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Resumo

Neste trabalho apresentamos um estudo sobre a conhecida familia de complexos de
Buchsbaum-Eisenbud via a abordagem de sequéncia espectral de Koszul-Cech dada
por Bouca e Hassanzadeh. Primeiro, construimos essa familia de complexos usando a
estrutura advinda da sequéncia espetral de Koszul-Cech e damos novas demonstragoes
para fatos basicos como aciclicidade e suporte das homologias. Segundo, usando a
convergéncia de espectrais, damos uma formula para multiplicidade de Buchsbaum-Rim
como o género aritmético (caracteristica de Euler-Poincaré) de feixes de homologias de
Koszul em um espago projetivo sobre um esquema base Noetheriano arbitrario. Essa
formula é uma generalizagao de Serre, a féormula da multiplicidade de Hilbert-Samuel
de um sistema de pardmetros para o caso da multiplicidade de Buchsbaum-Rim. Com
o proposito de obter essa formula, introduzimos uma noc¢ao de funcao de Hilbert de

um anel graduado sobre um anel de base Noetheriano arbitréario.

Palavras-chave: Sequéncia espectral Koszu-Cech; Complexos de Buchsbaum-Eisenbud;

Multiplicidade de Buchsbaum-Rim.
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Abstract

In this work we present an study of the known family of Buchsbaum-Eisenbud com-
plexes via the approach of Koszul-Cech spectral sequences given by Bouca and Hassan-
zadeh. We first construct this family of complexes using the Koszul-Cech structure and
give new proofs for the basic facts as acyclicity and support of the homologies. Sec-
ond, via convergence of spectral sequences, we give a formula of the Buchsbaum-Rim
multiplicity as the arithmetic genus (Euler-Poincaré characteristic) of Koszul homology
sheaves on a projective space over an arbitrary Noetherian base scheme. This formula
is a generalization of Serre, the formula for the Hilbert-Samuel multiplicity of a sys-
tem of parameters to the case of Buchsbaum-Rim multiplicity. In order to obtain this
formula, we introduce a notion of Hilbert function of a graded ring over an arbitrary

Noetherian base ring.

Keywords: Koszul-Cech spectral sequences; Buchsbaum-Eisenbud complexes; Buchsbaum-

Rim multiplicity.



Agradecimentos

Agradego a Deus, & minha familia, & minha comunidade de fé e aos meus amigos.

Agradeco aos professores envolvidos na producao e na avaliacao deste trabalho de tese,

em especial aos professores Hamid e Vinicius.

Agradeco a todos do Departamento de Matematica da UFPB. Aos professores Naéliton,
Ricardo, Mirian, Ugo e Napoéleon, pelos cursos; aos professores Cleto, Manassés, Flank,
Ricardo e Damiao, pelo apoio e pelo suporte nas questoes burocraticas. Ao professor
Roberto (in memoriam). Ao secretario Junior. Aos alunos que se tornaram amigos,

em especial Rafael.

Entre outros, agradeco a Mylena, aos amigos do Departamento de Matematica da

UFPE e aos amigos da UPE.

vi



“Se o Senhor nao edificar a casa, em vao trabalham os
que edificam; se o Senhor nao guardar a cidade, em vao

vigia a sentinela.”

Salmos 127:1

vii



Dedicatoria

A minha familia, & minha comunidade

de fé e aos meus amigos.

viil



Contents

(1.1 The Koszul complexes| . . . . . . ... ... .. ... ... .. .....

(1.1.1  Definition and some properties|. . . . . . . . . . .. ... ....

(1.1.2  Graded Koszul complex| . . . . ... ... ... ... ... ...

(1.1.3  Multiplicity and Euler-Poincaré characteristicf . . . . . . . . ..

(1.2 Local cohomology review| . . . . . . . ... .. ... ... .. ......

[1.2.1  [-torsion functor and local cohomology modules . . . . . . . ..

[1.2.3 Cech complexes| . . . . . .. .. ... ... ...

(1.3 Sheat cohomology on projective scheme| . . . . . . . . . . .. ... ...

[1.3.2  Sheaf cohomology|. . . . . . ... ... ... ... ...
[1.3.3 Cech cohomologyl . . . . . . . . .

(1.4 Spectral sequence of a double complex] . . . . ... ... ... ... ..

(1.4.1 Spectral sequences| . . . . . . . ... ... L
(1.4.2 Double complex] . . . . ... ... ... .. ... . 0.

2 Buchsbaum-Eisenbud complexes|

2.1 Koszul-Cech spectral construction| . . . . . . . . . .. . ... ... ...

[2.2  Basic properties| . . . . . . . ...

2.3 Depth and acyclicity properties| . . . . . . . .. .. ... ... ... ..

O © © oo N ot ot W«

e e e e e e
N O O Ot s W W =



3 The Euler-Poincaré characteristic of B(P)|

[3.1 Buchsbaum-Rim multiplicity| . . .

[3.2  Hilbert function over an Noetherian basering| . . . . . . . .. ... ..

[3.3 A genus formula for the Buchsbaum-Rim multiplicity] . . . . . . . . ..

[3.4  Comments and questions| . . . . .

Appendix

[A__Some results|

[A.1 A natural duality|] . . . . ... ..

[A.2 Spectral sequence in finite length|

[Bibliography|

35
35
39
42
49

51
51
52

54



Introduction

Let R be a Noetherian local ring with maximal ideal m and dimension d > 0.
If I is a ideal of definition of a finitely generated R-module L, then we can define
e(/, L) the Hilbert-Samuel multiplicity of I on L as being the positive integer d!-(the
coefficient of the term of degree d in the Hilbert-Samuel polynomial of I on L), where
this polynomial is obtained from the function v +— fg(L/I"L), and (g denotes the
length over R. In their work [BR64|, Buchsbaum and Rim introduced and studied a
multiplicity associated to N a submodule of finite colength in a finite free R-module
G = RY, that is, {g(G/N) < oo. This multiplicity generalizes the Hilbert-Samuel
multiplicity, and nowadays is called the Buchsbaum-Rim multiplicity. In more detail,

the function

- (29)

is eventually a polynomial Py(v) of degree d + g — 1 [BR64, Theorems 3.1 and 3.4],
where S(G) denotes the symmetric algebra of G and R(N) is the image of the induced
map from S(N) to S(G). So, the Buchsbaum-Rim multiplicity of N on G, denoted by
br(N), is the positive integer (d+ g — 1)!-(the coefficient of the term of degree d+¢g—1
in the polynomial Py (v)).

Though not surprising, it is not trivial that the Buchsbaum-Rim multiplicity has
explanations in regard to the Hilbert-Samuel multiplicity. Several properties of the
Hilbert-Samuel multiplicity are extended to the Buchsbaum-Rim multiplicity, for ex-
ample characterization of reduction [KT96] and [SUVOL|; relation between multiplicity
and reduction number |[BUVOIL]|; Lech’s inequality [NW20]. The interesting graphical

computations by Jones write the Buschsbaum-Rim multiplicity in terms of Hilbert-



Samuel multiplicty [JO1], which motivated the work [CLUOS8| using linkage theory.

While the Hilbert-Samuel multiplicity is a classical numerical invariant to study
isolated singularities, the Buchsbaum-Rim multiplicity is a modern algebraic tool to
study singularities of higher codimensions. The importance and geometric significance
of the Buchsbaum-Rim multiplicity are due to seminal works of Gaffney [G90]| [GI3]
in the study of Whitney equisingularities. Kleiman has also investigated the geometric
meaning of Buchsbaum-Rim multiplicity and developed many aspects of the theory,
e.g. [KT96|, see too the projection formula and the associative formula [K17].

A well-known construct is the Koszul complex K, (¢, L) of asequence ¢ = ¢, ..., cs
of elements of a commutative ring R with coefficients in an R-module L. The prop-
erties concerning to the ideal generated by ¢ and the R-module L that we can obtain
from the Koszul complex make it an indispensable tool. In 1962, Eagon and Northcott

generalized the Koszul complex of a sequence to one of a g X f matrix

Ci1 Ci2 - Cf

Co1 Ca2 -+ Cof
b =

Cg1 Cg2 """ Cgf

with ¢ < f, see [EN62|]. Two years after, Buchsbaum and Rim defined a family of
complexes associated to the matrix @, see [BR64]. The complex of Eagon and Northcott
and the family of complexes of Buchsbaum and Rim are obtained by different way, while
the first complex tries to solve the quotient of R by the ideal of the maximal minors
of ® the second considers exterior powers of the cokernel of the map defined by &,
including M = Coker(®). Both admit a version with coefficients in an R-module L. In
1973, Buchsbaum and Eisenbud introduced a family of complexes C¥ associated to the
matrix ® for each integer v, which bears their names [BET73]|, see also [E95], and in this
same year Kirby simultaneously constructed this same family, denoted by K,(®, L, v),
in a different way, which he called generalized Koszul complex [Kir73]. This new family

satisfies the folowing properties:
(i) Ko(®, L,0) is the Eagon-Northcott complex;

(i) Ko(®, L, 1) is one of the Buchsbaum-Rim complexes;



(iii) when g =1, K.(®, L, v) is the Koszul complex of the sequence ¢y, ..., ¢y, for all

v:

(iv) There is a duality, i.e., K¢(®, L, v) ~ K*(®, f — g — v).

Back to Buchsbaum and Rim’s work [BR64], one of the most difficult results was
to show that the difference function of the polynomial Py(v) is indeed the Euler-
Poincaré characteristic of its family of complexes [BR64, Theorem 4.2|, and thus, they
could show that the Euler-Poincaré characteristic of the Buchsbaum-Rim complex is
the Buchsbaum-Rim multiplicity, if N = im(®) with ® a parameter matrix, that
is, {r(Coker®) < oo and f — g+ 1 = d. In 1985, Kirby shows that the Euler-
Poincaré characteristic of his generalized Koszul complex B(®) is the Buchsbaum-Rim
multiplicity br(V), see [Kir85, Theorem 4.

In this thesis, which was contemplated in [BFHN21]|, we use the Bouga and Has-
sanzadeh construction of the Buchsbaum-Eisenbud complexes, which uses the Koszul-
Cech spectral sequence [BHal9, Section 3|, to give new proof to basic properties of
these complexes. The Koszul-Cech construction is a powerful algebraic tool to prove
these basic properties. Using the convergence of spectral sequences, we describe the
Buchsbaum-Rim multiplicity as the Euler-Poincaré characteristic (arithmetic genus)
of special sheaves on a projective space over an arbitrary Noetherian base scheme.
Yet another geometric nature of this multiplicity. This is another extension of Serre’s
formula of Hilbert-Samuel multiplicity in which the multiplicity is described as the
Euler-Poincaré characteristic of the Koszul homology, c.f. [Ser65] and [BH98, Theorem
4.7.6 and notes on page 203|.

We begin this thesis with some preliminaries, in Chapther 1. There are a lot of
objects which will be used in the text, for example: Koszul complexes, Cech complexes,
local cohomology, sheaf cohomology, spectral sequences, etc. We will give a brief
description of these objects and some results about them, to support the beginner
reader.

In Chapter 2, Section 2.1 recaps the result of [BHal9] on the Koszul-Cech spectral
sequence. We let B,(®P, L, v) denote the complexes derived from this spectral sequence.
These are the same as the generalized Koszul complex of Kirby, K(®, L,v); and the

Buchsbaum-Eisenbud complex CJ. In Section 2.2, we present basic properties, some of



which (re)proved using the Koszul-Cech spectral as the natural exact sequence and
the useful property about the support of the homologies of B,(®, L, v) . Section
2.3 ends this chapter with the depth and acyclicity properties of B4(®, L, ). Lemma
, which we (re)prove, and the support property yield the grade sensitivity .
In Chapter 3, we first present the definition of the Buchsbaum-Rim multiplicity
and of all objects involved, the Kirby’s result which relates this multiplicity with the
Euler-Poincaré characeristic of the homologies of B4(®, L,r) and a dicussion about
parameter module using the theory of reduction of modules. Section 3.2 introduces
a formal notion of the Hilbert function in the case of graded rings over an arbitrary
Noetherian base ring, whereas the classical theory of Hilbert function is over an Ar-
tinian base ring. Finally, in Section 3.3, Theorem [3.3.4] determines the relation between
the Euler-Poincaré characteristic of B4(®, L,v), which is the Buchsbaum-Rim multi-
plicity br(im(®), L), and the Hilbert polynomials of Koszul homologies of a symmetric
algebra. This Theorem is a generalization of Serre’s theorem on the relation between
the Hilbert-Samuel multiplicity and the length of Koszul homologies, see [Ser65] and

IBHI8 Theorem 4.7.5 and 4.7.4]. More explicitly:
Theorem. Let R be a Noetherian local ring, N = im(®) is a finite colength
submodule and H; == H;(v) is the j-th Koszul homology module. Then for any integer

v

br(N) , if ® is a parameter matriz,
Pyy(v) = Py, (v) + -+ (=1) Py, (v) = (N) f parame
0 5 otherwise;

where Py, (v) is the Hilbert polynomial of H; and + is the ideal of S(/7) such that
S(R9)/ vy ~ S(Coker(®)). Clearly, God is in the details! To establish this theorem,
one needs a generalization of the concept due to Serre (which relates the difference
between Hilbert function and Hilbert polynomial with local cohomology modules, see
[BHI8, Theorem 4.4.3| and Definition for projective space over any affine scheme
instead of projective space over a closed point. We give an example using Macaulay?2 of
this theorem, which was motivated by the computation of Jones [JOI]. Corollary
is a genus explanation of the Buchsbaum-Rim multiplicity, which justifies the title of
[BEHN21]. We finish this thesis work with some questions, in Section 3.4.

The appendix contains two results used to prove Lemma and Theorem [3.3.2]
The first is a duality given by Jouanolou [Jou09|] and the second is a fact about "Euler-

Poincaré characteristic" of pages of a spectral sequence with finite length terms.
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Chapter 1

Preliminaries

1.1 The Koszul complexes

The goal of this section is to recall the definition and results used in this work,
for support the reader to understand the details of the tools and proofs in all text. We
will present and comment the results, but quote all them.

In the first subsection we recall the Koszul complex. We will give some properties:
self-duality, the grade sensitivity and a property that uses the concept of tensor product
of exterior algebras to put the Koszul as an certain invariant. In the second subsection,
we present the graded Koszul complex. In the third subsection we recall the concept of
multiplicity and its relation with the Euler-Poicaré characteristic of homology modules
of Koszul complex, due to Serre [Ser65]. We recommend to the reader the Section 1.6
and Section 4.7 of the Part I in [BH9§]|, for more details of the Koszul complex and its

structural properties as exterior algebra and the concept of multiplicity, respectively.

1.1.1 Definition and some properties
Let R be a commutative ring, and a = a4, ...,ay € R be a sequence of elements.
We define the Koszul complex of the sequence a, denoted by K,(a), as the complex

0= Kp(a) = — Kj(a) B K,_1(a) = - — Ki(a) 3 Ko(a) = 0



where K (a) = RU) and the differentials
J
Ojen Ao Ne) = > (=DFageq Ao Ne A Ny,
k=1

with 1 <4; <--- <i; < f and in the right side €;, means to omit e;,. For an R-module
M, then
KJ(a,M) := K,(a) g M

is the Koszul complex with coefficients in M. We will denote H;(a, M) for the i-th
homology module of the Koszul complex K,(a, M), and denote H'(a, M) for the i-th
cohomology module of the dual K*(a, M) := Hompg(K.(a), M), i.c.,

H'(a, M) = H'(Hompg(K,(a), M)).

Proposition 1.1.1 (Self-duality). Let R be a commutative ring, a = ay,...,ay € R

be a sequence of elements and M be an R-module. Then
Ko.(a, M) ~ K*(a, M).
In particular, Hy(a, M) ~ H'~%(a, M) for all i.
Proof. |BH98|, Proposition 1.6.10] ]

Theorem 1.1.2 (Grade sensitive). Let R be a Noetherian ring, a = (a) = (a1, ..., ay)
be an ideal of R and M be an R-module. If M # IM, then

grade(/, M) = max{i € N; H;_;(a, M) # 0}.
Proof. |BH98, Theorem 1.6.7] O

Let M be an R-module and M®* be the i-th tensor product of M for i > 1 and
M®° = R. We define the tensor algebra of M by

®M:@M®i,

>0

and the exterior algebra of M by

AM=(Q M)/,



where J is the two-sided ideal generated by the elements x ® x, with x € M. The
multiplication in A M is denoted by z A y and the components is denoted by /\Z M,
called the i-th exterior power of M

/\M_@/Z\M.

Proposition 1.1.3. Let R be a commutative ring, a = ai,...,ay be a sequence of

elements and a’' = ay, ..., a, with g < f. Then

Ku(a) = Ko(a) @ /\ R/,
here \°* R'=9 means a complex with zero differentials. In particular, for an R-module
M, we have
H,(a,M) = H,(a',M)® \ R/,
that s,
= Y Hy(a ,M)® [\ R'™.
ktj=i

Proof. |BH98|, Proposition 1.6.21] O

1.1.2 Graded Koszul complex

Let § = @uzo S be a graded ring, and v = 71,...,7; € S be a sequence of
homogeneous elements, with deg(vy;) = a; > 0. We define the graded Koszul complex

of the sequence -, denoted by K,.(7), as the complex

Lo

0= Kp(y) = = Kj(9) 3 K;a(y) = -+ = Ki(v) -2 Ko(y) = 0

with the terms

= @ S(’Zizlaik)

=7

where I = (i1,...,17;), with 1 <4y <--- <4; < f; and the differentials

J
Ojlei, N New) > > (=Dfygen Ao A& A Ney,
k=1

where €;, means to omit e;, . Due to the torsion on the terms in K,(7), the differentials

are homogeneous maps, and thus, the homology modules H,(«) are graded S-modules.



The component K,(7v)p) is a complex of Sy-modules and it is called the strand of the

graded complex K,(7) on degree v. So, for an S-module A/, we have

Hi(v,N) = @ Hi(Ko(v.N)p)

vEZL

that is, H;(v,N)p = Hi(Ke(v,N)p)-

1.1.3 Multiplicity and Euler-Poincaré characteristic

Let (R,m) be a Noetherian local ring of dimension d and M # 0 a finitely
generated R-module. A proper ideal I C R is called an ideal of definition of M if
(r(M/IM) < oo, where g denotes the length over R. We define the Hilbert-Samuel
function by the assignment

n s Cp(M/I" M)

and it is a polynomial function of degree dim(M) for large n. So, there is a polynomial

function

P =Sy (")

i=0

for integers e;, such that P;(n, M) = (r(M/I"**M) for n >> 0. This polynomial
fucntion is called the Hilbert-Samuel polynomial of M with respect to I. We define the
multiplicity of I on M, denoted by e(I, M), being the coefficient ey in Pr(n, M).

A sequence of elements a = a4, .. ., a, is called a multiplicity system for an finitely
generated R- module M if {x(M/aM) < oo, where a is the ideal generated by a, i.e., a
is a multiplicity system if a is an ideal of definition of M. It follows that the homology
modules of the Koszul complex K,(a, M) have finite length, i.e., {r(H'(a, M)) < oo
for all 7, and we define the Fuler-Poincaré characteristic of the Koszul homologies by

X(a, M) = (=1)"lr(H(a, M))
Theorem 1.1.4 (Serre). Let R be a Noetherian local ring, M a finitely generated
R-module, a = ay, ..., a, be a multiplicity system of M with a = (a). Then

e(a) , ifais a system of parameter,

0o otherwise.

Proof. |BH98|, Theorem 4.7.6| O



1.2 Local cohomology review

In this section, we will give a brief description of the objects and results on Local
cohomology, which will be used in the next Chapter. The concept of local cohomology
modules, torsion functor, ideal transform, algebraic Cech complex, etc. We recommend

to the reader the book [BS13|, for more details.

1.2.1 [-torsion functor and local cohomology modules

Let R be a Noetherian ring, I C be an ideal and M be an R-module. We define
the I-torsion functor I'; : Mod(R) — Mod(R), where Mod(R) denotes the category of
R-modules, by the assignment

Lr(M) = J(0: 1),

n>1

that is, [';(M) is the submodule of M whose elements are anihilated by some power of

the ideal 1.
Fact 1. I'; is a covariant functor left exact.

The category of R-modules 900(R) is an Abelian category and it has enough
injectives. The i-th right derived functor of " denoted by H? is the i-th local cohomology
functor with respect to I. For an R-module M, we consider E*® an injective resolution

of M

0= E"—E'— ...

(H°(E®) = M and H(E*) = 0), and thus, we apply the I-torsion functor to E* and
obtain

Hy(M) = H'(T;(E*))
which is called the i-th local cohomology module of M with respect to I. Notice that
F[(M) = H?(M)-
1.2.2 Direct limits of Ext modules and Ideal transform

The I-torsion functor I'; can be related with a functor defined in terms of direct

limits of "Hom” modules. For an R-module M, the isomorphisms of R-modules
Homp(R/I™, M) =~ (0 :py I™)

9



yield an isomorphism of functors
I's(e) = limg Homp(R/I". o).
neN
and since that the exactness of taking direct limits, the i-th local cohomology functor

can be defined as

Hi(o) ~ @Ext;(R/I", o).

neN

Due to above isomorphism, using Ext modules [BH98, Theorem 1.2.5], we have the

next theorem about grade.

Theorem 1.2.1. Let R be a Noetheiran ring, I an ideal of R and M be a finitely
generated R module such that M # IM. Then

grade(I, M) = min{i € N; Hi(M) # 0}
Proof. |BS13, Theorem 6.2.7] O

This new point of view of the local cohomology functors leads us to define the I-
transform functor as follow. For positive integers n > m, we consider the commutative

diagram with exact rows

0 " R R/I"——>0

L

0—=I"—>R——>R/I"—0.

Using the Horseshoe lemma [W94 Lemma 2.2.8|, we obtain a commutative dia-

gram of projective resolutions with exact rows

0 Lo Ko pn 0

Lo

0 Ly K" P 0.

Applying the contravariant functor Hompg(e, M), where M is an R-module, we obtain

a commutative diagram of complexes with exact rows

0 — Homg(P}', M) — Hompg(L}, M) — Hompg(K}, M) —=0

l | l

0 ——= Homp(Pr, M) —> Homp(L", M) —= Homp (K", M) — 0.

10



and it yields a commutative diagram of R-modules with exact rows

0 — Hompg(R/I", M) — M —— Hompg(I", M) — Exty(R/I", M) —0

| | | |

0 —— Homp(R/I™, M) —> M — Homp(I™, M) — ExtL(R/I™, M) —= 0.

So, the last induces an exact sequence of direct systems, and taking the direct limit,

we obtain the exact sequence of R-modules

0 — HY(M) — M — lim Hompg(I", M) — Hy (M) — 0,

neN

and we define the I-transform functor by

Dy(e) = ling Homp(I", e),

neN

and D;(M) is called the ideal transform of M with respect to I.

Theorem 1.2.2. Let R be a Noetherian ring, I an ideal of R and M an R-module.
Then

(i) There is an exact sequence

0— T (M)— M — D(M)— H;(M) — 0;

(1) Fori > 1, there are isomorphisms
R'D;(M) ~ Hi*' (M)
where the left is the i-th right derived functor of Dy(e).

Proof. See |BS13, Theorem 2.22.6]|. O

1.2.3 Cech complexes

Let R be a commutative ring, a = aq,...,a, € R be a sequence of elements and
M an R-module. We define the (algebraic) Cech complex of M with respect to a,
denoted by C3(M), ass follow:

0—COM) B cl (M) B (M) — -+ = C(M) = 0

a

with
C{:(M) = @ Mail-'-aiw

1< < <ip<g

11



where M, ..o, is the localization of M on the multiplicative set {(ai, -+ a;)51 >0},

and thus,

OeM@@MW i@Maiaj — = Mgyq, — 0
i i<j

and the diferential Oy_; : CF~! — CF is defined in the summands by

(% a;, o
-1 2]
— € My, aoa, = (-1)7 ———— € My, .y, -
ail---ail-uaik ail'--aik

Notice that H(C2(M)) = T'y(M), where a = (a) is the ideal of R generated by the

elements a = a4, ..., a,. Furthermore,
H'(Ca(M)) = Hy(M),

that is, the homologies of the Cech complex are the local cohomologies, see [BS13,
Theorem 5.1.20].

The Cech complex comes from a direct limit of homology modules of Koszul
complexes, i.e.,

{n}C2(M) = lig Ko (a', M),

leN
where a' = al,... d, and ({n}C2(M)); = C;7™(M) is a shift, for more details see

IBS13, Theorem 5.2.5|.

Example 1.2.3. Let S = R[T},...,T,] be the polynomial ring in the indeterminates
Ti,...,T,. We will describe H{*(S) the n-th local cohomology module of S with respect
to the ideal t.

Consider Cg(S) the Cech complex of S with respect to the sequence Ty, ..., T,,

more especifically, the last not zero differential

)

n
(S Spfr, — OTiT, l—> 0
« 1\e T,
(T1---ﬁ---Tn)l = ( 1) (T1--Tn)!

So, H*(S) = Sr,..,/Im d an R-algebra. Firt, notice that H(S) is generated by

Th . Tln «
{ﬁ—{—lm@;lz 1 and l; <, for all Z}
LT,

as R-module. In fact, if | =0, then
T T = (T T,

and if L > 1 and l; > | for some i, then

Th... T B ( 1)iT1ll"'Tili_l"'T£"
(Ty---T,)! (Tl...ﬁ....Tn)l

12
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in both cases, it is zero in H{'(S). So, these generators form a basis to H{*(S), futher-

T---T,---T, "
—— 41
{ T T, —l—ma}

i=1

more, it 1s generated by

as an R-algebra, and thus, we have the isomorphism

H(S) — R[T7Y, ... T

rTn

Ty Ty Ty 5 -1
o +Imd = T,

where R[T, Y, ..., T is the S-module of inverse polynomials in Tt . .., T, over S, and

rTn

the S-structure is defined by

Th...Thth T <

T(TH ... Ty =
(1 n) { 0 llzl

1.3 Sheaf cohomology on projective scheme

The main result of this section (see Theorem is to relate the sheaf coho-
mology with local cohomology in the projective case. We recommend to the reader the
sections 1, 2, 3 and 4 of the chapter III in [Har77|, and see too [ILLMMSW]| Lecture
13]

1.3.1 Some definitions

Let S = @;>05; be a graded ring with S; = @;>15; the irrelevant graded ideal.
We define the set

Proj(S) = {PB € Spec(S);P is graded and L 5 S }.

The subsets of the form V(I) = { € Proj(S);P D I}, with I being a graded ideal,
define the closed subsets on Proj(S) in the Zariski topology. For an homogeneous
element f € S, the open subset D (f) = Proj(S)\V(f) is called a basic open subset
of Proj(S). The below facts follow by a straightforward verification.

Fact 2. D, (f) ~ Spec([Sto)

Fact 3. D_(f) N D.(g) ~ Spec([Ssglo)

Fact 4. {D.(f); f € S homogeneous} is an open covering for X.

Fact 5. {D,(f;)}_, is an open covering for X if, and only if, \/(fi,..., f-) = S..

13



The sheaf structure of X = Proj(5), denoted by Oy, is defined on the open

covering {D,(f)}, with f € S being an homogeneous element, and the assignment:

P(D1(f), Ox) = [S¢lo,

where, [Sy]o denotes the zero-th component of the graded localization Sy. For a graded
S-module M, we define the sheafification of M, denoted by M, as the sheaf of Ox-

modules with assignment:

LD (f), M) = [Mylo,

for a homogeneous element f € S. A sheaf of Ox-modules which is a sheafification of a
module is called a quasi-coherent sheaf, when M is finitely generated, we call coherent
sheaf.

The shefification of S(a), denoted by Ox(a), is called twisted sheaf, where a € Z
and S(a); = S,4; are the components of the graded S-module S(a). We set F(a) =
F®oy Ox(a), for all sheaf of Ox-modules F. We define the functor from the category
of quasi-coherent sheaves on X to the category of graded S-modules: For each sheaf
F of Ox-modules on X, set

I.(F) = @rx, Fa).
a€Z

Fact 6. I'.(Ox) is a graded ring and I'.(F) is a graded I'.(Ox)-module. Furthermore,
L' (F) is a graded S-module.

1.3.2 Sheaf cohomology

Let (X, Ox) be a ringed space and
['(X,e): Mod(X) — 2Ab

be the global section functor from the category of sheaves of Ox-modules to the cate-

gory of abelian groups.

Fact 7. Mod(X) is an abelian category with enough injectives. [Har77, I11.1 and II1.2]

Let F be a sheaf of Ox-modules and Z* an injective resolution to F. Applying
['(X,e), we have the complex I'(X,Z®) in (b, and its cohomology groups, denoted by
H(X,F), are called the cohomology groups of F.

14



1.3.3 Cech cohomology

Let (X, Ox) be a ringed space and U = {U;};—p be an open covering for X. For
a sheaf F of Ox-modules, we define C*(U, F) the Cech complex of F with respect to
U to be
C*u,F)= € T, F)

|T|=k+1
where I = (i1,...,541) with 43 < ---ipq and Uy = Do (z;,) N -+ N Dy(x;,,,); and
dy_1 : C*YU, F)—C*U, F) is induced on summands by

o € T(Ungy, F) = (=D'oly, € T(U;, F)

where I = (i1,...,4;,...,ik11). The cohomology groups of C*(U,F), denoted by
HF (U, F), are called the Cech cohomology groups of F with respect to U.

Example 1.3.1. Let S = R[z,y| be the polynomial ring, M be a graded S-module and
U={D,(z),D(y)} be an open covering for X = Proj(S). Then, C*(U, M) is

0 = T(Dy(z), M) © T(Dy(y), M) — T(Dy(x) N Dy (y), M) = 0,

that s,
0 — [M:C]O@[My}g — [sz]o — 0

Notice that C*(U, M)[—1] is a subcomplex of C*(x,y; M) (Algebraic Cech complez).

Fact 8. Let S = ®;>0S5; be a graded ring, X = Proj(S) be a scheme and F a quasi-
coherent sheaf. Suppose that Sy is a Noetherian ring and S = So[S1] with Sy generated
by xg, ..., 2, as So-module. Consider U = {D4(zo),...,Di(x,)} an open covering for
X. Then, for allt >0

H'(U,F)=H(X,F).

Proof. Although X is not separated (Sp is not a field), U is a affine open covering such
that the intersections are affine, by Facts[2] [3|and [5] Therefore, we proceed in the same
way as |[Har77, III Theorem 4.5]. O

Theorem 1.3.2. Let S = @;>05; be a graded ring such that Sy is a Noetherian ring
and S = Sp[S1] with Sy generated by xq, . .., x, as So-module. For each graded S-module

M, we have an exact sequence

0— HY (M) — M — I'.(X, M) — Hy, (M) — 0,

15



and for i > 1, the isomorphisms

D H'(X, M(a)) =~ HE (M),

a€Z

where Hng(M) denotes the i-th local cohomology modules of M with respect to the ideal
Sy.

Proof. From the exact sequence of complexes (see Example [1.3.1)

0= @ Ct U, M(a))[-1] = C*(x, M) — M — 0,

a€Z

we obtain a long exact sequence on homologies. Using the Fact 8] the result follows. [

1.4 Spectral sequence of a double complex

The main result of this thesis is given by the convergence of spectral sequences
which comes from a double complex. The goal of this section is recall this concepts.
We recommend to the reader the chapter 5 in [W94], for more details.

1.4.1 Spectral sequences

Let R be a commutative ring with identity. A spectral sequence is a family of

R-modules and R-linear maps
*E* — {TEp,q7 TP - TP TEp_T’q_T_l}reN;p,qu

where for each r € N, "E*® = {"EP4 "dP1}, 7 is a family of complexes (called r-th

page of F) such that

r+1Ep,q — ker(rdp,q)
Im(rdp+r,q+r+1) )

i.e., the terms of the next page in obtained by taking the homology modules of the
complexes the current page. If there is an r € N such that *E = "F for all s > r,
then we write *°F := "E and this page is called the infinite page of E. The family
{rfpa . TEPT — TEPI} N, 4z 18 @ map of spectral sequences if "t f is the induced
map of " f on homologies of the complexes in r-th page.

A spectral sequence F is bounded if there are only finitely many terms different to

zero on the first page. We say that a bounded spectral sequence E converges to family

16



of R-modules Hy = {H,}nez ("E =, H), if for each n € Z there exists a decreasing
filtration

O:Fang"'ng-i-lHnngHnng—lHng"'gFtHn:Hn

such that
00 [Py~ %
3 p+1H q-p
with ¢ — p = n.
Let E and E’ be spectral sequences converging to H and H’, respectively. We say

that f: E — E' is compatible with h : H — H' if h(F,H,) C F,H] and the diagram

~pri = FH,/F,,H,

wps] |

©EPS s B, Fy i),

1s commutative.

1.4.2 Double complex

Let R be a commutative ring with identity. A double complex is a family of
R-modules M** = {MP9}, ez with two family of R-linear maps {d;? : MP? —
Mpr=ta} oz and {dP? . MP? — MPatY 7 such that dj ody, = 0, d,od, = 0
and d, od, =dj od,

ce—s ML=l pgpa—l o pgp—la-l o L
P,q
RS V¥ -3 o B SO V/ 5 X SV ¥ i ¥
d{;aq

eo—s Mptlhatl o pgpatl o pgp—Llatl oL

We define the total complex of K**, denoted by Tote(M), as follow:

Tot, (M) = @ M»*

q—p=n

17



and d? : Tot, (M) — Tot, (M) is defined on summands by
€ MPY s d)(z) + (—1)Pd2?(x) € MP~H9 @ MPItT

We define the first filtration of Tote(M), denoted by ! FTot(M) = {!F, Tot(M)};cz,

being the decreasing chain of inclusions of complexes
TP Tot(M) € TR Tot(M) € LF Tot(M) C - - -
where 1 F?, Tot(M) is the complex given by

'F Tot(M) = €5 MP*

p<i

and the differentials induced by d?, and it commutes with the inclusions. In the same
way, we define the second filtration of Tot,(M), denoted by L FTot(M) = {{Fi, Tot(M) }ez,

being the increasing chain of inclusions of complexes
o TR  Tot(M) € PRI, Tot (M) € P FIt ) Tot(M) C - - -
where X/ 7, Tot(M) is the complex given by

"F7, Tot(M) = @ M
q—p=n
q2J
and the differentials induced by d?, and it commutes with the inclusions.
The first filtration of Tote(E) yields a spectral sequence " Ej,,., called horizontal

spectral sequence of M, where the first page of "Ej,, is

HP+I<M.7q_1) Hp(M.’q_l) Hp—l(M.’q_l)

p+1(M.’q> Hp(M.’q) Hp71<M.7q>

Jp,q
v

Hp+1<M.’q+1) Hp(M.’q—H) prl(M”qH)

18



i.e., we taking the homologies in the horizontal complexes and consider the induced

maps in the vertical differentials. The terms on second page is
Ho(Hp(M**).

Analogously, we have the spectral sequence "FE,., from the second spectral sequence,
where the first page is given by taking the homologies in the vertical complexes with

the induced maps in the horizontal differentials, and the terms on second page is
Hy(Hq(M®).

Theorem 1.4.1 (Convergence). If M is bounded, i.e., there are only finitely many

terms different to zero, then
"Enor = He(Tot(M))

and
"Eyer = Ho(Tot(M)).

Example 1.4.2. Let M and N be R-modules and P, and G be projective resolutions
of M and N, respectively. By taking tensor product we have the double complex Py, Qg
Go.. From the convergence of spectral sequences of a double complex, we obtain the
1somorphism

Tor’ (M, N) ~ tor®(M, N)

where Tor® (M, N) := H,(P, ®r N) and tor®(M,N) := H,(M ®g Q).
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Chapter 2

Buchsbaum-Eisenbud complexes

2.1 Koszul-Cech spectral construction

In this first section, we will give a new construction of the Buchsbaum-Eisenbud
complexes by using the Koszul-Cech spectral sequence. This construction was given by
Bouga and Hassanzadeh in [BHal9)] and it is similar to the construction of the residual
approximation complexes, which gives the disguised residual intersection defined in
|[Has12|, see too [HaN16|. The classical constructions are obtained by a different way
[E95, Appendix 2.6][Kir73], we hope that this new aproach, using Koszul-Cech spectral
sequence, gives to us new properties of the Buchsbaum-Eisenbud complexes.

Let R be a commutative ring with identity, L be an R-module and ® = (¢;;) be
a g X f-matrix over R with f > ¢g > 1. The matrix ® can be considered as an R-linear
map ¢ : RY — RY, that is, if {e1,...,e;} is a basis for R and {z1,...,z,} is a basis
for RY, then we can write ¢(e;) = Y 7, ¢z, for all j € {1,..., f}. We will denote
M := Coker(yp). let S = R[T1,...,T,] be the polynomial ring in the indeterminates
t =1T,...,T, over R with standard graduation (deg7; = 1, for all 7), i.e., S >~ S(RY)
is the symmetric algebra of R9.

First, let Ko(v) be the graded Koszul complex of the sequence v = vy,...,7;

9

where v; = ) i, ¢;;T;, that is, the Koszul complex of the generators of the presentation

ideal of the symmetric algebra of M = Coker . Since deg(y;) = 1 for all j, then



i(v) = S(j>(—j), and the complex K,() is

0— S(ﬁ)(—f) — = S({)(—l) X 50 0

for more details see Subsection [I.I.2] in the first chapter. In the construction of de

Buchsbaum-Eisenbud complexes, we will consider
Ko(v,5 ®r L) = Ko(v) ®5 (S ®r L)

the graded Koszul complex of v with coefficients in the graded S-module S ®p L.
Second, let Cf be the (algebraic) Cech complex of the sequence t = T1, ... Ty
over S as in the subsection of the first chapter. The homology modules of this
Cech complex, denoted by H{(S), are called the i-th local cohomology module of S
with respect to the ideal generated by t (See below remark), that is, the irrelevant

ideal.

Remark 2.1.1. In the text, the bold symbols will denote a sequence of elements, and
sometimes, it will denote the ideal generate by this sequence, for example, t is a sequence
of elements, but in H{(H), t is the ideal generated by this sequence. The same happens
with ~y.

Therefore, we define the double complex E~*~* = Cf (Ko (v, S ®r L))

C{(Ks(v,S®r L)) e Cy(Ki(v,S®g L)) C{ (Ko(v,S®gr L))

C{ Y (Kp(y,S®r L) — -+ —=C{  (Ki(v, S®g L)) —= Cf ' (Ko(v, S ®r L))

C{(Kf(v,S®r L)) C{(K1(v, S ®r L)) — C{(Ko(7, S ®r L)).
The sign in £~*~* says that this double complex is better viewed in third quadrant
on the Cartesian plane. The differentials of F is the product tensor of the Koszul
differential with the Cech differential, and the squares of E are commutative, in the
natural way. The total complex of F, denoted by Tote(FE), is the complex with

Tot,(E) = @ E"7 = €D C{(Ki(y,S @r L))

j—i=n j—i=n
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and the differential 97" : Tot,(E) — Tot, (F) is defined in the summands by
a®f e a®ii(B)+(-1)0(e)@pfe BT @ BT

with E=077 = C{ ®@g Ki(v,S ®r L).

For more details in the next paragraphs, we recommend to the reader [W94, Sec-
tion 5.6], i.e., we will talk about spectral sequences of a double complex. There are
two filtrations of the total complex, denoted by ! FTot(E) and Y/ FTot(E). The filtra-
tion /Y FTot(E) gives rise to a spectral sequence {"E, »"?}, called horizontal spectral

sequence of E. The first page of the horizontal spectral sequence of F is

CY(Hy(v,S ®r L)) CY(Hy(v,S®@r L)) CY(Ho(v,S ®r L))
Ci(Hy(v,S ®r L)) Ci(Hi(v,S®@r L)) C{(Ho(v,S ®r L))
CIUHe(y, S®r L) -+ CITUHi(v,S®rL)  C{'(Ho(v,S®r L))
C{(Hy(v,S®r L)) C{(H.(v,S®r L)) C{(Ho(v,S ®r L)),

that is, we take the homologies in the horizontal complexes and consider the induced
map in the vertical complexes. The terms of the second page of the horizontal spectral

sequence of F, obtained by taking the homologies in the first page, is

Byt = HY{(Hy(v, S ®r L)),

hor

foral0<p< fand 0<¢q<yg.
The filtration  F'Tot(E) gives rise to a spectral sequence {" E; =%}, called vertical
spectral sequence of E. The first page of the vertical spectral sequence of F, taking

the homologies in the vertical complexes and considering the induced maps in the

horizontal complexes, is

P 0 , 479

ver ?

0— H{(K;(v,S®r L)) == H(Ko(v,S®r L)) =0 , q=g
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since that T4,...,7T, is an S ®r L-sequence, see Theorem So, it follows that
2Byer = © B, the infinity page, because the spectral sequence "E, ., colapses, that is,
there is only one line different to zero and in the next pages the differentials are zero.

Since HY (o) = e ®5 HY(S), we have

"B, = H{(K.(v,S®rL))
Ko(v,S ®r L) @5 H{(S)
~ K (v, H](S®g L)),

12

that is, the Koszul complex of vy, ..., 7, with coefficients in H!(S ®r L), hence

2p—p—a — H_p+q+g(’)/, Hf(S QR L)) = H—p—i—q(TOtO(E))?

ver

for all n, and further, the convergence of spectral sequences says

2p P70 = [, (Totn(E)).

hor

Notice that the double complex FE is in the category of graded S-modules, that
is, the two spectral sequences are in this category, and we can look to these spectral

sequence in the degrees. We have that H{(S) = R[T}',...,T,"] is the S-module of

inverse polynomials [BS13, Example 13.5.3|, and thus,
end(H{(5)) = —g,

where end(H) = max{v € Z;Hp,) # 0}, for all graded S-module H. It follows that
(1Ever)[,,] is given by

oy
0= Kp(v, H{(S®rL))p) =+ -+ = Kgpuia (v, H{(S@RL)) ) =% Ko (v, H{ (S®RL))p) — 0
for —g <v < f — g, where
Hypo(v, H (S ®r L))[V] = cokerdy,).

Notice that for v < —g, all the terms of the Koszul complex on degree v are zero and
(1Eve,,)[l,] =0forv>f—g.

Now, looking to the graded Koszul complex and the torsions in the terms, we
have

indeg(Kl/(77 S ®R L)) =V,
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where indeg(#H) = min{v € Z;H},; # 0}, for all graded S-module H. The strand of
Ko(7v,S ®p L) in degree v is

(0v)1w
0— KV(775 Or L)[V] _>[ ! KV—1(77 S Qr L)[V] — K0<77S Or L)[V] — 07

and thus, Hy(’y, S ®Rpr L)M = kel"(&,)[y}.
In degree v, the convergence of spectral sequences says that there exists a filtration

of Tote(E)[, such that

- CFy C Fy = (Tot, E)p) = (YE,27"79) ) = coker(d,)

ver

and
coker(d,) oo ow
—5 =B (2.1.1)
1
So, we define the map 7, : Kgy, (v, H/ (S ®r L))p) = K, (7,5 ®@g L)) by the
composition
coker(d, = oo Y,
Kg+l/(77 Hg(S QR L))[V] kFl( ) ( Ehoro)[l’]

(2E;OI:O)[V] = HS(HV(’% S R L))[V] > HV(’Y? S XR L)[I/] > KV(’)I? S XR L)[I/]
(2.1.2)

where the epimorphisms and monomorphisms are canonical. Notice that OOE,;OZ;’O C

0 . . . . . 0 - . 0 .
2E, "7, because all differentials which arrive in "E, " is zero, that is, "1 E, " is a

kernel for all » > 1 and all v (E is on the third quadrant).

Definition 2.1.2. We define the family of complezes B(P,L) = {B(P,L,v);v €
Z}, where for each v, the complex Bo(P, L,v) is obtained by splicing the complexes
Ko(v, H{(S ®p L))y and Ko(v,S ®r L)y via 7,, the map defined above by the con-

vergence of spectral sequences. So, {B;(®, L,v),d;} is a complex with

KZ(’)’aS@R L)[V] ) 1< Vi

%i <I>7L7V = .
( ) { Ki+gfl(’77Ht‘;g(S ®R L))[l/} 5 1 Z I/,

and d; is the Koszul differential maps fori # v+ 1, and d,.1 =7,

%V—i-l(q)a L, V) - Kg—&-u(’% Ht?(S Or L))[V} L>Ky(7a S ®r L)[V] = %u—&—l(q)aLa V)-
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Remark 2.1.3. The only cases where the splice occurs are the cases where 0 < v <
f —g, that is, the map 7, is not zero. Forv < —1 orv > f—g+1, the map 1, is zero,

and we have

Ko(7a5®R L)[V] , V> f_g
Kuly, HY(S © L)+ v <0

?

Bo(P, L, v) := {

that is, the complex B4(P, L,v) is just a strand of a Koszul complex. It justifies the

hypothesis 1 < g < f, otherwise there is not splice, only strand of Koszul complezes.

Remark 2.1.4. In all this work we will use the complexes Bo(P, L,v) in this form,
tensoring by an arbritary R-module L in the beginning. But we could give a con-
struction tensoring by L in the end and we would obtain the same complexes, that is,
Be(P,L,v) =B(P,R,v) R L.

Notation 2.1.5. The complexes B4(P, L,v) generalize the Koszul complex to a matriz
® with coefficients in an R-module L, see Proposition [2.2.1. In this sense, we will
denote

H(®,L,v) = H;(*B.(?, L,v)),

for the i-th homology module of the complex Bqo(P, L, v).

Due to Bouga and Hassanzadeh [BHal9, Section 3.2|, the family of complexes
B(P) = B(P, R), where L = R, is the family of the Buchsbaum-Eisenbud complexes
[E95, Appendix 2.6], and for an arbitrary R-module L, we are in the Kirby approach
of these complexes [Kir73].

Writing M := cokeryp, we can consider the ideal FittgyM of R generated by the
maximal minors of ®. Notice that the complex B,(P,0) is the Eagon-Northcott com-

plex of the matrix ® [ENG2|, that is,
0— By y01(P,0) = - — By (P,0) B By(P,0) — 0 (2.1.3)

with im7y = FittoM and Hy(®,0) = R/FittyM, where M = Coker(®); and the complex
Bo(P,1) is a complex from the family of Buchsbaum-Rim complexes of the map ¢

IBR64], that is,
0= B g1(D,1) = - = By(P,0) B By (0, 1) 5 By(®,1) — 0 (2.1.4)

with kerg = im7 and Hy(®P, 1) = M. In same sense, we have that the complex B4 (P, v)

is an approximate free resolution for the module
HO(q>7 V) = (S/’Y)[V] = SymVR M7
when v > 1, and for the cyclic module R/FittoM, when v = 0.
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2.2 Basic properties

The Koszul complex is defined over an R-linear map ¢ : R/ — R and we can
take coeflicients tensoring by an R-module. The complexes B,(®P, L, v) generalize the

Koszul complex for a general R-linear map of free modules ¢ : Rf — R9, with ¢ < f.

Proposition 2.2.1. If g = 1, then the complex B4(P, L,v) is the Koszul complex of
© with coefficients in the R-module L, for all v.

Proof. 1t is enough to show for L = R. In the case g = 1, ® = [¢;]1« is a matrix of ¢.
Furthermore, S = R[T] is the polynomial ring in one indeterminate with coefficients
in R and H}(S) = R[T™'] is the inverse polynomial ring in one indeterminate with

coefficients in R. Since v = 17, ..., ¢fT’, then for all v

Ki(v,9)p = Ki(e, R)- T, 0<i<v
Ki(v, H (S)p = Ki(e, R)-T"" |, v+1<i<f

and from a straightforward verification, we have (0;),) = 0F, where 0° is the differential
of the Koszul complex of e. Since that B;(®P, v) is obtained by splicing the complexes
Ko(v,S)p and Ko(v, H{ (S))p) via the map 7, it is enough to show that 7, = 95, ,
and it follows from [BHal9, Theorem 3.6]. [

The Koszul complex is self-dual (Proposition 1.6.10, [BH9S8]). There is a self-
duality on the complexes B,(P, L, ) (Appendix A2.6, [E95]). For all R-module L, we

set

B*(P, L,v) := Hompg (B (P, v), L)
and if L = R, we will write B°*(®,v).

Proposition 2.2.2. The complezes B*(®,v) and Bo(P, f — g — v) are isomorphic,
that is, the complex B*(®,v) is dual to B(P, f — g —v), for all v. Moreover, for all
R-module L there is an isomorphism of complezes B (P, L,v) = B,(P, L, f — g —v),

for all v.

Proof. The multiplication Sy ® g H{ (S)[—v—g — H{(S)—g = R defines a perfect pair-
ing, and if we take the tensor by an R-module L, then Sy, ®r H{(S ®r L)[—y—g — L
and (S®p L)y @rH{(S)[-v—g — L are perfect pairings too, and it yields isomorphisms

Htg(S Qr L)[_V_g] = HOIIlR(S[V], L)

and
(S ®g L)) = Homp(H{(S){—1—g L),
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for all v € Z.
Notice that from the perfect pairing and known canonical isomorphisms, we ob-

tain

Homp(Ke(¥)p, L) = Homp((A*S/(—e))y, L)
Homp((A*R! @ S(—e))u), L)
(
(

2

= Homp(A*Rf @p S—e: L)

Hompg(A*R/, Homp(S),—s], L))
Hompa(A* Y, (S ©n L)[_y+e_y)

N 7RI ®p H{(S ®R L)[-1+e-g)
(N72ST(—f + o) ©5 H{(S ®r L))f-g-u
Kp-o(v, H{(S ®r L)) (1-g-1);

and similarly, Hom p(Keig(v, H{(S)p), L) = Ki_g-o(¥,L)[f—g—v]- Since Bo(P,v) is
obtained by splicing the complexes K(v)p) and Kq(v, H{(S))p, it is enough to show

I

(2.2.1)

e 11

Il

that the next diagram is commutative

Homp (7

Hom (K, (7)), L) — S Hom (K, o (, HY(S))), L)

l Tf-9-®R1L i

Kio(v, H{(S @R L)) (f—g-1) — = Kpgu (Vs L) [j—g-u)-

And this diagram is commutative due to the definition of 7 (see [BHal9, Theorem 3.6])

and the canonical isomorphisms in [2.2.1} O]
The Koszul complex can be constructed inductively, i.e., if ¥ = v,...,7f is a

sequence of elements in S, then we have K (v, N) = Ko(v', N) @5 Ko(71, N) for all S-
module N, where 4" = v,,..., 7, and this inductive construction yields the canonical

exact sequence of Koszul complexes
0— K+, N) = KJ(v,N) = K+, N)[-1] = 0,

where [—1] means the complex is moved one place left, which is split exact on the

terms. For more details, consider 0 < n < f, we have
0— K,(v,N) = K,(v,N) - K, 1(¥',N) — 0,

where the left is the inclusion map and if e;; A---Ae;, € K, (7, N), then the right map

is given by
(-1)”67;2 VANCEIVAN Cin Zf il = 1,

0 ,if i AL

e N Ney,
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In [Kir85|, Kirby used this property to obtain the main result about Buchsbaum-
Rim multiplicity the Theorem in next chapter. Now, we will give a new proof
for the existence of this canonical exact sequence of the complexes B4(P, L, v), which
is split exact on terms, and we will see that it is due to the convergence of spectral
sequence in our approach.
Proposition 2.2.3. Let L be an R-module and v be an integer. Then, there is an exact

sequence of complezes €, : 0 — Bo(P', L,v) = Bo(P,L,v) = B (P, L,v—1) = 0,

which is split exact on terms.

Proof. Forv < 0andv > f—g, £, is the canonical exact sequence of Koszul complexes.
Supposing f > g, we must to show for 0 < v < f — ¢, and hence, the exact sequences

of complexes
0= Ko(¥',S®r L)) = Ko(v, S ®@r L)) — Ko(7¥', S @p L)p—1j[~1] = 0
and
0= Ko(v', H{(S®rL))p) = Koy, H{ (S®RL)) ) = Ko(v', H{ (S®RL))p-1[~1] = 0

can be splicing by the maps T[Iy], Ty and T[luil} defined in previous section , re-
spectively. Notice that the homogeneous component in the right is different to others
because this exact sequence comes from the mapping cone of the multiplication by ~;.

Thus, we will show that
0= Be(P', L,v) = Be(P,L,v) = B (P, L,y —1) =0

is an exact sequence of complexes, for this, it’s enough to show the commutativity of

the diagram

0——=B, (¥, L,v) —= By 1 (B, L) —= B (¥, L,y —1) —0

T[IV] \L Tv] \L T[’V*l] \L

0——B,(9, L,v) B,(P,L,v) —B, (P, L,v—-1)—0.

If we denote E"** = K (4,5 ®r L) ®¢ C¢(S) and E"**[—1] = K.(v',S ®@r L)[—1] ®s5
Ct(S), then there is the exact sequence of double complexes

0— E* — E** — E"**[-1] — 0.

This exact sequence induces exact sequence on total complexes

0 — Tote ' — Tote E — Tote E'[—1] — 0, (2.2.2)
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and these maps are compatible with vertical and horizontal filtrations. Notice that
these maps of total complexes induce maps on homologies, where the homologies of
the complexes Tote,E’, Tote F and Tot,E’'|—1]| are the homologies of the complexes
Ko(v',H(S®rL)), Ke(v, H (S®pr L)) and K,(v', H (S ®r L))[—1], respectively, by
the convergence of the Koszul-Cech spectral sequence. So, in degree v, the diagram

below is commutative with exact rows

0—=B, (¥, L,v)—>B, (P, L,v) —=B, (¥, L,v—1)—=0

| | |

cokeréfy} ——— cokerdp] ——— Cokeréf — 0,

v—1]

where the maps 0 is the same in previous section, that is, a differential of Koszul
strands, and the maps on the second row are induced by the maps on the first row.
Furthermore, the sequence induces maps of spectral sequences compatible with

the induced maps of homologies of the total complexes, that is, in degree v

0 — cokerdy,; / F{ —= cokerd,)/ Fy — cokerdy, ,,/Fi[~1]

N |

00— (CE ) —— (CEp )y —— (P By ™)y

is a commutative diagram with exact lines, where F}, F} and Fj[—1] is given by the
convergence of "E} . "Ej, and "E}  [—1] in same sense of [2.1.1] and it has exact line

hor

due to the modules "E; ", "E, " and "E,_"°[~1] be kernel with induced maps for all

r. Joining the diagrams above, we obtain the commutative diagram
0—=%B,4(?, Lv)—=B, (P, L,v) ——=B,(P,L,v—1)——0

cokeréf

S R cokerdp,] ——— Cokeréfyfl] —0

)—» cokeréfy]/Fll COkeI‘(SM/Fl —_— COker(st_l]/Fl/[—l]

o oY oY

1—v,0

oo ;—v,0 0o /—v+1,0
hor )[V] ( Ehor )[V] ( El M

hor )[Vfl]

0——(*

0——%B,(¥,L,v)——=B,(d,L,v)—=B, (P, Lv—1)—0.
Finally, by the definition of the maps 7’s in [2.1.2] the result follows. O]
The next property is about the support of the homologies of B4(®, L, ). We will

give a new proof of this fact using the Koszul-Cech spectral sequence, for the classical

proof see [Kir73, Theorem 1].
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Proposition 2.2.4. Let L be a finitely generated R-module and v € Z and M =
Coker(®). Then, for all n we have Suppy H,(Be(P, L,v)) C Suppr(M ®g L). In
particular, there is an integer s > 1 such that (FittoM)*H,(B+(P, L,v)) = 0, for all

n.

Proof. If B ¢ Suppp L, then obviously H;(Be(P, L,v))p = 0. If P ¢ Suppy M, that
is, B & V(FittoM), then
S

(—) = (SympM)g = Symp, My = Ry,
T/

since Mf_p = 0 Thus, ")/;B = tqg and H.(’)/;B,ng ®Rq3 ng) = H.(tqg,Scp ®R‘J3 Lm) ®Sq3
/\'S,{;_g, by [BHOS8, Proposition 1.6.21]. As (71, ...,T,) is an S ®r L—sequence, then
Ko(ty, Sy ®ry L) is acyclic and Ho(ty, Sp @ry, Ly) = Lyp. Therefore,

> im0 Hj(txjp: Sy ®ny Ly) @5y NTISE
Ly s, S (—i)

f—g

L( ' )(_Z)>

B

12

(2.2.3)

I

and thus, H;(v,S ®pg L)y is t-torsion all 0 < i < f — g, since there is only one graded
component different to zero, and H;(v,S ®p L)y = 0fori > f—g+1ori < —1.
So, it follows that 2(Ey)ner = *(Ex)ner, that is, 2(Ey), 2 = HY(Hi(v,S ®g L)y) for

0 <1i < f— g, and the other terms are zero. Hence, by the convergence of spectral

sequences, the vertical and horizontal spectral sequence can be related, and

Hi(y, H{(S®r L))y = Hi(vq, Hi, (Sy Ory L))
H?m(Hi—g(’Ym»Sm @Ry L))
Hi—g(Vq, Sp @ry L)
Hiy(v,S ®r L)y,

foralli. If v > f—g+1, then H;(Bo(P, L,v)yp) = (H;(v, S®rL)yp),, and by [2.2.3] it is
zero. Similarly, for v < —1, we have H;(Bo(P, L, v)y) = (Hirg-1(7, H (S®r L))y)y =

0, by 2.2.3]and 2.2.4]
Now, we consider B4(P, L,v) with 0 <v < f—g. So

I

(2.2.4)

(Hi(v,S ®r L)y L, 0<i<vy—1;
(Hicyg(v, H{(S®@r L))p)p) » v+2<i<f—g+1
(2.2.5)
By , and , it follows H;(Be(P,L,v)y) =0, for i # v, v+ 1.
In the same way of the construction of the complexes ®B,.1(®, L,v) in , we

can consider the double complex Ly = E ®pg Ry, which is obtained by localization in

H;(B(P,L,v)y) = {

the prime B, and we take the map (7,)y and the module FlL ¥ which is given by the

convergence of the spectral sequence in degree v.
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There is a module §.* € B,.,1(®, L, )y such that F¥ = Sf‘n/im(ry)qg, and thus
I Loy Loy . o
er(r,)p =8, . It follows that H,1(B«(P, L,v)p) = F;*. Notice that {) implies
F™ = 0, since coker(d,)y = (Hyyg(v, H (S ®r L))p)p) = (Hu(v,S ®r L)gp)p), and
therefore, ker(7, )q = im(6, )y and H,11(Be(P, L, v)y) = 0. Finally,

im(7, ) = coker(d,)q
(HV(’)I? S QR L)‘B)[V]
ker((0,)g) v,

and H,(B.(P, L,v)y) = 0. O

I

Remark 2.2.5. Kirby in [Kir73, Theorem 1] shows that the power s in the above
proposition 1s equal to one, that is, the ideal FittoM annihilates the homologies of
Bo(P, L,v), for all integer v. In this work, the last proposition is sufficient, see m

2.3 Depth and acyclicity properties

An important property of the Koszul complex, in our case for g=1 (see the Propo-
sition , is the fact that the homologies measure the grade of a finitely generated
R-module in the ideal I = imy, when R is a Noetherian ring, and this grade can deter-
mines how close the Koszul complex is to being acyclic, see [BH98, Theorem 1.6.17].
In this sense, the complexes B,(P, L, v) measure the grade of a finitely generated R-
module relative to the ideal FittoM, which Kirby called of grade sensitive, and this
grade calculate the acyclicity of these complexes, see Theorem A2.10 [E95] and [Kir73,
Corollary 2|.

Eagon and Northcott show that the fact that FittgM does not contain an L-
regular element is equivalent to the homology Hy_,41(Be(P, L,0)) is not zero [EN62,
Proposition 1], and Buchsbaum and Rim show that the complex B4(®, L, 1) has the
same property in [BR64, Proposition 2.3]. Finally in [Kir73, Theorem 2|, Kirby shows
that this property holds for all v < f —g. Using the Koszul-Cech spectral construction

of the complexes B4(P, L, ), we will give a new proof of this fact.

Lemma 2.3.1. Let R be a Noetherian ring, L be a finitely generated R-module and
v<f—g. Then Hp_,1(®, L,v) # 0 if, and only if, Homg(R/FittoM, L) # 0.

Proof. Note that for v < f—g—1, we have Hy_g.1(®, L,v) = Hy (v, H (S®rL)), ie.,
the v-th component of Koszul homology of 71, ..., v with coefficients in H{ (S ®g L),
and by Kuszul duality, it follows

Hp_g11(®, L,v) = Homs(S/v, H{ (S @r L))(—f)p-
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From the perfect pairing given by the multiplication Sy @ H{ (S ®g L)—i—g — L, we
obtain the duality Homg(S/~y, H{(S ®r L))(—f)p = Homg((S/7)1f—g-u), L) [Jou09].
Applying the functor Sympy(e) to Rf % RI — M — 0, we obtain the exact sequence

0 — imp - SympR? — SymzRY — SymzM — 0

where S = Symz R, and so, S/v = Symz M. Note that, Suppg(M) = Suppg(Sym’; M),
for ¢ > 1. Therefore, by [BHI8, Exercise 1.2.27] and [E95, Proposition 20.7], we have
forv < f—g—1

Assp(Hompg((S/7)(j—g-s L)) = Assg(Hompg(Sym%, 9~ M, L))
—  Suppg(Sym%;, 97V M) N Assp L
= SupppM N AssgL
= V(R/AnnM) N AssgL
= V(R/FittoM) N AssgL
= Assg(Hompg(R/FittoM, L)),

and from this, follows the result for v < f — g — 1. By the Proposition the
complex B, (P, v) is dual to complex B4(P, f —g—v), and thus Hy_ 11 (P, L, f —g)
Hompg(Hy(®,0), L), where Hy(P,0) = R/FittoM.

0 IR

With the previous lemma, we can proof the grade sensitive of the complexes in

the family B4(®) which have non-zero splice, see Remark [2.1.3]

Theorem 2.3.2. Suppose that R is a Noetherian ring, M ®@gr L # 0, with M =
Coker(®), and let v < f —g. Then

gradep (FittoM, L) = min{i; Hy_g41-4(®, L, v) # 0}.
Moreover, for m = gradeg(FittoM, L),
Hi gi1-m(®, L, v) ~ Exti (Ho(®, f —g—v), L).

Proof. We prove by using induction on m := min{é; Hs_,+1-,(®, L,v) # 0}.
Let m = 0. As we see in the course of the proof of Lemma forv< f—g

Homg(S/ v, H{ (S @& L))(—f).,
Homp((S/¥)if—g—u> L)
Homp(Ho(®, f — g —v), L),

Hi g1 (P, L,v)

2

and for v = f — g,
Hi_g11(®, L, f — g) = Homp(R/FittoM, L) = Homg(Hy(®,0), L).

According to [BH98, Proposition 1.2.3|, gradey(FittoM, L) = 0 implies Homg(R/FittoM, L) #
0, and by Lemma 2.3.1, Hy_,4+1(®, L, v) # 0 too.
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Now, suppose that m > 0. According to Lemma gradep(FittoM, L) > 0.
By Proposition [2.2.4] there exist an integer s and an L-regular element = € FittoM
such that 2°H(®, L,v) = 2°M = 0. Hence, the exact sequence

0 L5 L— L/z°L —0,
yields the following short exact sequences for any 1,
0— Hf,g+1,i(q), L, V) — Hf,g+1,i(q), L/ZIZ’SL, V) — Hf,g,i(q), L, I/) — 0.

Considering the values ©+ < m the equality about grade follows. For the second assertion,

we set ¢ = m and apply the induction hypothesis. We have

I

Hi gi1-m(®,L,v) Hi_ g (P, L/2°L,v)
Ext? ' (Hy(®, f — g —v),L/z°L)

),
Eth(HO((Daf —g— V)a L)

I

12

Remark 2.3.3. We mention some points:

o The last isomorphism in the proof is the well-known Rees formula, see |[BH9S,
Lemma 1.2.4];

e This theorem above proves the Fagon’s classical result that

grade(FittoM, L) < f — g+ 1.

Corollary 2.3.4. Let R be a Noetherian ring. If gradeg(FittoM, R) > f — g+ 1, then
Bo(P,v) is a free resolution of R/FittoM for v =0, and of Sym’y, M for1 <v < f—g.
Furthermore, f — g + 1 is the projective dimension of R/FittoM and Sym', M for
1<v<f—g.

Proof. Consider 0 < v < f — g. The complex B,(P,v) is acyclic, by the Theorem
2.3.2, Then the projective dimension of Hy(®,v) is at most f — g+ 1. If p is a prime
belonging to Hy(®,v), then gradeg(p, R) > f — g + 1. So,

f—g+1=projdimpHy(®,v) > gradeg(p,R) = f —g + 1,
where the second inequality is given by a theorem due to Rees [Reeb7, theorem 1.2|. [

To conclude this section, we will discuss an interesting example which is known as
generic case. Suppose R is local with maximal ideal m and let X = (X;;) be the generic
matrix of the size g x f, i.e., with X;; be indeterminates over R. Let A = R[ X | x) be

the localization of the polynomial ring with indeterminates X;; (the terms of X) over
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R by the prime ideal generated by m and X;;, for all 4, j. In [Nor63], Northcott show
that grade(Fittq(X), A) = f — g + 1. By the previous corollary, B (X,v) is acyclic
for all v € {0,..., f —g} (The index A indicates that this complex is obtained over the
ring A).

Consider the ring map
A = R

Xij = ¢y
where ¢;;’s are the entries of the matrix ®, we have the isomorphism BHX,v) @4
R ~ BE(® v), since this construction commutes with base change, see Section 2.1.
Hence, the homologies of BE(®, v) can be interpreted as Tor modules, i.e., H;(®,v) ~
Tor? (Hy(X,v),R), for all n. Hayasaka and Hyry, in the proof of positivity of the
partial Euler-Poincaré characteristic of Ho(®, ) [HHLI], used the ideas of Buchsbaum
and Rim [BR65| to show that the Buchsbaum-Eisenbud homologies can be viewed
as a Koszul homology, and thus, they obtained the rigidity of these complexes for

0 <v < f—g, since the Koszul complex is rigid.

34



Chapter 3

The Euler-Poincaré characteristic of

B(D)

3.1 Buchsbaum-Rim multiplicity

Let R be a Noetherian local ring of dimension d and L be a finitely generated
R-module. Let N be a submodule of a free R-module G of finite rank ¢ such that
(r((G/N) ®gr L) < oo, where (g denotes the length over R. Any such module N is
called a finite colength submodule of G with respect to module L, and for L = R, we
only say that N is a finite colength submodule of G, that is, G/N has finite length. We
can define the function

Ml )= b iy o)

from the set of positive integers into itself, where S(G) = &,>0S,(G) is the symmetric
algebra of G and R(N) = @®,>oR,(N) is the image of the natural map S(N) —
S(G), which is the R-subalgebra of S(G) generated by N. In [BR64], Buchsbaum
and Rim show that Ay (v, L) is a polynomial function for sufficient large v with degree
dimL + g — 1, and Ay(v, L) is called Buchsbaum-Rim function of N with respect to L.

For v >> 0, we can write

! v+d+g—2—1
Av(v, L) = Py (v, L) = Z(_‘Ulei( d+g—1-i )

1=0



with integer coefficients e;, Py (v, L) is called Buchsbaum-Rim polynomial of N with
respect to L. The Buchsbaum-Rim multiplicity of N on L, denoted by br(N, L), is
defined to be the coefficient e.

Let o : Rf — RY be a R-linear map such that imyp = N, that is, NV is generated
by f elements. By fixing basis, we can consider ® the representative matrix for ¢ and
® is called a matrix for V. Notice that the generators of N are given by the columns
of ®. We say that ® is a parameter matriz for L if (i) {r(Cokerp ®p L) < oo and
(17) f — g+ 1 =dimL, and thus f = (V) the minimal number of generators of N by
[BR64, Corollary 3.6]. We say that N is a parameter module if there is a parameter

matrix ® which is a matrix for N.

Example 3.1.1. For the case g = 1, we have that [ = N C G = R is an ideal such
that (R/I®pL) < 0o, that is, I is an ideal of definition of L. Hence, S(G) = R[T)] the
polynomial ring in the indeterminate T over R and R(I) = R[I - T] the Rees algebra
of I. Furthermore,

S(G)  R[T, R-T"_ R

R,(I) R[I-T), Iv-T" I

and thus
)\](V, L) = KR(R/IV QR L) = KR(L/[VL)

that is, the Hilbert-Samuel function of I with respect to L. For v >> 0, \j(v, L) is
polynomial and we can define the Hilbert-Samuel multiplicity of I on L, denoted by
e(I, L), as being the coefficient ey of the polynomial

M, L) = Py, L) = Ed:(—niei (” * ;i - @1 - ’)

i=0
The Buchsbaum-Rim multiplicity generalizes the Hilbert-Samuel multiplicity as
we saw in the example above, in the same way, the concept of finite colength submod-
ules generalize ideals of definition and the concept of parameter modules generalize
parameter systems.
Remark 3.1.2. In the example above, the Rees algebra of I is the image of natural
map S(I) — S(R) induced by the inclusion of I in R, that is, R(I) = R[I - T'], where
T is an indeterminate. In general, R(I) can not define the Rees algebra of I for an
arbitrary embedding of I in a free R-module, see [EHU0Z, Example 1.1 and Theorem
1.4]. The concept of Rees algebra of a R-module N, that extends its classical definition

for ideal, requires an special map f: N — F, called versal map, which is defined in the

following way: every maps from N to a free module factors through f; and thus, we can
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define the Rees algebra of N to being the image of S(f) in S(F'), [EHU02, Proposition
1.3].

The Hilbert-Samuel multiplicity of I = {c¢1,...,¢s} on L can be expressed in
terms of the Koszul homology H,(c, L), when ¢ is a parameter system for L, that is,

f

e(I,L)=x(e, L) = Z(_l)i“Hi(q L))

i=0
where (e, L) is the Euler-Poincaré characteristic of the Koszul homology, [BH9S|, The-
orem 4.7.4]. In 1964 Buchsbaum and Rim proved a analogous result for the Buchsbaum-
Rim multiplicity by using the family of the Buchsbaum-Rim complexes [BR64, Corol-
lary 4.4|, where the first complex of this family is called the Buchsbaum-Rim complex
and it is part of the family of Buchsbaum-Eisenbud complexes, that is, the complex
indexed by 1, see Later, in 1985 Kirby proved the analogous result by using the

family of Buchsbaum-Eisenbud complexes, which is of our interest in this work.

Theorem 3.1.3 (|[Kir85]). Let R be a Noetherian local ring, L be a finitely generated
R-module and N be a finite colength in a finite free R-module G' of rank g. If ® is a
matriz for N, then for all v € Z

X(q>> L) = Z(_l)%R(Hi(@v L, V)) =

%

{ br(N,L) , if ® is a parameter matrixz for L;

0 , otherwise.

Remark 3.1.4. In the same way of the Euler-Poincaré characteristic of the classical
Koszul homology, we use the notation x(®, L,v) for the Euler-Poincaré characteristic
of Hy(®, L,v), that is,

X(®, Lv) = (=1)Lr(Hi(®, L,v)).
But in the theorem above, we use x(®, L), without the index v, because this result does

not depend on it.

Example 3.1.5. Let R = k[z, Yy, be the localization of the polynomial ring over a

field on the mazimal ideal m = (z,y). Consider the parameter matriz

i ot
R
0 ¢ 2
with s,t,1,7,d, e positive integers. N =1im® is a finite colength submodule of G = R?

such that G/N ~ I /a, where I = (x*,y") and a = (¥, y"*7) are m-primary ideals of
R. So, the Buchsbaum-Rim complex Bo(P, 1) is given by

0 R-Y-p3 *. R2 0.
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Notice that the ideal FittoM = (x*** y'* x'y’) has grade 2. By the Theorem
the complex B4(P, 1) is acyclic, and hence, the theorem above implies

br(N) = x(®, 1) = Cr(Ho(®, 1)) = (a(I/a) = (s +i)(t + j) — st = e(a) — e(]).

It is an interesting case studied by E. Jones in [JO1], where we can relate the Buchsbaum-

Rim multiplicity and Hilbert-Samuel multiplicity.

Our interest in this work is to calculate the Buchsbaum-Rim multiplicity using
the Euler-Poincaré characteristic of the Buschsbaum-Eisenbud complexes, see Theorem
3.3.4L Notice that to apply the theorem above it is necessary to have a parameter
matrix. To conclude this section, the next paragraphs will discuss about this problem.

In classical case, g = 1, the Hilbert-Samuel multiplicity of I on L can be calculated
by using a reduction J of I, that is, e(J, L) = e([, L). Furthermore, since [ is an ideal
of definition of L and supposing that k = R/m the residue field is infinity, then we can
choose J = (x1,...,2;) being a minimal reduction of I, with & a parameter system of
L, and thus, e(/, L) = e(J, L) = x(x, L), as we wanted, see [BHI8| Section 4.6]. This
reduction J of I is minimal and comes from the Noether normalization of the special
fiber of I.

Let U be a submodule of N C RY with ¢ > 2. So, R(U) C R(N) is a ring
extension in S(G). We say that U is a reduction of N if R(N) is integral over R(U)
as rings. A minimal reduction of N is a reduction that is minimal with respect to
inclusion. The special fiber of R(N) is the ring F(N) = k ®g R(N), and its Krull
dimension is called the analytic spread of R(N) and is denoted by A(N). Now assume
that the residue field k is infinite. For any reduction U of N, we have pu(U) > A(N),
where 1(U) denotes the minimal number of generators of U, and the equality holds if
and only if U is minimal, [HS06, Corollary 16.4.7 and Proposition 8.3.7]. Since F(N)
is a finitely generated standard graded algebra of dimension A = A(/V) over an infinite
field k, then it admits a Noether normalization k[yi, ..., y,| generated by linear forms;
lifting these linear forms to xy,..., x5 in R(N)p) = N, we obtain a minimal reduction
U= (z1,...,z)) of N. If G/N has finite length, then u(U) = dimF(N) =d+g—1
(and thus U is a parameter module) and br(U) = br(N), see [SUVO01, Theorem 5.1(c)
and Corollary 5.5] and [Ree87]. We give an example using the main Theorem of this

work, see [3.3.7]
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3.2 Hilbert function over an Noetherian base ring

Let R be a Noetherian ring with finite dimension, L be a finitely generated R-
module and ® = (¢;j)4xs be a matrix over R with 1 < g < f and Coker® = M
Consider the Koszul complex K, (v,S ®g L) as in previous chapter, where S =
R[T, ..., Ty] is standard graded ring and v = {v; = >, ¢;;T;} is a sequence of linear
elements determined by ®, and thus, its homologies are graded S-module. Notice that,

indeg(H;(v, S ®g L)) = j for all j, and
H](’YaS@R L)V = Hj(q)va V)

for all v > j+1, where H;(®, L, v) is an homology of a Buchsbaum-Eisenbud complex.
If we assume that (r(M ®pr L) < oo, then by the Proposition the R-modules
H;(v,S ®g L), have finite length for all v > j + 1, and hence, the graded S-module
Hj(,S ®g L) have finite length components, maybe except by the j-th.

In the classical theory of Hilbert function the base ring R of the graded ring S
must be an Artinian ring, but in our case, it is a general Noetherian ring. The goal
of this section is to give a treatment for this case, that is, we can define the Hilbert
Polynomial of a graded S-module H such that its components have finite length over
the Noetherian base ring R eventually.

Fixing S = R[T,...,Tg| the polynomial ring in g indeterminates over a Noethe-
rian ring R with the standard graduation and denote X = Proj(S) := Pﬂ’{l the projec-
tive space over R of dimension g — 1.

Definition 3.2.1. Let H be a finitely generated graded S-module such that the coho-
mology modules H (X, H(v)) are finite length R-modules for alli € {0,...,g — 1} and

v e Z. We define
hay(v) = (r(H' (X, H(v)))

and

N
L

pulv) = 3 (~1)hiy ().

7

I
o

Referring to Serre [BH98, Theorem 4.4.3|, one may wonder if the function p
defined in the Definition above is indeed the Hilbert polynomial.

Lemma 3.2.2. Let Hy,Ho and Hs be three finitely generated graded S-module such
that all of the cohomology modules H'(X,H;(v)) are finite length R-modules for all i,
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j and v. If Hi,Ho and Hz fit into a short exact sequence 0 — Hi; — Ho — Hz — 0

then for any integer v,

pH2(V) - p?—h(y) + p?—l3<y)'
Using an usual long exact sequence techniques, the previous Lemma follows.

Proposition 3.2.3. Let ‘H be a finitely generated graded S-module such that the co-
homology modules H'(X,H(v)) are finite length R-modules for all i and v. Then the
function py : N — Z, defined in Definition s a polynomial function with eventual

positive values.

Proof. Although R is Noetherian, we will show how one can reduce the problem to
Artinian local case.

Notice that there is a chain 0 C Ny C --- C N, = H of graded submodules of
‘H such that for each i, N;11/N; ~ S/p;(a;) where p; is a homogeneous prime ideal
of S. If one shows that the proposition holds for modules of the form S/p, with p a
homogeneous prime ideal, the result follows from Lemma |3.2.2

Now, notice that D¢(H) = Dg(H/Tv(H)) and H{(H) = H{(H/Tt(H)) for i > 2.
Consequently, py = pp/r,(2)- So that one may suppose that H is a t-torsion free
S-module.

We first treat the case where p D t. In this case, h%, (v) = 0 for all i and v.
Thus py is just the zero function. To see hi, (v) = 0, we consider the ideal transform
functor, Dy(—), according to the notations in [BS13, Chapter 2|. With this setting,
H (X, H(v)) = R'D¢(H),.

Now, suppose that p 2 t. Since ['y(H) = 0, H is a graded submodule of D¢(H) =
@, H°(X, H(v)). By our hypothesis, for each integer v, H(X,H(v)) is a finite length
R-module. Hence H, is a finite length R-module. Since H is a finitely generated S-
module, its generators are concentrated in a finite number of graded components of H,
say Hi,, -+, Hi,. Any of H;, is an R-module of finite length, thus its support consists
of a finite number of maximal ideals of R. Although H is not necessarily a finitely
generated R-module, the R-support of H will be the union of these maximal ideals
which is a finite set, say {my,--- ,m.}.

Then H is annihilated by a power of (m; ---m,), say (m; ---m,.)*. The change of
base ring theorem for local cohomologies, [BS13, Theorem 2.2.24], shows that h},(v) :=
(r(H (X, H(v))) = bp(H/(X',H(v))), where R = R/(m; - --m.)* and X' = X X Spec(R)
Spec(R’). Hence we may substitute R with R’ which is an Artinian semi-local ring.

Considering the decomposition series for the finite length R'-module H* (X, H(v)),
it is easy to see that fp (H(X', H(v))) = Z§:1€R(nj (H"(X’,’;‘-N[(V))mj). Consequently,
the proof of the assertion reduces to the case where R is an Artinian local ring.

For Artinian local ring R, the proof of this theorem is indeed a classical proof,
see for example [BH98, Theorem 4.1.3 and Theorem 4.4.3]. We notice that since the
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polynomial ring S is assumed to be standard, the function py is indeed a polynomial,

whereas it is a quasi-polynomial in the general case. O

Remark 3.2.4. Notice that the dimension of py is well defined, because it reduces to
the Artinian case. Otherwise, we would talk about the relation between the dimension
ofﬁ as Ox-module and the Krull dimension of H as a graded S-module, where S is
a polynomial ring with Noetherian base ring. In [CRS2(, Subsection 3.1/, the authors

proof to the case of Noetherian domain base ring.

Let H be a finitely generated graded S-module such that ¢gz(H,) is finite for all
integer v. In this case, an argument similar to that in the proof of the Proposition
[3.2.3 shows that H is indeed a graded module over a ring with an Artinian base ring.
So that, we may talk about Hilbert polynomial of H in the classical sense. We denote
this function by Py(v).

Lemma 3.2.5. Let ‘H be a finitely generated S-module with finite length graded com-
ponents. Let H** = H/Ty(H). Then

PH(V) — PHS(Et(V)
for all v.

Proof. Since H is a finitely generated S-module and each graded component of H is
a finite length R-module, a similar argument to that in the proof of Proposition [3.2.3]
shows that there exist maximal ideals {my,--- ,m.} and an integer k such that # is a
R/(my---m.)k-module. Since, I'¢(#H) is a finitely generated S-module, it is annihilated
by a power of t. Thence it is annihilated by a product of maximal ideals (m;+t). Being
a Noetherian S-module, the latter implies that it is an Artinian S-module. Therefore,

the following descending chain of graded S-submodules of T'y(#) stops

Le(H)s0 2 Te(H)>12 -+ .

The degree argument then shows that I'¢(H), = 0 for all v >> 0. Now, it follows from

the exactness of the sequence
0—=>T¢(H) >H—H"—0

that Py (v) = Pysat(v) for all v >> 0. However, two polynomials are equal if they have

infinitely many equal values O]

Proposition 3.2.6. Let H be a finitely generated graded S-module such that the coho-
mology modules H'(X, H(v)) are finite length R-modules for all i and v. Then for all

v
pH(V) = P’Hsat(y)
where H*™ = H /T (H).
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The proof follows from the Serre’s vanishing theorems [BS13| Theorem 16.1.5(ii)
and Corollary 16.1.6(iii)]. We notice that, for all v, H3% is of finite length, since it
is a subset of HO(X,H(r)). For large enough v, pysat (1) = ((H:%) = Pysa(v). The
equality pysat (V) = Pysat(v) for all v follows from the fact that pyse(v) and Ppsa(v)

are both polynomials.

Discussion 3.2.7. Going back to the discussion before Lemma [3.2.5, one may wish
to find in the literature, a generalization of the theory of Hilbert function for finitely
generated S-module H for which only eventual values of (r(H,) are finite. In the
Scheme theoretic point of view of projective varieties, this fact is what researchers
indeed deal with. However from the commutative algebra point of view, the issue is in
the intervention of the saturation part; as we did in Proposition[3.2.6. Thenceforth for
a finitely generated S-module H such that (r(H,) are finite for all v > vy, we use the
notation of Hilbert polynomial Py(v) := Py, (v).

3.3 A genus formula for the Buchsbaum-Rim multi-
plicity

Finally, we reach the main section of this thesis work. In the first chapter, we
defined the family of the Buchsbaum-Eisenbud complexes B4(®, L) using the vertical
spectral sequence coming from the double complex E** = K,(v,S ®g L) ®s Cy. We
used the convergence of spectral sequence to write the Euler characteristic x(®, L, v)
in terms of the horizontal spectral sequence of E**®. Recall that the terms on second

page of the horizontal spectral sequence of E**® in degree v are given by
th(HP<77 S ®R L))[V]>

and using the results of the previous section, supposing Coker(®) ®p L of finite length,
we will can write x(®, L, v) in terms of the Hilbert polynomials of the Koszul homolo-
gies.

The next Lemma is an important case where the conditions of Lemma hold.

Lemma 3.3.1. Let R be a Noetherian ring and suppose that M Qg L is a finite length
R-module. Forp=0,---,f, let H, = H,(7,S ®g L) be the Koszul homology modules
with sheafification H,. Then the R-modules

HY(X, Hy(v))

are of finite length for all q and v.
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Proof. The terms on the second page of the horizontal spectral sequence of third quad-
rant double complex E** = K,(7;S) ®s Cf ®g L in degree v are H{(H,(v,S ®@r L)),
for 0 <p < fand 0 < g <g. (We refer to Section 1.1, for the required properties and
notations related to this spectral sequence.)

First, notice that H{(H,(vy,S ®g L)), is of finite length for ¢ > 1. In fact, if
B ¢ Suppr(M ®p L), then either My = 0 or Ly = 0. The latter, clearly, implies that
H{(Hy(v,S ®r L))y = 0. In the former case, the map

is surjective. Hence the ideal generated by v is the same as the ideal generated by t.
This fact implies that H,(y, S ®g L)y is ty-torsion for all B, and thus, H{ (H,(v, S ®r
L))y =0forall ¢ > 1.

Therefore in any degree v, H{(H,(v,S ®g L)), is a finitely generated R-module
whose support is contained in the support of M ®z L. The latter consists of maximal

ideals; so that

H{(H,(v,S ®g L)), is of finite length for any ¢ > 1. (3.3.1)

e~

Notice that HY(X, Hy(7,S @ L)(v)) = HE (Hy(3, S ©n L)), for = 1.

It remains to show that Dy(Hy(vy, S ®g L)), is a finite length R-module for all v.
We study three cases.

Case 1. f v > f — g+ 1. In this case, H,(v,S ®g L), = H,(B.(P, L,v)) for all
p, according to the structure of B4(P, L, v) which is explained in . Proposition
2.2.4) then shows that these homology modules have finite length.

Case 2. If v < —1. H,(y,S ®g L), is a subquotient of AP(S/(—1) @z L), for all
p. The latter is zero be degree discussion.

Case 3. If 0 < v < f — g, we consider three other cases

Case 3.1. If p > v, then H,(vy,S ®g L), is a subquotient of AP(S/(—1)®p L), for
all p. The latter is zero be degree discussion.

Case 3.2. If p < v, then H,(y,S ®g L), = Hy(B(P, L,v)), according to (2.1.3),
which is of finite length by Proposition [2.2.4]

In all of the above cases, Dy(H,(v,S ®g L)), is a finite length R-module by
regarding the exact sequence in conjunction with

0 — HY(Hp(v,S ®r L))y — Hy(v,S ®r L), — De(Hp(v, S ®r L)), — H{ (Hy(v,S ®r L)), — 0.
(3.3.2)

Case 3.3. p = v. Based on the structure of B4(P,L,v), H,(B.(P,L,v)) =
Ker(d,),/ Im(7,), where Ker(d,), = H,(v,S ®r L),. As well, Im(r,) = *E;“° by
@1.3).

Therefore, we have

Hl/ V7S® L 14
(OOE_V,? e _ H,(B«(P, L,v)) (3.3.3)

hor
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The latter is of finite length, according to Proposition [2.2.4]
Finally, the finiteness of Dy(H,(7,S ®gr L)), follows from the exactness of the

following natural sequence

0 — HQ(HV(’%S@)R L))V N Hu(’YvS(g)R L)y

oo V50 oo 1~ V0
Ehor Ehor

— D¢(H, (v, S®r L))y — H{ (H, (7,5 ®p L)), — 0.

(3.3.4)
]

We are now ready to present and prove the following main property of x(®, L).

Theorem 3.3.2. Let R be a Noetherian ring and suppose that Coker(®)®gL is a finite
length R-module. Let p;(v) := PH-<7,5®RL)<V) be the p function defined in Definition
for j-th Koszul homology module H;(vy, S @g L). Then, for all integer v

/
X(@,L,v) = (=1)p;(v).
=0
Proof. The proof is a deep analysis of the horizontal spectral sequence of (E**), =
(Ko(7,S®@r L) @5 C¥),. |

Due to Lemma [2.2.4) the modules (2E, 7~ 9), = H{(H,(7,S ®g L)), have finite

length for ¢ > 2 and any j. Furthermore, the epimorphism
De(H;(v,S ®r L))y — Hy(H;(v, S ®r L)), — 0,

implies that H{ (H;(v,S ®g L)), has finite length for every j.

We need to look into H{(H;(v,S @g L)),

Forv > f—g+1, Hj(v,S®grL), = H;j(*B«(P, L, v)) is of finite length by the same
reason as Case 1 in the proof of Lemma[2.2.4] So that H_(H;(y, S®rL)), € H;(y, S®r
L), is of finite length. For v < —1, H,(y, S®gL), is a subquotient of AJ(S/(-1)®pL),
for all j. The latter is zero by degree discussion, so that H{(H;(v,S ®g L)), = 0. If
0<v< f—yg,since

Hi(Bo(®,L,v))  J<v;

3.3.5
0 , >V ( )

Hj(Fya S QR L)I/ == {
and HY(H;(v,S®rL)) C H;(v, S®grL) Proposition yields that HY (H;(vy, S®rL))
has finite length for j # v.

When 0 < v < f—g the R-module HY(H, (v, S®gr L)), is not necessarily of finite

length. However, as we see in the proof of the Lemma [2.2.4(3.3.3])

HV<(175(§(§;VL)V = HV(%.(@’ L, V)) (336)

hor

is of finite length.
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Unless otherwise stated, suppose that 0 < v < f — g. So far we see that every

), is of finite length. In order to

terms in the spectral sequence (E**), except (E
relate the lengths of the homologies of B,(®, L, v) to the length of the terms of (*E}’"),,
we define a new spectral sequence "G** which is equal to ("E}».), for (—j, —q) # (=1, 0)
with the same differentials, and for (-7, —¢q) = (—,0)

rGfu,O . (TE;OI:O)V

(OOE—V O)V

hor

with the induced differentials. Hence the induced differentials are just the same maps
as they were in ("E**), however some parts of their kernels are already killed.

The advantage of "G** is that its terms on the second page have finite length.
We only need to notice that

HY(H,(v,S ®r L)), - H,(v,S®rL),
(OOE 110)1/ — (OOE VO)V

hor hor

G0 = = H,(B,(®, L,v))
which is of finite length by Proposition [2.2.4, Since *G~*° = 0, the spectral sequence

"G** converges to £),, where

Hi (v, H(S®r L), , v+1<j<f—g

0 , otherwise.

Here, F} is the module defined in equation (2.1.1)) which is given by the convergence
of "E}°. Notice that

hor*

9D =H;1(Be(P,L,v)) for v+1<j<f—g and H, =F = H,1(B.(P, L, v))
(3.3.7)
in the same way as the proof of Proposition Therefore Proposition [2.2.4] implies
that all terms of $), have finite length.

Applying Proposition [A.2.2] it follows that
f—g

Z Jg ;)] ZZ J+qg thr 7,

j=v
According to equation (3.3.7]), we change the indices on the left side,

f—g+1

= > (FLU(H;(Bu(®, L,v))) =

j=v+1

3 S PHE 0.8 ©r D))+

q>2

D (CV{U(H(H;(v, S @r L)),) = ((H{(H; (7, S @r L)),) }+ (3.3.8)
v
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o (i (BB s entn ) (39

hor

For j # v, we consider the following exact sequence where all terms have finite length

0— HY(Hj(v,S®gr L)), — H;(v,S ®r L), — Di(Hj(v,S ®p L)), — H{(Hj(v,S ®r L)), — 0
(3.3.10)

We have
C(HY(Hj(y,S @R L))y) — {(Hg (Hj (v, S ®r L))y) = L(H; (7, S ®r L)) — €(De(H;(v,S @ L))
(3.3.11)
For 7 = v, we consider the sequence

HS( (’77S®RL)>V_> (7’S®R )u
(OOE IIO)V (OOE VO)V

hor hor

0—

— De(H, (v, S ®r L)), — H{ (H,(v,S®r L)), — 0
(3.3.12)

which is exact by a straightforward verification. Thus

‘ (Hto( A7 L””) (H .S 9r D)) ~ (”S@’RL)> — UDUHL (.S ©r D)),
(othor )V (othor )V
(3.3.13)
Now, plugging ([3.3.11]) and m in - and (| , respectively, we have
f—g+1 ‘
= D (CVUH(B(P, L,v))) =
j=v+1
ZZ LY U HY(Hy (7,8 @R L))+
i q>2
> _(D{e(H;(v, S ®r L)) = UDu(H;(7, S @ L))} +
JFv
H,(v,S®gr L),
o {o (BER ) ot s sa D |
hor
Plugging and in the last two lines, we have
f—g+1 '
= ) (“1UH;(Bu(D, L,v))) =
Jj=v+1
> S 0o O L))
i q>2
Z(—l)j(ﬂ(f[j(%.(@, L7 V))) - K(Dt(Hj('% S Or L))V))+
JFV

(=1)"(€(H,(Bo(P, L, v))) = U(De(Hy (7, 5 ©r L))y))-

Finally, writing H?(X, ﬁj(fy, S®@rL)(v)) =RID¢(H;(y,S®rL)),, we obtain the
equality
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X((I)v L, V) = Z(—l)jpj(y),
J
Forv > f—g+1or v < —1, all the terms of the spectral sequence ("E;S.),
are all of finite length. Thus, without introducing the spectral sequence "G**, the
computation of Z;;f(—l)j (($);) shows the asserted equality.
O

Remark 3.3.3. The proof of Theorem would be essentially the computational

parts in and L if (CE2TY), were of finite length for all j and q. By the
way, this desire is true except for j = v,q = 0. So that, we had to verify the details
thoroughly.

The next Theorem shows how the Buchsbaum-Rim multiplicity is expressed as
the alternating sum of Hilbert polynomials.
Theorem 3.3.4. Let R be Noetherian, Coker(®) ®@r L a finite length R-module,

H; == H;(v,S ®g L) the j-th Koszul homology module, I'y(H;) the t-torsion part of
Hj, and H;" := H;/T'(H;). Then for any integer v,

X(@, L7 I/) = PHgat<l/) - PHfat(V> + e + <—1)fPH;at<l/)

In particular, if R is local, then

f ) . .

i br(®, L) , if ® is a parameter matriz ;
S 1) Py () = { ) .
P 0 , otherwise.

Proof. The proof follows by combining Theorem [3.3.2] Lemma and the Theorem
5. 1.3l ]

Remark 3.3.5. Notice that for large v the Hilbert polynomial is equal to Hilbert func-
tion, and thus, the terms in the alternating sum of these polynomials above is exactly
the terms in x(®,L).

To show the importance of Theorem [3.3.4] we mention how this theorem general-
izes the Serre’s celebrated theorem about the Hilbert-Samuel multiplicity [Ser65|, e.g.
[BHO98, 4.7.6].
Corollary 3.3.6. (Serre) Let R be a Noetherian local ring, I = (c1,...,cy) an ideal of
definition of a finitely generated R-module L and H; := H;(c; L) the j-th homology of

the Koszul complex of ¢ = c1,...,cy with coefficients in L. Then

zf:(—l)ix(c L) = { e(e,L) , if cis a parameter system ;

P 0 , otherwise.
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Proof. In Theorem we set ¢ = 1, & = (¢1,...,¢f) and Coker(Phi) = R/I.
For any v, the complex B,(P, L, r) is isomorphic to the Koszul complex K,(c;L).
H;(~,5), = Hj(¢; L) and dimy (Supp(H,(v,.S)) = 0 for all j. Hence PH;at<V) = ((H;)
for all j and v, that is, a constant polynomial. We, as well, notice that br(M) = e(I, R)
in this case [BR64]. O

Example 3.3.7. Let R = Qlx,y] be the polynomial ring over the field of rational

o — x 0 —y
0 32 23

be a parameter matriz. Using Macaulay2, we calculate PHisat(l/) by the following way:

numbers and let

(i) Define the polynomial ring S = R[Ty,Ts] with standard graduation, i.e.,

S = QQ[X7Y7 T17 T27 Degree => {0, O, 1, ]_}]7

(11) After calculate the Koszul homologies of vy, we calculate the saturation, for exam-
ple
H* = (HH 0 K)/saturate(0 (HH 0 K),ideal(T;,Ts))
where K is the Koszul complex of v;

(iii) So, we can take the resolution of H™, look to the first differential and calculate,
by our hands, the matriz which defines HS™ in degree v, with the help of betti

table. In our example for HE™ in degree 0, we have the matriz

z 00 y» 0 0 0 —y O 0 23y O 0 0 z* 0 0 O
0z 0 0 2 0 0 2% —y O 0 2y 0 0 0 z* 0 0 )
00z 0 0 ¢ 0 0 22 —y O 0 2%y 0 0 0 z* 0 k
000 0 0 0 % 0 0 22 0 0 0 2% 0 0 0 2t

(iv) Finally, we compute the degree of the cokernel of this matriz.
So, we obtain
PHgat —PHfat—i-PH;at—PHgat :10—1+O—O:9:br(®)

This example comes from the E. Jones work [J01], when U = im® is a submodule
of the finite colength submodule N = (T, yrTy, x*yTy, 23Ty — yTy) C R? such that
R%*/N ~ I/a with I = (2%,y) and a = (2,3, 2%y*) being m-primary ideals of R. In
this case [J01, Theorem 5], U is a minimal reduction of N (see the discussion in the
end of Section 2.1) and

br(U) = br(N) = e(a) —e().
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We define the Euler characteristic [] of a coherent sheaf F on X relative to the
Noetherian affine scheme Y = Spec(R) to be the following integer (in the case it is
finite)

XX, F) =) (1Y lp(H (X, F)). (3.3.14)

§=0
In spacial cases x(X, F) relates the degree of F with the genus of X. Our last result
is a (Arithmetic) genus explanation of the Buchsbaum-Rim multiplicity, [Har77, III ex
5.3].

Corollary 3.3.8. Let R be a Noetheiran local ring, Coker(®) be a finite length R-

module and H; := H;(v,S) be the j-th Koszul homology module with sheafification E
Then

f . . )
, —~ br(®) , if ® is a parameter matriz ;
> (—1)x(X, Hj) = () .
s 0 , otherwise.

Proof. In Theorem m put ¥ = 0 and use the definition (3.3.14)). [

3.4 Comments and questions

With the same notations of Theorem [3.3.4] for 7 > 0 and any integer v, we can

define the generalized partial Euler-Poincaré characteristic

Xi = > (1) Poar(v) = Prsar(v) = Ppsae (V) + -+ - + (f = J) P (v)
i>]

of L with respect to ®. If R is local and ® is a parameter matrix, then the yg =
br(®, L) > 0. Hence, we have the first question:

Question 3.4.1. Is the partial Euler-Poincaré characteristic x; non-negative, for any
j >0 and any integer v?

In [HH11|, Hayasaka and Hyry show that the partial Euler-Poincaré character-
istic of the Buchsbaum-Eisenbud complexes is non-negative for all v. Therefore, the
answer to the question above is Yes for large v, see Remark and so, this question

is for initial values of v.

The Koszul-Cech construction of the Buchsbaum-Eisenbud complexes arises in

[BHal9] with the purpose to study the disguised residual intersection, which is the

IThis definition is the same as [Har77, III ex 5.1] in which R is a field.
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zeroth homology of the zeroth residual approximation complex, see [HaN16]. This
complex was firstly obtained in [Has12] and the construction is the same of the Koszul-
Cech construction of the Buchsbaum-Eisenbud complexes if we change the Koszul
complex K,(v, S ®g L) by the subcomplex D! = Tot(K, ®5 ZF), see [BHal9, Section
4], where the ZL is an approximation complex which uses the Koszul cycles. The terms
of the residual approximation complexes are not free R-modules as in the complexes
of this thesis work.

Question 3.4.2. Do the residual approrimation complexes have similar properties as

the Buchsbaum-FEisenbud complexes? For example:

(i) Duality[2.2.9, since that there is a duality on Koszul cycles, see [CNT1Y, Propo-
sition 2.2];

(i1) Support of the homologies |2.2.4);

(111) Acyclicity and depth(2.3.1) and (2.3.%;

(iv) The characteristic formula[3.3.9, and its algebraic or geometric meaning.
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Appendix A

Some results

A.1 A natural duality

We used the next result to proof the Proposition 2.6, in the first chapter. This is
a duality result from the Jouanolou’s works [Jou09|, which is in the second section.

Let R be a commutative ring with identity and let S = R[T},...,T,] be the
polynomial ring in ¢ indeterminates over the ring R with deg(7;) = «; > 0 for all
i€{l,...,g}. Letvy,...,7, be homogeneous polynomials in S with degrees 3y, ... 8y,

respectively; that is

v = Z chTlll .- -Tglg € Si;)-

U1,00,lg>0

S lici=B;
Consider Ko(v,S) the Koszul complex of the sequence v = ~y,...,7, over S, and

Ct(S) the Cech complex of the sequence t =1T7,...,T, over S.

Proposition A.1.1. There is an isomorphism

!
Hy(y, H{(5S)) (— Z@-) = Homp((S/ 7)), 1)

V]
for all v € Z, where 6 = Z;f:l Bi — >0 .

Proof. For all v € Z, we have a canonical perfect pairing between R-modules

S[ ] QR Hiq(S)[u] - Htg(S)[i g

i=1 Qi

| =8

=3
which is induced by multiplication, and this pairing yields a natural isomorphism

H{(S)w 5 HomR(S[—u—Z;f’:lai]’ R), where it maps a € H{(S)},) to an homomorphism



g : S[_V 7] R which is given by 1,(b) = ab, for all b € S[_V 7] Thus, if

i=1 % =1 i

we consider the S-structure of R = S/t, we have the isomorphism

Hf(s) = @VHQ(S>[V]

o @Z,HomR(S[ - ] , R)
~ @,Homg(S(—v—>7  a;),R)
= Homg(S (=> 7, &), R)

and therefore

Hy(y, H(S) (- S)a 8),,

Homs(5/7, H1()) (- S 5)

(
Homg(S/~, Homs(S (=327, ai) , R)) <_ Z;;l 53) vl
= Homg(S/v, Homg(S, R))(—d)u
( g
(

Il

Homs((5/7)(0), R)
Hom g ((S/7)i5-1; R).

11

A.2 Spectral sequence in finite length

Lemma A.2.1. Let Cy : 0 — Cf — -+ — (] iy Co — 0 be a complex of finite length

modules. Then

i=0 i=0
Proof. We will use induction on k, the length of the complex C,. If kK = 0, then the
complex is 0 — C, — 0 and Cy = Hy(C,). Suppose k > 0. We can decompose the

complex Cy in two pieces
0—>Ck—>---—>02d4kerd1—>0
and
0 —imdy — Cy — Cy — 0
By the induction hypothesis, we have

{(kerd,) Z Z(—l)if(Hi(C-))

1=2 =1
and

{(Co) = U(Ch) + L(imdy) = £(Ho(CW)) — £(H1(CL))

From the canonical exact sequence 0 — imdy — kerd; — H;(C,) — 0, we have
((Hy(C,)) = l(kerd;) — ¢(imdy), and subtracting the two above

1=2
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and

O

Proposition A.2.2. Let "E=,.H be a convergent spectral sequence. Suppose that for
some r, "EP1 is finite length for all p,q. Then for all s > r

S ) - Y ( 5 e<sw>)

n n p+q=n

sqpa

Proof. For a given point (p, ¢) fixed, there is a complex - - - — SEP¢ 5 s ppesa—(s=1)
- in the s-th page of the spectral "E passing over this point, where s > r. The terms
on s-th page are sub-quocients of terms on r-th page, so they have finite length. Thus,

by the lemma 3.1

Zi (_ 1)p—&-is—&-q—i(s—l)g(sE'p—l—is,q—i(s—l)) —

1P (1) B
— 1)p+q Zi(_1)i£(s+1Ep+is,q7i(sfl))
= Zi(_1)p+is+q7i(sfl)é(s+1Ep+is,q7i(sfl)).

(_
(_

This shows that, for all s > r
Z(_1>p+q£(squ) _ Z(_l)erqg(erlqu)’
P.g P,
i.e., the alternating sum is over all the page. In particular,
Z(_1>p+q€(squ) _ Z(_l)p-Fqg(OOEPQ)‘
P.g P,

The convergence of the spectral sequence gives the sum ((H,,) = Z;i 4=n £?, and so

S UMH) = (1) (e (E)
= Zp,q(_l)pﬂg(OOqu)
= Zp’q(_l)erqg(squ)
= (" (S pgen (OB
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