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ABSTRACT. In this paper we study the existence of nontrivial
solutions for the following system of two coupled semilinear Pois-
son equations:

-Au=g), v>0 inQ,
S) -Av = f(u), u>0 inQ,
u=0,v=0, on 0Q),

where Q is a bounded domain in R? with smooth boundary 0Q,
and the functions f and g have the maximal growth which allow
us to treat problem (S) variationally in the Sobolev space H{ (Q).
We consider the case with nonlinearities in the critical growth
range suggested by the so-called Trudinger-Moser inequality.

1. INTRODUCTION

There has been recently a good amount of work on Hamiltonian systems of sec-
ond order involving elliptic equations defined in subsets of RN, N > 3, see for
example [6—8]. In this paper we study some classes of such systems, when the
equations are defined in bounded subsets of R?. Limitations on the growth of the
nonlinearities vary substantially when we come to dimension two. As it is well
known, in dimensions N > 3 the nonlinearities are required to have polynomial
growth at infinity, so that one can define associated functionals in Sobolev spaces.
Coming to dimension two, much faster growth is allowed for the nonlinearity.
In fact exponential growth can be handled, and the Trudinger-Moser estimates in
N = 2 replaces the Sobolev imbedding theorem used in N = 3.
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The case of a single semilinear elliptic equation in bounded subsets of R?
has been investigated by several authors, see for example [2, 3, 5, 6]. It has been
observed that criticality in dimension two is connected with the imbedding of
H& (Q) in an Orlicz space Ly, when @ (t) = e — 1 see [1,9]. This is analogous
to the phenomenon of criticality in dimension N = 3 when it occurs at the value
of p (namely p = 2*) such that the continuous imbedding of H& (Q) into L?,
p > 1 fails to be compact.

Our aim in this paper is then to establish the existence of solutions for the
following class of elliptic systems

-Au=gw), v>0 inQ,
(1.1) -Av = f(u), u>0 inQ,
u=0,v=0 on 0Q).

where Q is a bounded open subset of RV, with smooth boundary 0Q and A is
the Laplace operator. This class of problems allows a variational formulation.
More precisely, their weak solutions are the critical points of the associated energy
functional

I(u,v) = J VuVv dx —J [F(u) + G(v)]dx,
(1.2) Q Q

(u,v) € E:= H{(Q) x H}(Q),

where the functions F and G are the primitives of f and g, respectively. The
norm of u € H}(Q) is given by l[ull := (Jo |Vul?>dx)'2. The norm of an
element z = (u,v) in E is defined by ||z]| := ([[ull® + [[v[|?)1/2.

Although system (1.1) above is a special case of a general Hamiltonian system,
it already contains the basic difhiculties of the general case. Namely, the associated
functional I, given in (1.2), is strongly indefinite, and the nonlinearities f, g
treated in the present paper can have critical growth, see the definition below. We
believe that once we know how to overcome these difficulties in this special case,
more general cases can be treated by the same techniques.

Here we assume the following conditions:

(Hy) f,g:[0,0) — [0, ) are continuous functions;

(H2) f(s) =o0(s) and g(t) = o(t) near the origin;

(H3) there exist constants € > 2 and ty > 0 such that, for all t > ty, one has
0<OF(t) <tf(t) and 0<6OG(t) <tg(t);

(H4) there exists M > 0 and t, > 0 such that, forall t > ¢,,

0<F(t)<Mf(t) and 0<G(t) <Mg(t).
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Motivated by the so-called Trudinger-Moser inequality, which says that if u
is a H} (Q) function, then the integral [, e is finite, we say that g has subcritical

growth at +oo if forall « > 0

(1.3)

and g has critical growth at + oo if there exists &g > 0, such that

(14) lim IO oforalla> o and  lim 20

i = 400 forall @ < .
ext? [—+o0 @XU 0

In the case of critical growth, we say that g is the critical exponent of g.

Theorem 1.1 (The subcritical case). If g has subcritical growth, f has subcrit-
ical or critical growth, and (H1)-(H3) are satisfied, (1.1) possesses a nontrivial weak
solution (u,v) € E.

We denote by d the inner radius of the set Q, that is, d is equal to the radius
of the largest open ball contained in Q.

Theorem 1.2 (The critical case). If f and g have critical growth and (H;)-(H»)
and (Hy) are assumed, and furthermore suppose that
(Hs) limi—so tf(£)e %0 > 4/ xod? and lim;—. . tg(t)e %0t > 4] x,d?;
then (1.1) possesses a nontrivial weak solution (u,v) € E.

Remark 1.3.

(1) Condition (Hy) is stronger than (H3), in the sense that (Hy) implies (H3).
(2) It follows from (1.3) and (1.4) that, in any case, subcritical or critical, there
exist positive constants C and 8 such that

(1.5) F), gt) <ceP’, vt=o.

(3) In the critical case, we shall need a more precise estimate, namely, given € > 0,
there is a positive constant Ce such that

(1.6) F(b), g(t) < Cee @t v > 0.

(4) Hypothesis (Hs) implies that f and g are critical with critical exponent .

Remark 1.4.

(1) Theorem 1.2 is the extension to systems of Theorem 1.3 in [5]: indeed, con-
dition (Hs) corresponds to condition (H7) in [5].

(2) In higher dimensions critical growth is given by powers. In [6—8] it was shown
that for N = 5 the limiting powers of f and g in (1) form a ”critical hyper-
bola.” It would be of interest to find a related "critical curve” in dimensions 2,
3 and 4. The critical case considered in Theorem 1.2 lies on the intersection
of this hypothetical curve with the diagonal.
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2. ABSTRACT FRAMEWORK

As mentioned in the introduction, the nonlinearities f and g are allowed to have
the maximal growth which allows to treat the problem by variational methods in
H{} (Q). This growth is given by the so-called Trudinger-Moser inequality, which
says:

(TM-1) If u € H}(Q), then J e’ < +oo, see N. Trudinger [14] (cf. also S.
Pohozaev [13]. ¢
(TM-2) supj <, Lz P < 4o, for 0 < B < 41T, see J. Moser [11] (for a uni-
form bound for some > 0, see also N. Trudinger [14]).
(TM-3) Let {uy} € HH(Q) with |luyll < 1and uy, — u, and let o« < 417. Then,
for a subsequence, JQ oMU L} e see PL. Lions [10] (adapting the
proof of Th. 1.6, p.197).
We now consider the functional I given in (1.2). Since we are interested in

positive solutions we define f and g to be zero on (—o0,0]. Under our assump-
tions we have

(i) I is well-defined, since by (5)
t t ) , ,
F(t) = [ frds e[ oft < cro” < oo
0 0
(i) Iis C! with

(2.1
I'(u,v) (@, @) = jQ[Vuvw L Vuveldx - jQ[f(wcp L gw)yldx,
forall (p,y) € E;

indeed, given u,, — u in H}(Q) there exists a subsequence Un,, (X) and h € H}
such that |u”k| < h(x) (this is seen using the same arguments as in the proof of
the Riesz-Fischer theorem, completeness of L?, see e.g. [4], Theorem IV.8). Then,
by (TM-1) we have e"” & L, and then by the Lebesgue dominated convergence

theorem [, f(un)® — Jo f(u)@, forall € Cy.
Consequently, critical points of the functional I are precisely the weak solu-
tions of (1.1).

2.1. The Geometry of the Linking Theorem. We use the following nota-

tion:

E" = {(u,u) |u € H(Q)} and E~ = {(u,-u) | u € H(Q)}.
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Lemma 2.1. There exist p, 0 > 0 such that 1(z) = o, forallz € S :=
0B, NE*.

Proof. From (H,), for given & > 0, there exists 79 > 0 such that

f(t) < 2¢eot,

a(t) < 2zt forall t < 7.

On the other hand, it follows from (1.5) that, for a given g > 2, there exists a
constant C; > 0 such that

F(t) < 1t exp(Bt?),

5 forall t = 7.
G(t) < Cithexp(Bt?),
From these two estimates we get

F(t) < gt? + Citexp(Bt?),

forallt = 0,
G(t) < got? + Citexp(Bt?),

which implies,
I(u,u) = J IVul|?dx — 2€0J u?-2C J |ul?exp(Bu?) dx
Q Q Q

zJ IVulzdx—Zeoj u?
0 0

1/s

- 20 ( JQ lu | dx)l/S’(JQ exp(Bsu?) dx) :

where 1/s + 1/s” = 1. Using the Trudinger-Moser inequality (TM-2),

L) exp(Bsu?) dx = JQ exp (||u||2/35 (ﬁ):l) dx <C,

if [ull < &, with § > 0, such that Bs6? < 471r. So, by the Sobolev imbedding

theorem we obtain,
I(u,u) = ull® - czellull> = callull?.

Therefore, we can find p, o > 0, p sufhiciently small, such that I(u,u) = o > 0,
for [lull = p. t

Lety € H& (Q) be a fixed nonnegative function with ||yl = 1 and

Qy={r(y,y)+wl|lweE, |lwll<Ryand 0 <7 < R;}.
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Lemma 2.2. There exist positive constants Ry, Ry, which depend on y, such that
I(z) <0 forallz € 0Q,.

Proof. Notice that the boundary 0Q, of the set Q, is taken in the space
R(y,y) @ E~, and consists of three parts. On these parts the functional I is
estimated as follows:

(i) Ifz € 0Qy NE~, we have I(z) < 0 because, forall z = (u, —u) € E-,
I(z) = —J |[Vul?dx — J [F(u) + G(—u)]dx < 0.
Q Q

(i) Ifz =R (¥, ) + (u, —u) € 0Q, with [[(u, —u)|l < Ry,
(2.2) I(z):R%J IVylzdx—J [Vul?dx
Q Q
— JQ[F(Rly +u)+GRyy —u)ldx.

It follows from assumption (H3) that there exist constants ¢y, ¢ > 0 such that

F(t), G(t) = c1t? — ¢y, forallt > 0.

t? ift =0,
&) = {o ift <0.

Let

We then obtain from (2.2) that
I(z) <R} - L}[Z(Rly +u) + &Ry —u)ldx +c;.
Now, using the convexity of &, it follows that
I(z) <R} - 2L2 E(R,y)dx +c3 = R} — 2RV nge dx + c;.

Finally taking Ry = R; () sufhiciently large, we get I(z) < 0.
(i) If z =7r(y,») + (u,—u) € 0Q, with |[(u,—u)ll = Rpand 0 < v < Ry,

I(z) =7? JQ IVy|2dx — JQ IVul?dx — JQ[F(ry +u) +Gry —u)ldx
1

<R? - ER%,.

Thus, I(Z) <0if \/jR] < Ryp.
So, the geometry of the linking theorem holds. O
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2.2, On Palais-Smale Sequences.

Proposition 2.3. Let (W, Vi) € E such that
(I1) T(Um, V) = C + Om, where Sy — 0 as m — +oo;

1) 1T (um, vi) (@, @) 1< emll (@, ), for @, @ € {Um, Vim}, where ey — 0
asm — +oo.

Then
lumll < C, lvmll < C,

J Sfum)umdx <C, J gG(Um)vmdx < C,
Q Q
J F(uy,)dx <C, J G(vm)dx <C.
Q Q
Proof. Taking (@, @) = (Um, V) in (I2), we have
(2.3) 'ZJ Vum Vo, dx —J I (Up) U dx—J gm)vmdx
Q Q Q

< emll(Wm, v) I,

which together with (I1) and hypothesis (H3), implies
| L )t + g@wm)vm] dx
< ZJQ[F(um) + G(Um)ldx +2¢ +20m + emll (Wm, vim) |l
< % JQ[f(um)um + gWm)vmldx +c1 + 20m + emll (Um, Vi) Il

where ¢; depends only on ¢ and ty in hypothesis (H3). Thus, for some constant
C2, we obtain

(2.4) JQ[f(um)um + g(Vm)vmldx < c2(1 4 20m + Emll (Wm, Vi) D).
Next taking (@, @) = (Vin,0) and (@, @) = (0, us,) in (I2) we have
[Wnll? = emllvmll < [ ftm)vmdx,
I = emltm | < | @Wm)ttm dx.
Setting Uy, = Um/l[Umll and Vi = Vi /|l U || we have
(2.5) [vmll < L}f(um)vm ax + em,

(2.6) il < Jggwm)Um dx + em.
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We now rely on the following inequality whose proof is given in Lemma 2.4
below,

(e’ — 1) + s(logs)!/?, forallt > 0and s > e!/4,
2. < 2
@7) st= (et —1)+%52, forallt >0and 0 < 5 < e!/4.

By using inequality (2.7) (with t = Vj,, and s = f(um)/C, where C is the
constant appearing in (1.5)), estimate (1.5), and the Trudinger-Moser inequality,
we obtain

1
C J;) Ef(um)vm dx

2 1/2
= CJ e'mdx +C lf(um) [log lf(um)] dx
o {x€Qlf (um)(x)/Czeli} C C

1 1

t3 —[f(um)]*dx
2 Jixeolfum) (x)/c=etrdy C2 Lf (um)]

<c3+ 31/2 JQf(um)um ax,

for some positive constant c3. This estimate together with (2.5) implies that, for
some constant ¢ > 0, we have

(2.8) lvmll < c(l + Jgf(um)um dx + sm>,

Using a similar argument we get from (2.6)

(2.9) |l < c(l + L)g(vm)vm dx + em>,

Now joining the estimates (2.8) and (2.9) and using (2.4) we finally obtain
[ (m, vl < c(1 + 6m + Emll (Um, Vi) | + Em),

which implies that || (1, Vm) |l < c. From this estimate, inequality (2.4) and as-
sumption (H3z), we obtain the other estimates in the statement of the
proposition. O

Lemma 2.4. The following inequality holds

(et2—1)+152, forallt >0and 0 < s < el/4,

{(etz —1) + s(log" $)1/2, forallt > 0and s > /4,
st <
2
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Proof. For s > 0 given, consider sup,,,{ts — (e” — 1)}. Let ts denote the
(unique) point where the supremum is attained. Then s = 2t;es. Consider now
three cases:

Case 1: t5 > %; then s = 2tSet§ > !5, which implies (logs)l/2 > t,. Thus

sup{ts — (e’ = 1)} < tss —e's < tgs < (logs)'/%s.

t=0

IA

Case 2: 0 < t; < +and s > e!/4; then st; < s/2 and s/2 < S(longS)l/2 iff
s =ell4

o

Case 3: 0 < t; < 3 and s < e'/4; in fact, the second inequality in (2.7) holds
always, since

ts < %tz + %sz < %(et2 -1+ %sz.

Hence, the lemma is proved. O

2.3. Finite Dimensional Problem. Since the functional I is strongly indef-
inite and defined in an infinite dimensional space, no suitable linking theorem
is available. We therefore approximate problem (1.1) with a sequence of finite
dimensional problems (a Galerkin approximation procedure).

Associated with the eigenvalues 0 < A} < Ay < A3 < --- < Aj — o of
(—A,H}(Q)), there exists an orthonormal basis {@1, @2,...} of corresponding
eigenfunctions in H& (Q). We set,

Ej =span{(@i, @i) | i=1,...,n},
E, =span{(@;,—@i) |i=1,...,n},
En =E} o E;.
Let v € H}(Q) be a fixed nonnegative function with ||y || = 1 and

Qny=1r(y,y)+w|wekE,, lwll <Ry, and 0 <r < R;},

where Ry and R; are given in Lemma 2.2. We recall that these constants depend
of ¥ only. We use the following notation:

Hyy =R(y,¥) ®En, Hy,=R(y,»)eE;, H,, =R,y 0k,
Furthermore, define the class of mappings
Iy =1th € C(Qn,y,Hny) | h(2) = z0on 0Qp,y}
and set

hern‘y ZEQn‘y
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Using an intersection theorem (see Proposition 5.9 in [12]), we have
h(Qny) N (0B, NET) + @, VheTly,,

which in combination with Lemma 2.1 implies that ¢, = 0 > 0. On the other
hand, an upper bound for the mini-max level c¢;,, can be obtained as follows.
Since the identity mapping Id : Qu,y — Hp,y belongs to I}y, we have for z =
r(v,¥) + (u,—u) € Qn,y that

I(z) =72 J;) IVylzdx—JQ IVulzdx—JQ[F(ry+u) +G(ry—u)]ldx <R3

Therefore we have 0 < 0 < ¢y, < R}. We remark that the upper bound does
not depend of 1, but it depends on .

Let us denote by Iy, the functional I restricted to the finite dimensional
subspace Hy,y. So, in view of Lemmas 2.1 and 2.2, we see that the geometry of
a linking theorem holds for the functional I, 5. Therefore, applying the linking
theorem for I, (see Theorem 5.3 in [12]), we obtain a (PS)-sequence, which is
bounded in view of Proposition 2.3. Finally, using the fact that Hy,, is a finite
dimensional space, we get the main result of this section.

Proposition 2.5. For each n € N and for each y € E, a fixed nonnegative
Sfunction with ||y || = 1, the functional I, has a critical point at level ¢y . More
precisely, there is a zy,,, € Hp,y such that

In,y(zn,y) =Cny € [O',R%], (In,y),(zn,y) = 0.
Furthermore, ||zn,y || < C where C does not depend of n.

3. SUBCRITICAL CASE - PROOF OF THEOREM 1.1

In this section we assume that g has subcritical growth (see definition in (1.3)).
Let ¥ € E be a fixed nonnegative function with ||y | = 1. Applying Proposi-
tion 2.5, we have a sequence z5,,,, € Hy,, bounded in E and such that

3.1 Iny(zny) = cny € [0,R7],

(3.2) (In,y) (zn,y) =0,

(3.3) Zny = (Un,y, Vny) = (Uo,Vp) inE,

(3.4) Uny — Up and Uy — Uy in L1(Q), Vg =1,
(3.5) Un,y (X) = Ue(x) and Uy, (X) — Vo(x) a.e. in Q.

Next, using Proposition 2.3 we conclude
(3.6) JQf(un,y)un,y dx < C, Jﬂg(vn,y)vn,y dx < C,

(3.7) JQF(un,y) dx < C, L) G(vp,y)dx < C.
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Taking as test functions (0, @) and (@, 0) in (3.2), where @ and y are arbi-

trary functions in Fy, := span{@; | i = 1,...,n}, we get
(3.8) L} Vun,Vpdx = L)g(vn,y)gu dx, V@ €Fy,
(3.9) L) VUn,yVedx = L)f(un,y)(p dx, V@ €F,.

Next, using (3.6) and an argument similar to the one used in Lemma 2.1 in
[6], we can prove that f(un,y) — f(Uy) and g(vn,y) — g(u,) in L1(Q). Thus,
taking the limit in (3.8) and (3.9) and using the fact that U,en Fn is dense in
H(} (Q), it follows that

J VuoVy dx =J g(ve)ypdx,
o Q V@, € HHQ).

JQ Vo,V dx = JQf(uo)cp dx,

Since f(uy), g(vo) € L2(Q) we conclude that u,, v, € H2(Q) and
-Auy, =g(,) and —Av, = f(u,)
in the strong sense.
Finally, it only remains to prove that u, and v, are nontrivial. Assume by

contradiction that u, = 0. This implies that v, = 0. Since g has subcritical
growth, we see that for all § > 0 there exists Cs > 0 such that

g(t) < Csed, Vit eR,

Now, using Holder inequality we get
2 ~
‘ Jﬂg(vn,y)un,y dx’ < Cslunylq |e0Vny |1 q < Cslunyl,q,
since by the Trudinger-Moser inequality (TM-2) we have
|0Vn.y 1% = J ey dx < C.
Q

Indeed, we can take § and g such that g&||v,,, 1> < 4. Now it follows from
(3.2) that

J;z |vun,y|2dx = Jgg(vn,y)un,y dx < Cé|un,y|Lq’,
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and so we conclude that Uy, — 0 strongly in H}(Q), because Un,y — 0in
L7 (Q). This implies that

(3.10) llm J’ vun,yvvn’y dx = 0.
Q

N—+oo

Then we obtain by (3.2)
Using these limits and (H3) it follows that

n—+o Jo Q

N—+oo

Observe that in this conclusion we have used the fact that

{xeQlun,y (x)<to}
Finally, using (3.10) and (3.11) we see that ¢j,,, — 0, which is a contradiction to
(3.1). Consequently, we have a nontrivial critical point of I, and thereby conclude
the proof of the Theorem 1.1.

4. CRITICAL CASE - PROOF OF THEOREM 1.2

In this section we assume that f and g have critical growth (see definition in

(1.4)).
Let d be the inner radius of Q, that is, it is the radius of the largest open ball
contained in Q. So B4 (xp) C Q for some xy € Q. We may assume that x¢ = 0.
We start by introducing the following concentrating functions

o) =i (3), ke,

d
where
(logk)!/2, Ix| < 1/k,
- 1 log(1/1x1)
(4.1) wi(x) = N Togh)172 1/k < Ix] <1,
0, Ix[ > 1.

We also consider the sets
Quk = Qny, = r(ve, k) +w | w € Ey, |wl <R, and 0 <+ < Ry}.

Next we assume the following result, which will be proved later.
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Proposition 4.1. There exists k € N such that

sup  I< 4—”

R(Yj. V) ®E~ Xo

This proposition implies that there is § > 0 such that for all n we have ¢, :=
Cn,yy, < 417/ %y — O, where Cn,yy i defined in Proposition 2.5. In fact, in view
of Propositions 2.3, 2.5 and 4.1, there exists 6 > 0 such that for each n we have
Zn 1= Zpk € Hyk such that

(4.2) lznll < C inE,
41T
(4.3) Ink(zn) =cy € [0, w 5) ,
(4.4) (Ink) (zn) =0,
(4.5) Zn = (Un, Un) — (Up,Vy) InE,
(4.6) Un — Ug and Vy, — UV, in L1(Q), Vg =1,
4.7) Un(X) — Uy (x) and V, (x) — Vo (x) a.e. in Q.

Using Proposition 2.3 we conclude

(4.8) JQf(un)un dx < C, JQg(vn)vn dx < C,

(4.9) JQF(un) dx < C, J;) G(vy)dx < C.

Taking the test functions (0, ¢) and (g, 0) in (4.4),

(4.10) JQ Vu,Vydx = L)g(vn)w dx, Y@ €F,,
(4.11) JQ Vo, Vedx = sz(un)cp dx, Y@ €F,.

Arguing as in the subcritical case, taking the limits in (4.10) and (4.11) and
using that Uy, en Fy is dense in H} (Q), it follows that

J Vuo,Vy dx =J gwo)ydx and J Vv,V dx =J fuy)pdx,
Q Q Q Q
Vo, € HH(Q).

So, it remains to prove that u, and v, are nontrivial. Assume by contradiction
that u, = 0. This implies that v, = 0. Now, if [[un| — 0, then we get directly
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(4.15) below, and then a contradiction. Thus, assume that ||uy|| = b > 0, Vn,
and consider

(4.12) lunl? = jﬂg(vnmn dx.

Setting Uy = (410/ o — 8)?un/llunll, and using inequality (2.7) with s =

g(vn)/ /& and t = /XLy we have

4 1/2 i
(—" - 5) lunll = j 9(Un)iin dx
Xo Q

< J (e%0in — 1) dx
Q

g(vy) g(vy) 1
. s ()|
Lxeggwn><x)/m>e”4} V&0 [Og Vo

2
v

L1 J 9w

2 JixeQlg(vn) (x)/ Jxg<ell4} X

Since |11y 1> = 471/ g — &, we know by (TM-3) that the first term tends to zero,
while the third term tends to zero by Lebesgue’s dominated convergence theorem.
Using Remark 1.3(3) we can estimate the second term by

C. 1/2
J _g(v") (10g<ﬁe(ao+e ))

1/2
< \/—070 L}g(vn) (log (\/Co%) + (g + 5)1/2vn>

<o(l)+ <1 + ;())1/2 Lg(vn)vn,

and hence we obtain

(4.13) <% - 5)

1/2 1/2
lunll < o(1) + <1 + —) J g(vp)vpdx.

Repeating the same argument with
[vall® = | funyvn d,

we see that also

(4.14) (fx—’OT - 5)

1/2

lvall < 0(1) + (1+ )l/zj ) ttn dx.
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Since
lim J F(up)dx =0 and lim J G(un)dx =0,
n—+o Jo n—+0o Jo

we conclude from (4.3) that

J Vuanndx‘ <o(l) + 4—” -0,
Q Xo

which together with (4.4) implies that

JQf(un)undx + JQg(vn)vndx <o(l)+2 (40(—: - 6) .

So, from (4.13)-(4.14) we obtain

1/2 1/2 1/2
||un||+||vn||so(1)+z(1+i) (4_"_5) §2(4_"_§> |
Xo X 2

for € > 0 sufficiently small and n sufficiently large. It follows that there is a
subsequence of (uy) or (vy) (without loss of generality assume it is (v5)) such
that

41t 6)”2

lonll < ((x_o‘i

Thus, using (1.6) with € > 0 and the Holder inequality with ¢ > 1 such that
(0o + &) (41 /X0 — 0/2)q < 41T, we get

2
' L)g(vn)vn dx‘ < Cglvn|qu|e("‘°+f)“"|Lq < Clvnl,q-

Since lUnl, g — 0 we conclude by (4.12) that u, — 0 strongly in H& (Q), and
hence

(4.15) nliglw 5 VunVu,dx = 0.

By (3.10) and (3.11) we conclude that ¢,, — 0, which is a contradiction to (4.3).
4.1. On the mini-max level — Proof of Proposition 4.1.
Proof. Suppose by contradiction that for all k,

sup I>—.
X
R(yg:.p)®E~ 0
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So, for all fixed k, there exists §,;, = 0 as n — oo and

Nnk = Tk (Vi Vi) + (Unk, —Unk) € Qnik

such that
41T
IMnk) = 0(_0 — On.
Let h : [0,00) — R, h(t) := I(tnnk); as h(0) = 0 and lim;— 4o h(t) = —oo,
there exists a maximum point Ny with I(tnuk) = 47/ — 6. We may

assume that Ny is this point, and thus I’ (Nu k) Nnk = 0. Let us write in detail
I(rln,k) > 417/ g — On and I,(rln,k)r]n,k =0:

(4.16) 15, — JQ |Vinil* - JQ[F(Tn,kyk +Unk) + G(Tuk Yk — Unk)]

(4.17) T2, - L} VUi

= L)[f('rn,kyk + Un ) (T Vi + Unk) + 9 (Tuk Yk — Uni) (Tnk Yk — Unk) 1.

From (4.106), we get 477/ X + Sp k := T%,k > 411/ X9 — 65. From (Hs), there exists
Bo > 4/ xod? such that

(4.18) Jim tf(t)e *” > By and lim tg(t)e ot > B,.
— 400 -+
So, given € > 0, there exists R¢ such that

tf(t), tg(t) = (Bo — g)et”  forallt > R,.

Next, choosing k sufficiently large such that T,k (logk/21)!/? > R, we get that
max{TnukVk + Unk, TnkVk — Unk} = Re forall x € By (0). So, on Bgk(0),

41T 2 logk/2
(4.19) — + Spx = (Bo— &) 00T k logk/2T0
Xo Bd/k(O)

2
> (By — E)%e“o(4ﬂ/ao+5n’k)logk/217

— (30 _ E)T(_dzeo(()Sn’klng/le’-
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Note that by (4.16) we have for each fixed k, limy o Spk — Sok = 0, and then
(4.19) implies that sox = 0. Thus we see that

4t 2
(X_o > (Bo — &)mrd-.

This contradicts (4.18), since € > 0 is arbitrary. O
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