw), =1inu’,0<0<0

and we make some computations:

s\ / / o|Vw|*dadt < s\ / / 06| Vw|?dxdt (A.39)
W' x(0,T) wx (0,T)
= —s\? / / pwAdzdt — s)\* / / ¢(Vw - VO)wdrdt
wx (0,T) wx(0,T)

—s\? / / 0¢(Vw - Vip)wdzdt
wx(0,T)

< 6571 // oY Aw| dzdt + s\ // @3 |w|?dzdt.
wX(O,T) WX(OvT)

In view of this last estimate, we deduce that the integral on Vw in the right-hand side of
(A.38) can be supressed if we enlarge slightly the control domain. We have the following
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estimate:

—1// o102 |we)? + |Awl|?) dwdt+s3)\4// 3w/ da:dt+s)\2// o|Vw|>dxdt

+a/ wtd2+as2)\// ¢at—\w| s
25)\//¢aw \d2+ A//¢> |Vw|2dY

20 [ ovupGluas - ¥ [[ 90pSl wpas

Clle* fll72g) + °X* // ¢ lw|*dxdt).
wx(0,T)

(A.40)

Step. 2. We perform the same analysis as in step 1, but now with the weights defined in

(A.19). For s > 0 and A > 0, we consider the change of variable
W(t, w) = e*q(t, w),

which implies
w(T,z) =w(0,z) =0.

We have
Lyw + Low = f,
where
L1 = —ot; — 25AV Y - Vb + 2522 V|2,
Lo = —Aw — 2 X202 Vep |20 + osaym
and
fs = €5%g 4+ sA2| V|2 + sAo Ay
From (A.42), we have that

12172y + [ Lol (72 + 2(Lrd, Law) 12(g) = |1 s|[72(q)-

In this step we analyze the terms appearing in (Liw, Law)2(q). First, we write

N
(L1, Lo) 2 () = Z ij-

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)
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As before, the following inequality can be proved
571 // o~ (o2 |we* + |Aw|*)dzdt + s A2 // 3|2 dadt 4 sA2 / o\ V| dxdt
Q Q

+a// wtdz—USQA// qﬁat@wdz
+ 25 )\//qﬁaw\ 2ds — A//¢a¢|v 2de

— 252 // ¢\V¢\2a—wwd2+s?’/\3 // ¢3yv¢128—¢yw\2d2
b 81/ » aV
C(lle*® fll72q) + s°X* // ¢ |w[*dzdt), (A.47)
wx (0,7

for A > A\o(Q,w) and s > 50(Q, w)(eM¥lle Tt 4 T8),

Step. 3. Let us now add the inequalities (A.40) and (A.47) and let us check that the
integrals on X can be simplified, so that there will only remain integrals in Q).

First, observe that, since ¢ = 0 on 052, we have
¢=¢, a=aandw=won .

From the definitions of w and w, we have

ow _ sx aq o 8¢ s aq a¢ 7
ox; c (ax, A@xl ¢a) =e¢ (8:@- A Ox; %4): (A48)
whence 9 9 P P
ow _ )\ibqg sa 711) = sA—wq;equ onY
v v ov
and it follows that P P
w W
A on X. (A49)

Therefore, adding (A.40) and (A.47) and using (A.49), we conclude that
s—l// qB—l(a?\thJr\A@Q)dxdt+s3A4// q33\w]2dxdt+s/\2/ o\ V| dxdt
Q Q Q
571 // qﬁ1(02\wt\2+\AwQ)dmdt+33)\4// ¢3\w]2dxdt+s)\2/ o|Vw|2dxdt
Q Q Q
< O(l[e** fllF2(g) + 1€ fllF2(g) + 5°X / /w o ¢*lwl* + ¢l dxdt),  (A50)

for A > A\o(Q,w) and s > 50(Q, w)(eM¥lle Tt 4 T8),
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From the definitions os ¢, (5, « and &, we have

(Z)S b, 625& < 62804 in Q.

Hence, (A.50) yelds
s_l// qS_l(aQ\wt\z—i—|Aw2)d:ndt—|—83)\4// ¢3\w]2dxdt+s)\2// o|Vw|*dxdt
Q Q Q
<C(lle g+ [ Sup) (A51)
wx(0,T)

for A > \g(Q,w) and s > s0(Q,w)(e2M¥lleT 4 T8),

We finally turn back to ¢. For the moment, we have

571 // d)_l(a2|wt|2+|Aw\2)dxdt—|—s3>\4// 3| q|*dadt + s\? // o|Vw|*dxdt
Q Q Q

< O(lle fllF2(g) + 5°X / / ¢*e**|q|*). (A.52)

x(0,T)

Using (A.48), we find that

sA? // pe***|VqPdzdt < C(s\? // o|Vw|*dzdt + s>\ // ¢*e**|q|*dzdt).
Q Q Q
Accordingly, the previous integral in V¢ can be added to the left-hand side of (A.52):
571 // o102 |wy]? + |Aw|?)dzdt + s>\ // $3e®q2dadt + sA? // pe**|Vq|*dxdt
Q Q Q

< (|l fl2a0) + A1 / / 5250 g]2). (A53)
wx(0,T)

For Ag, we use the identity
Aw = e**(Aq — sMAYq + s\ VY [Pdg — 2sAVY - Vg + s° N |V *¢%q)

and we obtain

st // (;Sleso‘\Aq]zdxdtSC(sl// ¢~ Aw|>dadt
Q Q

+ 3\ // $3e* g2 dadt + sA? // >V q|*dxdt.
Q Q

Finally, for ¢;, we get
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5—1// ¢_1€28a0'2|qt|2d33dt §s_1// ¢_10'2|1Ut|2d.1‘dt
Q Q

+ so2eMYlleo 8 // e g2 dadt,
Q

since

q = e **(wy — saqw).

Therefore, if A > A\o(Q,w) and s > s0(Q, w)(e2M¥/l=T* + T8) we have
571 // o te® (g + | AqPdzdt + s3\! // 3?5 q|*dxdt (A.54)
Q Q
+ s\? / / >\ Vw|*dzdt
Q

< (|l fl2a0 + A1 / / $e>q) (A55)
wx(0,T)

and the proof of Lemma 4.1 is finished. O
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