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Abstract: This paper deals with the hierarchical control of the wave PDE. We use
Stackelberg-Nash strategies. As usual, we consider one leader and two followers. To each
leader we associate a Nash equilibrium corresponding to a bi-objective optimal control
problem; then, we look for a leader that solves an exact controllability problem. We
consider linear and semilinear equations.

Statement of the problem

Let © C R™ be a bounded domain with boundary I' of class C? and let us assume that
T > 0. Let us consider the small open nonempty sets O, O, Oy C . We consider the
cylinder Q = Q x (0,7) with lateral boundary ¥ = I" x (0,7"). By v(z) we denote the
outward unit normal to ) at the point x € T.

Let us consider the following system

v — Ay +a(z, )y = F(y) + flo +v'lp, +v°1lp, in Q,
y=0 on Y, (1)
y(-,0) =9" u(,0) = in Q,
where a € L>(Q), f € L*(Ox (0, T)), vt E LQ( x(0,7)) (i =1,2), F: R — Ris alocally
Lipschitz-continuous function, (y°,y') € H}(Q) x L*(Q2) and the notation 1,4 indicates the
characteristic function of A.
The main goal of this article is to analyze the hierarchic control of (1) and, in partic-
ular, to prove that the Stackelberg—Nash strategy allows to solve the exact controllability
problem.

Main results

Let 75 € R™\ Q be given and let us consider the following set
'y ={xel; (x—x) v(x) >0}
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and the function d : Q — R, with d(z) = |z — 2¢|? for all 2 € Q. We also define

Ro :=min{\/d(z) : x € Q} and R, :=max{\/d(z):z¢€ Q}. (2)

We will impose the following assumption:
36 > 0 such that O D Os(I';) N, (3)

where
Os(Ty)={zeR" |z —2| <0, 2" €l }.

A trajectory to (1) is a solution to the system

U — Ay +a(z, t)y = F(y) in Q,
y=0 on ¥, (4)
g(,0) =79, w(-,00=g" in Q

In the linear case (F' = 0), we have the following result on the exact controllability of (1):

Theorem 1. Suppose that T > 2Ry, F = 0 and the constants p; > 0 (i = 1,2) are
large enough, depending on Q, O, the O;, the O;q, T and |a||r~q). Then, for any data
(v°,y') € Hy(Q) x L3(Q), there exist a control f € L*(O x (0,T)) and an associated
Nash equilibrium pair (v',v?) = (V' (f),v%(f)) such that the corresponding solution to (1)
satisfies y(-, T) = y(-,T).

The following results hold in the semilinear case:

Theorem 2. Assume that T > 2Ry, F € W1(R) and the u; > 0 (i = 1,2) are suffi-
ciently large, depending on 2, O, the O;, the O;q, T and ||F||w1.~. Then, for any data
(v°,y) € H}(Q) x L*(Q), there exist a control f € L*(O x (0,T)) and an associated Nash
quasi-equilibrium pair (v',v?) = (vVI(f),v*(f)) such that the corresponding solution to (1)
satisfies y(-, T) = y(-,T).
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