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Abstract. In this paper we establish that some nonlinear elliptic (and
parabolic) problems are well posed in all of RY without prescribing the
behavior at infinity. A typical example is the following: Let 1< p < co. For
every f € L .(R") there is a unique u € L _(R") satisfying

—Au+ |ul’'u=f(x) onRY.

1. Introduction

The purpose of this paper is to point out that some nonlinear elliptic (and
parabolic) problems are well-posed in all of R” without conditions at infinity. A
typical example is the following:

Theorem 1. Let 1<p<oo. For every f € L} .(RY) there exists a unique
ue LY (RY) satisfying

—Au+ |ufP'u = f(x) in2(RY). 1)
Moreover, if f>0 ae. thenu>0 ae.

Remark 1. It was previously known that for every f € L'(R”") there exists a
unique u € L?(R") satisfying (1) (see [3], Theorem 5.11). However, we emphasize
that in Theorem 1 there is no limitation on the growth at infinity of the data f and
the solution u is unique without prescribing its behavior at infinity.
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2. Proof of Theorem 1
Existence
Let B = {x€R?Y; |x| < R}. We start with some local estimate:
Lemma 1. Let R <R’ and assume u € L{ (By.) satisfies

—Au+ juPP~u = f(x) in 9'(Bg) )
with f € LY(By). Then

1+ fB m) (3)

where C depends only on p, R and R'.

lul” < C
BR

Remark 2. The conclusion of Lemma 1 is a rather unusual localization property.
Indeed, let © and Q' be bounded open sets in RY such that 2N Q'= and let u
be the solution of (1). On the one hand the values of f in @’ “affect” the solution
u in Q: for example, if f > 0 in ' and f = 0 outside &’ it follows from the strong
maximum principle that # > 0 in . On the other hand the values of f in Q' affect
only “mildly” u in Q: in view of (3) u|, may be estimated independently of f|g;

even if f — 0o on &, f |u|? still remains bounded.
Q

Proof of Lemma 1. We use a device introduced by P. Baras and M. Pierre [2]. By
Kato’s inequality (see [10]) and (2) we have

—Alu| + [u? < |f] in D'(Bg). , (4)

Let { € 2(Bg/) be such that 0 < ¢ <1 and { =1 on By. Multiplying (4) through
by {* where a is an integer, and integrating we find

Jlupe < fisl+ ¢ fiulge? < fifi + € fluige”, ®

provided a—2 > a/p,ie, a> 2p/(p —1) and we fix any such a. The conclusion
of Lemma 1 follows easily from (5).

Proof of Theorem 1. Existence

Let

oy = 400 i

if |x|=n.
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Let u, € L?(R") be the unique solution of
—Au, + |u,P"lu, = f, in P'(R") (6)

(see [3], Theorem 5.11).
We deduce from Lemma 1 that there is a constant C such that

lunllLr(mey < €

where C depends only on p, R and f, and thué we also have
1Au,ll 2z, < C-

It follows that (for some subsequence still denoted by u,) we have

u, »> u in L' (RY)

u, > u ae onR"
We claim that
lu P tu, = |ulP"lu in Ly (RY).

It suffices to verify that |u,|?~'u, is a Cauchy sequence in L'(By) for any R. By
Kato’s inequality and (6) we have

= Alu, — | + ||,y = (Ul | < Uy — fal-

Let { € 2(R") be such that 0 <{ <1 and { =1 on Bg. We have

Jl1,2 7 = VP2, 8 < [1fs = Fl§ + [l = w0 A
and the RHS tend to zero as m, n — co. Passing to the limit in (6) we obtain (1).
Uniqueness
We shall need the following:
Lemma 2. Assume u € LY _(R") satisfies

—Au+ [uff'u <0 in 2(RY). @)
Then u<0 a.e. on RY,,

Remark 3. Lemma 2 is closely related to the results of J. Keller-[11] and R.
Osserman [13] (see also the earlier works quoted in these papers).
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Proof. We use a comparison function of the same type as in Osserman [13] (see
also C. Loewner and L. Nirenberg [12]). Set

CR”

ey

By

where R> 0, a=2/(p—1) and C?"!=2amax{N,a+1}. A direct computation
shows that

—AU+U? > 0 in B, (8)
and thus
—AMu—-U)+|uP 'lu—-U? <0 in 2'(Bg). 9)

Using a variant of Kato’s inequality (see Lemma A.1 in the Appendix) we deduce
from (9) that

—A(u—U)"+(ufP"u—U?)sign* (u—U) < 0 in 2/(By) .  (10)
and therefore

—Au—-U)"< 0 in92(By). (11)
From Lemma A.1 and (7) we deduce that

—Au* +/(u+)” <0 in 2'(R%)
and therefore

-Au"< 0 in 2'(RY),

i.e., 4" is subharmonic and in particular u* € L (R"). It follows that for some
8 > 0 we have

(u-U) =0 forR-8<|x| <R (12)

(since U(x) = + 0 as |x| = R, x € By). Combining (11) and (12) we obtain that
(u—U)*=0 ae. on By, ie, u<U ae. on B;.
Keeping x fixed and letting R — oo we see that u <0 a.e. on R”.
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Proof of Theorem 1. Uniqueness

Let u; and u, be two solutions of (1) and let u = u; — u,. By Kato’s inequality we
have

~ Alu| +|]u |27 Uy = |u)P Ty | < 0 in D/(RY). | (13)
On the other hand, there is é constant § > 0—depending only on p — such that

[la|?~la—|b|?"b|> 8la — b]? Va,b €R. (14)
From (13) and (14) we deduce that

—Alu| + 8|uf <0 in é'(RN).
Using Lemma 2 we conclude that = 0.

3. Miscellaneous Remarks and Generalizations
A. Monotone Nonlinearities

The proof of Theorem 1 extends easily to the case where |u|P~!u is replaced by a
more general function g(u). Assume g:R — R is a C! function such that

g'(u) > aluff™! Vu € R,
for some constants a >0 and 1< p < oo (for example, g(u)=sinhu, etc....).

Theorem 1. For every f € L},
g(u) e L} (RY) satisfying

(RY) there exists a unique uc LY _(R™) with
—Au+ g(u) = f(x) in 2'(RY). (16)

B. Nonmonotone g’s

Let g(x,u):RY XR be measurable in x and continuous in . We assume that:
g(x,u)signu > ajul’ — w(x) forae. x € RY, foralu € R (17)

where w € L} ((RY) and a> 0, 1< p <o and also

hy(x) = sup |g(x,u)| € L} (RY) forall M > 0. (18)
lul< M

Theorem 2. There exists u € L{_(RY) such that g(-,u) € L . (R") satisfying

—Au + g(x,u) =0 in 2'(RY). (19)
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Sketch of the Proof. First we consider the case of a smooth bounded domain
QcR”

Claim. There exists u € W»(Q) such that g(-,u) € L'(Q), satisfying
—Au+ g(x,u) =0 onQ. ' (20)
This type of result is closely related-—but not quite contained in [6]. Here it

suffices to assume (17) with a = 0.
For r€R and n €N we set

r if [r]<n
T, =1\ n ifr>n.
—n ifr<-—n.

By the Schauder fixed point theorem there exists u, € W-'(Q) satisfying

—Au, + g(x,7u,) =0 on . v » (21)

Using the fact that — [ Au,signu, > 0 we find
Q

fnlg(x,’f,.un)l < 2f9|w|.'

Therefore

fQ|Au,,| < zfnm. (22)

After extracting a subsequence we may assume that
u, > u in Wei(Q)
d,, - u ae.
g(x,mu,) > g(x,u) ae.

To show that g(x,7,u,)— g(x,u) in L}(Q) we use a new device introduced
in [8] by Th. Gallouet and J. M. Morel (with an observation of L. Boccardo).
Set

1 ifr>M
pu(r)={ 0 if-M<r<M
-1 ifr<-M

where r €R and M > 0. It is well known that

—fAu-pM(u) >0 Vue WhY(Q), Au € INQ).
Q
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Therefore we have

/;lg(x, Tnun)pM(un) < 0’

That is,\
[ g(xmu,)sign(u,) < 0
I > M -

and hence

L

’II

lg(x, nu)l <2f- el (23)
M | > M

From (22) we see that ||u,|| ; < C and thus M meas [ju,| > M]< C.

Given £ > 0 we may fix M large enough so that 2 |w]<e.
Next, for any measurable 4 C {, we have lu,| > M

f1se,mud <[ lglenu)+[  Ig(x,mu,)
A A |u,| > M

lu,| < M :

<th(x)+s< 2e
4

provided meas 4 < § and § is small enough. In other words, we have established
that

Ve>0 38>0 st f|g(x, Tu,)| < 2¢ when meas 4 < §.
4

We conclude that g(x, r,u,) = g(x, ) in LY(Q).
We turn now to problem (19). For each n let

Q, = {xeRY; |x|<n}.

By the previous step there exists u, € W»(Q,) such that g(-,u,)e LY(Q,)
satisfying

—Au, + g(x,u,) =0 onQ,. (24)
From Kato’s inequality and (24) we obtain

—Alu,| + g(x,u,)signu, <0 in 2(9,).
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And therefore we also have

—Alu,| + aju,|f < © in 2(2,) (25)
— Au,| + 18(x,u,)| < 2|0| in 2'(R,). (26)

Using the same device as in the proof of Theorem 1 we deduce from (25) that
u, is bounded in L _(RV).
It follows from (26) that
g(-,u,) is bounded in L} (R")
and thus
Au, is bounded in L} (R").
Hence we may assume that
u, > u in L} (R")
u, > u aeonRY
g(x,u,) = g(x,u) ae onR™

Finally we prove that g(x, u,)— g(x,u) in L' (R"). By a variant of Kato’s
inequality (see Lemma A.2) we have

— APy (u)+ g(x,u,) pp(u,) <0 in 2'(2,)

where
Po(0) = [pu(s) &5

Therefore we have
[ sxue<2f Jels+ [ Ju A V8 € 2,(2,).
|ty | > M jup| > M |ug| > M

It follows easily that g(x,u,) is equi-integrable on bounded sets of R" and thus
g(x,uy)— g(x,u)in L} (RV).
C. Measures or More General Distributions as Right Hand Side Data

Let T be a distribution of the form T= f +A¢ where fe Ll (RV) and
¢ € L{ (RY). Then the problem

—Au+ |uflu=T in 2'(RY) A (27

has a unique solution u € L{_(R").
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Indeed it suffices to consider the new unknown v =u+ ¢ and to apply the
result of Section B to v (see also [8] for similar questions on bounded domains).

Suppose now that T is a measure on RY (not necessarily a bounded
measure). Suppose 1< p < N/(N —2) (no restriction when N =1,2). Then there
exists a unique solution u € L{_(R¥) for (27). Related questions for bounded
measures are considered in [5] and [8].

D. Nonlinearities with Growth Close to Linear

Suppose g:R — R is continuous and g(u) behaves like u|log u|* as |u| > oo with
k>2. Then for every fe L\ (R") there exists ue L} (R"V) with g(u)e
L} (RY) satisfying '

~Au+ g(u) = f in 2'(RV).
As before, we use Kato’s inequality to find

— Alu| + g(u)signu < |f].
We multiply (28) through by n=e~'/** where 8 > 2/(k —2). Then we estimate
f |#| |An| with the help of Young’s inequality. Recently Gallouet and Morel have
proved the follcgowing result. Suppose g: R — R is continuous, nondecreasing, odd,
convex, and j; [G(x)]”1/%dx < co where G is a primitive of g. Then for every
f €L} (RY) there exists a unique function u € L} ((R") with g(u) € L} (R")
satisfying — Au + g(u)=f in 2" (R").
E. Unbounded Domains

Let R cRY be any domain (bounded or unbounded) with smooth boundary.
Using the same principles as in the proof of Theorem 1 one can show that for
every f € L} .(Q) and ¢ € L} (9RQ) there exists a unique u € L{, (Q) satisfying

—Au+|uP lu=f inQ

u=¢ on d9.
where 1< p <o and the boundary condition is understood in some appropriate
sense.

F.  Local Regularity

Let @ C RY be any domain. Let g:R — R be a continuous and nondecreasing
function.

Theorem 3. Suppose u € L} () is such that g(u) € L} .(Q) and satisfies

—Au+ g(u) = f(x) in2(Q) (29)
where f € L () and 1< g <oco.
Then u € Wk(Q).

| Proof. We may assume that g(0)=0. We have
— Alu| + g(u)signu < |f] in 2'(Q)
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and thus

—Alu| < If] in 2'(R).
It foﬁows that u € L{(2). Set

8.(r) = g(rr) and P,(r) = signr [1g, (s} ds

so that
|P,(r)l < |r]1g.(r)|*"* Vr €R.
By Lemma A.2 and (29) we have

AP,(u) > |g,(u)|* 'signu[g(u)-f] = Ig,, ()7 =11 1g. ()17 (30)

Let { € 2(8) with 0 < ¢ <1; from (30) we see that
[1ga ()% < € 1P, (w52 + [ifl 1, (u)l* "
< Cflul 1g, ()77 + fiff 18, (w7 X

where C is independent of .
Fix any integer a > 2g; by Holder’s inequality we have

Jigwige < cf  (uit+1A°).

As n — oo we see that g(u) € L{ ().

G. Parabolic Equations

Consider the problem

u,—Au+|ulf'u=0 onRYx(0,+o0)withl<p<oo
u(x,0)=uy(x) onRY.

(31)

Using the same principles as in the proof of Theorem 1 one can show that for
every u, € L} (R") there is a unique function u€ C*R"™ X (0, + o))
C([0, + 0); LY (R™)) satisfying (31).
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Results of the same nature for the problem

u,—A(ju|™ u)=0 onRY x(0,0)
u(x,0) =uy(x) on RY

have been obtained by M. Herrerb—M. Pierre [9] when 0 < m <1. When m >1 the
situation is totally different; see [1, 4, 7].

Appendix: Some Variants of Kato’s Inequality
Let 2 cR”Y be any open set.

Lemma A.l. Letuc L} (Q) and f € L} () be such that
Aus f in 2(Q).
Then

Au*> fsign*u in 2'(Q).

Lemma A.2. Let p:R —» R be a monotone, nondecreasing function such that p is
continuous except at a finite number of jumps and p(R) is bounded.

Let P(r)= Lp(s) ds and let u € Lj, (Q) with Aue L} (Q).
Then
AP(u) > (Au)p(u) in 2'(Q).

The proofs are easy modifications of Kato’s original argument in [10], and we
shall omit them.
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