Multiple solutions for a class of quasilinear elliptic problems
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Abstract

We deal with a class of p—Laplacian Dirichlet boundary value problems where
the combined effects of “sublinear” and “superlinear” growths allow us to establish
the existence of at least two positive solutions.

1 Introduction

The objective of this paper is to establish the existence of two radial solutions for the
quasilinear boundary value problem

—Apu = f(u) in Q,
v > 0 in ), (1.1)
v = 0 on 00

where QO C RY is a ball of radius b, and where A,u = div(|Vu[P~?Vu) is the p-Laplacian
with 1 < p < N. We will assume that the function f : [0,+00) — [0,+00) is a given
continuous function satisfying the following two conditions:

(Hy)  limg o f(2)/tP7! = 400,
(Hy)  limy, oo f(£) /P71 = 400.

It follows from the assumptions (H;) and (Hs) that there exists R > 0 such that
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Let R be a point where f attains its maximum on the interval (0, R]. We will assume the
following two further conditions:

(Hy)  fR)/R™ <n=(p/(p—1))" "N/

(H4) There exist increasing functions g1, g € C'([0, +00), [0, +00)) and positive constants
3, n, with ¢ € (0, 1), such that for all £ > 0

Our main result is Theorem 1.1, which will be proved in Section 3 using fixed point
techniques.

Theorem 1.1 Under the assumptions (Hy) through (Hy), the problem (1.1) has at least
two radial solutions.

Our study was motivated by some recent work on elliptic problems with concave-
convex nonlinearities (see [1], [2],[3], [9], [11], [12]).
Ambrosetti et al.[1] study the second order elliptic problem

—Au = M+u in Q,
u o > 0 in Q, (1.2)
u = 0 on 0f)

where Q is a bounded domain in RY (for N > 3) with smooth boundary 9, A is the
Laplace operator, A is a positive real parameter, and 0 < s < 1 < r. They prove that
there exists a positive real constant A such that, for all 0 < A\ < A, the problem (1.2) has
a solution, which is found using sub as well as supersolution methods. Here the essential
term is u® while the exponent r may be arbitrary. Using variational methods, a second
solution of (1.2) is found. In this case, the term u" plays a fundamental role, where r
must satisfy r < (N + 2)/(N — 2). Among others, the following question is left open:
Suppose that r > (N +2)/(N —2) and that € is a ball. Does the problem (1.2) have
two positive solutions for A small enough? In [12], R. Ma proves that the assertion is
true.

Difficulties arise while extending the study of the problem (1.2) to the p-Laplacian
operator. Many known techniques and results for the Laplacian no longer apply for the
p—Laplacian due to its nonlinear nature. Using a radial setting, a priori estimates, and
topological arguments, Ambrosetti et al.[2] obtain a global multiplicity result for elliptic
problems of the form

—Apu = Auf+u" in Q)
u o > 0 in Q, (1.3)
u = 0 on 0f).
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More precisely, they prove that there is A > 0 such that there exists at least two positive
solutions of the problem (1.3) in the interval (0, A), where €2 is a ball and the following
hypotheses are satisfied 0 < s < p—1 < r < p* = Np/(N — p), with p < N. In [3]
the authors study the critical case considering the following restrictive assumptions on p :
2N/(N+2)<p<3orp>3andp—1>s>(p"+1)—2/(p—1). Related results may
be found in [4], [8]. For global multiplicity results on a general bounded domain, in the
subcritical case see [9]. When 1 < s < p—1 < r < p* — 1, which includes the critical
case, see [11].

Observe that we improve those results for the p—Laplacian operator which involve
concave and convex nonlinearities because there are no restrictions on p € (1, N) nor on
the growth of the nonlinearities which may have a subcritical, or critical, or supercritical
growth. Note that the nonlineartities we consider are sublinear at 0 and superlinear
at 400, hence contain the concave and convex nonlinearities above. We point out that
our result is an improvement even in the case studied in [12] because we consider more
general nonlinearities. For instance, let g;(t) = a1t® + b1t" < go(t) = ast® + bot", where
0 < s <p-—1<r,and where a;, by, ax and by are positive constants. Assume that
g1(t) = a1t® + bit" < f(t) < go(t) = aot® + bot™. It is easy to see that f satisfies the
hypotheses of Theorem 1.1 . Finally, note that, in [7], D. De Figueiredo and P. L. Lions
studied the Laplacian operator with subcritical nonlinearities that satisfy a sublinearity
condition at zero and a superlinearity condition at infinity.

The paper is organized as follows: Section 2 contains preliminary results. Section 3 is
devoted to proving our main result, Theorem 1.1.

2 Preliminary Results

We will establish radial solutions of the problem (1.1). In fact, we will obtain solutions
u = u(r) of the ordinary equation

(" g{a))

u(b)

rNolf(u) in (0,0),
0 in (0,), (2.1)
u'(0) = 0,

v I

where ¢(t) = |t|P~?t. Performing the change of variable ¢t = a(r), define z(t) = u(r(t))
where a : [0,b) — [0, +00) is given by

—(0(Z (1)) = WD) f(2(t) in (0,400),
2 > 0 in (0,+00), (2.2)
20) = 2 (+00) = 0.
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Integrating the equation of (2.2) and using the boundary conditions we obtain

B (1)) = / N0 (o) dr

which is equivalent to

+00 1/(p-1)
2 (t) = [/t T(Nl)p/(pl)f(Z(T))dT]

Integrating once again we obtain

1/(p=1)
] ds (2.3)

0 = [[[ e

where

(2.4)

p(1-N)/(N—-p)
i = (o« A

p—1

Consequently, we will solve (2.1) using fixed point techniques. For this, we state the
following well known abstract result without proof (compare [5], [6], [10]).

Lemma 2.1 Let X be a Banach space with norm |- |, and let K C X be a cone in X.
For r >0, define K, = K N B[0,r] where B[0,r] = {x € X : |x| <r} is the closed ball
of radius r centered at origin of X . Assume that F : K, — K is a compact map such
that Fx # x, for all x € 0K, = {r € K : |z| =r}.

Then:

1. If |z| < |Fx| for all x € OK,, then o(F,K,, K) = 0.
2. If |x| > |Fx| for all x € OK,, then 1(F, K,, K) = 1.

Now we consider the space
X ={z:[0,+00) = R: zis a bounded, continuous function}

endowed with the sup norm |z|, = sup{|z(¢)| : ¢t € [0,400)}. Let A : K; — X be the
operator defined by

t +00 1/(p—1)
(A2)(1) = /0 [ G f(2(r))dr ds | (2.5)

where K is the cone defined by

K; ={z € X : zis nonnegative, concave and z(0)=0 } .

Note that the elements of K; are increasing functions.
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Lemma 2.2 A is well defined, A(K;) C K, and A is a completely continuous operator.

Proof. For all s > 0, note that

“+o0 1
G(rydr = — G(s)N=1/p(N=1)
and that

+00 +00 1/(p—1)
/ [/ G(T)dT] ds = /(=)
0 s

Hence A is well defined.

Also, note that the function (Az)(¢) is of class C? whose derivatives are given by

dt
d? 1 d p—2
A0 = [ COILANOF*f ().

Thus (Az)(t) is increasing and concave. Therefore, A(K;) C K.

It remains to prove that A is a completely continuous operator. Let | z, |, < Co, and
let My = max{f(t) :t € [0,Cy]}. It follows that

+o00 +o00 1/(p—-1)
| (Az) () | < M/®Y / [ / G(T)dT] ds
0 s

d

ZAm) ()] < [M1 /0+ooG(T)dT]1/@l).

By the Arzelda—Ascoli compactness criterion for uniform convergence, there exists a
uniformly convergent subsequence (Az,, ) C (Az,) on compact subsets of [0,+00). To
prove that there exists uniformly convergent subsequence of (Az,) it suffices to recall that
given € > 0, there is T' = T'(€) such that

+00 +00 1/(p—1)
/ [/ G(T)dT] ds < e
T s

We now verify that A is continuous. Let (z,) € X such that | z, — 2o |oo— 0 as n — oo.
Thus

| (Azn)(t) = (Az0) () [< /;oo | Tu(s) = To(s) | ds

where
—+00 —+00

Ln(s) = G(7)f(2,(7))dr and Ty(s) = G(7)f(20(T))dr.

S S
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It follows from | 2, — 20 |se— 0 that I',(s) — [g(s) and that I',(s) < C/NG(s)N@P-D/p(N=1)
for all s € [0,400). By the Lebesgue dominated convergence theorem,

| AZn — AZU |oo_> 0,
which implies that A is continuous. [ ]
Given w € K, there clearly exists a unique 7 = 7(w) such that 2w(7) =| W | -
Define
mx = sup{7(A(2)):z € K}
and

K = {ZEKI:Qti>nf 2(t) >| 2 |-

Lemma 2.3 7x is a positive real number and K is a cone invariant by A.

The proof is based on the following Assertion.

Assertion 1 {w/ |w | : w € A(K7) \ {0}} is a relatively compact subset of X .

Proof. Since {Az/ | Az | : 2z € K, and Az # 0} is a bounded subset of X, it suffices
to prove that
{[A2]'/ | Az |0 : 2z € Ky and Az # 0}

is also a bounded subset of X.

Integrating by parts we have
[[Az]’(t)]p_l B [ G(r) f(2(r)dr
oor r 1/(p—1) p—1
[ [ G ) f(2(r))dr ds}

| Az |0

(p— 1P [, G(0)f (o(7))dr

_f0+°° _fs+°° G(7)f(2(7))dr sG(s) f(z(s))ds]

We consider two cases.

Case 1. 1 < p < 2. In this case, it follows from condition (Hj) that
[Az) ()] (p =1V [~ G(r)ga(2(r))dr
| A% | : ol /D 1

[fo - [fs wG(T)gl(z(r))dr] sG(s)gl(z(s))ds]
(p— )P [ G(1)ga(2(r))dr
ol @0/ D —
[ 0 {fs G(T)dT] sG(s)gl(z(s))l/(p—l)ds]
< L+ 1,

IN
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where I; and I, are given by

(p— 1P [} G(7)ga(2(7))dr

= 1 ox (2-p)/(p-1) =
[fo |:Is OOG(T)dT] SG(S)gl(z(S))l/(p—l)ds]
and
I, = (-1 1+oo G (5)g2(2(s))ds

] (2-p)/(p—1)

[ [ [ [ G(r)dr SG(s) gl(z(s))l/(f’l)ds] "

We estimate each integral separately.

To estimate I, we use condition (H,) to obtain

(p— 1()?*)/{; (1;(7)92(2(7))617
Lieew]

(p—1)P1 [ G(1)go(2(T))dr
T T 1@-p)/(p—1) p—1
f; f:oo G(r)dr sG(s)gl(z(é))l/(pl)dS]

(p — 1Pt fol G(7)g2(2(1))dr
T T 12-p)/(p—1) p—1
ST Gy SG(S)92(5Z(1))1/(P—1)ds]

sa<s>gl<z<s>>1/<p—l>ds] "

IN

IN

(0= 171 J, G(r)dr
[l oo 12=-p)/(p—1) p—1
[ 1), G(r)dr sG(s)ds]

IN

To estimate I, we note that

+00 (2-p)/(p—1)
[t SG(s) (g () 170 = N D[Gs)gy (o()] 0

NP®=2)/(p=1) )
W[G(S)QQ(Z(s))]I/(p 1) ’

v
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which implies
1P 72 G (s)ga(2(s))ds

voo [ oo (2=p)/(p=1) —1

[fl [fs G(T)dT] sG(s) g1 (2(s))V/PDds
(-1 7 G(5)g5(2(5))ds

NPp=2| [F2[sG(5) g1 (2(s))]/ PV ds
(p - 1P [ 51G(5) ga(2(5))d
N2 | [5G (5) g1 (2(s))]/ PV ds

(P = 1P/ sl pve-mp g
< ~o

12:

IN
S

Case 2. p > 2. In this case, in accordance to conditions (2.6) and (H,)

(A=) _ =1y " G(s) f(2(s))ds
| Az [ [F°G(s)sf(2(s))ds

G
1
S TR R ]
[ [, G(s)g ((9)ds
—1
< G5 0 (o 0) s “
[ [ G(8)g2(2(50r))ds
—1 1
R VT <<sm>ds+]

)
where z(sp/) = max{z(s) : s € [0,1]} and 2(s,,) = min{z(s) :
from the fact that 2(s,,) > dz(sy) and condition (Hy) that

A1) I8
Al = 07 ){fésG L)

€ [6,1]}. It now follows

The result follows by the Arzela—Ascoli compactness criterion. |

Proof of Lemma 2.3 We first show that 7% is a positive real number. Suppose to the
contrary that 7« = +o00. Then there must exist a sequence (z,) C K; \ {0} such that
(T(2n/ | 2n |o0)) is a strictly increasing sequence of positive real numbers converging to
+00. By assertion 1, there exists a subsequence of (2,/ | 2, |w) Which we denote the
same way, such that (z,/ | 2z, |s) converges to some wy in X. Hence | wy |oo= 1 and,
for large n, we must have

T(zn/ | 20 |) > T(wo) -
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Note that wp(t) < 1/2, for all ¢ € [0,7(wp)]. On the other hand, given ¢ > 7(wp), we
have t < 7(z,/ | 2z, |) for large n. It follows that wo(t) = limy, 100 2n(8)/ | 20 |00< 1/2,
for t > 7(wp). We conclude that wy(t) < 1/2, for all ¢ > 0. But this is impossible, since
| Wo |oo: 1.

That K is a cone invariant by A is clear. The proof of the lemma is now complete.
[ |

Lemma 2.4 We have 1(A, Kg,K) =1.
Proof. According to condition (Hj3), for u € 0Kk,

Azl = max /0 t[ / +OOG(T)f(z(T))dT]1/(p_1)ds

>0

/0+oo {/Jroo G(T)f(ﬁ)dT:| 1/(pil)als
f(ﬁ)l/(psfl)(p — 1)bp/(p71))

pN1/G=1)

IN

< R.

Since R < R, we have |Az|o < R = |2]o . The result now follows from part 2. of Lemma
2.1. |

Lemma 2.5 There is r1 € (0, R) such that (A, K,,, K) = 0.
Proof. According to condition (H;), given M > 0 there exists ry € (0, R) such that
f(t) > Mt~ forall te€l0,r].

Thus for z € 0K,,,

oo 1/(p—1)
(A2)(r%) = /0 G(T)f(z(f))df] ds
P oo 1/(p—1)
> / G(T)MZ(T)p_IdT:| ds

0 L/ s
o 1/(p—1)
> / G(T)MZ(T)p_IdT:| ds

0 L/ 7%

—+00 1/(p—1) *Ml/(l’*l)
/ G(T)df] 2.

v

Choosing M > 0 such that

TG (r*)N/PN D) { > 2, (2.7)
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we have that | Az |o>] 2 |, for all z € OK,,. The result now follows from part 1. of
Lemma 2.1. [ ]

Lemma 2.6 There is 1o > R such that 1(A, K,,, K) = 0.

Proof. It follows from condition (Hs) that there exists r3 > R such that
f(t) > Mt~ forallt > ry.

Note that for z € 0Ky, we have

2min z(t) >| 2 |o= 273 ,
t>7*

which implies
f(z(t)) > Mz(t)P™", forallt>Tx .

Thus
T +00 1/(p—1)
(Az)(t") = / / G(r d’r}
0
™ 400 1/(p—1)
> / / G(r )dT] ds
0
T +00 1/(p—1)
> / / G(T)Mz(T)P~ ldT]
0
MM 2
> *G(r* N/p(N-1) | 1% o
2 TG N 2
Define the number ry = 2r3. By (2.7), we have | Az |x>] 2 |, for z € 0K,,, and the
result now follows from part 1. of Lemma 2.1. [

3 Proof of the Main Result

Proof of theorem 1.1 It follows from Lemmas 2.4 through 2.6 and the additivity of the
fixed point index that
(A Kp\ K, K,) =1
and that
Z(A, Krg \KR,KR) =-—1.

Consequently, the operator A has two fixed points, namely 2; in Kg \ K,, and 2, in
K,,\ Kg.
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