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wil! f i r s t  aejcribe a joint work w i t h  T, Ga?louet c 2 1  cutxernirig the nonl i -  

' a r  5crtr3d; iiger eaua t i o i i  

F3rr - -  l i u + k l u f 2 u = 0  on n x ( O , + m j  m e  C C W  2 
o t 

1 crder ta z ù T ~ e  th i5  prgblem we rely on a limiting case of Sotctev's i ne-  

iz!i t y  i !~ dimensicn t w o .  

i the cerorid p à r t  o f  my t a l k ,  I w i ! f  describe a j o i n t  wrk w i t h  S ,  WaingerC31 

1t"iíng w i  t h  more general limi t i n g  cases o f  Sobolev type inequali t i e s  in d i  - 
ens ion M . 

A NON LINEAR SCiiRi ?I:;GER EQUATION -- 

2 ~ i t  R C R be a smuoth domain. in prac t í ce  R w i l l  be e i ther  a Dounded do- 

a in  . o r  an exterior donain, o r  a h a l f - p l a n e  e t c . .  . 

t l o o k  for a funct ion u ( x , t ]  :i?r(O,+-} -, C suck t h a t  

here k c R i ;  a given constat i t  and t io(x)  i s  p rescr ibed .  

This  kind of  p c b l e m  occurs i n  nonl inear  o p t i c s  and has been ex tens i ve l y  

8 ó 



2 been known for 12 j R . 
On mai resul t  i s  the fa l lm~ing  I 

Remark . 1) I f  k < O ,  i t  niay happen f o r  some i n i t i a l  conditions that  t h e  

$olut on o f  ( I ) ,  ( 2 )  . (3) , which ex ls ts  f o r  a mal1 time iiterval, blows -i 
up i n  f ini  te time (the example o f  Glassey [SI) can be extended t o  some exte- i 
rfor d ains; i t  is not'known whetber blow-up may occur i n  f i n i t e  time f o r  P 
bound d damains). f 

2) hen R - Bt2 and k 2 O ,  I t  i r  knwn (see 141) t h a t  ii 
l o  t 1 = O (  ar t + - . Such a resril t prerumably h o l d ç  wheo o i r  

e r i o r  domain. However i f  i s  b a t d e d  , l \ u ( -  , t)  [ J  does not tend to 
trn 

0 a s  t + (except uhen uo = O) , since / lu( .  .t) 11 = ( 1  uol[ (see the 
L L 

pmof  o f  Theorem 1). Howevor i t  ts  plaus ib le  tha t  ( lu( .  ,t) 11 remains boun- 
I - 
L o t t -. - . IThe oroof of Theorm 1 shovrs only t h a t  I [ u ( - , t ) l /  2 C e ) -  

L" 
next t e m a  f s  an cssent ia l  ta01 for the proof of  Theorm 1. 



Sketch of the proof  of Lema 1 

Usjng standard extension methods we can reduce the p ~ o o f  o f  Lema 1 to  the 

case where Q = SI2 . Let ii denote the Fourier t r a n s f o m  o f  u . ile have 

Lat R > O (to be chosen l a t e r ) ;  we wr i te  

From which i t  fúllows easily that 

Ye conclude by choosing R = ] / u t l  . 
H 

In order t o  prove the existente of a local solution we s h a l l  r e l y  on the 

following convenicnt v a r i a n t  o f  a classical resul t of I .  Sega1 f 103 : 



~emb 2 .  ~ c t  x a ~frlí;c~l v"pac"e c l r ~  ~ e t  - A : D(A) c x + x b.7 iipizar 

a continuou sc?ni-grzq gf c~ntpacticris 

narpping uhEe,-R is Lipscki t z ia~r  ~n 

a aniquc i ~ c i ~ Z  s a l u t i o i ~  of the 

2 procf of' Theorem 1. Ile apply L e m a  2 i n  X = L (C;€ j w i  t k  

2 l u  =I i p u  , D ( A )  = H n H: and Fu = i t / u l 2  u . We o b t a i n  a soluticn d e f i -  

r! CO.Tmax} w i t h  the a1 te rnat ive  : eit>=cr Tmax = - or Tmax <cn 2nd 

We s a1 1 now prove t ha  t the second p a r t  o f  the a1 terna t i v e  i s excl udcd by P 
rhow:r,q t h a t  u(. . t)  11 H2 i s  bounded on ev f ry  f i n i  t e  t i m e  interval . I 
Firs not? that i 



(I't 

v 
h : r t  

anq the concluria, f o l l a r  lince Ikl 11~, !1:~<4 . 

sufflces to multiply ( 1 )  by Ü . inttgrate by parts and use the imagina- 

part) .  

wc havt : 

( I ?  

part) 

I t  

k 

Ga! 

- 
Fi ally we use the relat4on n .  u( t) = S ( t ) u O  + j: S(t-s]Fu{s)ds. 

suffices t o  aiultiply [ I )  by ãt . In tegrate  ewr !J and use the real 

- 
follows thrt !lu(. .t) 11 remains bounded. Indeed t h i s  l s  clear when 

H 
i: O . Otherw4se w ~ e n  k c O we have, by ( 5 )  and by an inequal i ty o f  

1 iardo-Ni renberg 19 I 

2 ing tk L nom on both sides we f ind 

S t  i s  easy t o  check. using aga in  an inequality o f  Gagliardo-Nirenberg that 



It follows from (6) and ( 7 )  t h a t  

On the other hand we deduce from Lema l,which holds sincc I f u ( .  , t) H C ,  
H 

tha t 

Combining (8)  and ( 9 )  leads t o  

where + (s )  = (1 u (  . . r )  i/ . We conclude (as  in Gronwal I ' r  inequali ty) that  

Bt 
n 

9 ( t f  I; eae f o r  sane constants ci and 6 . 

2. REMAHKS ON SOBOLEV TYPE INEQUALTTIES IN THE LItlITIMG CASE 

Me rtart w i t h  a n  extension of L e m a  1 t o  dirnension N 2 2 . L e t  3 c IRN 

fheorem2. (see f31)  iet 1 á p c -  , I S ~ S - ,  j CmJ k 5e suck t f r i s t  

f - J :  = O . ; I k  - li c O . 3 ~ n  thEre ~ x - i s t ~  a w n s  tun t C - Jepewi.<q o>i:j 

h R , p ,  q ,  j m12 k 33ch tki 
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y u r Y  k'q such fhat  ]!ull wj*p 5 1 . ( 10) 

h of the proof Ue use the same méthod as i n  Lemma 1 w i t h  a "continuous' 

posit ion.  

bl 4 r w W  ) w i t h '  $(O) = I and S u p p O c B ( 0 , l ) .  Let ~ f =  1-# . 

we establish the followlng estimates 

Fc-1 -- 
I r , (  5 c [IO~(I+R)I N 

me 6 > 0  

d we w r i  te 

y Holder 

sne proves (see C31 ) t h a t  



Sim1 larly 

L x t  one proves (see C31) that  

1 
x Finally we choose R =. [I ~ 1 1  uk,g . 

Remark. I t  would be i n t e r e s t i n g  t o  find a propf o f  Thecrem 2 which does n o t  -- 
aake use of Fourier transform. 

Ye have tried-without success-to connect Theorem 2 w i t h  the rrell-known 

Ifiequalities of Trudinger and Strfchartz (see below). t:e bave rnadeneverthe- 

less smie new observations. First we recall these inequali t i es .  

For simplicity we assume that 0 is bounded. 

Theorem 3 .  (Trudinger l 1 4 1 )  . Let u r u ' * ~  ; then e 1 "f r L 1 . in d 2 < -  

tion thi3 "in jection" 5s "optUIraL". 

Ue deduce d i rect 1 y 
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irs later,  ~trichartt C131 has  improved Corollary 4 and shown 

tried to understand why Coroflary 4 did not provide the optimal re- 

le 5cSaIev's and Trudinger's inequaiities are in some sense sharp. 

3n i s  that SoYolev's inequality can be "slightly" impi-oved by working 

t z  spaces ins tead  o f  Lcbesgue space. True, the improvernent i s  micros- 

awever i0  soine cases thís improveaent i s  "magnified". For example i n  

st ion we use -^2'~'3~ Sabolev and tka: Trudinger. Here Trudingor's ine- 

3lays  the role  o f  a "magnifying glass". 

: is?ly ! c t  us r e c a i 1  fir;i the d e f i n i t i o n  o f  Lorentz spaces : 

) be a rieasurable f u n c t i o n  on $2. Set 

-1 
5 by f*!t) t i t e  reciproca1 function o f  a : f*  = a . 

: p - and 1 5 q m WP define the Ls ren t t  space 

1 # d t 
L ( ~ . ~ )  = t L i P f * ( t )  L~(o..; T~ 

~rties a f  iorentz spaces are discussed in C:] and 1112. Seca11 that  

Lt,o,p! = L'' 

L(p,-) = H P 

P rcinkiewicz space = wesk L space) , 

L ( P * ~ ~ )  i L ( F , ~ ~ )  f f  q1 < q2 - 



lhe fol lowlng resul t improves Sobolev's Theorem 

* 
Note that  the usual conclvsion asserts t h a t  u 6 = L ( ~ * , ~ * )  - a largar 

space than L(P* ,P)  . 
Theorem 6 i s  an easy consequence o f  the results of Stein and O'Neil concer- 

ning convolutions in Lorentr spaces. 

Uext  we need the following version o f  Trudinger's inequal i ty in Lorentr spa- 

I ces : 

a - 
Theorem 7. Assrune üu E L(N,(r) f o r  scmc 1 5 a 5 w . Then e , 

The proof of Theorem 7 i s  based on a new convolution inequali ty in Lorentr 

1 spaces i n  the lirniting case (which was not examined by ~ t e i n  and O ' N e i l )  : 

Assume f r L(p.ql )  . g t L ( p '  .e2) , then u = f * g s a t i s f i e s  e I ~ I ~  E I-1 

1 1 4 t h  - = 1 - -- - 1 provided - 1 
r + --c 1 ( for  the proof, see 131)  . 

91 92 41 42 
Cwnbining Theorems 6 and 7 m dediice d i  rect ly  Theorem 5 .  
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