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Abstract

In this paper we deal with a class of Schrédinger equation involving critical
Sobolev exponent and jump discontinuities. The basic tool employed here is an
approximation technique with periodic functions and variational arguments based
on a linking theorem for locally Lipschitz functionals.
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1 Introduction

The main purpose of this paper is to establish the existence of solution for the Schrodinger
equation

—Au+V(z)u = K(z)|u|* 2u+ f(r,u) in RV (1.1)
where 2* = 2N/(N — 2), N > 3, is the critical Sobolev exponent and f: RY x R — R is
given by

f($,t) = p(x)tp_lH(t - CL),
where H is the Heaviside function, a > 0 and p € (2,2*). We assume that V, p and K

are continuous and 1-periodic functions in each variable. Furthermore, p is nonnegative
and K is positive in RY.

We notice that by a solution for (1.1) we mean a function u € W.L*(RY), for some

s > 1, verifying, in an appropriate weak sense, the following inequalities:
fla,u(@) = 0) < —Au+V(w)u — K(2)u()* u(z) < f(z,u(z) +0), (1.2)
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where

flz,t+0) = liglf(a:,s) and f(z,t—0) = liglf(x,s).

Throughout this paper we will be using the following assumptions:

(h1) 0 is in the spectral gap of the operator —A + V,

(ha) 0 < maxp, ) K = K(0) and K(x) = K(0) + O(|z|) for x € B;(0).

The main result of this paper is stated as follows:

Theorem 1.1 Suppose (hy)-(ha) hold. Furthermore assume that there is 0 < r <1 such
that

(hs) p(z) (Jz|* 4+ 1) > 1 for all x € B,.(0),

where o is a positive real number verifying

a>{max{2,N—1—p(N—2)} if 2<p<(N+2)/(N-2)
p(N—-2)—N if (N+2)/(N—2)<p<2N/(N—2)

Then, for each a > 0 fized, there is a solution u = u, of (1.1).

Remark 1.2 Assumptions like (hy) — (hy) are quite natural and have already appeared in
the papers [12, 14, 25].

Furthermore it should be remarked that in the proof of theorem 1.1, in place of (hs)
we use the technical assumption

N
plx) | ———— der > O(e™),
/Bﬁ(o) <)(|$|2+52) )

where 7 < min{(N — 2)/2, N — p(N — 2)/2}, which included the family of functions p
satisfying (hs).

Remark 1.3 The set defined by
Ao(u) = {z € RY, u(z) = a}

has a great importance relating to the reqularity of the solution w. In fact, if the Lebesqgue
measure of A, (u) is zero, then u is a solution in the almost everywhere sense, that means,
u satisfies

—Au(z) + V(w)u(e) = K(@)|u(@)[* u(z) + f(u(z)), (1.3)
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almost everywhere in RY. Now, by applying Stampacchia theorem in the set A,(u) (see
[28]), we obtain the relation

K(z)a®> 2 < V(z) < K(z)a* 7> + p(z)aP > (1.4)

which represents a condition involving K, V', p and a. Therefore, if the set characterized
by condition (1.4) has measure zero, then the set A,(u) also has measure zero. We can
deduce that u satisfies (1.3). Thus, a natural assumption to get a solution in the almost
everywhere sense is the following

meas ({zx € RY : K(z)a®> 2 < V(z) < K(2)a* % + p(z)a?~?}) = 0.

We notice that we can present a simple case where this hypothesis holds, for instance
i condition
sup V(x) < sup K(z)a* 2

xERN z€RN

An equation of type (1.1) is related to the so called Grad-Schafranov equation
of Plasma Physics and obstacle problems. For the background and related results
on some typical models involving discontinuous nonlinearities we refer the reader to
13, 4, 5, 10, 11, 15, 16, 17, 20]. There is an extensive bibliography dealing with semilinear
Schrodringer equations with periodic potential. At first, let us recall the so called definite
case, that is, when V is strictly positive. In [24], Pankov using the Nehari variational
principle, proved the existence of ground states, i.e., solutions having smallest energy
among all nontrivial solutions. Rabinowitz in [26], under less restrictive assumptions on
f(z,s), has obtained a result of existence but not necessarily a ground state. Moreover,
in [18], Coti Zelati and Rabinowitz have proved the existence of infinitely many solutions
under some additional technical assumptions.

When it is the case that V is indefinite and 0 lies in a gap of the spectrum, H!(R")
is the direct sum of two infinite dimensional subspaces where the quadratic part of the
variational functional is negative and positive respectively. Thus it is not possible to
use the Leray - Schauder degree like in the proof of the Benci-Rabinowitz mountain
pass theorem (see [6]). This class of problems under the additional assumption that the
primitive F' is strictly convex has been explored by many authors including [1, 9, 19, 22].
This assumption allows them to solve the problem via a reduction method by applying
the mountain-pass theorem.

In recent papers Troestler and Willem [30] and Kryszewski and Szulkin [21] have
proved a result of existence for this class based on the generalized linking theorem. This
linking theorem requires the construction of a new degree theory. This approach has been
simplified by Pankov and Pfliiger [25] by using the approximation technique with periodic
functions. Later, Chabrowski and Jianfu in [12], used this same approach in dealing with
a periodic semilinear Schrodringer equation and critical Sobolev exponent. In this paper
we also apply this technique to obtain an existence result for equation (1.1). The crucial
point in the approach presented here lies in the fact that the approximation technique of
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[25] can be combined with the methods developed in [13] to determine the range for level
sets of the energy functional for which the Palais-Smale condition holds. This allows us
to obtain an approximating sequence by applying a linking theorem for local Lipschitz
functionals.

This paper is composed of three sections. In the next section we shall prove preliminary
results and -the main result in the third section.

Notation. In this paper we make use of the following notation:
- ¢, ¢, Ca, ... denote (possibly different) positive constants;
- Bgr(p) denotes the open ball with the radius R centered at point p of RY;
- LP(9), 1 < p < o0, denote Lebesgue spaces; the norm in LP(2) is denoted by |u/,;
- S is the optimal constant to the Sobolev embedding, DV2(RY) — L* (RY), that is,

S =inf{|Vul?: ue D"*(RY) and |uly- = 1},

where D'2(R") is the completion of CoF"**(R™) in the norm ||u|| := ( [on |Vu|?dz)"/2.
It is known (see [29]) that the optimal constant S is attained by the functions

CNE
(24 |z —x,

Ve oz, (T) 1= ( |2))(N2)/2 where ¢y := (N(N — 2))1/2_ (1.5)

2 Preliminary Results

To prove the theorem 1.1 we will combine variational methods applied to locally
lipschitzian functionals and an approximation technique as in [12, 25]. As starting point,
we solve the problem

{ —Au+ V(w)u = K(@)[ul* 2u+ f(z,u) in Q (11)a

u € Hy (Qr)

where Qy, is a cube in RY with length of edge k € N, L?)er(@k) is the space of k—periodic
functions of L?(Qy), and

Hyo(Qr) = H(Qx) N Ly Q)

The proof of the result of existence for problem (1.1),; will be based on the next
critical point theorem and its proof follows the same kind of ideas as those used in the
proof of an analogous result for differential functionals (see [2, 7]).

In what follows let X be a Banach space, ® € Lip;,.(X, R) means that the functional
® is locally lipschitzian from X to R and we denote by 0® the generalized gradient at
the point u € X of @ (see [16]).



Semilinear Schrodinger equations )

Theorem 2.1 Let X =Y & Z with dimY < o0o. Let R > Ry > 0 and z € Z such that
|z|| = Ri. Define
M={u=y+tz, |u| <R, t>0, ye Y},

['={yelC(M,X);v|lom =id} and c¢=inf maxI(y(u)), (2.1)
yel' ueM
where I € Lip,.(X; R) verifying

inf I(u) > max I(u). (2.2)

||u||:R1 u€OM
uez

Then there exists a sequence u, € X such that

I(u,) — ¢ and %111(n : |lpellxr — 0, both of limits taken when n — oo. (2.3)
pne Un,

The variational functional associated with (1.1), is defined by
1 2 2 1 1
Jox(w) = 5 (IVul* + V(z)u)dx — E\I/k(u) — Qo r(u), u € H,, (Q),
Qk
where

K(x)|u

Py (x)de.

By (1) = /Q k /0 " fr.0)dode and  Wy(u)

Qk

Using standard arguments (see [16]) we can find that @, € Lip,.(L*(Qk),R) for
2<s<2*and (I)a,k|H,%er(Qk) € Lz‘ploc(ngr(Qk), R). Furthermore, if p € 0, (u) then

f(z,u(z) —0) < p(z) < f(z,u(x) +0), (2.4)
in the weak sense.

We recall that the operator —A+V on Lf,er(@k) has discrete spectrum with eigenvalues
Aea < oo Mg < oo+ — oo and there is a finite (k) minimum of {i : A,; > 0}. Moreover,
every eigenvalue )y ; is contained in the spectrum of —A+V on the whole space and then
if (o, B), @ > 0 is the spectral gap around 0, we find that \;; ¢ (o, () for all k,i € N.
We denote by ¢y; the corresponding eigenfunctions. Since every function v € H;er(Qk)
is, by periodicity, also in H;er(ka) for every natural number m, we claim that every
eigenvalue of —A+V on L2 (Qy) is also an eigenvalue of this operator on L2, (Qumr) (see
27).

Furthermore, the space H;er(Qk) can be decomposed in the direct sum of the spaces
Y}, finite dimensional, and Z; both generated by the eigenfunctions corresponding to
negative and positive eigenvalues, respectively.

The quadratic part of J,,

() = /Q (IVul + V(@)u)de, u e HY (Q)
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is positive on Z; and negative on Y;. We may define a new scalar product (-,-)x on
H},.(Qx) and a corresponding norm | - ||, such that

| (Vo 4 Vn)de =~} for y € Vi,

k
/ (|V2]* + V(2)2*)dz = ||z||} for 2 € Z.
Qk

Let P : H),,(Qr) — Yi and Ty : H,,,(Qr) — Zi be the orthogonal projections of
H},.(Qk) onto Yy, and Zj, respectively. Using these projections we can write the variational
functional J, by the formula

1 1
Ja k(1) = §(I|Tku||i = [1Peull}) — 3 Vr(w) = Dap(u), w € Hye, (Q)-

In order to prove our main result of this section, we begin stating some basic lemmas.
Set

My r(20) ={u=y+tz, [Jullx <R, t >0, y € V}} (2.5)
for some fixed zy € Z; and R > 0, to be determined later and
Iy = {7 S C(Mk,R(ZO)v H;er(Qk));,y|aMk,R = Zd} (26)

We notice that the set 0J,(u) is weakly*-compact (see [16]) and then the minimum
of {||u|lx, 1 € OJur(u)} is attained by some pf € 0J, 1 (ur). We will use this fact in the
next lemma.

Lemma 2.2 Ifu, € H, (Q}) is a sequence verifying

per

k k k SN/2
Ja,k<un) — " with 0 < ¥ < W, and (27)
pE—0 asn— oo, (2.8)

then uf is relatively compact in H),.(Qy).

Proof. First we prove that the sequence u* is bounded in H;GT(Q;C). Let p* and
ok € 0P, 1 (uF) such that

i = G (un) = V() — o, (2.9)
We have for [[v]|, =1 that | (u¥,v) | < [|p¥ ||k, as n — oo, so that we can write

| (pl, k) | = enllup |l with e, — 0.

Using (2.4) with u_(x) = max{—u(z),0} as a function test we get

0= / p(z) (uif)pi1 ub _dr < / ofuf dr < / p(z) (uﬁ)pi1 uf _dr =0,

k
ulfL>a U]fLZa
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and then
(s ) = 0.
Consequently, using again (2.4) with uy () = max{u(z),0} as a test function, we obtain

Jajp(ub) =3 (pk ul) = L [0 K(z)|u[*dz + L (oF ul) — @y (ub)
= %fQ K(z)|u

—L [, p@)((uk)" = a?)H (uk — a)da

Zdr + 1 <0n, n+>

NfQ x)|ul|? dr + ( %—% fQ ) (uf)? H(uk — a)dz.
This fact combined with (2.7) infer the following crucial inequalities:
1 . n
~ | K@ de < +o0,(1) + %Hug”k, and (2.10)
p—2 k\P k k Enyk
— | pz) (ur)” H(uy —a)dz <+ 0,(1) + = Jup |1 (2.11)

On the other hand, we have

1 1
Tor(u) = o= Qi) = (k]2 — Pk )

+ <—* — —) / p(z) (ub)" H(uy — a)dz.
2 p Qk
Denoting Ty (uf) = 2, and Py (uF) = y, one obtains

1 1 1 1
el < Sl = 0) [ o) ()" Bk — a0+ s+ on(1),
so that from (2.11) follows

1 2 1 s (2" —p)2p ( k

£
ol < gl + 5o B0 (¢4 Sl + ¢ 4 2wkl + on(1).

Now, using (2.7) and since [[u[[f = l|lzall§ + lynlli and [lynlli < erluz]3, one gets

1

luali = eollunlle = es < esfugs, (2.12)
for large n. We notice that, from (2.12), it is sufficient to prove that the L? norm of
uf on Qy, is bounded to obtain the same result for ||uf||;, for each fixed k. Suppose, by
contradiction, taking a subsequence if necessary, that |uf|?2 — oo as n — ooand define

v, = uf /|uF|y. Thus, one has |v,]s = 1 and ||v,||x < c. In fact, by letting n; such that
|uk|y, > 1 for n > ny and from (2.12) it infers

1 1 1
lenll = allnlh = a < o (IR = calldlh = a) < e
ni2
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which implies that ||v,||x is bounded.
Now, we take ¢ € C3°(Qy) and use (2.9) to obtain

/ (Vufngb + V(x)ufgﬁ) do = K(z)[uf|* " pdr + <Jf§, gb> + 0,(1). (2.13)
Qk Qk

To proceed further, we shall estimate the two terms on the right side using the inequalities
(2.10) and (2.11) as follows

(2°-1)/2°
el < ([ s ae )
k

<[l [NV 4 0, (1) + enllun 1) V7 (2.14)

K(x)|u

2*
Qrk

On the other hand, from (2.4) it infers

ooy < [ o) (h) olde < [ ota) ()" ol 40! [ ptwloldz 219

uk>a uk>a

Besides, using (2.11) we get

. 2 (r—1)/p i En i & .
[ oo @y el < loklol, (S25) @ o)+ Sk 210

uk>a
Consequently from (2.13)—(2.16) follow that

| ka(VUanZS + V(I)Un¢)dx| < |ué‘2 (ka K(l’)Wé

2%

¢ldz + | {0k, ¢) | + 0n(1))

c (2*-1)/2* ~ 1)
< i (elk) + 0a(1) + Elluk TV 4 luk7V),

Uy, |2

where £, &, — 0 and (k) is a constant which depends on k. This implies that

| g (Vo Vo + V(@)vud)de] < 0n(1) + Enlulb sV oaliF 70 + Eulul VP oa |07
k
= on(1), (2.17)

where here We use that [|v, || is bounded. Therefore, there exists v, € H,,,.(Qx) such
that v, — v* in H},.(Qr) and v, — v* in L*(Qy). Since |v,|y = 1 one has [v*|; = 1 and

consequently v* # 0. But, from (2.17) it verifies
/ (VUFVo + V(z)vF¢)de = 0, Vo € C°(Qy),
Qk

which contradicts the assumption (h;). This proved that |uf|, is bounded. As a
consequence the norm |[uf]|, is as well bounded.



Semilinear Schrodinger equations 9

Now, taking subsequence if necessary, we have a function u, € H,,,(Qx), up — u in
per(Qk) and uf — wy, in L3(Qy), 2 < s < 2%
Next we Wlll prove that the convergence of u* to wy is a strong one. Indeed, let

wk =uf —wu, and 0<1= lim |Vwk|2de.

Then, we have w* — 0in H! (Q), wk — 0 in L¥(Qy) for all 2 < s < 2* and

per

(s wy) = ka [V |? + ka VupVwyde — V]| 2wy

AR lo o WPk = [ pla)lup ko
Thus
[+ 0,(1) < |K|oon [k > wkde + [ p(o)(uf — uy)de
uk >y
< Koo fo, Wb wkdr+ [ pe) (uh) de— [ pla) (uh)" weda
uk >uy uk >u

= 0u(V) + 1K (fo [ubJ? dx — [y, k[ usr)

= 0.1+ 1Kl (fy, e

2 de + [, Wk dz + o,(1) — [, |ug|2*—1ukdx)

= 0(1) + K] f, [h[*

2% /2
< on() + Kl (571 i, [VubPdz)

where here we used the Brézis-Lieb lemma (see [8], thm 1). As a consequence, taking
limit,

SN/2
TRk <l (2.18)
On the other hand, since we have
(o, )| = | = (b, 6) + fo (Vub Vo + V (2)ubo)dr — f, K ()b o

< enlldlle + cl(ur, )+ [Kloolu| - [] -

< clloll,

for each test function ¢, there is of € H}, (Qy) such that of — of in H),.(Qx) and
Jfl—>a’0“inL8f0rall2§s<2*.
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Now we will show that the following estimate holds to be true:

1 .
Jor(uf) > |Vwk|? + / K (2)|wk [* 7 Juy

2 Qk
Ly ok L k2

- <0n7 wn> -5 K(‘T”wnl +0n(1)' (2'19)
p 2 Qk

In fact,
Jor(ul) > 2fQ |Vwk|*dz — 2ka |Vuk|2dx—|—ka VutVuydr

+3 Jo. V(z)wkde — 3 Jo, V@i + [, V(z)upurde

~ 3 Jusa (@) (uh)" do = 32 [, K (@)|uf | da
= ﬂbWwﬁm+j¢Wmmﬂ-b (x)ulde
—5 (on, up) = (2)|uk " dz + 0, (1)
= 3 Jo, [VwilPdr + 5 fQ ) [uk 2 g | dae
—%<07’§, wy) = ka x)|uk ¥ dx + 0,(1),

where here we have used

(s lul) = Jo, (VupVug|de +V (x)uy ugl) da

— Jo, K(@)ug[*~Hug|da — (o, [ux])
holds and then
lim m@mﬁwm@:/(wwm+memm—@gmu

n—oo
k Qk

Hence, from (2.19) we conclude

1
N

+ (Qi - 2) (oht) + onl)

1
= ¥ ]Vw ?dz + 0,(1). (2.20)

1
Ja,k<ui) - § <:U’ﬁ7wﬁ>

v

|Vw |*dx + = / K(2)|uf |* jug|da

Finally, taking limit when n — oo in (2.20) it would be seen, from (2.18) that

N/2
> i > S—,
2N N|K|<(>]<Y_2)/2
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which contradicts that 0 < ¢* < SN/2/N|K|((>J§_2)/2. This proved the lemma. W

In the next lemma we shall check the linking condition (2.2) of theorem 2.1.

Take rqg > 0 such that Bs. (z¢) C @1, where xy is a center of the cube @);. Let
¢ € CP(RY,[0,1]) be a cut-off function such that ¢ = 1 in B, (zy) and ( = 0 in
RN\ By, (0). For each ¢ > 0 we set ¢.(z) = ((x )wgo( ) (see (1.5)) and extending as a
periodic function we have ¢. € H,,,(Qr). Let ¢. = ¢/k" and denote My r(e) the set
{y+tTepe : ||y +tTrpe|lr < R, t >0, y € Yy}, defined in (2.5).

Lemma 2.3 There exist R > Ry > 0, independent of k, such that

inf  Jyp(u) >  sup  Jyk(u)

Hqu:Rl 7 ueBMk,R(e)
uEZy
Proof. Since p is continuous and periodic we have for z € Z that

Bas@) < [ [a@)Pds < el
Qk

where ¢ depends only on |p|s. Thus,

IK\oo

1
Jar(2) = Sll2li = = ll2lE = ell=I;

and since p > 2 we obtain R; > 0, independent of k, such that if ||z||z = Ry then
Jmk(Z) >a > 0.

If w € OMyg(e) and t = 0, then J,x(u) < 0. Solet R = ||y + tTppc||x with £ > 0.
Therefore

Ty +tTwoe) = =3yl + SIeTep: i — 5= Jo, K@)y + tTipe]” do — @op(w)

2
—%H?JHi + %HtTkSOsH% o lnfzeRN K fQ |y + tTk905| dI
where here we used (hy). In accordance with (see [14])
’tTkSOE‘LQ* S C|y + tTkQOE‘LQ*

we obtain

1 t2 . .
Jap(y + tThp:) < —§Hsz + §HtTk905”i — ct® [tTypel7 e

Moreover, since ||y + tTrp:||2 = ||yl|2 + t||Tre:||2 we infer ||y + T |lx — oo if [Jy]|z — oo
or t — oo. Therefore, J, x(y + tTip.) — —oo when ||y|| — oo or ¢ — oo, which proved
the lemma. W

In the next step we will be using the assumption (h3) to get appropriate estimates for
the minimax levels.
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Lemma 2.4 For each a > 0 we have u* critical point of J,; at minimaz level c* given

by

= inf max J,.(y(u))

vETE uEMy, R(€)

Furthermore, 0 < ¢k < SN2 /N| K| 272,

Proof. Here we will use some ideas from [13]. From lemma 5 in [13] there exists g
such that Typ. #Z 0 for each 0 < e < gy. Now, let

Mk(e) ={r =y +tTip., y € Yy and t > 0}.

We are going to prove that for each a > 0 and p verifying (hs) it holds

SN/Q
SUP o < NN
ueN (e) NIK|S™
In fact, let s > 0, u # 0 and define
1 9 1 2
I(u) = = (|Vu] + V(SL’)U) dr — — (x)|ul” dz.
2 Qk 2 Qk
Then, we have
I(u) > Jyr(u), and (2.21)
1 (Jo, (VIul* + V(x)u?)dz)V/?
< — k . .
= N, R o (222)

Next we will be using the following estimates with respect to ¢, (see [13]):

Vel = SY2+0(eV),
Vi = OEW27),
el = SYP+0(Y),
pel3si = O,
pch = O(EW272).

Set ||u

k= ka K(x)|u|* dr, and u = u~ + tTyp., with Pyu = u~, t > 0. Thus

o (N—2)/N
g*,K = (”% 3*,K+O(5N 2))

|K|(N=2/N gWN=2)/2 L (e (N=2%/Ny " and (2.23)

||Tk90€

IN

| |V905]2d93 — / |V(Tk¢5)|2dx| + / |V305]2dx = 0N + SN2 4 O(eM). (2.24)
Qk Qk k
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Now, by using (hs) and the previous estimates we obtain

1T l3e e = (IToel3 )™
= (lpelZ s + OV 2)) T
< ( ( )SN/2+O( )+O( N—Q))(N—2)/N
|K|(N=2/N gIN=2)/2 | () ((N=2)*/Ny, (2.25)

Thus, setting ||ull3- , = 1 and taking into account (2.21)-(2.25) in the equation

V (tTy .
/ (|Vu|2 + V(x)u2) dr = —||u”||3 + ||t(T—k<'0)|2|tTk Oel3e + 1 V() (tType )?de,
Qk Qk
we deduce
SN 2
/Q (Vul* + V(2)u®) de = WH Loel|N g+ 2NN, (2.26)
k

Now, we have that ¢ is bounded and if

-2 o < et eNIN-2)/(N+2)

then

[tThpe 5o < 1+ ce™ 72,

since it holds that

5 x> |[tThp: %:,K + 2”“ * K — ¥ NI =2(VH2)
A L )
Otherwise we get
[tThpe||30 i < 1.
Hence, in any case, we have
[#Thp. 13 < 14+ O(N2). (2.27)

Now we estimate the part related to the discontinuity f, namely, the expression
involving the primitive F(z,v) = p(z)H (v — a)vP:

|ka z,u” + e )d fQ (x,u”)dr — ka F(x, tTrp:)dz|
| Jou BT p@) H(w + 0 = a)u™ + o) o — [y [} p(a) H(o = a)orda
SCO@HR%WFWWM+2@JHMHM@

<c <t|u*|oo|chpg|L1 + o

Jo, 1tThepel? — Isoalpd:c‘ +2t7 [, Isoal”dl“)

IN

¢ (eWV-2/2 4 8N—p(N—2)/2)

)
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where ¢ is independent of € since (2.27) holds. Analogously one gets
| F(z,tTyp:)dx — / F(z,p.)dz| < csN=2/2,
Qk Qk

Consequently, going back to (2.26) and joint up the previous facts, we get

SN/Z
Jag(su) < ——Fx= +c (5(N72)/2 + 8N7P(N*2)/2) — / F(z,¢.)dx. (2.28)
N|K | 2 Qk

Let 1 < gg such that the inequality a < cy/ 5§N_2)/ % holds for a > 0 fixed. Hence, for all
e <&y we get a < cy/eN72/2. Thus the positive radius r(¢) defined by

- CNE 2>1/2
r(e)-(—aQ/(N_Q) €

is well defined and less than r given by (hs3). Furthermore the following inclusion holds

Br(g)(O) C {[L’ € Qr, v > a}.

Hence, by using (h3), we can conclude

[ e -t = (oo ()" ) do - @l nn

pe>a Br'(s) (0)

= 0(87—) - O(gN/Q)a

where iy is the volume of the unit ball in RY. Now, using this estimate together with
(2.28) and taking ¢ small enough, the conclusion of the lemma readily follows. W

Lemma 2.5 Any critical point uy of J, i satisfies ||ug||x < ¢ (independent of k).
Proof  We have M, g(e) C My41(¢). In fact, since we can write

Thpe(x) = Y o5(x),
with a5 =[x we(z)e;(x)dz then

Tiargl) = Tiplo) - [ oralen(olie) o)

so that, if y € Y} and ¢t > 0 one gets

v+ Tigele) =y+ tTipn(o) = o [ oo ) o),
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Hence, if u = y + tTrp. € My r(e), then

u=y+t (/ @e(x)ek(x)dx) er(x) + tTh1pe(z) =+ tThr10:(x), with § € Yiiq.
]RN
Therefore, for h € Ty, (defined in (2.6)) we have

sup  Japr1(h(u)) > sup  Jypt1(h(u))
uGMk+1(€) UEM]C’R(€)

On the other hand, if u € My, g(e), one has

o (h(w)) > Jopr1(h(u)) and T'y C Ty,

then
inf sup  Jorti(h(w)) < inf  sup  Juip(h(w)),
h€T ki1 ye My () () he€lk ye My, p(e) (h{u))
which proved
SN/Z

k+1 k 1
c << << —.
= = = N—2)/2
N|K|Oo( )/

Finally, using the same arguments of the proof of lemma 2.4, we can establish a uniform

bound for [jug]|,. W

Remark 2.6 As a consequence of these lemmas and from theorem 2.1, we have already
proved, up to this moment, that for each k the functional J,j associated to (1,1)y has a

critical point uy at level ¢* € (0, SN/2/N|K|((>§_2)/2) and ||ugl|x < ¢, for all k € N.
Proposition 2.7 There is a sequence & € RY and s, n > 0 such that

lm sup Jug|72 (0.0 = 7

k—o0

where Qs(&k)) is a cube with edge length s and centered at .

The proof of this proposition follows immediately from the next auxiliary lemmas

Lemma 2.8 There exists ¢ > 0 independent of k such that ||ug|lx > ¢ and Jox(ug) > ¢
hold for each nontrivial critical point uy, of Jo k.

Proof Since (a, (3) is in the spectral gap, there exists ¢ = ¢(«, () > 0 such that

k()] = clullzgy): 1€ Hper(Qr)-
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Therefore for € < 1 we get

[Ce(ur)| = el Jo, (IVul* + V(z)u?)da| + (1 = e)| Jo, (IVul* + V(z)u?)dz|

= €ka(|Vu|2 ¢ maXV(x)|u|L2(Qk)d$ +(1- 5)C|U|L2(Qk)
TEQK
= ellullt + (1 = e)e =& max V(2)lulizq,

Thus, taking ¢ small enough, we obtain

[Ce(u)| = erllulli, w € Hye, (Q), (2.29)

per
Let uy be a nontrivial critical point of .J, ;. Then, by using (2.29), one gets
cllull < [6e(w)] < callunlli + esllux]”,

So that, since the polinomium p(t) = cytk? =2 + c3tP~2 — ¢; is nonnegative for ¢t > ; for
some €7 > 0, the conclusion readily follows.

Finally, using the fact uy, is a critical point of J, ;, we have o), € 0P, ;(uy) such that
0 = 0 (ug) — V). (ur) — og. Therefore

Jag(ur) > 3l(uy) — 55 [, K

Ydr — % (O, |uk])

= 3 <€k(uk) = Jo, K(@)|wl* dz — (o, |uk|>>

+ (3= %) Jo K@l do+ (5 = 1) (o, fual)
> min{1/N, (p — 2)/2p}C(ur)] = [lullz-
and the proof is completed. W

Remark 2.9 The same arguments could be used to prove the result above for J the
functional associated with (1.1).

Next we shall use a modification of the well known concentration-compactness lemma of
P.L. Lions [23].

Lemma 2.10 Let @), be the cube of edge length l,, — oo as n — oo centered at the
origin, and K,(§) be the closed cube with the edge length r centered at the point §. Let
u, € HL.(RY) of l,—periodic functions such that ||ug| g, < ¢ for some constant
independent of n. Suppose that there is r > 0 such that

lim inf (sup/ ]u,ﬁdm) = 0.
nee & JEK(§)

Then |ty za(@,) — 0 as n — oo for q € (2,2%).
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Proof  For the proof see [25].

Lemma 2.11 Let u; be a sequence verifying

SN/Q
Jy A G ——)| i 0 k .
sluw) =< e and it Nl = 07as k= oo

Then either
1) ||ug]|lx — O when k — oo, or
2) there is a sequence &, € RY, and s, n > 0 such that

T funl 72, ) = 70

Proof Suppose that (ii) does not hold. By concentration-compactness arguments (see
lemma 2.10) one has
|ug|Le — 0 for 2 < ¢ < 2*.

/ V(z)ui — 0.
Qk

Following [13] we have

On the other hand, it holds

| ok, ug) | < c/ |ug|dx — 0, and
Qk

| D s (ug)] < c/ |ug|Pdz — 0.

k

Thus ) .
Tustun) =5 [ [Vunfde = 5o [ K@)l de + (1), and
2 Qk 2 Qk
0= / Vurl2de — [ K(@)ul? de + ox(1).
k Qk
Consequently,
1 .
& =— [ K(z)|ug|* dz, and (2.30)
N Qk
' 2/2*
> S|K|P* ( K(x)\uk|2*d;v> + ox(1).
Qk
Therefore

l > SN/2|K|(;O(N_2)/2.
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This and (2.30) imply that
SN/2

lim ¢ > —————,
k—oo N|K’g_2)/2
which is a contradiction.
Finally, since uy, verifies 0 = I} (ug) — V. (ux) — ok, we obtain

0= —||zk||2 — / K(x)]uk]T—Zukzkdx — (ok, 2k) , and
Qk

0= [lyl® — / K () |we* “*upynde — (on, yr) |
Qk
where z, = Tpuy and yp = Pyug. So that, since

o2y | < [ pla)ul " |zlda

uk>a
< fQ 71‘2k|d5€
< C|Uk|Lp ]zlep — 0,

it follows |Jug|/x — 0 and (i) holds. W

3 Proof of The Main Result
As a consequence of the results of the previous section, we have a bounded sequence of
solutions wuy, of (1.1), 4 which verifies
2
|kl T2Que) = 1> 0,

for all £ and for some s € (0,1).

Now, we denote by &' the ith component of vector &, the center of cube Q,(&;) given
in proposition 2.7 and b = [€}], i =1,---, N is the greatest integer equal or less than
&:. Next, defining a new sequence Uy, as

we find that

|ak|%Q(QS+1(0)) 2> 1. (3.1)
On the other hand, since K, V and p are 1-periodics we get, by taking (), centered at
the origin,

Jop(ue) = 5 fo, (IVux(@) + V(@)up()*)de
—5 Jo, K(@)u(@)[* dz — [, p(x)H(u(x) — a)(u?(x) — a?)dz
= 3 o V(@) + V(@)ir(e)?)dr — 3= [5, K (@)|an(x)* de
— J5, p(@)H (@ (x) — a)(@(x) — a”)dw

Jor (@),
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where @k is the cube in RY with length k& and centered in —by,.
Now using that wy, is a critical point of J,, we have o), € 0P, x(uy) verifying

F(a,wi(x) = 0)g()dz < / on@)o@)de < [ fla,ul@) +0)6(x)da,

Qk Qk Qk

for ¢ € C°(Qk), ¢ > 0. Then
0 = / (Vi (2)Vo(z) + V(@)u(2)d(x))dz
Qrk

— [ K@ (@) é(x)de - / o ()b(x)dx

Qr Qk

- /Q (Vit(@) V(@) + V(@) () d(x)da

- /\K@M@“ﬂﬂ@g@Mx—/:8“@5@M@zmd (3.2)
Qk Q

@ﬂmM@%%mmgﬁﬁmﬁwwgAf@ﬂ@ﬂ%@m, (3.3)

Q Qk
where here oy (x) = op(x + by) and gg(x) = ¢(x + by).

Thus from (3.2) and (3.3), we have @ as a critical point of J,z. Now, by using the
same arguments as before, we can conclude that 1y, is bounded in H} (RY) and, taking
subsequence if necessary, we obtain u € H. (R"Y) such that @, — u.

Furthermore, from the assumption on the growth of the function f it follows that
|Gk|lx < ¢, where ¢ is independent of k. Hence, taking a subsequence we have o, — oy
and o%(r) — oo(r) almost everywhere z € RY for some o9 € H] (RY). Therefore, by
taking limit in (3.3), we get

oo(z) € [f(u(z) = 0), f(u(z) + 0)],

almost everywhere in RY. Then passing to the limit in (3.2) and from the interior elliptic
estimates one gets u € VV;E (RY) and

—Au(z) + V(2)u(z) + K(z)u(@)* " € [f(u(z) —0), f(u(z) + 0)],
almost everywhere in RY which proved that u is a solution of (1.1). Finally we observe
that, by (3.1), u # 0.l
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