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We give a new variational formulation for the two-sided obstacle problem with measure
data. This formulation allows to prove in particular that the solution does not depend
on the part of the data which is concentrated on a set of zero newtonian capacity.

1. Introduction

We first recall a phenomenon originally observed in [1] for some variational problems
of Thomas-Fermi type. Let  be a smooth bounded domain in RY containing 0
and consider the problem

—Au+ [uP~lu =4 in Q,

1
u=20 on 0f). (1)

It was proved in [1] that if p > &5 with N > 3, then (1) has no solution in
the sense of distributions with v € LP(Q). However, in some sense, the unique
“natural solution” is v = 0. This has to be interpreted in the following way: take
any sequence f, of smooth functions such that f,, — J in the sense of measures and

fn — 0 strongly in L} (Q\{0}) and let u,, be the solution of

loc

—Auy + |un P tu, = fo in Q,

Uy =0 on 082,
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then u,, — 0in L', (uy,) is bounded in L?, u, — 0in LY (2\{0}) and |u, [P~ tu, — ¢

in the sense of measures (see [3]). Some variants of this result were obtained in [14],
for this type of problem as well as for solutions of variational inequalities.

The obstacle problem associated to the constraint |u| < 1 corresponds, roughly
speaking, to the case p = oo in the previous example, i.e.

{Aquﬁ(u)Bé in Q,

2
u=20 on 0f), @

where ( is the graph

[0, 00) ifu=1,
D(B) =[-1,1], PB(u)= 4 {0} if —l<u<l,
(=00, 0] ifu=-1.

The standard formulation of problem (2) in terms of variational inequalities when
J is replaced by f € H~ ! is

1
inf { = 2_ 3
we {5 [vep= [ 1] 3)
where K is the convex set
K = {u e H)(Q); Ju] < 1}

or equivalently,

ue K

Vvek, /QW-V(vfu)z/qu. (4)

The defect of this formulation is that it makes no sense when f is a general measure,
e.g. f =0, because u € H}(Q) need not be continuous when N > 2. [When N = 1,
problem (3) admits a unique minimizer for every measure f, and throughout the
rest of the paper we will assume that N > 2.]

To overcome this difficulty, one possible approach is to consider a variant of (3):

1
inf - 2 _ i 5
unglcm){Q L= [ fu} (5)

There are now various natural questions when f is a measure:

(1) Does every minimizing sequence for (5) converge to a limit (independent of
the sequence)?

By analogy with the case of problem (1), one may ask:

(2) When f =4, does every minimizing sequence for (5) converge to 07
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The answers to both questions are indeed positive (see Theorems 1.2 and 1.3). The
main new idea in this paper is to dualize problem (3). For f € L%*(Q), the dual
problem (in the sense of convex duality, see e.g. [4], and [10] p. 108) of

min {5 [ 1ve? - [ 1} (6)

1
min {—/‘Vh2+/ﬁAh+f@. (7)
hEHJ (2) 2 Q Q

AheM(Q)

is

Here M((2) denotes the space of Radon measures on (2, i.e. the dual of C°(Q). More
precisely, let us recall the theorem.

Theorem 1.1 ([4]). For any f € L*(2), there exists a unique minimizer of (6),
say ux, and u, € H*(Q). Moreover, u, is also the unique minimizer of (7) and

%/QVU*F/qu*(%/Q|Vu*|2+/QAU*+f> :

An interesting application of this theorem is for a problem arising in [15] where
the analysis of the Ginzburg-Landau functional with magnetic field yields a mini-
mization problem which is exactly of the kind (7), thus the minimizer is identified
with the solution of an obstacle problem (the authors in [15] were not aware of this
theorem and gave a direct proof without duality).

When f € L? is replaced by a general measure p, problem (6) does not make
sense. However, it does make sense when p is a special measure belonging to L' +
H~!. By contrast, problem (7) makes sense for a general measure p and admits a
unique minimizer.

Definition 1.1. The solution of the obstacle problem with data p € M(Q) is the

unique minimizer of
1
min {—/’Vh2+/ﬁAh+u@. (8)
renl@ |2 Jq Q

AheM(Q)

Our first result relates this minimization problem with

1
inf — \Y% 27/ . 9
uGKIr?CU(Q) {2 /Q [Vl Qu,u} ®)

Theorem 1.2. For every measure u € M(Q), we have

1
inf = Y 2—/
uexlrﬁlcm){?/n' u QW}

1
= — min {—/ \Vh\2+/ |Ah+u|}. (10)
heHJ () 2 Q Q

AhEM(Q)
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Moreover every minimizing sequence u, for (9) converges strongly in HE(Q) to the
solution of the obstacle problem (in the sense of Definition 1.1).

The only proof that we have for (10) is not via a simple regularization as one
might expect; it is quite indirect and relies on the decomposition of the measure
1 described below. Returning to the case of the Dirac mass, we may now see that
the solution of the obstacle problem (in the sense of Definition 1.1) with p = ¢ is
h = 0. Indeed, since a point has zero H'-capacity, there is a sequence of smooth
u, € H3 ()N C%(Q) such that 0 < u, < 1, u,(0) =1 and u,, — 0 in HZ(2); hence

1
inf {—/ V2 —u(O)} <1
Knco() | 2 Ja
Therefore, by Theorem 1.2,
1

min {—/ \Vh\Q—l—/ |Ah—|—5|} >1;
hEHé(Q) 2 ') ')
AheM(Q)

hence h = 0 is the unique minimizer and

1
inf — [ |Vul? —u(0) b = —1.
Kﬁﬁm{ZLu M)}

This is a special case of a more general phenomenon, namely the solution “does
not feel” the part of the measure p which is concentrated on a set of zero capacity.
To make this rigorous, we need the following lemma. The first assertion can be
found in [11], the second will be proved at the beginning of Sec. 2.

Lemma 1.1. Let p be a Radon measure and N > 2. Then p can be decomposed in
a unique way as [t + v where

e [i is a measure that vanishes on sets of zero capacity
e v is a measure concentrated on a set of zero capacity.

Moreover,

= I —|—1/
{M+ Mt + (11)

P = fi + v,
where, for any measure, p4, p— denote the positive and negative parts of p.

Here, capacity refers to the standard newtonian capacity, i.e. Hj-capacity.
Another useful lemma is

Lemma 1.2 ([7]). A Radon measure i vanishes on sets of zero capacity if and
only if it admits a decomposition

p=k+n

with k € LY(), n € H=1(Q). Here, the decomposition is not unique.
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In particular, measures in H ! vanish on sets of zero-capacity. A partial variant
of Lemma 1.2, when Hg-capacity is replaced with W?%P-capacities, was first proved
in [12], using a lemma from [2]. In view of Lemma 1.2, we see that [, iu makes
sense for every u € Hg(Q2) N L>°(2) provided we interpret [, fu as [, ku + (n,u)
where [, ku makes sense since k € L'(Q) and u € L>(Q2), while (n, u) makes sense
since u € H}(Q2). In particular, problem (6) makes sense when f = ji, and admits
a unique minimizer.

Theorem 1.3. Let u be any measure in M(Q) and let p = fi + v be its decompo-
sition in the sense of Lemma 1.1, then

1
—  min —/ |Vh|2+/ |AR + pl
hGHé(Q) 2 Q ')

AhReM(Q)

.1 2 .
“n s oo o} o
. 1 2 -
=— min = [ |Vh]"+ [ |[Ah+fa|ly— [ |V
reund@ |2 Jq Q Q

AhEM(Q)

and minimizers coincide, i.e. the solutions of the obstacle problem for u and i are
the same.

Another approach to the one-sided obstacle problem u > —1 with measure data
was given in [8]. Their formulation is quite different from ours. It does not rely on
duality but instead on methods of potential theory, i.e. the solution is the smallest

function in H} satisfying
—Av >,
{ o (12)

v>—1.

Their main result asserts that the smallest function exists. Moreover, it was proved
in [9, Theorem 4.3] that this solution is unchanged when p is replaced by i + v
(v+ being the positive part of v). We believe that there is a similar formulation for
the two-sided obstacle problem —1 < u < 1 and that it coincides with the solution
we have obtained. At least when pu < 0, the solution in the sense of (12) coincides
with our notion of solution.

In Sec. 2 we present the proof of Theorems 1.2 and 1.3. In Sec. 3, we give some
additional results and generalizations.

2. Proof of Theorems 1.2 and 1.3

As announced we start with the

Proof of the second assertion of Lemma 1.1. Let vy and v_ denote,
respectively, the positive and negative parts of the measure v. We recall that v
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is concentrated on a set of zero-capacity. We claim that there exist sequences &,
and ¢, of C§°(£2) functions that satisfy

0<&. <1 0<¢ <1,
[€nll 1) — 0 [¢nll 1) — 0,
&n — 0 ae. G —0ae.,

13
og/ﬂafsn)uﬁo og/ﬁ@—cnwﬁo, 1)

Og/ﬁnl/_—>0 OS/Cnl/+—>O.
Q Q
This can be found, for example, in [14, Lemma 2.1]. For the convenience of the

reader, we present here a simpler proof.
Let us fix some ¢ > 0. By definition of [, ||, there exists w € C§°(£2) such that

lw] <1 and
/waz/ﬂh/\—é. (14)

Since cap(supp v) = 0, there exists 0, € C5°(£2) such that 0 <n, < 1,7, =1in
a neighborhood of the support of v, and ||| g1 (q) — 0. Then, using the fact that
Nn = 1 in a neighborhood of the support of v, we have

/nnwl/:/wyz/h/\f(;.
Q Q Q

It is immediate to check that ||n,wl|g1(q) — 0. Thus, for N large enough,

Invwll @) <6

o= [ 1-s.

Since this is true for any § > 0, this means that we can find a sequence wy, in C§°(€2)

such that
/ v — / W, el = 0.
Q Q

Then, &, = w; and (, = w,, (respectively positive and negative parts of w) provide

@t =wns—v) = [ .

Indeed this means that

/52(1*§n)V++/Slan—+/Q(1*Cn)l/7+/ﬂénv+ao

and

what is needed since
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but each term in this sum is nonnegative, hence each term tends to zero. This
completes the proof of (13).

Consider v a nonnegative test-function in C'(Q2), and ji given by the second
assertion of the lemma. Remark that

/ I / up / by = sup / by (15)
Q o<u<1i Jq Q o<u<1 Jo
weC (%) weCS ()
Let us fix a § > 0, and consider u in C*°(Q) such that 0 < v < 1 and fQ Yufl >
Jo ¥fiy — 6. We then use the functions &, and (, defined in (13) and set v, =
&n(1—u) + (1 —¢y)u. First, 0 < v, < 1. In addition, (v, —u)y — 0 in H}. Indeed,
Vv, —u) = (1 —u)VE, —uVE, — (& + ) Vu.

The first two terms tend to 0 in L?(Q) by strong H! convergence of &, and (, to
0. For the second term, observe that &, + ¢, — 0 a.e., and |, + (.| < 2, while
|[Vu|? € L, hence applying Lebesgue’s dominated convergence theorem,

/ € + Cal?[Vf? 5 0.
Q

Thus (v, —u)y — 0 in Hy, and a.e.

Next, using the result of Lemma 1.3, we can decompose i as k + n with
ke LY(Q), n € H (). Using Lebesgue’s dominated convergence theorem again,
fﬂ Ykv, — fﬂ tku, and by the strong H(2)-convergence of ¥v,, to 1u, we have
(n,Yvy) — (n,Yu), thus we deduce that

/wvnu /wkvn n, Yoy,) —>/kau+<n,wu>. (16)

On the other hand,

vy

‘/w (1= )1 u) + Cuurs

SQ/(l_fn)V-l-—i_CnV-l-—)O
Q

in view of (13). Similarly,

‘ /ﬂ o

< ‘ [ wtent =)+ (1= G-

§2/Q§n1/_+(1—g“n)1/_—>0.

We can now write

R R e R
> [ it [ vvi s
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Therefore,

wp [z [vi s [ o
0<v<1 Q 0 Q

vEC™®(Q)

and using (15) again, we deduce that

/QWH > /Qlﬁw + vy (17)

Similarly, considering 0 < u < 1 such that [, Yup > [,¥fi— — ¢ and using v, =
—(n(1 —u) — (1 — & )u, we have —1 < v, < 0 and [, voupp — [ Yufi_ + Yv_.
Finally, we are led to

Ry R (15)
Q Q
Adding (17) and (18), we get

Jotu = [ s it = [ ol vl

But, by the triangle inequality, the converse inequality also holds, thus there is
equality in each inequality (17) and (18), which proves that

/52¢M+=/Q¢(ﬂ++7/+)

[one= [ vt v,

Since this is true for every nonnegative 1 € C*(Q), we deduce the result. O

Consider now the Hilbert space H} (£2) equipped with its standard scalar product

(u,v) gy = [ Vu - Vu. Given p € M(Q), consider the convex function ®,, : Hy —
(—00, +00] defined by

Ah+p if Ah € M(
50— [ 1an+u (@)

400 otherwise .
Lemma 2.1. We have

[ — if .e.
R B R IR R
+00

otherwise,

where @}, denotes the conjugate of the convex function @, i.e.

5 (f) = esbu(% )(<f, 9 — 2u(g))-
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:@;_/QM. (19)

®* (f) = Vf-Vg— [ |A .
u(f) ge?&)(/n f[-Vg /QI g+u>

Consider any g € H}(Q) N D(®,); clearly Ag € H-1(Q) N M(Q) hence Ag + fi
is a Radon measure that vanishes on sets of zero-capacity. Thus, using the second
assertion of Lemma 1.1, we can write

/\Ag+m:/|Ag+ﬁ|+/\V|,
Q Q Q

and we deduce (19). Hence, there only remains to compute U

Proof. Step 1. We have

Indeed,

Step 2. We claim that for any f € Hg(Q),

/fu /|y\ if |f] <1 ae., 0

otherwise.

In view of Step 1, it suffices to prove that

/fﬁ if |f| <1 ae.,
Q

otherwise.

After integration by parts, we find

v = sw (= [ rag- [1ag+il).
geED(®y) Q Q
Thus,

oi(f) = sup /fh =l
heH—1(Q)
hEM(Q)

Using the decomposition i = k + n given by Lemma 1.2, we can choose h =1 + (
with ¢ arbitrary in L2(Q), and write

@7 (f) ><Seu]£>2/fn+c ¢ — k| (21)
_ — |kl 22
> swp [ gcic [ ik (22)

Thus, if [f| < 1 a.e. is not satisfied, we deduce from (22) that ®3(f) > +oo. If
|f| <1 a.e., then taking in (21) a sequence (,, in L? which converges strongly to k

in L', we deduce that
~(f f k) = fii. 23
) = / (n+k) / 12 (23)
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Step 3. We prove the converse inequality. If f € HE(Q) N C°(Q) and |f]| < 1 a.e.,
then, for all g € H}(Q) N D(®z),

[ vr-Vo-sa= [ ~rag—fa< [ 189+,
hence <I>* ) < fQ fii. Combining this with (23), we deduce that

Ve HN Q) NCYQ), @i( /f” il <1ae, (24)

otherwise.

Let now f € H}(Q) with |f| < 1 a.e. We can find a sequence f,, € H} N C°(Q) such
that

fo = fin Hy(Q),
fn— [ ae.,
[fn] <1 ae..

Then, like for (16), we have

| o= [ ktor it [k +on = [ 1a (25)

Consequently, using the lower semi-continuity of @7 and (24),

5 (f) < liminf ®%(f,) = 1iminf/Q ol = /Qf,a.
With (20) and (19), this completes the proof of the lemma. |

We are going to use the following standard lemma about duality of convex
functionals.

Lemma 2.2. Let ® be convex lower semi-continuous from a Hilbert space H to
(=00, +00], then

min <—||h||H + <I>(h)> = — iy (—IuIH + @ (- )>

heH

and minimizers coincide.

Combining this with Lemma 2.1, once for &, and once for ®;, we deduce that

1
—  min {—/|Vh|2+/|Ah+,LL}
heHé(Q) 2 Q Q

AheM(Q)

1
= — min {—/|Vh|2+/Ah+[L}/V|.
rert@ (2 Jq Q Q

AhReEM(Q)



A Variational Formulation 367

and minimizers coincide. This concludes the proof of Theorem 1.3. In order to
complete the proof of Theorem 1.2, there only remains to prove

Lemma 2.3. We have

1 1
inf  d- 2_ — min< - 2 [ upl - .
ueKlmnCO(Q){Q/QVu /Qu,u} 7%1£{2/52vu /Quu} /QM

Proof. Let u be the solution of ming {3 [, [Vul? — [, uji} — [, [v]. We can find a
sequence u,, € H}(2) N C°(Q) such that

un, — uin H}H(Q),
Uy, — U a.€., (26)

|un] <1 ae..
Using the functions &, and ¢, introduced in (13), we set
Up = Up + En(1 —up) + (=1 —uyp). (27)

Observe that v, € C°(2) N K, hence it is a suitable test-function for our problem.
We just need to prove that

1 1 -
5/ |an|2—/vnu—>§/ \VU\Q—/u,u—/ lv]. (28)
Q Q Q Q Q

First, we show that v,, —u — 0 in H} and a.e. Indeed,
V(Un — U) = V(un - U) + (1 - un)vfn - fn(vun - VU) - gnvu
+ (=1 —un)V¢ — (n(Vu, — Vu) — . Vu. (29)

But, observe that &, — 0 a.e. and |&,| < 1, while |Vu|? € L'(Q) hence applying
Lebesgue’s dominated convergence theorem,

/ €2 Vuf® 0.
Q

Similarly, [, [¢n?|Vu|?> — 0, and all the other terms of (29) tend to 0 in L? by
construction of u, and (13), hence we deduce that v, — w in HJ(2), and also
a.e. Like for (16), we deduce that [, vnfi — [, ufi. Then,

/vnu:/vnﬁwrvny
Q Q
:/uﬂ—i—/1/++l/_+/(Un—l)l/_,_—/(vn—l—l)l/_—l—o(l).
Q Q Q Q

/Q (vn — Dy

But,

/Q (1= ) (ttn — 1)+ Ca(—1 — wn)) v

<2 / (1= &)vs + Gy — 0, (30)
Q
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in view of (13). Similarly,

/Q (vn + D)

/Q (1= o) (ttn + 1) + €n(1 — un)) v
< 2/(1—Cn)v_+€n1/_ —0.

/Un,u—>/uﬂ+/l/++l/_. (31)
Q Q Q

With the strong Hj-convergence of v, to u, we deduce (28). This proves that

1 1
inf = szf/v <—/ Vuzf/qff/y
WO(Q)2/Q| e fon<g [1val = [ui- [ 1

ST R
= min — Vol = | v — v|.
ing [ (9o = [on- [
On the other hand, clearly,

1 1
inff_/WU\Q—/UMZ inf?—/\Vv|2—/vﬂ—/|y\
Knco(@) 2 Jo Q Ko@) 2 Jo 0 0
<~ min — v — v — V.
K 2 Jq Q o

Thus, there is equality, and if v, is a minimizing sequence for (9), it is also a

‘We deduce that

minimizing sequence for min g % fQ |Vov|2 — fQ vji, thus converges strongly to the
solution of the obstacle problem. O

3. Additional Results and Generalizations
3.1. Generalizations

All our results can be generalized to the case of general obstacles ¥ < u < ¢,
where 1 and ¢ belong to H*(Q2) N C°(Q) and are such that 1 < ¢ in Q, ¢ <0 on
0 and ¢ > 0 on 0. The convex set

Ky ={h€ Hy(Q); ¢ <h <}
is nonempty. Indeed, it contains for example the function
w = max(min(p, 0),9),

which is also continuous. In this case, the solution of the obstacle problem with
measure data p and obstacles ¢ and ¢ is defined as the unique minimizer of the
convex functional
) 1
min =
herl(@) 2
AheM(Q)

/ VR + / (A + )_| — BI(AR+ )], (32)
Q Q
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where (Ah + p);+ and (Ah + p)— denote the positive and negative parts of the
measure Ah + p. Note that this functional is indeed convex because

/Qso\(AthM)—l—w\(AthuM =/Q(w—w)\(AhﬂLM)—\+(w—¢)\(Ah+u)+|

- [ wl@h+p)

which is convex in h (since ¢ —w > 0 and w — 3 > 0).

Theorem 3.1. Let u be any measure in M(Q) and let p = fi + v be its decompo-
sition in the sense of Lemma 1.1, then

. 1
~ min 5 [IORR [ i@ )] =l )]
neny@ 2 Jo Q
AheM(Q)

BRI Sy
= min = Vul*— [ uipp — v_ —Yv
UGKW{Q Q\ | | . +

. 1 - .
= min {5 [19hE+ [ olahe - - vian s}
hend (@) Q Q
AheEM(Q)

— [ =i (33)

and minimizers coincide, i.e. the solutions of the obstacle problem for p and [ are
the same. Moreover,

1 1
inf - vZ—/ =— mj —/vzﬂ‘/ Ah _
uem,lfﬂm(ﬂ){?/sz' u Q’“‘} W, g Jo VR ) Pl ARt i)

AheM(Q)
—P|(Ah+ )] —/ ovi — v, (34)
Q

and minimizing sequences for this infimum converge strongly in H(Q) to the solu-
tion of the obstacle problem.

Proof. The proof is basically the same as for the case of obstacles 1 and —1.
One defines

B, (h) = /Q<PI(Ah+ﬂ)f\fwl(Ah+ﬁ)+| if Ahe M(Q),

+00 otherwise.

(35)

Using Lemma 1.1 and arguing as in Lemma 2.1,

3:(f)= sup / V- Vg - B(g) = Bi(f) - / (pv— —ywy).  (36)

geED(D,)
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Then, we claim that
[ uss<e,
Q
othewise .

Indeed,

Bi(f) = suwp - /Q fAg - /Q o(Ag+ i) —B(Ag+ s

9eD(®s)

= s [ phe gl i)+ vl )

heH—1(Q)
heM(Q)

Using i = k + 1 and taking h = —n + ¢ with ¢ € L?(Q), we have

>sup/fn Q)—plk+ Q) - +v(k+ Q)+

ceL?

If ¢ < f < ¢ is not satisfied, then @E(f) > 400, and if it is, taking a sequence (,
which converges strongly to —k in L', one gets Q7 (f) > fQ fi which proves one
inequality in (37). Conversely, if f € H3(Q) N C°(), and ¢ < f < ¢ then

[ vr-va= [ si= [ ~fag=si< [ oldg+ i~ vag+ i

hence ®% < [, fji. The rest of the proof is as in Lemma 2.1, and one gets (37).
Therefore, applying Lemma 2.2, we obtain the first part of the theorem.
For the second part, we adjust the proof of Lemma 2.3 as follows. Consider u, the

minimizer of
mm—/ |Vu|? — / wfl,
and approximate it in H} and a.e. by a sequence u,, € Ky u 0 C°(2). Define
Un = Un + &n(p = un) + Cu (P — un) - (38)
First v, — v in H}(Q) and a.e., indeed,
V(on —u) = V(un = u) + (¢ = un)Vén + (¢ — un) V¢ + & (Ve — Vu)
+ (VY = Vu) + (§n + Go) (Vu — Vuy) (39)

and all the terms tend to 0 strongly in L?(Q2). Like for (16) and (25), one has
Jovnit = [qufi. In addition,

Jowr= [ ove—iw-t [ @n = s = (0= 0o
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But, like for (30),

— 0.

/Q(Un L
[ =

/U,ﬁb—)/uﬂ-ﬁ-/gol/_,_—wl/_
Q Q Q

1 1
inf ( /|Vfu\2 /v,u) —/ |Vu|2f/uﬁf/<py+fwy,
,mcom) Q 2 Ja Q Q
= min ( |Vu|? - /uﬁ) f/ vy —Yv_,
Koy Q Q

(40)

— 0.

We deduce that

and

IN

while the converse inequality is straightforward. Thus

1
inf (—/ |Vv2—/vu)
K,4nC(2) \2 Jo Q
= min ( |Vul? — /uﬂ) —/ Yrp — Y
K, Q Q

. 1 - -
= i (5 [19RP [ el@n - vian )
heHE (2) Q Q
AhEM(Q)

*/Q<PV+*7/JV—-

This completes the proof of Theorem 3.1. O

Remark 3.1. The approach followed here immediately generalizes to data in
M(Q)+ H~Y(Q). Indeed, if the data is u+ g with u € M(Q), g in H~!, the decom-
position 4 g = (fi+g)+v holds, the proofs of Theorems 1.2, 1.3 and 3.1 still apply,
and the solution of the obstacle problem coincides with the solution for the data
fi+ g (and is the solution of the variational problem ming % [, |Vul* — [, u(fi+g)
which makes sense). The class of testing functions for the dual problem becomes
{h € H}(Q); Ah + p € M(Q)}.

More general scalar products on H} such as fﬂ Vf-Vg+ fg can be considered
as well.
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3.2. Additional results

The solution u of the obstacle problem with data u, a general measure, satisfies
Au € H~' N M(Q). A natural question is to ask whether the measure Au is in
L'. Here is a partial result in that direction. (We don’t know any necessary and
sufficient condition on p which guarantees that Au € L'.)

Theorem 3.2. Let u € M(Q) and p = ji+v its decomposition given by Lemma 1.1.
Let u be the solution of the obstacle problem with obstacles +1,—1 and data p. If
i € L', then Au € L.

This relies on the following theorem by Brezis and Strauss [5]: let 5 be a maximal
monotone graph, then V f € L(Q), there exists a unique u € Wol’l(Q), with Au €
L1(Q) satisfying

—Au+B(u) > f.

In the case of the obstacle problem, this solution coincides with our solution.
This can be proved by approximating f by a sequence of smooth functions f,
converging to f in L'. Let u, be the solution of the obstacle problem for f,. By
the regularity theory [13, 6], one knows that Au, € L®. One can also check that
un — u in H}, where u is the solution of the obstacle problem for f. By the
method of Brezis—Strauss [5] (Cauchy sequence argument), we also know that Auy,
is a Cauchy sequence in L', thus Au € L!.

The conclusion of Theorem 3.2 is not true for a general measure u, as can
be shown by the following counter-example. Take @ = B(0,1) and the radially
symmetric function f defined by

1
f(r)y=1 for0§r§§
1 ()
fr)y=2-2r forﬁgrgl.

One can easily check that f € H} and Af is a measure which is not in L!. Then, f
satisfies the obstacle constraint |f| < 1 and is the solution of the obstacle problem
with data u = —Af, but Af is not in L'. One could think that a result such as
Au+p € L' or Au+ ji € L' for u solution of the obstacle problem with data
i, could hold. But again, this is wrong for general measures and obstacles. To see
this, consider again the function f defined in (41). Then, let u be the solution of
the obstacle problem with obstacles —1 and 1 and with data p = —Af[1,1),
(u € L), i.e. solution of

1
min —/ |Vul? +/ ulAf. (42)
u€HINK1, 1 2 Q i1<r<a
We claim that v = f. From the duality argument, v minimizes
1
min —/ VA +/ NS (43)
heHé(Q) 2 Q Q

AhEM(Q)
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Taking f as test-function in (42), one has

1 1 1
NS L SRR N
weHINK: 1 2 Jo l<r<t 2 Ja 2

where f}(1) is the right-derivative of f at 3 i.e. —2. On the other hand, taking f
as a test-function in (43), we get
1
!/
n(z)|

But in view of the duality result (Theorem 1.3), the two minima are the same up
to a minus sign, hence there was equality, and u = f. Now it is easy to check that
Af + pis not in L.

1 1
min —/ \Vh\2+/|Ah+,u|§—/ V2 4
neut@) 2 Jq Q 2 Jo

AheM()
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