7. Técnicas de Integracao T

7.1 Mudanca de Varidvel (método de substituigao)
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7.2

7.3

METODOS DE INTEGRACAO

COMP. 7

Integracao por Partes
01. /ace"’“"dx (resp. ze® —e® + C)
02. /acln xdx (resp. 22%lnz — 122+ C)
03. /x sen zdx (resp. senx — zcoszx + C)
04. /ln xdx (resp. zlnx —x + C)
05. / arcsen xdx (resp. xarcsenx + V1 — 2% 4+ C)
xn+1
06. / "n zdx (resp. i (ln:c - Tﬂ) +O)
07. /:c arctan xdz (resp. 3z?arctgz — 3z + Farctga + O)
08. / In(z? + 1)dz (resp. zln (1 + z?) — 2z + 2arctgz + C)
arcsenf
09. —Vr (resp. 2¢/xarcsen /x + 2¢/1 —x + C)
10. /arcsin (1 /ILH) dx (resp. warcsen |/ T3 — \/z + arctg /z + C)
x arctan xde‘ T — (1 — :L'2) arctg x
11. resp. +C
/ (22 4+1)° (resp 4(1+ z2) )
12. /:1: arctan — 1) dx (resp. % [:1:2 arctg Va2 — 1 — a2 — 1] +C)
13, /arcsen zdz (resp. In 1—+1—2a?| arcsenz L)
T x
14. /ln <x+ V1 +:1c2> dr  (resp. zln (:c—l— V1 —|—:U2> —V1+22+0)
15. /l‘QedeE (resp. x2e® — 2we” + 2e%)
Problemas de Valor Inicial
d
0L ch = 12t(3t2 — 1)3, s(1) =3 (resp. s(t) = 1322 = 1) —5)
d2y 2 /
02. gz = S T y(0) =1, ¢ (0)=0 (resp. y(t) = —In(|cost|) + 1)
x

d
03. dii = elsen(e! —2), y(In2)=0 (resp. y(t) = —cos(e’ —2) +1)
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7.4 Decomposicao em Fragoes Parciais

2¢ — 1
01. /de (resp. —In|z — 1| +3In|z — 2| + C)
02 / rdr (resp. =tInjz+1|+3Injz+3| - 2In|z + 5|+ C)
S @) (@+3) (@ L) T 1 8
5 .4
+2%—-8)d
03./(55 3x 1 ) dz (resp. 4z +2Inz + 2% + $3+51n(:c—2)—31n(x+2)+0)
x3 — 4z
(E4d.%' 1.9 ‘.TJ— ’1/3
_ RS YARESS I A MRS (-5 Y P
04 /(2—1)(x+2) (resp. 5 T+ 5In PR + 3 Infz+2/+C)
d 1 -2
05./ 2x (resp. +1n|Z ‘—&-C’)
(x—1)2(z—2) z—1 r—1
06. /% (resp. —21n\m|—|—%—l—21n|x—2|+0)
2 1 2
07_/W (resp. 2lnx — 5 + —2Injz+ 1|+ C)
z(x+1) 2(z+1)° z+1
dx 1 x‘i‘l 1
08. /333_’_1 (resp. glnm + \/garctan( H+0)
09 / v (resp. 32°+ fIn (2% —1) + O)
) a3 -1 P 3
($2+2m+1) dx
10. . + arct +C
/ 1122 (resp. — 1352 Harctanz )
11. /:1:2 +d;;+5 (resp. 5arctan( LY+ o)
12 dz (resp. —— arctan(32=) + C')
") 32— 2w +4 b viL
dz 1. ]T—5
13'/1:2—6134-5 (resp. 71n _1'+C)
14 / de (resp. arctan (2z — 1)+ C')
NP T P
(6x —7)dx 2
15. /3$2 e 11 (resp. ln‘?)x 7x+11’ +C)
(Tx+1)dx 1 2
16. /6m2+:1:1 (resp. 3In(2z+ 1)+ 5In(3z — 1))
(3x — 2)dx 10z —3
17. /5952—395+2 (resp. 25 1n (522 — 3z +2) — \ﬁarctan(ﬁ))

18 / (6z* — 523 + 42?) dx

resp. z° — L 41 7In 202 —x +1 + 57 arctan dz—1
222 —x+1

7
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7.5 Integrais Trigonométricas

01. / sin® zdx (resp. —cosz + 3 cos® z + C)
02. / sin® zdx (resp. —cosz + 2 cos®z — L cosPz + C)

03. / costzsendzdr  (resp. —% cos®z + L cos” z + C)

cos® wdx
(resp. cscx — 2 cscdz + O)
sentz 3

05. [ tan3wdx (resp. 3 tan?z + log|cosz| + C)

1

06. [ cotd zdxw (resp. —% csc*z + csc? x + log [senz| 4 O)

08. [ tan?zdx (resp. tanz —x + C)

09. COS

sen22 (resp.— o cot® 2 + C)

10.

07. / cos wdx (resp. i sen x cos® x + %cosxsenaz + %m +0O)

cosdz cos Tedz  (resp. §sen3dz + 55 senllz + C)
2 . i3 1 0o
11. /cos wsin®zdz  (resp. i cos®x — Lcos®z + C)
3 :5 3 16 3 10 3 4
12. [ {/coswsin® xdx (resp. —qgcoss x + 5 coss & — §coss x + C)

13. /\/senxcos xdx  (resp. %sen% z+C)

t3 2 2
Sk (resp.

- + +
Vsenzx 5(ysenz)®  /senz

15. /sinpmcos?’ xdx  (resp. —— (senz)' P — - (senz)*™? + C)

14.

T+p 3+p

16. /sin2 xdz (resp. —%coszsenz + 3z + C)

17. /sec:nd:r: (resp. In|secx + tanz|.

18, /sec wd (resp. senx;ech 1n]sec:€2+ tan z| el

secr+tgx

— 3 _ 2
secrTier S€CT € u =secx + tgx e em (18) escreva sec” zdx = secw sec” xdx)

(em (17) faca secx =
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2 1 1
19. /cos xdx (resp. 5 coszsenz + 5 )
20. [ sin?wsecd zdx (resp. ; sen® xsec? x + 1 5SenT — 5 ln |secx + tan x| + C)
21. [ sin?z cos? zdx (resp. —gsenzcos®z + §coszsenz + g+ C)

1

22. [ cos®zdx (resp. coszsenxz(fcostz + Zcoslz+ 2)+ Zx+C)

4

23. [ cosect wdx (resp. —cotx — % cot? x 4+ C. Faca csctx = csc? 2 + csc? cot? x)

tan’ x tan® x

24.
7+5

+C)

tan* z sec* xdx (resp.

1

26. [ sinzdx (resp. —3coszsenz + 1z +C)

27. | sec® xdx (resp. @ + @ +tandz + tanx + C')

28. | senx sen 3zdx (resp. 3 sen2z — fsendz + C')

929. COS CL’

25. / cos2zsendxdr  (resp. —= cosbz — Lcos2z+C )

i, (resp. —%cot3z+C')
sen

30. /sen(i) cos(3)dz  (resp. —5 cosz +cos 3z +C)

Substituicoes Trigonométricas

As integrais que envolvem as expressoes V2 + a2 e va? £ 22 podem ser calculadas com auxilio de
substitui¢Oes especiais. As substitui¢Oes mais comuns sao: ¢ = atgl, x = asenf e x = asecl e

elas sao deduzidas a partir das relagoes nos tridngulos retangulos da figura abaixo:

0 ' Jx?-a®
5.
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ME

TODOS DE INTEGRACAO

COMP. 7

01

02

03

04

05

06

07

08

09

10

11

12

13

14

15

16

Substituigdes Trigonométricas
1. a mudanca z = atg6 substitui a? + 22 por a?sec? 0
2. a mudanca x = asen substitui a? — 22 por a? cos? 6
3. a mudancga x = asec substitui 22 — a? por a?tg? 6
Va2 — 22d 2_ 2
. /an:U (resp. YT T aresin (z/a) +C)
T x
2
x
| ——=dx (resp. —ix1/(4 — 22) + 2arcsin iz + C)
V4 — 22 2 2
dx x
B (resp. ——=+0C)
/ /(a2+x2)3 a’va? + x?

zdx

' / VazZ + 8z 45 (resp.
dzx

S e
dx

' / Va2 + 2z + 2 (vesp.
zdr

. /\/m (resp.

dx

. \/ﬁ (resp.
dx
. \/ﬁ (resp.
dx
3 vy (resp.
) /x2\/4 — a?dx (resp.
T
. /md:c (reSp.
dx
Jesrs

dx
JavEmw P
Va? — a’dz
B (resp.
T

/dx (res
") V2 =3z — 422 P

i\/4$2+8$+5—%111(2564—\/4562—{-8584-54-2)+C>

In(z — 2+ Va2 -4z —5)+ C)
In|z4+141/1+ (z+1)?+C)
—V62 — 22 — 5+ 3arcsin(32 — 3) + O)
In|z +v1+ 22|+ C)

In(z ++vx2 —4) + O)

tIn(2z — 1+ V42?2 — 4z - 3) + C)
2arcsin (2/2) — 1o (4 —22)*? — L3V — 22 4 C
—/8 — 22 — 21 — arcsin (xTH) +C)
—55 V12 +9+0)

V22— 16+ C)

V—a? + 22 — aarcsec (z/a) + C)

+ arcsin[(8z + 3) /V/41])
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dzr
17./ resp. Inlz + L + V1 +x + 22
izt (ep ket )

dx
18, [ ———————(res arcsin|(6x + 7 10
| = e Jpavcsinl(6 +7) V109
19 /dw (resp. —=1In |6z + 5+ /12x (3z + 5)|)
) Vr Bz +5) P vs
20. /d‘” (resp. & In[10z — 1 4 /20 (522 — z — 1))
Vhr? —x —1 V5
d
o [_EEddr L/i2? ¥4z + 3+ 2In |2z + 1 + VA2 + 4z 1 3|)
Vidz? + 4z +3
(x —3)dz 1
22. resp. —:wv3 + 66z — 1122
iroor —1i2 P Tm )
d
23. (3”3;;5)1”) (vesp. 31/z (22— 1) + Z5In |4z — 1+ \/8z (22— 1))
(2 —

7.6 Integral de Funcoes Especiais

Fungoes Envolvendo exp(x)

er er
01. /tanhxdw 02. / dr 03. /
e —1 e2r 4+ 1

1+ coshz

[resp.: 01) In (coshz) 02)In(e® —1) 03)arctan(e”) 04)tanhZ—In (tanh £ —

Funcoes Envolvendo Radicais

zdz Vad — Yz ) do S/ T
R
04. / (ﬁi% 05. / de 06. / de

[resp.: 01) 5[Va3 —In(Va?+1)]  02) 27f 2% 03) -+ 4
04) 14[ Wz — § Yo+ 1 Va? - 1V + L VS| 05) 2(1+ V)2 06)

dz 04 / 1tsinhz o

5 (4+3Y2) (2 )2

1)—ln (tanh% + 1)]

+2logx—24log ( ¥z + 1)

3
2



	7.  Métodos de Integração
	Mudança de Variável (método de substituição)
	Integração por Partes
	Problemas de Valor Inicial
	Decomposição em Frações Parciais
	Integrais Trigonométricas
	Substituições Trigonométricas

	Integral de Funções Especiais
	Funções Envolvendo Exp(x)
	Funções Envolvendo Radicais



