Some characterizations of Sobolev spaces

Quelques caractérisations des espaces Sobolev

Hoai-Minh NGUYEN #

2 Laboratoire Jacques-Louis Lions, Université Pierre et Marie Curie, 4 Place Jussieu, 75252 Paris Cedex 05, France

Abstract
We establish a new characterization of Sobolev spaces W'P(RY), 1 < p < 0o and extend a result in [1].
Résumé

Nous présentons une nouvelle caractérisation des espaces Sobolev ainsi que généralisons un résultat dans [1].

1. Version francaise abrégée

Nous présentons une caractérisation des espaces Sobolev. Elle est motivée par les travaux de J. Bourgain,

H. Brezis, P. Mironescu [1] (voir aussi [3]). Notre résultat principal est le Théoréme 1.

2. Introduction

In this paper we will give some characterizations of Sobolev spaces. It is motivated by works of J.

Bourgain, H. Brezis, P. Mironescu [1] (see also [3]).
Our main result is as follows :

Theorem 1 Let g € LP(RY), 1 < p < co. We have

Email address: nguyen@ann. jussieu.fr, hoai-minh.nguyen@polytechnique.org (Hoai-Minh NGUYEN).

Preprint submitted to Elsevier Science 7 novembre 2005



1 If g € WHP(RYN), then there exists a constant Cnp depending only on N and p such that

oP
———dxdy < C P Ve > 0.
/]RN /]RN |z — y|N+P ray = UNp /]RN Vg ()P dz, >

lg(z)—g(y)|>6

2 If there exists a constant C' > 0 independent of § such that

/RN/RN |N+pdxdy§0, Vo< <.

lg(z)—g(y) \>5
Then g € WHP(RVN).

Moreover for any g € WHP(RYN) there exists a positive constant Ky, depending only on N and p such

that 5
P
. o _ »
ahir}o -/RN /]RN o= g dedy = Knp /]RN |Vg(x)|P dx. (1)
lg(x)—g(y)|>4

3. Proof of Theorem 1

The following lemma is useful.
Lemma 1 Let g € C*®(RY) such that

h p+l—a
C(g):= sup (1 -« / / glo + JE,+)| < 00.
0<a<1 RN JRN |z — y|NtP

Then g € WHP(RY) and

K, / V(@) dr < C(g).
RN

Proof of Lemma 1.
Let Bgr be the ball with center at 0 and radius R > 0.
From the change of variables formula, one has

*lg(z+h-o) —g(x)Pt
(1- dhdzdo = .
sup (1 -« /SN 1/RN/ P xdo = C(g)

0<a<l1

1 +1—a
glx+h-o x)|P
sup 1—@/ / / | hpﬂ( ) < C(9).
0<a<l sv-1 JBg

(x+h-o)—g(x)

Thus

On the other hand g

when h converges to 0.

converges uniformly to Vg(z) - o on every compact subset of RY

Thus for all € > 0 there exists a constant 7 > 0, independent of o, such that

h' - —Q
|g(x + UE 9(@) }pH —|Vg(x) ot~ ldz <e, VO<h<T, VO<a<l.
Br hp+1 «a



Hence

Tlg(x +h-o) —g(x)Pr
1704 /SN 1/133 Lo dhdx do

T . glptl-«a
—(1—a)/ / / Vg(w) - o] dhdz do| < Ce. (2)
SN-—-1 Br JO ha

Hereafter C' denotes a positive constant independent of g and «.
On the other hand

Jim (1~ a) Heethoo) —g@PtTe
s¥-1.JBg hpt1

1
1
< algnl O R (1991t + D1 =) [ pdh=0.  (3)
and
1
lim (1 —a)/ / / |Vg(z) - o|PT =% dhdx do
a—1 SN71 BR T
1
1
< limlCNRN(HVgHLoo(BR)+1)p+1(1—a)/ dh =0, 4)
Furthermore
lim/ / |Vg(x) - oPt~*drdo = / [Vg(z) - ol dxdo. (5)
a—1 Jsn-1 /B, SN-1JBgr

1
1
Therefore combine (2), (3), (4) and (5), after noticing that (1 — a)/ e = 1, yields
0

1 —
h - ptl—a
hm (1-a) /SN / / otz + Jhp+1 o) dhdzx do = KN,p/ [Vg(x)|? da.
1.JBg

Br

Hence g € WHP(RY) and
Ky [ Vo) do < Clo).
R
The proof is finished a

Sketch of the proof of Theorem 1.

We give here only the proof : (2) = (1). The details of the proof of Theorem 1 can be found in [4].
Let g € LP(RY) such that

= sup / / dx dy < oo. 6
0<d<1JRN JRN |$* |N+p ©)
lg(@)—g(y)I>6

Our goal is to show that g € W1P(RY). We split the proof in 2 cases.

Case 1: g € L>®(RY).
Set
C(g) if0<d<1,

27 - C(g) - ||g|[] s gny otherwise.

3



From (6) one has, for all 0 < § < 2{[g|[z@®N),

&P
/RN /RN =g Wy <€0). -

lg(z)—g(y)[>6

Let 0 < a < 1, o will tend to 1 later on.

We multiply the inequality (7) by 5o Integratmg the expression obtained with respect to ¢ from 0 to
2|9l Lo (my, one gets

+1-a
- /RN /RN |x - |N|ip dxdy < C(g) +2°(1 — a)C(9)|gl|7 < ) (8)
Let (v.) be an any sequence of smooth mollifiers.
Set
ge = g * Ve

By the convexity of the function #**1=% on the interval [0, c0), one has

/ / |ge (= )|p+1 Oédxdy</ / lg(z |p+1 adxdy
RN JRN |$ - 3/|N+p RN JRN |x - y‘Nﬂj .

Thus from (8) one gets

-«
/]RN /RN e |x__ |N)+Z+ dr dy < C(g) + Cp(1 = a)C(9)Igll7 - (9)
Applying Lemma 1 for g., one obtains g. € W1P(RY) and
9= (2) — ge(y)PH1 =
fonr ~/]RN Vool de < Jim, { /RN /]RN |g; - |p+1 dz dy, (10)
where
Knp = /SIM1 le - o|P do. (11)

Combining (9) and (10), then let o go to 1 in (9), one gets

Ky [ Vo)l do < C(g).
RN
Now let € tend to 0 in the above inequality we deduce that g € WHP(RY) and
5P
K / Vg(x)|P de < sup / / ——dx dy.
N,p RN| g( )| 0eset RN JrN ‘.’E—y|N+p Y
lg(z)—g(y)|>6

Case 2 : General case.
Set, for any A > 0,

glx)  if|g(z)] <A,

otherwise.

One has
lga(x) — ga(y)| < lg(x) — g(y)|, Va,yecRY.



Thus

5P
sup / / ———dxdy < sup / / dx dy < oo.
0<6<1 gy Jpy |z —y[NFP 0<d<1  JRN JRN |N+p
l[ga(z)—ga(y)|>d lg(z)— g(y)\>5

Applying the previous case, one obtains g4 € W1P(RY) and

KNJ)/ IVga(z)[P dz < sup / / TN dx dy.

RN 0<s<1  JrN JrN | P
lg(x)—9g(y) \>6

Since A is arbitrary, one has g € WHP(RY) and

aP
K / Vg(x)|P de < sup / / ——dx dy.
N,p RN| g( )| 0cse1 RN JRN ‘Sﬁ'—y|N+p Y
lg(z)—g(y)|>6

O
4. Another characterization
Let (pn)nen be a sequence of functions such that
pu > 0, pa(@) = pu(le]) (12)
and -
lim pn(r)rN " dr =0 for all 7 > 0. (13)

n——aoo
T

We recall a result of characterization of Sobolev space which was due to Bourgain, H. Brezis and P.

Mironescu, see [1].

Proposition 1 Let g € LP(RN), 1 < p < oo, and (pn)nen be a sequence of functions satisfying (12),
(13) and

lim hN=1p,(h)dh =1 for all T > 0. (14)

n——oo 0

Then g € WEP(RYN) if and only if there exists a constant C, independent of n, such that

_ P
//Mpn(\andmyga VneN.
RN JRN |x_y|p

Moreover there exists a constant Ky p, defined by (11), depending only N, p such that

. r)— P
i [ [ AHDZIOR oy avay = Ky, [ Vot
n—oo JpN JrN ‘I y|p RN

A lighter generalization of this proposition is as follows :

Theorem 2 Letg € LP(RY), 1 < p < 0o and (pp)nen be a sequence of functions satisfying the conditions
(12), (13) and (14). Then the two following conditions are equivalent

(i) g € WHP(RY).



(i) There exists a constant C independent of n such that

/RN /RN F(|g|(;)__y|i(y)|)pn(|x —y|)dzdy < C for alln € N, (15)

where F : [0,00) — [0,00) is a function verifying, for some § > 0 and C > 0,
(i) F(t)=tP forallt€|0,0),
(ii) F(t) < Ct* for all t >0, (16)

(#i1) F' is non-decrease.

Moreover there exists a constant Ky p, defined by (11), depending only N and p such that
. F x) —
i [ [ EUD IO, oy dedy = K, [Vl de
n—oo [pNn JrN ‘l‘—y|p RN

Remark 1 The convexity of F is not required in Theorem 2.
Proof of Theorem 2 : See in [4].
Remark 2 A generalized version of Theorem 2 will be found in [4].
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