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1 Introduction

In this work we are concerned with the existence of solution for quasilinear Schrödinger equations of the form

i
∂ψ

∂t
= −∆ψ +W (x)ψ − η(x, |ψ|2)ψ − κ

[
∆ρ(|ψ|2)

]
ρ′(|ψ|2)ψ, (1.1)

where ψ : RN × R→ C, κ is a real constant, W : RN → R is a given potential and η : RN × R+ → R, ρ : R+ → R
are suitable functions. Quasilinear equations of the form (1.1) appear naturally in mathematical physics and have

been derived as models of several physical phenomena corresponding to various types of nonlinear terms ρ. Here,

we consider the case where ρ(s) = s, κ > 0 and our main interest is in the existence of standing wave solutions,

that is, solutions of type

ψ(x, t) = exp(−iEt)u(x),

where E ∈ R and u ≥ 0 is a real function. A simple computation shows that ψ satisfies (1.1) if and only if the

function u(x) solves the quasilinear equation

−∆u+ V (x)u− κ[∆(u2)]u = g(x, u), x ∈ RN , (1.2)

where V (x) := W (x)− E is the new potential and g(x, u) := η(x, u2)u is the new nonlinear term.

The equation (1.2) has attracted a lot of attention of many researchers and some existence and multiplicity

results have been obtained. We want to deal with equation (1.2) where the potential V verifies the conditions:

i) lim sup
|x|→0

V (x) = +∞ (singular at origin);

ii) lim inf
|x|→∞

V (x) = 0 (vanishing at infinity).

More precisely, we are concerned with problems of the form{
−∆u+ V (|x|)u− κ[∆(u2)]u = Q(|x|)g(u), x ∈ RN ,

u(x)→ 0 as |x| → ∞.
(P )

The main purpose is to show that, using a variational framework based on a suitable weighted Orlicz space, it

is possible to find sufficient conditions for existence of nonnegative and nonzero solutions for (P ), where N ≥ 3,

V,Q : (0,∞) → R are continuous and satisfy convenient assumptions at the origin and infinity, and the nonlinear

term g : R→ R is continuous and has adequate growth conditions for this class of problems.

More precisely we make the following assumptions on the potentials V and Q:

(V1) V : (0,∞)→ R is continuous, V (r) ≥ 0 for all r > 0 and there exist a ∈ R and a0 ≥ −2 such that

0 < lim inf
r→0+

V (r)

ra0
≤ lim sup

r→0+

V (r)

ra0
<∞ and 0 < lim inf

r→+∞

V (r)

ra
;
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(Q1) Q : (0,∞)→ R is continuous, Q(r) > 0 for all r > 0 and there exist b, b0 ∈ R such that

0 < lim inf
r→0+

Q(r)

rb0
≤ lim sup

r→0+

Q(r)

rb0
<∞ and lim sup

r→+∞

Q(r)

rb
<∞,

where

(i) b0 > b if b ≥ −2 ≥ a;

(ii) b0 ≥ b and b0 > −2 if b ≤ max{a,−2}.

By (V1) and (Q1) the potentials V and Q can be singular at the origin and vanishing at infinity, as well as can be

unbounded at infinity.

In order to establish the hypotheses on the nonlinearity g(s), we introduce the following numbers:

α :=


2(N + b)

N − 2
, if b ≥ −2 and a ≤ −2;

2, if b ≤ max{a,−2};

and

β :=
2(N + b0)

N − 2
.

The numbers α and β are related with some embedding results, which are important for us to use the variational

methods. Throughout this work the following hypotheses on g(s) will be assumed:

(g1) g : R→ R is continuous and g(s) = o(|s|α−1) as s→ 0;

(g2) there exist p ∈ (α, 2β) and C1 > 0 such that

|g(s)| ≤ C1(1 + |s|p−1), ∀ s ∈ R;

(g3) there exists µ > 2 such that

0 < 2µG(s) := 2µ

∫ s

0

g(t)dt ≤ sg(s), ∀ s > 0.

Under these conditions, we have our main result.

Theorem 1.1. Suppose that (V1), (Q1), (g1) − (g3) are satisfied with b ≥ −N+2
N in (Q1)(i), b 6= −2 in (Q1)(ii),

a0 ≥ b0 and p > max{4, α + 1}. Then, problem (P ) has a nonnegative and nonzero solution u ∈ Xrad ={
v ∈ D1,2

rad(RN ) :
∫
RN V (|x|)|v|2 dx <∞

}
.
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