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Strongly Nonlinear Elliptic Boundary Value Problems.

H. BREZIS (*) - F. E. BROWDER (**)

dedicated to Hans Lewy

Let 2 be an open subset of B We consider a nonlinear elliptic par-
tial differential equation of order 2m, (m>1), on 2 of the form

1) A(u) + 9(», w) = (),

where the principal term of order 2m is given in the generalized divergence
form
(2) A(u) =3 (— 1) D* Au(, u, Du, ..., D™u)

lo|<m

and the lower-order perturbing term g(w, %) is strongly nonlinear in the
sense that we impose relatively weak sign conditions but not an over-all
growth condition on the size of g(#, %) as a function of %. In the present
discussion, we obtain existence and uniqueness theorems for the solution
of the equation (1) under null Dirichlet boundary conditions (as well as other
variational boundary conditions). We also obtain related results on existence
and uniqueness for general classes of variational inequalities involving the
elliptic operator A4(u) 4 g(z, ). These results give a considerable sharp-
ening to earlier results on the existence of solutions for this class of problems
obtained in Browder[3], Hess[6],[7],[8], Edmunds-Moscatelli-Webb [5],
Webb [11], and Simader[10]. Our treatment includes the case of un-
bounded domains which previously required a special treatment. Unlike
many of the discussions just mentioned, it does not rest upon a generalized
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theory of pseudo-monotone operators, nor upon singular perturbation tech-
niques. We employ instead the standard theory of pseudomonotone opera-
tors from a reflexive Banach space V to its conjugate space V* which we
apply to the truncated operator A(u) = g.(@, ») and pass to the limit in »
upon the resulting approximate solutions.

We begin by remarking upon our use of the standard notation in this
area of discussion. The points of 2 are denoted by # = (w,, ..., ©,) and
integration with respect to Lebesgue nm-measure on is written f dx. The
space L? for p>1 denotes the corresponding Lebesgue space of p-th power
summable functions on 2. We use the conventional notation for differ-

ential operators in which « is the n-tuple of non-negative integers (o, ..., a,),
n

D= is the elementary differential operator D*= [] (6/0x;)™, and its order
n i=1
|¢| = X o;. Let R¥ be the vector space of m-jets on R" whose elements
i=1
are denoted by &= {&: |f|<m.} Each & corresponds to a pair ({,7) where
¢ = {Cs: |B| = m} and n = {ns: |B|<m —1}. The ¢ form a vector space R™,
the n a vector space R with N = N, N,.

We denote by W™?(£2) the Sobolev space of functions # in L? on £,
all of whose distribution derivatives Dfy lie in L? for |f|<m. W™?(Q) is a
reflexive, separable, uniformly convex Banach space with respect to the
usual norm

folp={ 3 12015}

WiP(L2) is the space of elements u from W™?(£2) which satisfy the Dirichlet
null-boundary ' conditions of order m — 1 on the boundary of Q in the
generalized sense, where Wg?({2) is defined to be the closure in W™?(Q)
of 0;°(2), the testing functions with compact support in £2.

To define the representation of the operator A(z) in (2) more precisely,
we introduce a more precise definition of the functions A, involved in that
representation. Fach A, is a function from Q xR¥ to R, the reals, and
the family {da(», &)} satisfies the following assumptions:

Assumptions on A(u):

(I) Each Ax(w, &) is measurable in x for fized &, continuous in & for
fized x. For a given real number p > 1, there exists a constant ¢, and a func-
tion k, in L*, with p' = p(p — 1), such that

IAO‘("D’ E)l <(’1|§|1)—1 + ky(z)

for all «, all x in 2, and all & in R¥.
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(ITI) For each x in Q, each n in R, and any pair of distinct elements ¢
and [V of R, we have

S (Aal@, 7, &) — Aa(@, 7, E)) (Ca— ) > 0.

|a]=m

(IIX) There ewists a constant ¢, > 0 and a fized function k, in L' such
that for all x in 2 and & in RY,

S Aa(®, £)Ex> 0o|E|7— Ko@) .

le|<m

In Section 1, we treat the Dirichlet problem for the equation (1) with f
in the conjugate space V* of ¥V = Wy?({2) under very general assumptions
upon the strongly nonlinear perturbation g(x, ). This set of assumptions
is as follows:

Assumptions upon g(@, u):

(1) The function g(x, r) is measurable in x on 2 for fized r in R, con-
tinuous in r for fized x. For each x in Q, g(x, 0) = 0, while for all r in R,
xz in Q,

g(z,r)r>0.

(2) There ewists a continuous, nondecreasing function h from R to R
with h(0) = 0, such that for a given constant C, we have
|g(@, )| <|h(r)]
and

|h(r)| < C{lg(@, )| + [r|>~* + 1}

for all x in Q and oll r in R.

Let us note that the second assumption will hold for a function g(», r) =
= ¢(r) independent of x if for any pair of arguments 0 <r<s

g9(r)<Cy(s)

with a similar assumption for negative arguments. In particular, it holds
if g(w, r) = Rh(r) is increasing in r and independent of x. The inequalities
of (2) when g(w,r) is not independent of # express a comparison of the
growth rates of the g(x, r) as x varies over Q.

Our basic result in Section 1 is given in the following theorem:

38 - Annali della Scuola Norm. Sup. di Pisa
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THEOREM 1. Let Q2 be a bounded open set, A(w) a differential operator of
the form (2) which satisfies the Asswmptions (I), (II), and (III) given above.
Let g(x, r) satisfy the Assumptions (1) and (2) given above. If V = Wi?(Q),
then for each f in V*, the conjugate space of V, there ewists u in V with g(z, w)
in L2, ug(x, w) in L' such that

A(u) + g(@, u) = f

on 2 (in the sense of distributions) while

(A(w), ) + 9@, wyudo = (f,u) .

(Here (w, ) denotes the pairing between an element w of V* and an ele-
ment % of V.)

In Section 2, we extend the result of Section 1 to avoid the assumption
that the domain 2 is bounded and to cover more general boundary value
problems of variational type as well as a rather general class of variational
inequalities. This discussion is based upon replacing the assumption (2)
on the strongly nonlinear term g(x, ) by another assumption in which
g(@, r) is non-decreasing in 7, namely:

Alternative Assumption on g(x, u):

(2)" The function g(xz,r) is mon-decreasing in r on R. For each fived r,
9,(®) = g(w, r) yields a function g, in LY(£2).
Note that in this alternative assumption, no comparison is made of the
rate of growth of g(x,r) as a function of r for different values of x in Q.
Under this assumption, we may define:

G(w, ) =fg(w, s)ds .
0

This function @, the primitive of g with respect to r, is continuous, convex
in 7, and is non-negative for all arguments with G(z, 0) = 0. Its derivative
with respect to r is of course g(z, r).

THEOREM 3. Let 2 be an arbitrary open set in R, A(u) a differential
operator of the form (2) which satisfies the Assumptions (I), (II), and (III).
Let g(x, ) satisfy the Assumptions (1) and (2)', G(w, r) its primitive with respect
to r as defined above. Let V be any closed subspace of W™?(2), K a closed
convexr subset of V, (0 € K), f a given element of V*.
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Then there exists u in K such that g(x, w) lies in LYR2), g(x, w)u lies in
in LY(Q) and fG(a;, u) < -+ oo, while u satisfies both of the following varia-
tional inequalities:

(i) For each » in K N L*(Q),
(A(/u’) +g($, u’)—'fy ’”—’ll,) >0.

(ii) For each v in K,
[6(@, v — @@, u) + (4@ —f,0—u) >0.

(By (A(w), v— u) for general V, we mean a(u, v— %) as defined in the
discussion of Section 1.)

THEOREM 4. Suppose that the hypotheses of Theorem 3 hold while in
addition A 1is monotone, i.e.,

(A(u) — A(w), w—v) >0

for all w and v in V. Then for two solutions u, and u, of the problem con-
stdered in Theorem 3 for a given f, we have

(A(w,) — A(uy), u;— U) =0,

and

@ (o, 51) = § (660, w) + 6, )}

If these two conditions imply that w, = u,, then the solution u of Theorem 3
18 unique.

The relation between the two classes of problems considered in Sec-
tions 1 and 3 is clarified in Section 4 by the following result:

THEOREM 5. Suppose g(x, r) satisfies the assumptions (1) and (2) of The-
orem 1 on a bounded open set 2 of R* and that g(x, r) is also mon-decreasing
in r for each fived x. Suppose that u is a solution of

A(w) 4 g(@, w) = f

for a given f in V* with u in V = W(Q), g(x, ) and g(@, w)u in L', and
that we have the equality

(4(w), ) + [gla, wu = (f,u) .
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Then w is a solution of the variational inequalities (i) and (ii) of Theorem 4
for K=V.
In particular, w is unique under the hypotheses of Theorem 4.

As we show in a paper to follow the present one, the methods which
we have applied to elliptic problems can be adapted in a suitably modified
form to the treatment of a corresponding broad class of strongly nonlinear
parabolic initial-boundary value problems of variational type.

§ 1. — We now proceed to the proof of Theorem 1. We begin by noting
that for » in Wg**(2) and v in C*(R), if we denote by (w, w,) the pairing
between elements of L? spaces given by

(w, wy) ——~fww1 dw ,

and similarly for the pairing between a distribution and a testing funection,
then
(A(”’)1 ’D) = a(u, v) = Z (A“(EM(“))! Dav)

|xj<m
where &, (%) is the function from Q2 to R¥ given by
En(w)(@) = {D*u(®): |a| <m} .

By part (I) of the Assumptions on A(u), it follows that for each % in
V= Wy?RQ), (and indeed for each w in W™?(2)), Aa(£.(w)) lies in the
space L?, the conjugate space to the space L for the p described in that
Assumption. It follows by the Holder inequality that

|a(w, v)| <e([%]nz) [2]n,0

and that for each fixed # in V, a(u,v) is a well-defined bounded linear
functional of » in V. This functional we denote once more by A(u), so
that A(u) is an element of V* and also is a distribution on Q. It follows
by the standard arguments that as a mapping from V to V*, 4 is a con-
tinuous mapping which maps bounded sets of V into bounded sets of V*.

If V is a general subspace of Wg'*(f2), we define A(%) as the element
of V* such that

(A('u’)7 v) = a('”’y ’D) ’ (”E V) .

Here, A(u) is no longer a distribution.
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‘We recall that a mapping T of V into V* is said to be pseudo-monotone
if it is continuous from finite dimensional subspaces of V to the weak
topology of V* and satisfies the following condition:

(p-m) For any sequence {u;} in V which converges weakly to « in V
and for which lim sup (7'(u;), u,— w) <0, T(u;) converges weakly to 7T'(u)
in V* and (T(u;),w;) converges to (T(u), w).

We recall that T is said to be coercive if |u|=*(T(u), u) - + oo as
%] — 4 oo, i.e., if there exists a function ¢ from R* to R with ¢(r) -+ oo
as r — -+ oo such that for all u

(T(w), w) > e([ul) ] -

ProprosITION 1. Let 2 be any open subset of R*, V a closed subspace of
W™?(Q), A an operator which satisfies the Assumptions (I), (II), (III) given
above. Then A is a continuous coercive mapping of V into V* which maps
bounded sets of V into bounded sets of V*. Moreover, A is pseudo-monotone
from V to V*,

Proor 10 ProPOSITION 1. The coercivity of A follows from the hypoth-
esized inequality (III) by integration. The continuity and boundedness of 4
follow by standard arguments as already noted.

The pseudo-monotonicity of A from V to V* is proved in Browder [4].

Q.E.D.

We now introduce the truncated functions g,(x, r) in the usual way by
setting
9(@, 7) if |g(@, )| <=,
gal@, 1) = n if gz, r)>n,
—n if gz, 1)< —m .

ProPOSITION 2. Let 2 be a bounded open set im R", a function from
2 X R to R which satisfies the Assumptions (1) and (2) above. Then for each n
the mapping which assigns to each w, the element A(u) -+ g.(x, w) of V* is a
continuous coercive, pseudomonotone mapping of V into V*.

ProoF oF ProposITION 2. If @ is bounded and g satisfies the condi-
tions (1) and (2), then the operator A(u) + g,(», ) will satisfy the Assump-
tions (I), (II), and (IIX) if A(w) does.

Hence, the conclusion of Proposition 2 follows from that of Proposition 1.

Q.E.D.

ProPOSITION 3. Let V be a reflewive Banach space, T a coercive, bounded
pseudo-monotone mapping of V into V*. Then T is surjective.
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ProoF. oF ProposITION 3. This is a standard result of the theory of

pseudo-monotone mappings [1].
Using Propositions 1 and 2, we see that the result of Theorem 1 fol-
lows from the semi-abstract statement which we formulate as Theorem 2:

THEOREM 2. Let V = Wy?(Q), where 2 is a bounded open subset of R»,
g a function from 2 X R into R which satisfies the Assumptions (1) and (2)
stated above. Suppose that A is a coercive pseudo-monotone mapping of V
into V* which maps bounded sets of V into bounded sets in V*. Then for
each f in V*, there exists w in V such that

A(w) + g, w) = f
with g(x, u) in L, g(x, w)u in L', and

(A(w), v) + 9@, w)u = (f, u).
Q

PrOOF oF THEOREM 2. By Proposition 3, for each positive integer =
and for the given element f of V*, there exists an element %, of V such that

Since g.(z, u,) = w, is automatically an element of V*, we know moreover
that

(A(n), 1) + [ 9a(0, W) th0 = (F, )
Q

From the definition of the truncation and the assumption that g(, r)r>0,
it follows immediately that g.(x, u,)u,>0. Hence

o(a]) [2a]l < (A(wa), wa) <(f, ) < [flplunl - -

Hence ¢(]|u,]) < |f|. Since ¢(r)— -+ co as r — oo, it follows that there exists
a constant M such that |u,|,<M for all n. Since 4 maps bounded sets
into bounded sets, it follows that || A(u,)|;»<M,; for all » for a suitable
constant M,. Using the reflexivity of V, it follows that for an infinite
subsequence of the integers n (which we denote without loss of generality
as the original sequence) %, converges weakly in V to an element «, while
A(u,) converges weakly in V* to an element w.
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On the other hand, we also know that

[0t )0 = (F, ) — (A(t), ) < MYF| + MM, = B,
Q

for all n. For each positive integer R and all n, we have

R|g.(, )| < U gul(®@, w,) + R{W(R) 4 |h(— R)|}
since
|9n(@, )| < |9(@, Yn)| < |B(t)] < {R(R) + [h(— B)[}

if |u,| <R, while %,g.(®, %,) = |u,||g.(@, w,)| for all points of 2. Hence for
any subset B of 2, we have

f|g,,(w, Uy,)| dow < R‘lfu”gn(w, U,) +meas (B) My(R)< R* M, + M,(R)meas (B).
B .

Hence by choosing R sufficiently large, and then making meas (B) suffi-
ciently small, we find that the sequence {g.(», u,)} of L* is equi-uniformly
integrable. (This type of argument is some-times referred to as the principle
of De La Vallee Poussin [9], p. 159.)

We may choose an infinite subsequence of the original sequence (which
we denote once more for simplicity of notation as {u,}) such that u, con-
verges to % almost everywhere to % in Q.

It follows immediately for this new sequence by the continuity of g{w, »)
in r and the definition of truncation that g(z, u.(x)) converges almost every-
where to g(», #(x)) and furthermore that g,(», .(%)) converges almost ever-
where to g(», u(z)) in 2. By Fatou’s Lemma, it follows that

Jota, wyu<m,,

ie., g(x, w)w lies in L. Moreover, by the equi-uniform integrability of
{g.(®, w,)} and their convergence to g(z,u) a.e., it follows from Vitali’s
Theorem that g,(», %,) converges to g(», ) in L, where g(x, ) is itself an
element of L.

To continue our argument, we shall need to apply the following result:

PRrOPOSITION 4. Let H be a continuous convex functions on the reals with
H(0)=0. Let u be an element of V with H(u) in L. Then there exists a
sequence {v;} in C°(Q) such that v, converges to uw in V, v; converges to
almost everywhere in 2, and H(v;) is bounded for all j by a fized function in L.
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Proor or PrROPOSITION 4. This is Lemma 3, p. 11, of Brézis [2].

Proor oF THEOREM 2 CONTINUED. We consider the infinite subsequence
{w.} at which we had arrived during the course of the argument, and in
order to apply the pseudo-monotonicity of the mapping 4, we seek to show
that lim sup (A4(%,), %,— %) <0. For any v in ¥V N L, we have
(A(%n), o— u) = (A(%), Up— ) + (A (%), v — u) =

= (f’ Up— 'l)) _'J-gn('”y un)(un_”) + (A(’Il:,,), v— ’M) .
By Fatou’s Lemma,

f g(®, w)u <liminf fg,,(:v, Up) Uy
By the L* convergence of g,(x, %,) to g(x, ),

Jon@, unyv > g(@, wyo.
Hence

lim sup (A(u,), 4,— u) < (f — w, w —v) ——fg(a;, w) (4 —0) .

In particular, we may choose v = v; for any element of the sequence de-
scribed in Proposition 4 where we choose for H the convex function

H(r)=|h(s)ds .
]

H is continuous and convex, while by construction H(0) = 0. Moreover
| H (w)] < |h(w)u| < Olul{g(@, w) + [u|~* + 1}

where the function on the right-hand side of the inequality lies in L. Hence
H(w) lies in L, and the sequence {v,} converging to u in the sense of Pro-
position 4 may be constructed.

We remark in addition that since h(r) is the derivative of H at r,

h(u)(v— uw)<H(v)— H(u) .
Therefore,

h(u)v<H(v)— H(u) + h(w)u < H(v) + h(u)u .
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Moreover, by the inequality |g(x, r)| <|h(r)| and the sign conditions on the
two quantities g(xz, r) and h(r), we see that

g(z, w)v< H () 4+ h(u)w .

(Indeed, if 4 and v have the same sign, this is a consequence of the fact
that |g(@, w)v| <|h(u)v| = h(w)v. In the other case, g(x, u)v is negative, and
the right side of the inequality is positive.)

For each j,

g(m7 u’)vi < (g(wy 'u’)vi)+ 9

where (g(z, )v,)* denotes the non-negative part of the function. By the
inequality we have just derived

(9(@, w)v;)" <H(v;) + h(w)w .

The term on the right by Proposition 4 is dominated by an L function.
The sequence of function (g(x, )v,)* converges almost everywhere to
(9@, w)uw)* = g(x, w)u. Hence by the Lebesgue dominated convergence the-
orem,

[ (@, w0)" > [g@,wu.
On the other hand

Tim sup (A(u,), %, — 4) < (f = w, u—0,) + [g(a, 0)0,— [g(@, u)u
where (f— w, v — v;) =0 since v;,— % —0 in V, while
Jot@, w)w,— w)< [ (9@, wo)* — [g(a, wu

where the difference of the integrals on the right approaches 0 as j — - oo.
Hence,

lim sup (A (%,), %,— ) <O .
Since A is pseudo-monotone, it follows that w = A(w) and that (A(u,),

%,— u) —0. Since A(u,) converges to A(w) in V* and hence in the sense
of distributions while

A(%,) = [— gul®, wp) > f— g(@, u)
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in the sense of distributions, it follows that

A(w) + glo, u) =1 .
From the equality,
(A('Il;,,), '“’n) +fyn(% 'u'n)'un = (f’ “n) ’

it follows by Fatou’s Lemma that
(A(w), w) + [gl@, W< (f, 0).

To complete the proof of Theorem 2, we wish to show the reverse of this
last inequality. For each element of the sequence {v;} constructed as above
using Proposition 4, we have
(4(w), 0)+ [g(@, W, = (1, ) .
Thus,
(A(“)y ’0,-) +J(y(m7 u)v,-)+ > (fv ’0;) .
Since

(9(@, w)v;)" — g(@, w)u
in L* as above, it follows that
(A(), u) +[g(o, wu>(f, w).
Combining this fact with the previously established inequality, we see that
(A(u), u) +J.g(m, w)u = (f, w) . Q.E.D.

§ 2. — ProoF oF THEOREM 3. We shall employ the general procedure
used in the proof of Theorems 1 and 2. By the theory of variational inequal-
ities for pseudo-monotone mappings on reflexive Banach spaces [1], for each
positive integer m, there exists a solution %, in K of the variational ine-
quality

(A(“n)+gn(m, ’Il;,,)—*f,’l)-%,,)>0 y (veK).
Since 4 is assumed to be coercive and 0 lies in K, we know that

o(l1wn]]) lunl < (A (%), %a) < (A(2) + gu(@, %a); W) < (f, %) -
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Hence, it follows as before that the sequence {u,} is bounded in ¥, and
that the sequence {A(u,,)} is bounded in V*. Therefore, we may assume
by passing to an infinite subsequence that u, converges weakly in V to an
element » of K, and A(wu,) converges weakly in V* to an element w of V*.
We shall show that « is a solution of the problem posed in Theorem 3, and
that w = A(w). By the same argument as in the proof of Theorem 2,
fg(w, u,)%, is uniformly bounded for all .

We now deduce the equi-uniform integrability of the sequence {g.(x, u,)}
on the (possibly) unbounded open set 2 by a variant of the De La Valle
Poussin principle applied in the preceding case. For each positive integer R,

R\ga(®, %a)| < afa(®, u,) + R{gw, R) + |g(=, — R)|} .

Hence, for each set B with meas (B) sufficiently small, f]gn(w, %,)| may be
B

made small uniformly in n. In addition, for each given & > 0, there exists
a subset B, of finite measure in £ such that f |ga(2, #,)| < e. Thus the
Q—B

hypotheses of the Vitali convergence theorem hold since we can show using
the local form of the Sobolev imbedding theorem that for a suitable infinite
subsequence g,(z, u,) converges almost everywhere in 2 to g(z, #). It fol-
lows as in the proof of Theorem 2 that g(x, %) lies in L', that g(», #)u lies
in L' by the Fatou Lemma, and that g.(x, »,) converges to g(x, #) strongly
in LY(£).

Let v be any element of K and set

Gz, 1) =fg,,(w, s)ds.
0

Each @, is a convex, non-negative, differentiable function on R for fixed z.
Hence for any pair of arguments » and s

G (@, 1) — G, 8) > gul®, 8)(r — ) .
If we substitute for r and s, v(#) and u,(x) respectively, we obtain
G (@, ©) — Ga(@, Uy) > Gu(®, Un) (0 — W)

We now integrate over £ and obtain the inequality

jGw(ﬁy ’l)) _fGn(w’ u'n) > fgn(w’ “n)(” - u,,) > (.f_ A('u'n), e 'u'n) .



600 H. BREZIS - F. E. BROWDER

Suppose that
J' 6w, ) < + 0.
Then
|G a(, )| < |G(2, v)|
implies that
[Gaia, ) >[6(@, 0)

Since G,(x, u,) converges almost everywhere to G(z, u) it follows that
J'G(w, v) —fG(m, w) >lim sup (4 (%,) — f, w,— v)

for every v in K such that [G(z, v)< -+ co. Setting v = w, however, we
obtain

0 >lim sup (A (%,) — f, u,— ) = limsup (A(u,), %n— u) .

By the pseudo-monotonicity of the mapping 4 from V to V*, it fol-
lows that w = A(u), i.e., A(u,) converges weakly to A(w) in V* while

(A (wn)y wn) — (A(w), u) .

Hence, for any » in K with f G(x, v) < + oo, we have by a preceding ine-
quality

Gz, v) — G(@, w) > (A(w)— f, u—1) .

Thus the variational inequality (ii) of the conclusion of Theorem 3 has been
established.

To complete the proof of Theorem 3, it suffices to establish the variational
inequality (i) for the case in which » lies in K N\ L. To obtain this con-
clusion, however, it suffices to take the inequality

fg,,(w, U) (0 — ) > (A (%) — , U — ) .

Using Fatou’s Lemma and the strong convergence of g.(x,u,) to g(x, u),
we obtain

J.g(wy u’)”’_fg(wy u’)u> (A(u) - f? w— 'v) ]
as desired. Q.E.D.
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Proor oF THEOREM 4. Suppose that w, and u, satisfy the conclusions
fo Theorem 3 for f a given element of V* and K a given convex subset of K.
Suppose that A is monotone. For any element v of K with f G, v) < + oo,

[0, 0)—[6(@, w)> (@) — 1, 1~ v)
and

fG(x, ) —fG(m, ) > (A (%) — f, y— 0) .
Since G(#, r) is convex in 7, if we set
v = (3)(t+ %) ,
then v is a permissible element, and we have

Uy — 0 = () — uy) = — (Uy— 0) .
Therefore
G(x, v) — G(®, u;) > () (A(uy) — f, 1 —u,)
G(z, v) — G(®, us) > (3) (A (%) — f, ts— uy) .

Adding, we obtain the inequality

(A 1) — A(at), 20— 03) + 4J‘{G(w, u,) + G(z, uz)_G(m, M)}<O _

2 2

The conclusion then follows from the monotonicity of A and the con-
vexity of G(x,r) in 7. Q.E.D.

§ 3. — We now give the proof of Theorem 5 on the relation of the
procedures of Sections 1 and 2.

ProoF oF THEOREM 5. Suppose that u is a solution in V = Wg?(2)
of the differential equation

A(w) + g(@, w) = f
with g(x, 4) and g(», )% in L', and with
(A(w), ) + 9@, w)u = (f, w)

For any testing function v in 2, we have
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(), 0) + 9@, w)v = (f, ).
Hence
G(xy 17) - G(.’I?, u) >g(w7 u)(v - u)

implies that
[6@, 0~ [ @@, 0> [g@, w0 — u) = (f— 4w, v ).

Suppose that » is an element of ¥V with f G(z, v) < + oco. We know that
H(v) € L* since

1
1)< 0fown + 1 irp+ 1)
and therefore by Proposition 4 we may construct a sequence of testing func-
tions »; converging to v in V such that H(v;) is dominated by a fixed IL?

function; thus G(z, v;) converges to G(x,v) in L. Taking the limit of the
inequality for v = v; given above, we see that

[6(@, v —[6@, u)> (1— 4@), 0~ ),
so that the inequality (ii) holds for w.
To obtain the inequality (i), we consider » in V N L® and choose a

sequence of testing functions {v;} in V converging a.e. and boundedly to v.
If we consider the inequality

[ot@, w0, — ) = (— A(w), v,— u)
and take the limit, we obtain the equality

f (@, w) o — u) = (f— A(w),v—u) . Q.E.D.
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