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1. Overview of the measure theory and probability

This chapter reviews some basic topics and concepts of the measure theory and
probability which are important for understanding the rest of the course.
1.1 The definition of measure

Definition 1.1. Let ) be a set. A o-algebra F is a family of subsets of ) possessing
the following properties:

(1) The empty set & belongs to F.
(2) If A€ F, then A° € F, where A = Q\ A is the complement of A in €.
(3) ]fAl,AQ,...,An,... € F, then UzlAl e F.

Definition 1.2. A measure y on F is a function F — [0,00) such that for any
sequence of subsets {A;}32,, A; € F, with A,NA; =0, i # 7J,

w(Ua) = i

Definition 1.3. A signed measure on F is a function F — (—o00,00) where the
rest of the properties is the same as for the measure.

Definition 1.4. We say that some property A holds almost everywhere (a.c.) if
the set of those point x € E where the property A does not hold is zero.

Definition 1.5. A probability measure P on F is a function F — |0, 1] satisfying
the following conditions:

(1) P(2) =0, P(Q) =1.

(2) If a sequence of subsets {A;}2,, A; € F, is such that A;NA; = &, i # j,
then

Sometimes, if a g-algebra F of subsets of €1 is specified, we may use the expression
“a probability measure on 7 keeping in mind that it is actually a probability
measure on the g-algebra F of subsets of (). The F-measurable subsets of ) are
often thought as events, while P(A) is thought as the probability that the event A
occurs. If P(A) = 1, we say that the event A occurs almost surely (a.s.).

The triple (2, F, P) is called a probability space.



1.2 Measurable functions and random variables

Let (F,u) be a measurable space, i.e. a set E with the measure p on a o-algebra
G of subsets of E. A function Y : E — R" is called F-measurable if for any Borel
subset U C R™,

Y U)={weN:Y(w) eU} €q.
Let (92, F, P) be a probability space.

Definition 1.6. An F-measurable function X : 0 — R" is called a random vari-
able.

Let B be the Borel o-algebra of R". Every random variable X generates a o-
algebra H y:

Hx = {X"1(B),B € B}.

Clearly, X is Hx-measurable. Moreover, Hx is the smallest o-algebra among o-
algebras with the property that X is measurable with respect to this o-algebra.
Let I be a finite or infinite index set.

Definition 1.7.
(1) Two subsets A € F and B € F are called independent if

P(ANB)=P(A)- P(B).
(2) o-algebras {H;}, i € I, are called independent if for any choice of sets
Hi1 c Hh, R sz € sz
(3) Random variables {X;}, i € I, are called independent if the o-algebras Hx,
generated by X; are independent.

Theorem 1.8. If f : E — R" is a measurable function, and g : R™ — R™ is another
measurable function, then the composition g o f is a measurable function.

Remark. We assume that on R" we are give the Borel o-algebra.
Assumption. Below we assume that the o-algebra G of subsets of the measurable
space F is augmented with all subsets of zero py-measure sets.

Definition 1.9. A measure j defined on a o-algebra augmented with all subsets of
null sets is said to be complete.

Theorem 1.10. A funtion f: E — R is measurable if and only if the set {x € E :
f(z) < ¢} is measurable for every ¢ € R.

Theorem 1.11. The sum, the difference, and the product of two measurable func-
tions f and g are measurable. If g(x) # 0 for all x € E, then 5 s also measurable.
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Definition 1.12. Let f, : E - R, and f : E — R. We say that f,(x) converges
to f(z) almost everywhere (a.e.) on E if the measure of those x € E where the
convergence does not hold is zero.

Theorem 1.13. If a sequence of measurable functions f, converges to f almost
everywhere, then f is also measurable.

Definition 1.14. A sequence of functions f, : E — R is said to converge in
measure to a function f : E — R if for every e > 0,

Tim e |f, @) = f(a)] > <} =0.

Theorem 1.15. If a sequence of measurable functions {f,} converges to a function
f almost everywhere, then it converges to the same functions in measure.

Theorem 1.16. If a sequence of measurable functions {f,} converges to a function
f in measure, then there exists a subsequence {fn,} of {f.} that converges to f
almost everywhere.

1.3 Integration and expectations

Below we assume that a measure p is given on a complete o-algebra of subsets of
E.

Definition 1.17. A function f on (E,p) is called simple if it takes no more than
countable number of values.

Theorem 1.18. A function f taking no more than countable number of different
values

Y1y oo 5 Yny ooy
is measurable if and only if the sets
A, ={x: f(x) =y}
are measurable.

Theorem 1.19. A function f is measurable if and only if one can represent it as a
limit of a uniformly convergent sequence of simple measurable functions.

Let f =77, yila, where y; # y; if ¢ # j and the sets A; are p-measurable.

Definition 1.20. The integral of f over a u-measurable set A with respect to the
measure [ 15 defined as follows:

[ s@wtdn) =3 w40 4)

If the series on the right-hand side converges, then the function f is called inte-
grable on the set A.



Below we list some properties of the integral for simple functions.

1. Additivity:

/A (@) + g(a)]u(dz) = / f(@)u(dz) + / g(@)u(dx),

moreover, the existence of the integrals on the right-hand side implies the
existence of the integral on the left-hand side.

2. Multiplicativity: If £ € R, then

/kf dx—k/f

moreover, the existence of the integrals on the right-hand side implies the
existence of the integral on the left-hand side.

3. If f is bounded on A by a constant M, then

| / Flautdr)| < Mp(A)

Definition 1.21. A function f is called integrable on A if there exists a sequence
of simple functions {f,} which converges to f uniformly. The limit

tim [ fu()u(do) 1)
n—o0 A
1s denoted fA )u(dx) and called the integral of f over A with respect to p.

The integral of f over A with respect to u is well defined. Indeed, limit (1) exists
for any uniformly convergent system of simple functions since

| [ h@ntan) = [ @] < waysmplsute) - futo)l

€A

The above inequality also implies that limit (1) does not depend on the choice of a
sequence of simple functions that uniformly converges to f. Properties 1, 2, and 3
easily follow for the integral defined for an arbitrary integrable function. Below we
will list some additional properties.

/A f(@)uld) > / g(@)(de).

5. If u(A) =0, then [, f(z)u(dr) = 0.

4. If f(x) > g(z), then



6. If f(z) = g(x) almost everywhere on A, then

[ s@ntdn) = [ gyl

7. o-additivity: If A =U,A, where A4;NA; =0 (i # j), then

/A o =3 / Sl

Moreover, from the existence of the integral on the left-hand side it follows that
each integral over A, on the right-hand side exists, and the series converges.

/ (@) |ldz) = 0,
A

9. Chebyshev’s inequality: if f(xz) > 0 and ¢ > 0, then

8. If u(A) # 0, and

then f(x) =0 on A a.e..

p{r € A: f(z) >c} < /f

10. Absolute continuity of the integral: If f is integrable on A, then for every
e > 0, there exists a 6 > 0 such that for every p-measurable subset C' C A

with p(C) < 6,
| [ s@mtan)] <.

Passing to the limit under the integral sign

Theorem 1.22 (Lebesgue’s [or dominated convergence] theorem). Let f,, converge
to f on A a.e. and for all n

where ¢ is integrable on A. Then, the function f is integrable on A, and

lim fn (u(da) /f

n—oo

Theorem 1.23 (Beppo Levy’s [or monotone convergence| theorem). Let fi(x) <
fo(z) < -+ < fulx) < --+ on A, moreover, all f, are integrable and their integrals

are bounded:
[ i) < &
A



Then, almost everywhere on A there exists a limit
lim f,(x) = f(x).

Moreover, the function f(x) is integrable on A, and

iim [ fu(ahn(da) = [ f@utdn)

n—o0 A

Theorem 1.24 (Fatou Lemma). Let a sequence of integrable non-negative functions
fn converge to f a.e. on A, and

/ ful@)(de) < K.
A

Then f is integrable on A, and

/ f(@)uldz) < K.
A

Fubini’s theorem

Let A C U x V. Define

A, ={yeY:(x,y) € A} (xis fixed)
A, ={re X :(v,y) € A} (yis fixed).
Theorem 1.25. Let the measures py and py be defined on U and V', respectively, o-

additive, and complete. Further let p = py®py and the function f(x,y) be integrable
on the set A C U x V. Then

/A f(@)uldr) = / i (de) / () = / v (dy) / (). @
Corollary 1.26. Let one the integrals
/U i (d) / @)l pv(dy) or
/V v (dy) / 1560 o).

exists. Then f is integrable on A and (2) holds.

Distributions, expectations, characteristic functions

Every random variable X induces a probability distribution pux on R™ defined on
the o-algebra of Borel subsets of R™ by the formula:

px(B) = P(X7/(B)). 3)
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Definition 1.27. The measure px defined by (3) is called the distribution of X.

Definition 1.28. The number
E[X]:/X(M)P(dw):/ x px (dr)
Q n

is called the expectation of X.

Definition 1.29. The characteristic function of a random variable X : 2 — R"
is the functio px : R™ — C (where C denotes the complex numbers) defined by

n

Px (W1, yn) = Elexp{i (1 X0+ + 9 X0)}] = / e (P o X1 (da)
where X1, ..., X, are the coordinates of X in R™, (y,z)rn is the scalar product in
R™.

Theorem 1.30. The characteristic function of X determines the distribution P o
X1 of X uniquely.

Proof. The characteristic function is actually the Fourier transform of the measure
P o X1, and therefore defines this measure uniquely. O
Conditional expectations

Definition 1.31. Let a measure p and a signed measure v be defined on a o-algebra
G of the space E. The signed measure v is said to be absolutely continuous with
respect to the measure p if v(A) =0 for any set A € G with u(A) = 0.

Theorem 1.32 (Radon-Nikodym’s theorem). Let p be a measure on a o-algebra G
of the space E, and let the measure v, defined on the same o-algebra G, be absolutely
continuous with respect to u. Then, there exists an integrable function f on E such
that for any A € G

o) = [ fautda).

The function f is called the derivative of v with respect to v and denoted f = j—;.

Now let (2, F, P) be a probability space, X be a random variable and B C F
be a sub-c-algebra.

Definition 1.33 (Conditional expectation). A B-measurable random variable Y
is called the conditional expectation of X with respect to B, and denoted Y =
E[X|B], if for any B-measurable set A, it holds that

[ Y@Ps) = [ X@p).



Conditional expectation always exists by Radon-Nikodym’s theorem. Indeed,
consider the restriction of the measure P to B. We denote this restriction by the
same symbol P. Define the signed measure v(A) = [, X (w)P(dw) on the o-algebra
B. Clearly, v(A) is absolutely continuous with respect to P. By Radon-Nikodym’s
theorem, there exists a B-measurable function Y such that v(A) = [, Y (w)P(dw).
The latter implies that Y = E[X|B].

Theorem 1.34 (Properties of conditional expectations). Let, as before, B be a sub-
o-algebra of F.

1. If a random variable X is B-measurable, then E[X|B] = X.

2. For any square integrable B-measurable Z, E[ZX| = E[Z E[X|B]].
3. E[X] = E[E[X]B]].
4

o Additivity: E[X + Y |B] = E[X|B] + E[Y|B].
o Linearity: ElcX + d|B] = cE[X|B] + d, where ¢,d € R.

5. If Z is B-measurable, then E[ZX|B] = ZE[X|B] a.s..
6. If H C B is a sub-o-algebra, then E[E[X|B]|H] = E[X|H].

~

. If X <Y where Y is another random variable, then E[X |B] < E[Y|B] a.s..

1.4 Examples

ExXAMPLE 1.(Wiener’s probability space). Let © = [0,1]. Define a o-algebra F as
the o-algebra of all Lebesgue-measurable subsets of [0, 1], and let P be the Lebesgue
measure on [0, 1]. The triple (2, F, P) builds a probability space. This probability
space is called Wiener’s probability space.

ExXAMPLE 2.(Gaussian measure, Gaussian random variable). A probability measure
~ on the real line is called Gaussian if its density is given by the formula:

1

o\ 21

(x—a>2>.

xp <_ 202

p(z) =

This means that the measure v of a Borel subset A C R is defined by

2(4) = / p(x) de.

The numbers a and o2 are called the mean and resp. the variance. A real-valued
random X variable is called Gaussian if its distribution is a Gaussian measure. If
a = 0 and 0? = 1 the random variable X is called standard Gaussian random
variable. A Gaussian random variable is also called a normally distributed random
variable.
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EXAMPLE 3.(Multi-normal distribution). An R"-valued random variable X is called
multi-normal of its distribution has the density:

n

VIA| 1
px(T1,. .., x,) = on) exp(—§ ];1(xj —mj)a;,(zr — mk)) (4)

~—~

where m = (my,...,my,) € R* and A = {a;,} € R™" is a symmetric positive
definite matrix. The vector m is called the mean, and the matrix C = {c;,} = A7' s
called the covariance matriz of X. One can explicitly compute the Fourier transform
of the distribution of the random variable X. Indeed,

SOX(yly o ’yn) _ / ei(y,x) (P o Xﬁl)(dx) _ / ei(yw)Ran(x) dr

1 .
= exp<—§ Z YiCikYr + 1 Z yjmj>. (5)
Ik J

EXAMPLE 4.(Discrete random variable, Poisson distribution, Poisson random vari-
able). A random variable X is called a discrete random variable if it can be written
in the from:

X => wul,

where I, is the indicator function of €2;, ; are disjoint subsets of €2 such that
U;Q2; = Q, and u; are the values that the random variable X takes with a non-zero
probability. Namely,

P(Q;) = P(w: X(w) =u;) > 0.

A Poisson random wvariable X is a discrete random variable taking non-negative
integer values k = 0,1,2,... and having a Poisson probability distribution (with
some parameter \), i.e.

e \F

2. Stochastic processes

Definition 2.1. Let (2, F, P) be a probability space. A stochastic process is a
parametrized collection of R™-valued random variables:

{Xt}tET

defined on the probability space (Q, F, P).
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T here is a parameter set. Usually it is the halfline [0, 00), or an interval [a, b] C
[0,00). It can also be the set of non-negative integers. Let us emphasize that in the
definition of a stochastic process, for each fixed t € T,

w i Xy (w)

is a random variable. Let us fix wyg € 2 and consider the function
t — Xi(wo).

This function is called a path of the process X;.

Definition 2.2. A non-decreasing family {F;} of sub-o-algebras of F is called a
filtration, i.e. for all0 < s <t < o0,

Fs CFH CF.

Definition 2.3. A filtered probability space (2, F, F;, P) is a probability space
with a filtration {F;} of the o-algebra F.

Definition 2.4. A stochastic process X; is called adapted with respect to the fil-
tration F; if for every t > 0 the random variable X; is Fy-measurable.

Definition 2.5. The finite-dimensional distributions of a process X, are the
Measures [iy, . ¢, ON R™ k=1,2,..., defined by:

k
Mtl,...,tk<A1 X oo X Ak) — P(Xt1 S A17 Tt 7th S Ak)?
where A1, ..., A are Borel subsets in R™.

Let stochastic processes X; and Y; be defined on probability spaces (§2, F, P)
and resp. on (9, F, P).

Definition 2.6. The processes X; and Y; are said to have the same finite-
dimensional distributions if for any k € N, for any choice of t1,...,tx € T, the

finite-dimensional distributions ut)f“_.’t and :“X,...,t of Xy and resp. Y; coinside.

k k

Let us consider now a converse problem. Suppose we are given a family
{v,.. 1,k € Njt; € T} of probability measures on R™. We would like to con-
struct a stochastic process X; whose finite-dimenstional distributions coincide with

Viy, e

Theorem 2.7 (Kolmogorov’s extension theorem). For allty,...tx, k € N, let vy, 4,
be probability measures on R™ satisfying the two following properties (consistency
conditions):

-Z' Vto(l)u“"to(k:) (Fl X e X Fk) - th,.‘.tk(Fo'fl(l) >< e >< Fo'fl(k)>}.
for all permutations o of {1,2,...,k} and for all Borel subsets F; C R™.

12



2. vy (FL X - X Fy) =1y (Fy X X Fy xR"x--- xR")
b EARAS ] N\ /

tk 7tk+1 a"'vtk+m

m

for all m € N and for all Borel subsets F; C R™.

Then there exists a probability space (2, F, P) and an R"-valued stochastic process
X; on it, such that

th,...,tk(Fl X - X Fk) = P(th € F17 s ,th € Fk)
forallt; € T, k € N, and all Borell subsets F; C R™.

Proof. Without proof. A proof can be found, for example, in the book by Koralov,
L., Sinai, Y. “Theory of probability and random processes”, 2007, p. 167. O

Let X; and Y, be stochastic proesses given on the same probability space
(Q,F,P).

Definition 2.8. We say that the process Y; is a version or modification of X, if
forallt €T

Plw: Xi(w) =Y (w)} =1.

Note that the finite-dimensional distributions of X; and Y; coincide. However,
their path properties can be different. If the process Y; in Definition 2.8 has contin-
uous paths, then it is called a continuous path modification of X,.

Theorem 2.9 (Kolmogorov’s continuity theorem). Suppose that the process X,
t > 0, satisfies the following assumption: for all A > 0 there exist positive constants
M, o, and B such that

E[IX, — XJ°] < Mls — 1+,
for all 0 < s,t < A. Then, there exists a continuous path modification of X;.

Proof. Without proof. A proof can be found in the book by Kunita, H. “Stochastic
flows and stochastic differential equations”, 1997, p. 31. n

Examples of basic stochastic processes
Brownian motion. Let (Q,F,F;, P) be a filtered probability space.

Definition 2.10. A (standard, one-dimesional) Brownian motion is a con-
tinuous Fy-adapted stochastic process By, t > 0, defined on (Q, F,F;, P) and pos-
sessing the following properties:

1. By=0 a.s.
2. For all 0 < s < t, the increment B; — By is independent of Fs.

3. For all 0 < s < t, the increment B; — B, is a Gaussian random variable with
mean zero and variance t — s

13



Poisson point process. A Poisson process N; on the interval [0,00) counts a
number of times some premitive event has occured during the time interval [0, ¢].
More precisely, let (2, F, P) be a probability space. A Poisson process with the
parameter A is a process with the following properties:

1. Ng =0 a.s.

2. N, is a process with independent increments, i.e. for all 0 < ¢; < --- < 1, the
random variables Ny, Ny, — Ny, ..., Ny, — Ny, _, are independent.

3. For any 0 < s < t < oo, the random variable N; — N, has the Poisson
distribution with the parameter \(t — s), i.e.

e M=) (\(t — 5))F
k! '

P(N; — N; =k) =

3. Brownian Motion

3.1 Existence of a Brownian motion

A Brownian motion is a stochastic process named after the Scottish botanist Robert
Brown who observed that pollen grains suspended in liquid permormed an irregular
motion. To describe this motion mathematically it is natural to introduce a stochas-
tic process By(w) and interpret it as the position of the pollen grain w at time t.

We intend to specify a family {4, ; } of probability measures satusfying the
consitency conditions (1) and (2) of the Kolmogorov entension theorem. The latter
theorem will imply the existence of a stochstic processes with the finite-dimensional
distributions. {vy, 4}

Fix an x € R”, and for all y € R™ and ¢ > 0 define a function:

1

p@,x,y)==———3t§-eXp<

_M—Mﬁ
(2mt '

2t

If t = 0 we set p(0,z,y) = 0,(y). The generalized function J,(y) is defined on
continuous functions as follows: [g, f(2)d(z)dx = f(0).

Let 0 <t <tp < -+ < t;. We define a measure v, _;, on R"™ by

k
th,...,tk<F1 X X Fk)

= / p(t1, x, 1) dxl/ p(ty — t1, 1, 22) dzs . . / p(ty — th_1, Tp_1, Tg) dy.
F1 F2 Fk

If the sequence of {t1, ts, ..., t;} is not arranged in the ascending order, then we find a
permutation o that puts {t1,ta, ..., ¢} in the the ascending order, and define vy, 4,
by formula (1) of the Kolmogorov extension theorem. Therefore by construction, the
system of measures vy, satisfies consistency condition (1) of the latter theorem.
Since [, p(t,x,y)dy = 1, then condition (2) of the Kolmogorov extension theorem
holds as well. Now the Kolmogorov extension theorem implies the existence of a

14



probability space (2, F, P*) and a stochastic process By, t > 0, on it whose finite-
dimensional distributions are the measures v, ;. Specifically, if 0 < ¢; <t <
..« < 1, then

P(By, € Fy,...,B;, € Fy)

:/ p(thx;l’l)d?ﬁ/ p<t2_t17x17x2)d$2-~-/ p(te — th—1, Tp—1, k) dxg. (6)
F I F,

Note that P*(By = x) = 1. The process B; constructed above is not unique. There
exists several quadruples (By, 2, F, P*) such that relation (6) holds. However, it is
possible to choose a version of the process B; with a.s. continuous paths. For this
purpose we have to verify Kolmogorov’s continuity theorem. We are going to use
the formula

E*(|B: = Byl'] = n(n +2)|t — s (7)

which follows from some properties of the process B; that we will prove below. The
symbol E* denotes the expectation with respect to P*. Kolmogorov’s continuity
theorem and (7) imply that there is a version of B; with a.s. continuous paths.

Definition 3.1. A wversion of B; with a.s. continuous paths is called a Brownian
motion starting at x.

We note once again that formula (7) is a consequence of the properties of a
Brownian motion proved in Section (3.2). Our arguments can be summarized in the
theorem below:

Theorem 3.2. A Brownian motion exists.

3.2 Some properties of a Brownian motion

Proposition 3.3. B, is a Gaussian process, i.e. for all 0 < t1,< --- < tg, the
R™* -valued random variable Z = (By,, ..., By,) has a multi-normal distribution.

Proof. To show that the random variable Z has a multi-normal distribution it suffices
to prove that there exists a vector M € R™ and a non-negative matrix C' = {c¢;,} €
R™>"k auch that

nk nk nk
1
o (13502)] oL 3w i Su)
=1 =1

Jm=1

for all u = (uy,...,u.) € R™. E? denotes the expectation with respect to P%. As
we have shown in Example 3 of Section 1 (Formula (5)), the right hand side of (8)
is actually the Fourier transform of a density function py of nk variables defined
by (4). The Fourier tranform determines this function uniquely, and therefore the
distribution of the random variable Z is given by the density function (4) where the
number of variables is nk. []
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Proposition 3.4. B, possesses the following properties:

E*[|B; — B,|!] = n|t — s|.
Proof. 1t suffices to prove the above properties for the one-dimensional case. There-

fore, without loss of generality we assume that the process B; is one-dimensional. In
the following computation we assume that s < t. We obtain:

(y—z)
]Ex[ t \/ﬁ/ ye 2 dy:l',
E* [(Bt—x

)2
%dy:t,

r/
B[ (B, — 2)(B, — )] = —— / (1 — ) e U5 ay,

/ (y2—v1)>
—x 6
\/2m(t — s) (v

2(t—s) dy2
\/%/ (y1 — 2)? Jylz dy, = s,
E*[(B; — B,)? = E*[(B; — 2)*] + E*[ (B, — 2)*] — 2E*[(B; — 2)(Bs — x)] = t — s.

]

Definition 3.5. A stochastic process X; is called stationary, if for every t > 0,
the process { Xiintn>0, has the same distrbution.

Proposition 3.6. B; has stationary increments, i.e. for any fixed t, the pro-
cesses { Byrn — Bitnso, have the same distibution as By — x.

Proof. Left as an exercise. O

For the subsequent property of a Brownian motion we will need the theorem
below.

Theorem 3.7. Two random variables X and Y are independent if and only if for
any A and ji

¢(X,Y) (>\, N) = ¢X()\) Oy (N)

where ¢x, ¢y and ¢(x,y) are the characteristic functions of the random variables X,
Y, and (X,Y), respectively.

Proof. Without proof. O
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Proposition 3.8. B; has independent increments, i.e. for all0 <t; < --- <ty
the random variables

Bt1 — T, Bt2 — Bt17 ey Btk - Btkfl (9)
are independent.

Proof. Let 0 <ty <ty < --- < t, bea partition. For any real numbers A\g, 1 < k < n,
we have:

Eexp (Z )\k(Btk - Btk,1)) = ]E[E €xp (Z )\k<Btk - Btk—l)) "Ftn—l}

= ]E[exp (i Ae(By, — By, )))E[exp (M\i(By, — Bi,_,)) "Ftn—l]]
— E[exp 0By, — Bo )| Eexp (3 M(By, — Bo))).

Here we used the properties of the conditional expectation. Namely, that for k <
n — 1, the random variables B;, — B;, |, are F;, ,-measurable, and that B, — B, ,
is independent of F; _,. We repeat the above argument inductively to conclude

Eexp (D> M(By, — By_,)) == [ [ E[exp (\e(By, — Bi,,))]-

k=1 k=1
By Theorem 3.7, the random variables B,, — B;, , are independent. O

Note that Propositions 3.3-3.8 were proved without any assumption on the con-
tinuity of paths of B;. In Section 4.6 we left formula (7) without proof. Now we
prove this formula.

Proposition 3.9. Fquality (7) holds.

Proof. Let t > s > 0, and let @ = (x1,...,2,) € R™ Note that the processes
By — B, and B;_s = B, (1—s) — B, starting at 0 at time s, have the same probability
distribution, i.e. B;_g, t > s, is a Brownian motion (Proposition 3.6). Hence,

||

T ® 1 =z
E*[| B — Bs!4] = E0[|Bt_s\4] = m / |x|4e 2(=5) dx

- 1 o a?
= Z — / ri e 2 dr
o 27t —s))2 Joo

2

1 /°° g T 1 /°° g %
+ S sEE—— x;e 209 dop; ——— xie 209 dx;
Z(zw(t—s))% oo @2r(t—s))z Jooo ’

i#j
=3n(t—s)? +n(n—1)(t—s)? =n(n+2)(t—s)
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We just used the following facts: [z[* = (¢7 4 -+~ +22)* = Y0, @] + 3., w73,

=11
2

2 (tl e ffooo v} e dr; = (t — s), as well as the computation of the integral

below:
1 © 4 = 1 ® Ly =
P EIE— x;e o dy; = —————— (t — 3) xl-d(e 2(t7s))
(27(t—9))2 J- (2m(t —s))2 —o0
1 a7 | 1 <, =
= (t—s) 2P e T +3t—s5) —— / rFe 209 d;
(2m(t —s))2 o 2n(t —5))2 J-o
=3(t —s)*
[

3.3 Local properties of a Brownian path

Here we list some properties of a Brownian path without proof. The proofs can be
found in the books of Karatzas and Shreve (1991), Revuz and Yor (2001).

Holder continuity. For almost all w € €, the function ¢t — By is locally Holder
continuous of order « for every a < % In other words, for all "> 0, 0 < a0 < %, and
for almost all w € §2 there exists a constant Cr,(w) such that for all s, ¢ € [0,7T)

|Bi(w) = Bs(w)| < Cra(w) [t — 8]

Modulus of continuity. For Brownian paths

limg_ sup le a.s.
s,t<T" \/251n(1/5)

[t—s|<d

In general the modulus of continuity of a continuous function f on [0, 7] is a function
£7(0) defined by the formula

er(0) = sup{[f(t) = f(s)[ : £, € [0, T), [t = s| < 3}

for sufficiently small . Thus, for almost every Brownian path B,(w)

pa)(0) < V/251(1/5)

for all & < §g where ¢y is sufficiently small.

Nowhere differentiability. Brownian paths are a.s. nowhere locally Holder con-
tinuous of order av > % In particular, Brownian paths are nowhere differentiable.
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Infinite variation. Brownian paths are of infinite variation on any interval [s, ]
a.s., i.e. a.s.

n
sSup Z ’Btz - Bti—l’ =0
i=1
where the supremum is taken over all subdivisions s < t; < -+ < t, < t of the

interval [s, t].

4. Markov Processes

Intuitevely speaking, the process X; is Markov if, to make a prediction at time ¢ on
what is going to happen in the future, it is useless to know the whole past up to
time t but only the present state X; at time .

4.1 Continuous-time Markov processes

Definition 4.1. Let 8 be the Borel o-algebra of subsets of R". A function 7 :
R™ x B — [0, 1] is called a transition probability if

1. for every x € R™, the map A — 7(x, A) is a probability measure on R";
2. for every A € B, the map x — w(x, A) is B-measurable.
Definition 4.2. A transition function on (R",B) is a family Ps;, 0 < s <t, of

transition probabilities on (R™,B) such that for every three numbers s < r < t,

[ P )Pl A) = Pasta, ) (10)

for every x € R™ and for every A € B.

Relation (10) is called the Chapman-Kolmogorov equation. The transition func-
tion is said to be homogeneous if Ps; depends on and s and ¢ only through the
difference t — s, i.e. Psy = Ps_4, where P, is the notation for P ;. Equation (10) takes
the form:

Pry(a, A) = / Py, dy) Pi(y, A) (11)

for every s,t > 0.

Definition 4.3. Let (0, F, P) be a probability space. A process X; is a Markov
process with transition function Py, if for any Borel-measurable function f : R" —
R,

E[f(X,) | o(Xuou < )] = (Puf)(X)) P —a.s.
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In the above definition, P;,f is a function R™ — R, such that for any x € R" it
is defined as follows:

(Pt f)(x) = o (y) Pep(z, dy). (12)
Definition 4.4. The process X; is said to be homogeneous if its transition function
s homogeneous.
For a homogeneous Markov process
E[f(Xy) [o(Xy,u < s)] = (B-f)(Xs) P —as.
In the following, let v = P o X;* denote the initial distribution of the process X;.

Theorem 4.5. A process X; is a Markov process with transition function Ps; and
initial measure p if and only if for any sequence 0 =ty < t; < ---tx and and for
any Borel-measurable functions f; : R" - R, 0 <1 < k,

E[f[ £i(X,)]
= /n v(dzy) fo(xo) /n Pyt (xo, dxy) fi(z1) - . / P, . (xp—1, dag) fi(xg).  (13)

n

Proof. We will only prove the “if” statement, i.e. we prove that if the process X; is
Markov, then formula (13) holds. The converse statement, i.e. if formula (13) holds
then the process X; is Markov, will be left without proof. We have:

E [ﬁfi(Xti)} —E [lﬁfon)E[fk(th) |0(Xy,s < ti) |
=FE [klj [i(Xe) (P fo) (X ) |- (14)

When passing from the first to the second expectation in (14) we used the fact
that F(Xy,), 0 <i < k—1, are (X, s < tr—1)-measurable. The latter expectation
in (14) is of the product of £ — 1 functions but has the same form as the first
expectation of the product of k£ functions. The (k — 1)th function in the latter
product is fy_1 P, 1, fr- We can proceed the same way to come to a product of
k — 2 functions, etc. After the last step we obtain:

E | [LA(X0)] =E [ £(X0) Pan (hPrta(FoPosss - fir(Po i f) - D(X0)] . (15)

Using equality (12) as well as the fact that for any Borel-measurable function f :
R" - R

ELF(X0)] = [ f(a)v(da),
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we conclude that the right-hand side of (15) equals to the right-hand side of (13).
The proof of the converse statement, i.e. if formula (13) holds then the process X; is
Markov, will be left without proof. A proof can be found in the book by D. Revuz
and M. Yor “Continuous martingales and Brownian motion”, Chapter III. O]

Note that identity (13) shows that if we know the transition function of a Markov
process, we can construct its finite-dimensional distributions.

Theorem 4.6 (Existence of a Markov process). Given a transition function P,
on (R™,B) and a probability measure p on (R™,B), there exists a probability space
(Q,F, P,) and a stochastic process X; on it which is Markov with transition function
P, and initial measure f1.

Proof. Let us define the finite-dimensional distributions. Fix a sequence 0 < t; <
ty < tg, and define:

th,...,tk(le' . 'XFk) — /

I

Pot, (x,dxy) /

I3

Pt17t2 (Z‘h d.ﬁCQ) C / Ptkflytk (I’k,b dJZk)

Fy

VO,tl,...,tk(FO X F1 X - X Fk) = /

Fy

,U(dxo)/ PO,t1<x07dxl)/ Py 15 (1, dxo)
F1 FQ

/ Py (@1, day).
F,

Let {t1,ts,...,tx} be an arbitrary sequence (not necessary ascending). Let o be the
permutation of {1,...,k} such that t,(1) < ts2) < -+ < tor). Define

Vt17---7tk(F1 X X Fk) = Vto(l)v"'vto'(k) (Fa(l) X X Fa(k))

The latter definition implies consistency condition 1 of the Kolmogorov extension
theorem. Further let & be the permutation of {1,... k k+1,..., k+ m} such that
to) < tak) < oty < <ts(ktm)- Define F; =R" for k+1 <i < k+m. We
obtain:

thy-":

(Fy X+ X F xR x -+ xR") =,
N\ / EARES)

m

Fy X X Feim)

ittty sthtm tk7tk+1""7tk+m(

= Vt&(l)a---7t&(k)7t&(k+1)»---7t&(k+m) (Fﬁ(l) X oo X F&(/Cer)) = Vto’(l)7"'7ta(k> (Fa(l) X oo X Fo-(k))
(16)

= th,...,tk(Fl X o+ X Fk)

The third equality in (16) holds by the Chapman-Kolmogorov equations. Indeed,

some of the sets Fz;), 1 < @ < k+ m, equal to R” (namely, those that do not

coincide with one of the sets Fi;), 1 <@ < k), and therefore integration over these

sets can be excluded. Specifically, we exclude integration over those Fj(;y which are

equal to R™ as follows: for any three numbers t;_; < t; < t;1, for any function
f:R™ = R, for any Borel subset F' C R",

/ Pti—hti (xi—b tdml)/ Biati+1 (‘ria d‘ri-i-l)f(xi-i-l)

n F

= / f(xl—i-l) / Ptifl,ti (xi—la dxi)Pti,tiJrl (:Ei, dx’b-’rl) = / f(xi+1)P75i,1,ti+1 (':Ei—la d$i+l)
F R™ F
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and therefore, time ¢; and the integration over R" are excluded. This proves (16) and
consistency condition 2 of the Kolmogorov extension theorem. The latter theorem
implies the existence of a probability space and a stochastic processes X; on it
whose finite-dimensional distributions are the measures 14, ;. Let us prove that
X; is a Markov process. We will apply Theorem 4.5. Indeed, let f; : R® — R be
Borel-measurable functions. We obtain:

k

I [f[f’t(th)} = /R H fi(z:) Vou,...t (dxodzy - - - dy,)

nk ~
1=0

= [ folwo)u(dzo) | fi(z1)Pos (wo,dz) ... [ felzr) Py o, (Th-1, dag).

Rn R” Rn

By Theorem 4.5 the process X; is Markov. O]

4.2 Markov property

Let (R",%B), where B is the Borel o-algebra of subsets of R"”, be a measurable space.
Further let Q = (R")%) = {© : [0,00) — R"}, let m, : Q@ — R™, m,(¢) = ©(t) be
the evaluation map, and let the o-algebra of subsets of €2 be defined as follows:
F =" =o{F cQ:m(F) e B Ve [0,00) Finally, let X, be the
coordinate process, i.e. Xy(w) = w(t). The theorem below is similar to Theorem 4.6
but states the existence of a probability measure P and a Markov process on a
certain probability space which is (Q2, F, P).

Theorem 4.7. Given a transition function Ps; on (R™,B), for any probability mea-
sure on (R",B), there exists a unique probability measure P, on (2, F) such that
the coordinate process X, is Markov with transition function P,; and initial measure

L.
Proof. Without proof. A proof can be found in the book by D. Revuz and M. Yor

“Continuous martingales and Brownian motion”, Chapter III. O]

Let (2, F) be a measurable space. Note that in Theorem 4.6 to an initial measure
(1 we associated a probability measure P,. For the probability measure F5, which
is associated to initial measure d, we will use the notation P,. Furthermore, the
symbols E, and E, will be used for the expectations relative to the measures P,
and resp. P,.

Proposition 4.8. Let Z be an F-measurable random variable which is either positive
or bounded. Then,

E,(2] = [ uld)E.(2)

Proof. Without proof. A proof can be found in the book by D. Revuz and M. Yor
“Continuous martingales and Brownian motion”, Chapter III. O]
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Below, (2, F, P,) with the objects defined above is fixed as a probability space.
From now on, unless otherwise is stated, we will consider only homogeneous transi-
tion functions and associated homogeneous Markov processes. In this case we have:

P,(Xo€ A, Xy, € Ay,..., Xy, €A))
:/ u(dx)/ Ptl(x,dxl)/ PtQtl(xl,dxg).../ P, 4, (Tp_1,dx,).
AO Al A2 n

For every t > 0, we define the shift operator 6, : Q2 — € as follows:
Or(w) =w(t+ ), ie (6(w))(s) =w(t+s) Vs>O0.
Theorem 4.9 (Markov property). Let Z be an F-measurable random variable such
that it is either positive or bounded. Then
E,[Z o6, |0(Xs,s <t)] =Ex,[Z]

The expectation of the right-hand side of this formula is understood as E,[Z]
with X, substituted for x. In other words one can say that it is the composition of
two maps: w — Xi(w) and z — E,[Z].

Idea of proof. By the definition of conditional probability, we have to show that for
any subset A € (X5, s < t),

[ ot Putaw) = [ Exiziw) Pide)

A A

A more general statement would be to prove
E.[(Z06,)Y]=E,[Ex,[Z]Y]

for any o (X, s < t)-measurable and positive random variable Y. Consider the case
when Y = [[X, fi(X,,) and Z = T2, 95(X5,), where f; and g; are positive Borel-
measurable functions and 0 =ty < t; < --- <t =t,0< 174 < --- < 7,,. Without
loss of generality we can assume that ty) = 0 and ¢, = ¢ multiplying Y by functions
identically equal to 1 if necessary. We obtain:

m

E, [Y (Z o 975)} =E, [ﬁ fi(X4,) H 9j (Xt+7j)]

J=0

_ / do) foleo) / Pz dn)fi(m) / Poty s (w1, di) fiolwn) %

n

X / Ptk+rt<xka dzri1)g0(Tri) - - / P (Tt AT i) G (T)
Rn

n

— [ uldso)fo(eo) [ PuGanda)fier)...
m k

[ Py (@i da) i) By [[[05)] = B[ T (%0 B [1o,x)

=1 i=0 §=0

~E, [Y Ex, [Z]] .
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The general case that deals an arbitrary JF-measurable random variable Z and a
0(Xs, s < t)-measurable random variable Y we leave without proof. A proof can be
found in the book by D. Revuz and M. Yor “Continuous martingales and Brownian
motion”, Chapter III. O

5. Martingales

5.1 Filtrations and Stopping times

Filtrations play a fundamental role in the theory of stochastic processes, namely, in
the definition of the basic objects of our consideration - martingales. In Section 2 we
introduced the concept of a filtration and defined processed adapted with respect to
filtration. Let us introduce further definitions. With every filtration F; we associate

two other filtrations:
Fo=o(UR)  Fo=Fue

s<t e>0

The filtration F., denotes

Fo=o(UF)

t<oo

Note that
Fo=o(UF)=c(UF)
t<oo t<oo
By convention, Fy- = Fy. We always have the inclusion F;- C F; C Fy+.
Definition 5.1. If F; = F;+, the filtration F; is called right-continuous.

Let F; be a filtration.

Definition 5.2. A stopping time relative to the filtration F; is a random variable
with values in [0,00) such that for every t = 0

{w:T(w) <t} € F.
Definition 5.3. Let T be a stopping time. The class of sets A € Fu such that
An{T <t} e Fy forallt
1s a o-algebra which is denoted by Fr.
Let us give examples of stopping times.

Proposition 5.4. Let A C R™ be an closed set, and let the process X; have contin-
uous paths. Define

Ta(w) =inf{t > 0, Xy(w) ¢ A}.

Then Ty is a stopping time relative to the natural filtration FP = o(X,, s < t).
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Remark. The stopping time T4 is called the exit time of the process X; from the
set A.

Proof. We have to prove that for every t > 0, {Tx < t} € F?, or, which is the same,
that {T4 >t} € F. But

{w: Talw) >t} = [ {w: X,(w) € A} e F.

sEQ, s<t
O

Proposition 5.5. Let A C R" be an open set, and let the process X; have continuous
paths. Define

Ta(w) = inf{t >0, X,(w) € A}.
Then Ty is a stopping time relative to the natural filtration F? = o(X,, s < t).

Remark. The stopping time T is called the hitting time of A.

Definition 5.6. Let X; be a process and T be a stopping time. The process X! =
Xinr 18 called the stopped process.

Remark. In the above definition ¢t A T' denotes min{¢, T'}.

5.2 Definition and examples of martingales

Let (Q, F, F;, P) be a filtered probability space.

Definition 5.7. An F;-adapted process Xy is called a martingale if E|X;| < oo
and

E[Xt | .7-"5} =X, a.s. forall s<t.

Theorem 5.8. Let B; be a one-dimensional Brownian motion. Then, the following
processes are martingales with respect to the natural filtration F? = o(Bs, s < t).

1. By itself;
2. B? —t;
3. MY = exp (aBt — 0‘72 t> for all o € R.

Proof. 1. Left as an exercise.
2. Note that E|B? — t| < 2t. Next,

E[B?| F’] = E[(B, + (B, — B.))’| F] = B? + 2B,E[B, — B, | F']
+E[(B; — By)?| FJ] = B2+ (t — s).

25



We used the fact that B; is an FP-martingale. The latter equality implies that a.s.

E[Bf —t|F)] = B2 —s.

3. Note that
> > r—at 2 a“t a“t
Elexp(aB;)] = ! / o o1y — L / e FE o dp = o7 (17)
V2Tt J o V2rt J
We have:

E[exp(aB;) | F)| = exp(aB;) E[exp(a(B; — By)) | F¢ |
= exp(aB;) Elexp(a(B; — B;))] = exp(aBy) exp(@).

We used relation (17) and the fact that B; — B, does not depend on the o-algebra
F?. The latter relation implies:
ot a23>

E[exp(aBt — 7) |J—“§] = exp(aB; — )

5.3 Discrete-time martingales

In the definition of a martingale one can replace continuous time processes and fil-
trations with discrete time processes and filtrations. Namely, a discrete time process
Xy, n € Zy §(Zy =NU{0}), is called adapted with respect to a discrete-time filtra-
tion F,, if for any n € Z,, the random variable X,, is F,,-measurable. An adapted
discrete-time process X, is called a martingale if E|X,| < oo for any n € Z, and
E[X, | Foo1] = Xno1.

Proposition 5.9. Let X,,, n € Z,, be a martingale with respect to a discrete fil-
tration F,, and let H,, n € Z., be a positive bounded process such that H, 1is
Fn_1-measurable for n > 1. Define the process Y,,:

}/0 = XO; Y,=Y,1 + Hn(Xn - Xn—l)-

Then, the process Y, is a martingale. In particular, if T is an integer-valued stopping
time, then the stopped process X! is a martingale.

Proof. The first sentence (stating that Y, is a martingale) can be verified imme-
diately. Let us prove that the stopped process X! = X, .7 is a martingale. Take
H, =I,<r. One can easily verify that if Y,, is constructed with the help of H,, = I,,<r
is exactly the stopped process X'. Note that H,, =1 — I;7<,_1}, and therefore it is
F_1-measurable. This proves that X! is a martingale. O

Definition 5.10. The process Y,, defined in Proposition 5.9 will be denoted by (H -
X)n-
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Theorem 5.11 (A discrete-time version of the optional stopping theorem). Let X,
be a martingale and let S and T be two stopping times such that for every w

Sw) < T(w) < M < o0,

where M > 0 1s a constant. Then

XS = E[XT | Fs] a.s. (18)
Proof. Take H,, = Iy« —Iin<sy. If n > M, then
(H-X), — Xo=Xr — Xs. (19)

Indeed, let H), = Ij,<ry and let H) = If,<sy. Then, if n > M, (H'- X),, = X and
(H" - X), = Xs. On the other hand, (H - X), — Xo = (H'- X),, — (H" - X),, which
proves (19). Next, since (H - X),, is a martingale, E[(H - X),] = E[X,]. Hence,

E[Xr] = E[Xs]. (20)
Let us apply equality (20) to the pair of stopping times S? = STg +M Igc and TP =
T1g+MIpe, where B € Fg. The fact that S? and T'® are stopping times is to be
proved as an exercise. Note that Xop = X7 g +Xy [ge and Xgs = Xglg +X)/ [5e.
Equality (20) implies:
E[X71p+Xyl1p] = E[XsIp+Xy 15,

and therefore, for any Fs-measurable set B,

/B Xp(w) P(dw) = / Xg(w) P(d)

which is equivalent to (18). O

5.4 The optional stopping theorem

Lemma 5.12. Let T be a stopping time. Define T, = +oo if T >k, and T}, = ¢27F,
if (q—1)27%F < T < q27%, ¢ < 2%k. Then, Ty is a sequence of stopping times such
that the stopping time T is the decreasing limit of Ty, as k — oo.

Proof. As k increases by one, each interval [(q¢ — 1)27%, ¢q27*] gets divided into two
intervals of equal length. This shows that the limit {7} } is decreasing to T" as k — oc.
Now note that the set {T" < 7} € F,. Indeed,

{T<T}:G{T<T—%}

But {T'< 7 — 1} € F,_1 C F;, and therefore {T' < 7} € F,. Note that every

T}, can be represented as T}, = ([T'2*] + 1) 27% where [-] denotes the integer part.
Analogously, we define ¢, = ([t 2*] + 1) 27*. Clearly, t,_; <t < t;. We have:

{Qka < th} = {Qka < 2ktk—1} = {QkT < 2ktk_1} = {T < tk—l} C ‘Ftk—l C F;
which shows that T} is a stopping time.
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Theorem 5.13 (Doob’s martingale convergence theorem). Let X, be a right-
continuous Fi-martingale with the property that

sup E[X, ] < oo,

£>0
where X, = max(—X;,0). Then, the pointwise limit
Xool) = lim X(w)
exists a.s., and
X, = E[X | F].

Proof. Without proof. A proof can be found in the book by Z. Brzezniak, T. Za-
stawniak “Basic stochastic processes: a course through exercises”, Chapter 4. O]

Theorem 5.14. Suppose X,, — X where X,, and X are random variables such that
a.s. | X,| < Z for all n and E|Z| < co. Let F,, be a decreasing (increasing) family
of o-algebras whose intersection is a o-algebra F (resp. whose union generates F ).
Then a.s.

lim E[X, | F,] = E[X | F].

n—00

Proof. Without proof. A proof can be found in the book by D. Revuz and M. Yor
“Continuous martingales and Brownian motion”, Chapter II. O]

Definition 5.15. A martingale X;, t > 0, is called uniformly integrable if for
any € > 0 there exists a constant K > 0 such that

sup/ | X (w)| Pldw) < e.
{w: | Xe(w)>K}

t=0

Theorem 5.16 (Optional stopping theorem). Let Xy, t > 0, be a continuous martin-
gale, and let S < T be stopping times such that the stopped process X} is uniformly
integrable. Then,

E[Xr | Fs] = Xs. (21)
In particular, the stopped process X' = Xt is a martingale with respect to Fiap.

Proof. Let S, = ([S2"]+1)27", T,, = ([T2"] + 1) 2™ (as in Lemma 5.12). Fix an
n € N and define a uniformly integrable martingale

Ym = XT,L/\mZ*”

with respect the filtration G,, = F2-n, since Xyp-n is an G; = F-n-martingale.
Note that S = [S2"] + 1 is a Gp,-stopping time since

{S<my={S, <m2™} € Fro-n = Gnn.
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We apply Theorem 5.11 to the pair of stopping times S and T' = [T2" + 1. We
obtain:

E[X7, | Fs,] = E[Y7|Gs] = Y5 = X, (22)

The first equality in (22) holds because X7 = Y and Fg, = G which follows directly
from the definitions of the process Y,,, the filtration G,,, and the stopping time S,
The second equality in (22) holds by Theorem 5.11. Finally, the third equality in
(22) follows again from the definition of the process Y,,. Taking the limit of the both
parts of (22) as n — oo and applying Theorem 5.14 we obtain:

E[Xr | Fs] = Xs.

Finally we conclude that the stopped process X/ is a martingale by applying identity
(21) to the stopping times T'A s and T'A t where s < t. O

5.5 Local martingales

Definition 5.17. Let X; be an adapted process with respect to the filtration F;. The
process X; s called a local martingale with respect to the filtration F, if there
exists a sequence of stopping times

0=Ty<Ty < T, <+

such that T,, — 00 as n — oo and the process XtT" 15 an Fy-martingale.

The sequence T,, is called a reducing system of stopping times. Every martingale
is a local martingale since every sequence of stopping time increasing to infinity is
reducing by Theorem 5.16.

REMARK 1. Equivalently in the definition of a local martingale we could require
that XtT " is a martingale with respect to Fiar, instead of F;.

Proof of the remark. Let X" be an F; martingale, then, by the Optional stopping
theorem, XtT" is also an Fp, \;-martingale.

Let us prove that if XtT” is an Fp, np-martingale, then it is an JF;-martingale for
every n. For simplicity of notations, let T}, = S, i.e. X is an Fg,,-martingale. Take
r <t,and let A € F,.. We claim that AN{S > r} € Fgn,. Let us prove this claim.
Take a £ € R. We have to prove that

(An{S>r}Hh)n{SAr<¢}eF.

Suppose & < r. Then, {r < S} N{SAr <&} =0. Now let £ > r. Then, {SAr <
£} = Q. Now since A € F, and {S > r} € F,, then

(AN{S>r)N{SAr<¢E} € F CF, (23)

which proves the claim.
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Next, since Xf is an Fgn-martingale, we obtain:

/ X P(dw) = / X2 P(dw).
AN{S>r} An{S>r}

On the other hand, taking into account that on the set {S < r}, one has S < r < t,
we have:

/ X5 P(dw) = / X Pldor) = / Too XsP(dw)
ANn{S<r} AN{S<r} ANn{S<r}

= / Xgp P(dw) = / X5P(dw) (24)
An{S<r} An{S<r}

Adding (23) to (24), we obtain that

/A X2 P(dw) = /A X5 P(dw)

which proves that E[X°|F,] = X7. O

Theorem 5.18. Let X;, t > 0, be a continuous local martingale. Then the sequence
of stopping times

T, =inf{t > 0:|X,| > n}

is always reducing. In particular, we can find a sequence of stopping times that
reduces X; to a bounded martingale.

Proof. Note that by Proposition 5.4 every T, is a stopping time. Let 0 < s < t, and
let S,, be a reducing sequence of stopping times. We apply the optional stopping
theorem (Theorem 5.16) to each martingale X" and conclude that for every m > 0
the process X%:L A 18 a martingale. This implies:

E[Xt/\Tm/\Sn |~7:s] = Xs/\Tm/\Sn-

By Theorem 5.14 we can pass to the limit as n — oo in the both parts of the above
equality. We obtain that a.s.

E[Xiar, | Fsl = Xont,,-

Hence, X/™ is an F;-martingale. Note that |X/"| < n, and therefore, X/ is a
bounded martingale. O

Remark. Instead of the sequence {7} we could consider any sequence of stop-

ping times 7/ < T, such that lim, . 7}, = oco. Clearly, XtT " would be a bounded
maringale.

Definition 5.19. Let 7 > 0 be a random time. A process X;, t > 0, is called a local
martingale on [0,7) if there is a sequence of stopping time T, T T such that X} is
a martingale.
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Theorem 5.20. Suppose Xy, t > 0, is a local martingale, and for every t > 0,

E[sup \XS@ < 00. (25)

0<s<t
Then, X; is a martingale.

Proof. Clearly, E|X;| < co. Now let {T},} be a reducing sequence of stopping times
so that

E[X[|F]=XI"  as. (26)

Assumption (25) allows us to apply Theorem 5.14 since | X/ < supy,<; |Xs| and
the latter function is integrable. Taking the limit in (26) as n — oo, we obtain:

E[X: | Fs] = Xs a.s.
This proves that X; is a martingale. O

Corollary 5.21. A bounded local martingale is a martingale.

5.6 The variance process

Let (Q, F, F;, P) be a filtered probability space.

Definition 5.22. An F;-adapted process X, is called a submartingale if E|X;| < oo
and

E(Xi|Fs) = X5 a.s. forall s <t.

Theorem 5.23 (Doob—Meyer’s theorem). Let X; be a continuous submartingale
such that for every constant a > 0, the family of rundom variables

{X,, 7 is a stopping time with T < a}
s uniformly integrable. Then there exists a unique decomposition
Xt - Mt + At

where M, is a continuous martingale and A; is a continuous non-decreasing JF;-
adapted process starting at zero and such that E(A;) < oo.

Proof. Without proof. O

Lemma 5.24. Let X; be a continuous martingale. Then X? is a continuous sub-
martingale satisfying the assumptions of Theorem 5.23.
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Proof. Let 7 be a stopping time with 7 < a where a is a constant. By the Optional
stopping theorem, we obtain:

E[(X. — X;)*|F] = E[XZ|F7] - 2XCE[X,|Fr] + X7 = E[X;|F] -
Since the left-hand side is positive, we obtain that
E[X2F,] > X2 (27)

The above inequality, applied to two times s < t, implies, in particular, that X?
is a submartingale. Fix an arbitrary ¢ > 0, and choose a constant K > 0 so that
% E|X,|? < . Applying Chebyshev’s inequality, we obtain:

1

1
IED(|*XVT| > K) < FE|XT|2 < FE|X11|2'

We applied (27) after taking expectations of the both parts. Again, by Chebyshev’s
inequality,

/H{|XT|>K} | X7 (w)[P(dw) < (/H{IX >k} P( dw /\Xt IQP(dw))
Q
1 1
<P(IX,| > K)? (B[X,[?)? < ZEX <e.
0

In general, if X; is a martingale, X? fails to be a martingale.

Theorem 5.25. Let X; be a square integrable continuous Fi-martingale. Then, there
exists a process (X);, t = 0, which is continuous, non-decreasing, and such that the
process X2 — (X); is a continuous martingale. The proces (X); is a.s. unique.

Proof. By Lemma 5.24, X? is a submartingale sarisfying the assumptions of Doob-
Meyer’s theorem. Therefore, there exists a continuous martingale M; and a non-
decreasing F; continuous apadted process, denoted by (X),, starting at zero and
such that

X2 = M, + (X),.

This also implies that X? — (X); is a continuous martingale. By the uniqueness of
the Doob-Meyer’s decomposition, the process (X); is unique. O

Definition 5.26. The process (X): defined in Theorem 5.25 is called the variance
process.

Theorem 5.27. Fvery continuous F;-local martingale starting at zero which is of
bounded variation on every compact interval is constantly equal to zero.
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Proof. Let
Vt:sup{Z]th—thil\:O:tg <ty < <tn:t}
k=1

be the variation of X; on [0,¢]. Since X, is continuous, and V; is bounded on every
compact interval, V; is continuous. Let S = inf{s : Vi > k}. Note that if ¢ < 5,
then | X;| < k. By Theorem 5.18, Sy, is a reducing sequence of stopping times, and
the process Y; = th ¥ is a bounded martingale with respect to F;. Note that:

E[(Y: - Y’ | F] = EYY | ] - 2V, E[Y, | F] + Y2 =E[Y? - Y7 | F]. (28)
Take a partition of {0 =1ty <t; < --- <t, =t} of the interval [0, ¢]. We have:

n

E[Y?] = E[an v -v2, | =B} (% - Y] <E[swp Y, - Vi | V(EAS)]
=1

i=1 21

<kE[sup |V, - Y.,

121

Let the mesh 6, = max;>; |t; — t;_1| tend to zero as n — oo, and note that since
Y| = | Xsuat,| <K forall 1 < i< n, then sup;, [|Ytl — Y}i_l|] < 2k. By Lebesgue’s

theorem we can pass to the limit under the expectation sign. This implies that

lim Esup||Y;, = ¥, ,[] =0.

n—oo i>1

Therefore E[Y;?] = 0, and hence, Y; = Xg, s = 0 a.s. This proves that there exists
a set ' C Q of full P-measure such that th ¥ = 0 for all rational ¢ > 0 and for all
w € Q. By continuity of paths, XtS’“ =0 for all t > 0 and for all w € 2. Finally we
can find another set 7 C ' of full P-measure such that X; = 0 for all ¢ > 0 and
for all w € Q. H

Lemma 5.28. Let X; be a martingale and T be a stopping time. Then (X7T), =
(X7

Proof. By what was proved X? — (X); is a martingale. By the optional stopping
theorem (X})? — (X)7 is also a martingale. By uniqueness of the variance process
for a martingale, (X7), = (X)T. O

Suppose X; and Y;, t > 0, are martingales. Then, in general, X;Y; fails to be a
martingale.

Theorem 5.29. Let X; and Y, be martingales which are continuous and start at
zero. Then there ezists a unique, continuous process (X,Y ), that has bounded vari-
ation on every compact interval and starts at zero, such that X, Y; — (X,Y); is a
martingale.
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Proof. Define
(X, V)= (X +Y) = (X = 1)),

Clearly, (X,Y); is continuous, predictable, and of bounded variation. The latter
property holds since (X,Y); is defined as a difference of two increasing processes.
Finally,

XY — (X,Y), = i((Xt FY)R - (X4 Y= (X - ¥)P = (X = 1)),

As a difference of two martingales, X,;Y; — (X,Y); is a martingale. Let us prove
the uniqueness of (X,Y);. Suppose there are two processes A; and B, satisfying
requirements of the theorem. Then

A= By = (XY — &) — (XY — By)

is a continuous martingale which has bounded variation on every compact interval.
By Theorem 5.27, A; — B; is constantly equal to zero. This implies the uniqueness
of the process (X,Y),. O

5.7 Semimartingales

Let (92, F, F;, P) be a probability space.

Definition 5.30. A stochastic process X;, t > 0, is called a semimartingale
if there is an Fy-local martingale My, t > 0, and a cddldg (the paths are right-
continuous with left limits) F-adapted process Ay, t = 0, of locally bounded variation
and starting at O such that X; = My + A; for all t > 0.

Theorem 5.31. If X, is a continuous semimartingale, then the decomposition X; =
M; + A; is unique.

Proof. Suppose X = M+ A = M'+A’. Then A— A" = M’ — M is a continuous local
martingale locally of bounded variation and starting at zero. By Theorem 5.27, it is
constantly equal to zero. O]

6. Stochastic Integral

Let (2, F, P) be a probability space. Let B; be an n-dimensional Brownian motion,
and let F; = 0(Bs, s < t) be the natural filtration.
6.1 Construction of the stochastic integral and It6’s isometry
The class of integrands
Definition 6.1. Let ® = O(S,T) be the class of functions
ft,w): [0,00) x 2 - R
such that
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1. (t,w) — f(t,w) is B x F-measurable, where B denotes the o-algebra of Borel
subsets of [0, 00).

2. f(t,-) is Fy-adapted.

E[Zﬁ(t,w) dt] < 0.

Now we are going to show how to define the stochastic integral

- [ st as

for functions f € ®, where B; is a one-dimensional Brownian motion. The idea is
the following: first we define the stochastic integral for simple functions from ©.
Then we show that every function f € @ can be represented as a limit of simple
functions ¢,, in some sense. Then we define the stochastic integral [ fdB; as a limit

[ ¢ndB.
Definition of the Stochastic integral for simple functions

A function ¢ € @ is called simple if it has the form:

N-1

P(t,w) = Z ej(w) - Lt t40) (29)

Jj=0

where S =ty < t; < ---ty = T is a partition. Note that since ¢ € @, it is F;-
adapted. Therefore, e; is J; -measurable. For functions of form (29) we define the
stochastic integral by the formula:

/ o(t,0) dBi(w) = 3 ey (@) (Bys — Bu)(w) (30)

Ito’s isometry

Theorem 6.2 (1t6’s isometry for simple functions). If ¢ € @ is bounded and simple
then

/qbtdet /gbtwdt (31)
Proof. Define AB; = By, | — By,. Then,

Ele;e; AB;AB;] = 0, iti7j
ST KL (b — ty), ifi =

Indeed, if ¢ < j then the random variables e;e; AB; and AB; are independent.
Indeed, e;(By,,, — By,) is Fi,,,-measurable and therefore is ; -measurable (i+1 < j),
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e; is JFy;-measurable. Therefore, the product e; e; AB; is Ji;-measurable. On the
other hand, AB;, is independent of F; . Hence, ¢; ¢; AB; and AB; are independent
for ¢« < 7. This implies that

E[eiejABi ABj|ft1] = €Z6]ABZE[ABJ|EJ] = O, and
E[G?ABﬂth] = G?E[(Bf/iﬂ - Bti)Q] = e?(tiJrl - ti)'

Hence,
E[(/ST o(t, w)dBt(w))2] - Ni Eleie; AB;AB;] = gE[e?] (tjor — t;)

:]E[/j(bz(t,w)dt].

]

Approximation of the integrands from ® by simple functions

Lemma 6.3. Let g € @ be bounded and g(-,w) be continuous for each w. Then,
there exist simple functions ¢, € ® such that

lim E[/j(g - gzbn)th] —0.

n—oo

Proof. Define ¢,, = Z;V:_Ol g(tj,w) Iy, ¢,,,)(t). Since g € @, g(t;,-) is Fy,-measurable,
and therefore ¢, is Fi-adapted. Clearly, since every indicator function Iy, ;. +1)(t) is
B-measurable, and every g(t;,w) is F;,-measurable (and therefore F-measurable),
On is B x F-measurable. Hence ¢,, € ®@. Since ¢(-,w) is continuous for every w, then

T

lim (g — ¢,)2dt = 0.

n—oo S

Since ¢ is bounded, ¢,, is bounded as well, and therefore, by Lebesgue’s theorem,

lim E[/T(g - ¢n)2dt] ~0.
n—reo s

]

Definition 6.4. Let K,,, n € N, be a sequence of Lebesque-integrable functions on
R possessing the properties:

1. K, >0
2. [7 Ky(z)de =1;

8. 1limy, 00 SUP,7 [Kn(2)| = 0.
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The sequence of functions K,, is called an approximate identity.

Proposition 6.5. Let {K,} be an approzimate identity, and let f € Ly. Then
{f*K,}, where (f*K,)(t) = [*° Kn(s—t) f(s)ds, converges to f in the L,-norm,
1<p<oo.

Proof. Without proof. A proof can be found in the book by Hoffman “Banach spaces
of analytic functions”, 1962, p. 22. n

Lemma 6.6. Let h € © be bounded. Then there exist bounded functions g, € ©
such that g,(-,w) is continuous for every w and n, and

lim E[/ST(h — ga)? dt] —0.

n—oo

Proof. Suppose M is a constant with the property |h(t,w)| < M for all (t,w). For
each n € N, let 1, be a non-negative, continuous function on R such that

L. ¢p(z) =0 for =< —% and x > 0,
2. and [7_ Y (z)dr = 1.

The sequence 1, is an approximate identity. Define

gn(t,w) = /0 Un(s —t) h(s,w)ds (32)

and note that the following properties of these functions. If s > ¢, then ¢, (s—t) = 0,
and, therefore, the integration in (32) can be extended to [0,00). Furthermore, if
t > % and s < 0, then s —t < —%, and hence, ¥,(s — t) = 0. This implies that
for t > %, we can extend the integration in (32) to (—oo,00). Thus, if t > %,
then g,(t,w) = (h(-,w) * ¥,)(t). As a convolution, g, is t-continuous for each w
and n, and g,(t,w) < M. Since h(s,w) is B x F-measurable, so is the product
(s —t) h(s,w), and therefore the integral on the right-hand side of (32) is a limit
of B x F-measurable functions. Next, h(s,w) is Fs-measurable, and therefore F;-
measurable since s < t. Again, the integral on the right-hand side of (32) can
be represented as a limit of F;-measurable functions and therefore g,(t,w) is Fi-
measurable for all ¢ > 0. Note that,

E[/STgn(s,w)Q ds} < 00

since g, is bounded. Hence, g, € ®. By Proposition (6.5)
T

/ (ga(5,w) — h(s,w))2 ds < 2 / (9a(5, ) — (W) * ) (s))? ds
S

S

+2/S (h(-,w) *¥n)(t) — h(s,w))*ds — 0 asn — oo.
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Since both functions g, and h are bounded, by Lebesgue’s theorem,

lim E[/ST(gn(s,w) — h(s,w))? = O].

n—oo

]

Lemma 6.7. Let f € @. Then there exists a sequence {hy,} such that it is bounded
and

lim E[/ST(f ~ h)?ds| =o0. (33)

n—o0

Proof. Define

—n, if f(t,w) < —n,
hy(t,w) = ¢ f(t,w) if —n< f(t,w) < n,
n, if f(t,w) > n.

Note that |h,(t,w)] < |f(t,w)|. Hence ]E[fghn(s,wfds} < ]EUSTf(S,w)QdS} <
0o. Clearly h, possesses also other properties of the class @ by its construction.
Therefore, h,, € ®. Next, h,, — f for each w € 2 and each ¢ € [S,T|. By Lebesgue’s
theorem, in (33) we can pass to the limit under the expectation and the integral
signs which will imply (33). O

Summarizing Lemmas 6.3, 6.6, and 6.7, we obtain the following:

Lemma 6.8. Let f € @, then there exists a system 1, of simple functions such
that

lim E[/T(f—¢n)2ds ~ 0.
S

n—o0

Proof. Proof follows from Lemmas 6.3, 6.6, and 6.7. O

Definition of the stochastic integral and Ito’s isometry

Theorem 6.9. Let f € ©, and let 1), € @ be a sequence of simple functions such
that

lim E[/ST(f - zpn)?dt} ~0. (34)

n—oo

Then there ezist a random variable I[f](w) such that

lim E (I[f] —I[¢n])2 —0

n—oo

where I[,] is the stochastic integral of the simple function 1, defined by (30).
Moreover I[f] does not depend on the choice of a sequence 1, converging to f in the

Ly(Q2 x [S,T))-norm (as in (34)).
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Definition 6.10 (Stochastic integral). The random variable I[f] defined in the theo-
rem above is called the stochastic integral of f with respect to a Brownian motion.
It 1s denoted by the symbol

= / flt,w)dBy(w).
s

Proof of Theorem 6.9. By Theorem 6.2 (It0’s isometry for simple functions) we ob-
tain:

B[ [~ )? ] =B 1) 0]} 35

Since 1, converges to f in the Ly(2 x [S, T])-norm, it is a Cauchy sequence with
respect to this norm. Therefore, the sequence I[i,] on the right-hand side of (35)
is a Cauchy sequence in the Ly(€Q)-norm. But the Lo(Q2)-space is complete. Hence,
there exists a limit of I[¢,] in this space, i.e. there exists a random variable I[f]
such that

lim E(I[f] — Iih)] )2 ~0.

n—o0

Suppose ¥/, is another sequence of simple functions that converges to f with respect
to the Lo(2 x [S, T])-norm. Then, It6’s isometry implies:

B[ [ @~ v at) =Bt - 102 )”

The left-hand side of this equality converges to zero since both sequences v, and
Yl converge to f. Therefore the right-hand side converges to zero too. This proves
that

lim T[] = lim I[y)]

in the Ly(€2)-norm. Hence the stochastic integral I[f fs f(t,w)dB(w) does not
depend on the choice of the approximating system ¢n O

Corollary 6.11 (Ito’s isometry). For any f € ©,

/ftdet /ftw dt (36)

Proof. For any simple function v,, by Theorem 6.2 it holds that

/%tdet /z/}ntw dt

Passing to the limit as n — oo in the both parts of the above idenity we obtain
(36). Namely, the convergence of expectations holds by the simple norm inequality:
Il = llgll| < |If — g]l which was applied to the Ly-norms above. O

39



6.2 Properties of the stochastic integral
Theorem 6.12. Let f,g € ©(0,7) and let 0 < S < U <T. Then

T U T

(i) [fdBy= [ fdB;+ [ fdB: a.s.
5 s U
T T T

(i) [(¢cf +9)dBy=c- [ fdBi+ [gdB; a.s., where c is a constant
S S 5

¢
(iii) E[[ fdB,] =0 forall S <t<T.
5

(iv) f; f dBy is Fy;-measurable for all S <t < T.

Proof. Properties (i) and (ii) clearly hold for simple functions. If f € ® is arbitrary

we take a sequence of simple functions v,, converging to f as n — oo. Taking limits

from the both sides in (i) and (ii) in the Ly(€2)-norm we obtain (i) and (ii) for f.

Let us prove (iii). Again, (iii) clearly hold when f is a simple function of form (29),
t

i.e. when the stochastic integral [ f dB; is given by (30). Indeed, for each summand
S

n (30) we obtain:
Elej(w)(By,,, — By,)] = Ele;]E[By,,, — By,] = 0.

J

The equality holds since e; is F;;,-measurable and By, , — By, is independent of ;..
Next if ¢, — f as n — oo in the Ly(Q x [, t])-norm, then

E [/ fdB,| /%dB <E1/tdes—/t¢n

/de /¢ndB 50 asn— .

To show (iv), note that if ¢» € @ is simple, then

" N-1
/S (s,0)dB, = 3 e;(w) (B, — Bi),
§=0

where t;, = t, is an F;-measurable function. If ¥, — f as n — oo with respect
to the Lo(£2 x [9, s])-norm, then f; p dBs — f;deS with respect to the Ly(€)-
norm, and therefore the limit f St f dBy is F;-measurable as a limit of F;-measurable
functions. O

t
Note that the stochastic integral | fdB, can be also regarded as a stochastic

0
process where ¢ is the time. We are going to show its continuity in ¢ and that it is
a martingale. We will need the following lemma.
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Lemma 6.13. Suppose for each n, Z(n), t > 0, is a martingale with respect to the

filtration F;, and for each t > 0, Z LN Z as n — oo with respect to the Ly-norm,
p=1. Then Z;, t > 0, is a martingale.

Proof. Tt suffices to prove the statement for the case p = 1 since the L;-convergence
is the weakest. We obtain:

EE[Z™ | F,] - E|Z,

Il = IE’]E[Zt(") — Zy | F]| <

E[E)Z" - Z]| F]
=E|Z" - Z] >0 asn— .

Since E[Zt(n) | Fs] = Z{™ | we obtain from the above inequalities that

lim Z" = E[Z, | F,

n—o0

On the other hand
lim Z" = Z,

n—0o0

by assumption. Therefore E[Z; | F,] = Z,. O

t
Theorem 6.14. The stochastic integral integral [ f dB; is a martingale.
0

Proof. First we prove the statement when f is a simple function. Let us prove that
if s <t, then

E[/:wmfs] -

Indeed, if ¢ = Z] —o € Lit;41.¢,), then fstzder = Z]_p ej (By;,, —By;) where t, = s.
Compute the conditional expectation with respect to F, of each summand of the
stochastic integral. We obtain:

E[ej (Bt Btj) |‘FS] = E[E [ej (Btj+1 - Btj) |]:tj |‘/—-'8H

= E[e; E[(B;

J+L
j+1 _Btj)|}_tj] |‘7:8} =0
Clealry, E[(B;,,, — By;) | F1;] = 0. Moreover, ¢; is F; -measurable, and therefore was

written outside the conditional expectation sign. By additivity, E [ fst Y dB, | ]—"S] =0.
Now again applying the additivity property of the stochastic integral (property (i)),
we obtain:

/sz |]—" /de |]-“ +IEJ /de |f]

:E /0 deT|]-"s]:/Osz/;dBT.

By what was proved E [ fst Y dB, | .7-"5} = 0. Moreover, Property (iv) of Theorem 6.12

implies that fOS Y dB, is an Fg-measurable random variable. Note that [,, converge
to I with respect to the Ly-norm. Let us apply Lemma 6.13 which says that in this
case I(t,-) is a martingale. O
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Lemma 6.15. Let M; be a continuous martingale, and let 0 < T < oo. Then for
any € > 0,

1
P(sup M| > 5) < —E[| M.
[0,7] e

Proof. Without proof. O]
Theorem 6.16. Let f € ®(0,T), then there exist a t-continuous version of the
t
stochastic integral [ f dBs.
0

Remark. In other words, we have to prove that there exists a continuous process
J; such that for every 0 <t < T

t
Jt:/deS a.s.
0

Proof Let v, be a sequence of simple functions converging to f, and let I,,(t,w) =
Jo nls,w) dBy, I(t,w) = [ f(s,w)dB,. Note that I,(t,w) = Y1 e;(w)(By,, —
By,)+ (Bt—Bthl) and therefore it is a continuous martingale. Then I,,(¢, ) — I, (¢, -)
is also a continuous martingale. By Lemma 6.15,

1 1 T
P[[so?})] 11 (t, ) — L (£, )| > g] < SE[(L—1n)") = EE[/O (¢n—¢m)2ds] =0

as n, m — 0o. Hence, we can choose a subsequence n; T oo such that

P[sup | Iy, (t,w0) — I, (t,w)] > 2_k] <27k
[0,7]

By Borelli-Cantelli lemma,

P[Vn)O, dk>n: sup |I,

~ Iyl > 27| =0,
t€[0,T]

k+1

since if By = {w : supyepo ) | ny,, — In | > 27%}, then P(ﬂzozl Ui, Ek> = 0. Hence,
P[Eln >0,Vk>n: sup Loy — Iy | < 2*’“] = 1.
tel0,T

This implies that for almost all w € Q, I, converges uniformly in ¢ € [0, 7). Let J;
be the limit of 7,,. Clearly J; is continuous in ¢ a.s. Next, since I, (t,w) — I(t,w)
as k — oo for all ¢ in the Ly(2)-norm, then I(t,-) = J; a.s. for all ¢ € [0,7]. The

theorem is proved. O

Everywhere below the stochastic integral fot f dB, means its continuous version.
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6.3 An extension of the stochastic intergral and multi-dimensional
stochastic intergrals

The stochastic integral can be defined for a larger class of integrands. For this,
we relax the measurability Condition 2 of Definition 6.1. Let us assume that there
exists a larger filtration Gy, i.e. such that F? C Gy, t > 0, such that the following
replacement for Condition 2 of Definition 6.1

2’. a) By is a martingale with respect to Gi;

b) f(t,-) is Gi-adapted.

To emphasize the fact that Condition 2’ is used instead of Condition 2, we will use
the notation @ (S, T, G;) for the corresponding class of integrands.

We are going to apply this definition to define a multi-dimensional stochastic
integral. Let BF be the k'th coordinate of an n-dimensional Brownian motion B,
and let

Fr = o(B}

S17°

By s, 8, <. (37)

Then every Brownian motion BF is a martingale with respect to F}.
Let @' = ®O(S, T, F").

Definition 6.17. Let B; = (B}, ... B?) be an n-dimensional Brownian motion, and

let v = v;;(t,w) be an n x m matriz such that v;; € @ foralll <i<m,1<j<1.
Let us define the stochastic integral as follows:

T T /vi1 = Vin dB}
/ vdB; = / ( : : ) :
S S Vnl * Umn dBt"
where the right-hand side of this formula is an m-dimensional vector whose ith
component equals to

> [ wsl
j=1"%

7. Ito’s formula

7.1 The one-dimensional Ito formula

Definition 7.1 (1-dimensional [t6 process.). Let By be a 1-dimensional G- Brownian

motion on (Q, F,P). A 1-dimensional Ité process is a stochastic process X; on
(Q, F, P) of the form:

t t
X = X, —i—/ u(s,w)ds —i—/ v(s,w)dBy (38)
0 0
where v € ®(0,T,G;) for allT > 0, and u € Ly(]0,00) X §2) is Gi-adapted.
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Note that, an It6 process X; is a semimartingale. For the theorem below, we will
need the concept of the covariance process of two semimartingales.

Definition 7.2. Let X; = A; + M; and Y; = Cy + N, be two semimartingales where
M, and Ny are their martingale parts. The covariance process (X,Y ), is defined as
follows:

<X7 Y>t = <M7 N>t

Theorem 7.3. Let X; be an Ité process given by (38), and let g(t,x) € C?([0,00) x
R), i.e. g is twice continuously differentiable on [0,00) x R). Then

)/;5 = g(t7 Xt)
15 again an Ito process, and

1 t 629
5 ; @(S,Xs>d<X>s

(39)

" Oy " dyg
Y; = ¢(0, Xo) +/0 E(S,Xs) ds +/O 8_x(8’XS) dX, +

Remark. In (39), dX; = u(t,w) dt + v(t,w) dB; according to (38). Also, the last
integral is understood as a Riemann-Stieltjes integral with respect to the increasing
funcion (X)s,.

Lemma 7.4. Let X; be an It6 process given by (38). Then
t

(X}t:</0.v(s,~)dBS>t:/0 V2 (s,) ds.

Proof. Left as an exercise. n

Remark. Equivalently (39) can be written as follows:

g(t, X;) = g(0, Xo) + /0 <@(S,XS) + u(s,-) @(s, X) + 1v(s, )2 Py

Ds D > o (5 X)) ds

Proof of Theorem 7.3. Let

. 0, if |X0| >n,
B inf{¢t : max (| fotvdBS|,f0t |u|ds,f0t vzds) > n}, if | Xo| < n.

Clearly 7,, T 0o as n — oo a.s. Therefore, if we prove (40) for X, ., on the set
{7, > 0}, then, letting n — oo, we prove (40) for the general case. Hence, we can

assume that X, f(f vdB;, f(f lv|ds, and f(f v?ds are bounded in (t,w), and that the
function g has a compact support, and therefore, bounded.
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Note that (40) is an It6 process in the sense of Definition 7.1. Let us assume first
that u and v and bounded simple functions. Using Taylor’s expansion we obtain:

0 0
9(t.X) = 9(0,X0) + >~ Aglt;, X)) = 9(0, Xo) + D ST Aty + ag AX;
J

J
1 g 2 > g 1 g 2
+35 ; oz (A1) + ; Ao (L) (AX)) + 5 ; o2 (AX)7 + ; R

dg dg 0
where a?v 32, Ak ete. are evaluated at the points (¢, Xy,), At; =t —t;, AX; =
X

G+1 ] Ag(tjﬂth) - ( J+17Xt]+1> - (tijt]) and Rj - O(‘Atj|2 + ’Ath|2)
for all j. As At; — 0,

99 «, x99
atAt Za(tj,xt )At, %/ aSsX)d

Jg
ZamAX Z t],Xt JAX; %/ (s, X,) dX,.

Since we assumed that v and v are simple functions, we obtain:

%9
Oz

%9

(AX;)? = o2 u? (At;) +2282u]v](At)(AB)

9
+Z@x2 v?(AB;)?. (41)

where u; = u(t;,w) and v; = v(t;,w). The first term in (41) is bounded, and tends
to zero pointwise as the mesh of the partition {0 =ty < --- < t,, = t} tends to zero.
For the second term we have:

82
E(Y 5 5uss (A)(By,, — B, ) ZE( ujuj) (At 0 as At; =0
J

by boundedness of u, v, and 2 54, and by the fact that E[(B;,,, — By,)*] = At;. Let
us prove that the last term in (41) tends to 2 5-4v? with respect to the L*(Q)-norm as

the mesh max; |At;| tends to zero. Define a(t) = W(t’ X)) v*(t,w), and a; = a(t;).
We have:

<Za] (AB)) Za]At ) = " Efaia; (AB) — Aty) (AB)* — )],
’ (42)
If i < j then a; a;((AB;)?—At;) and ((AB;)*— At;) are independent, and therefore
E[aia;((AB)?—=At;) ((AB;)*—At;)] = Elaia;((AB;)?—At;) E[((AB;)?—At;) | 5]

=0.
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Similarly for the case ¢ > j. For the case ¢ = j, we obtain:

[ (B, - ALY = I E((AB,) - Aty)’

2

since a;

is F;,-measurable and (AB;)? is independent of F;,. Further, we have:
E((AB))? — At;)” = E[(AB))" — 2(AB;)?At; + (At;)?]
= 3(At;)? — 2(At;)? + (At))? = 2(At;)*.

Therefore,

STE[a? ((AB)? - At)Y] =23 Ela?] (At;)?

J J

which tends to zero as the mesh max |At;| goes to zero. This implies, in turn, that
the right-hand side of (42) converges to zero as max|At;| — 0. But

t
ZajAtj — / a(s)ds, as max|At;| — 0,
j 0 !
and therefore,
t
Zaj(ABj)Q — / a(s)ds as max |At;| — 0.

J 0 ’

Clearly, >, R; — 0 as max; |At;[ — oo. Indeed,

2
E[Z o((At))? + (AX;)?) ] =E [Z O(Atj)?’] —0 as max |At;| — 0.
j J
The latter equality holds since
E(AX;)? = v} E(AB))? = vi At; + u At
and
E(AX;))* = ujAt] + 6ulv] (At)° E[(AB))?] + vi E(AB;)*
= uj AL + 6ulv; (At;)® + 3uy (At))°.

This proves Ito’s formula for the case when v and v are bounded simple functions
To prove the general case let us note that we can always approximate u and v by
bounded simple functions with respect to the Ly(€2)-norm. Passing to the limit in

(40) w.r.t the Lo(2)-norm we obtain (40) for those u and v for which the Riemann
and the stochastic integrals are well defined. This proves [t6’s formula. O]
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7.2 The multi-dimensional It6 formula

Let B, = (B},...,B/") be an m-dimensional Brownian motion, and let F;™ be the
filtration defined by (37).

Definition 7.5 (n-dimensional It6 process). A process X, is called an n-dimensional
Ité process if it can be written in the form:

X} = X¢+ [T ui(s,w) ds + > e I3 vij(s,w) dBI
: (43)
XP = X5+ [y un(s,w)ds + 37 [ vnj(s,w) dBI

where u; € Ly([0,00) x Q), 1 < i < n, are F"-adapted, and v;; € ©(0,T,F") for
allT >0,1<i<n, 1 <5< m.

In matrix notation we can rewrite (43) as follows:

dXt = utdt + 'Utd_Bt7 (44)
where
X} uy(t,+) Vi1t Uim dB}
X = S, W= : y Vg = : : ,  dBy :
X152 Un<t, ) Unl *° Unm dB;n

Theorem 7.6 (Itd’s formula). Let X; be an n-dimensional It6’s process given by
(44), and let g(t,z) = (g1(t, ), -+ , gp(t,x)) € C*([0, 00) x R™, RP). Then the process

)/t(w) = g(ta Xt)

is again an Ité process, whose k'th component Y}¥ is given by

— k(ox>+/ta—gk(sX)ds+i/tagk(sX)dX2
t =g s <20 o aS y <Y £ o 81’1
1 n n t 82914: ; y
+§;;/O Fona, (5 X0 diXX0)

or equivalently,

vF = k(OX)—i—/t@_gk(s X)ds—l-zn:/tagk(s)() (s,-) ds
+ — g U, Ao oa y s axiysu17

S

i=1 70
82 k
323 [ S ) a5 5 35 [ T ) (i)
=1 j= i=1 j=1 p=

Lemma 7.7. Let B! and B! be independent Brownian motions. Then

(B', B%), = 0.
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Proof. 1t suffices to prove that B;Bf is an Fi-martingale (F; = F;™). Indeed, taking
into account that both B and B} are F;-martingales, for s < ¢ we obtain:

0 = E[(B;~ B)|E[(B! - BI)] = E[(B; - B;)(B] - B])] = E[(B{ — B)(B] — B]) | ]
=E[B{B]| F.] - B,B!.
O

Lemma 7.8. Let X! and Xj be two 1-dimensional Ito’s processes with the martin-
gale parts fo vi(s,-) dB and resp. fo v;(s,+)dBI. Then

xixiy, = [ ,)dB! .j )dBYY = (i d(Bi, B’
(X', X7) </0”<S’ /0v<s> ) = [ @) am ),
:/ (v'v?)(s, ) e
0
where 6;; = 0 if i # 7 and 6;; = 1.

Proof. Left as an exercise. n
The proof of Theorem 7.6 is similar to the proof of Theorem 7.3, and therefore

is omitted.

7.3 The Ito representation theorem

Let B, = (B},..., B") be an n-dimensional Brownian motion and let F; = F;* be
the filtration defined by (37).

Lemma 7.9. The linear span of random variables of the type

exp{ /0 ' h(t)dB, — % /0 ' 0 dt} (45)

where h € Ly([0,T]) is deterministic, is dense in Lo(Fr, ).
Proof. Without proof. O

Theorem 7.10 (Ito’s representation theorem). Let By = (B},..., B) be an n-
dimensional Brownian motion, and let the filtration F}* be defined by (37). Let F €
Lo(F71, Q). Then there exists a unique stochastic process f(t,w) € ®(0,T,F") such
that

+ / " f(t.w)dB, (46)

Proof. For simplicity we consider the case n = 1. The proof in the general case is
similar. First we assume that F" has the form (45), i.e

F(w) = exp /0 " h(t)dB, - % /0 ' (1) (47)
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for some h(t) € Ly]0,T]. Define

m:exp(/oth( )dB, —5/0 h2(s )ds>, 0<t<T (48)

By Ito’s formula applied to Y; = exp(X;) where X; = fo (t)dB; — %fOT h2(t)dt
Note that £ exp(X;) = d; exp(Xy) = exp(X;) = Y;. Also, note that by Lemma

78,
(X = { /0 ) h(s)dB.) = /0 12 (s) ds.

We obtain:
t 1 1 t t
Y, =Y +/ Y, (h(s)dB, — 5h2(s) ds) + 3 / Y, h*(s)ds =1 +/ Y, h(s) dB,.
0 0 0

This implies that E[F] = 1, and that formula (46) holds for the dase when F is given
by (47). By linearity, (46) holds for linear combinations of funcions of form (45).

Now let F' € Lo(Fr, Q) be arbitrary. We approximate F' by linear combinations
F,, of functions of form (45). For every n we have:

ﬂWFﬂHHfAﬁwwM&M

where f,, € ©(0,7T). By [td’s isometry and by the fact that E Uo — fm)dB }

we obtain:

E[(F, — F,)} = E [(E[Fn — ] + /0 T(fn — fm) dBS)Z}

2

— (E[F, — F,)))” + 2E[F, — Fm]E[/OT(fn ) st] + IE(/OT(fn ) st)

— (EIF.— Fa)’+ [ Elth - £l dt

0
Therefore

/0 E[(f, — fm)?]dt = E[(F, — F,,)*] — (E[Fn — Fm])2 — 0, asn,m — oo.

Hence f, is a Cauchy sequence in Lo(€2 x [0,77]), and hence converges to some
f € Ly(2 x [0,7]). This implies that f € ®(0,T). Indeed, there is a subsequence
of {f.} that converges to f for almost all (w,t) € Q x [0,T]. Therefore, f is F;-
measurable for almost all ¢ € [0,7]. By modifying f on a t-set of measure zero
we obtain that f(¢,w) is F;- adapted. Similar, the map (t,w) — f(t,w) is B x F-
measurable. Clearly E fOT f2(t,)dt < co. We obtain:

F— lim F, - /fndBt _ [F]+/0deBt

n—o0
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where the limit is taken in Lo(Fr, ). Also, we used Itd’s isometry to show the
convergence of stochastic integrals.

The uniqueness follows from It6’s isometry. Suppose there exists two different
functions f1, fo € ®(0,7) such that

T T
F(w) = E[F] + / f(t,w) dB, = E[F] + / folt,w) dBy.
0 0
Then
T
| - pas=o
0
and therefore
T T 2
E — fo)*dt =E — fo)dB;) =0.
/0 (fi— fo)7dt (/0 (fi = f2) )
This implies that fi(t,w) = fo(t,w) for almost all (t,w) € [0,T] x . O

7.4 The martingale representation theorem

Theorem 7.11. Let B, = (B}, ..., B) be an n-dimensional Brownian motion, and
let My be an F]'-martingale, where the filtration F}* is defined by (37), such that
M; € Ly(Q2) for all't > 0. Then there ezists a unique stochastic process g(s,w) such
that g(s, -) € ®'(0,t) for all t = 0 with respect to FI, and

t
M, = E[M,] —|—/ g(s,w)dBs a.s., for allt > 0.
0
Proof. Again, we prove the theorem for the case when n = 1 for simplicity. By Ito’s

representation theorem (Theorem 7.11), which we apply to 7' =t and F' = M,, we
obtain that for every ¢ > 0, there exists a unique f*(s,w) € Ly(£2, F; such that

M, = E[M,] + /0 " f(s.w)dB. = E[M,] + /0 " f(s.w) dB.. (49)

since for the martingale M, it holds that E[M;] = E[M,]. Note that in the above
formula, the integrand of the stochastic integral depends on t. Let us prove that
f(s,w) is actually does not depend on t. Assume 0 < t; < to. Then,

My = B0, | 7,) =)+ B [ 7 (s.0) 4B, | 7,

_ E[M] + /0 ' ft2(s,w) dB,.

On the other hand, by (49),

t1
M, = E[M,) +/ ftl(s,w) dBs;.
0
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By the uniqueness result of 1t6’s representation theorem (Theorem ?7?), for almost
all s € [0,11],

i (s,w) = f2(s,w) as..
Let us define f(s,w) for almost all s € [0, 00) by setting
f(s,w) = f¥(s,w) a.s. for almost all s € [0, N]
We obtain that for almost all ¢t > 0,

M, = E[M,] + /t Fi(s,w)dBs = E[M] + /tf(s,w) dB

By t-continuity of the stochastic integral, the latter equality holds for all ¢ > 0
a.s. O

8. Stochastic Differential Equations

Stochastic differential equations can be defined in several contexts that vary their
generality. Informally, a stochastic differential equation (SDE) can be written in the
form:

dXt = b(t, Xt> dt + U(t, Xt) dBt

Below we define weak and strong solutions of the above SDE and prove the existence
and uniqueness theorem.

8.1 Formal definitions

Let T > 0, and let the functions b : [0,7] x R" — R™ and o : [0,7] x R" — R™™
be measurable. Further let Z be a random variable, and let F7Z be the filtration
generated by Z and By, s < t.

Definition 8.1. A process X; is called a strong solution to the SDE
dX: = b(t, Xy) dt + o(t, X;) dBy (50)
on [0, T) with the initial condition Xo = Z if X; is FZ-adapted and

t t
X, = Z+/ b(s,Xs)ds—i-/ o(s, Xs) dBs.
0 0

Definition 8.2. A pair of processes (X;, B,) is called a weak solution to SDE
(50) on [0,T] with the initial condition Xo = Z if there exists a filtered probability
space (Q, Hy, H, P) such that B, is an H,-Brownian motion and X; is H,- adapted
and

t t
X, = Z+/ b(s,)?s)der/ o(s, X,) dB,.
0 0

Remark. We say that Bt is an H;-Brownian motion if Bt is a Brownian motion
and an H;-martingale, i.e. E[Bt+h | Hy| = B, for all t, h > 0.
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8.2 An existence and uniqueness theorem

Theorem 8.3 (Existence and uniqueness). Let, as before, T > 0 and let the func-
tions b: [0, T] x R" — R™ and o : [0, T] x R" — R™*™ be measurable and satisfying
conditions (i) and (ii) below:

(i) [b(t,x)| + |o(t,z)] < C(1+|z|), x € R", t € [0,T], for some constant C' > 0;

(ii) [b(t,) = b(t,y)| + o (t,2) — a(t,y)| < Dlz—yl, &,y € R", ¢ € [0,T], for some
constant D > 0.

Let Z be a random variable which is independent of the o-algebra F2 and such that
E|Z]* < oo.

Then SDE (50) has a unique strong t-continuous solution X, on [0,T] with the
wnatial condition Xo = Z and with the property that X; is adapted with respect to the
filtration FZ and

T
E[/ \Xt|2dt} < . (51)
0
Lemma 8.4 (Gronwall’s lemma). Let o, 5, and u be real-valued functions defined

on the interval |a,b]. Assume that B and u are continuous,  is non-negative, and
« 18 integrable on |a,b]. Then if u satisfies the inequality

ult) <alt)+ | B(s)uls) ds,
then
u(t) < alt) —I—/ a(s)B(s) [exp/ B(r)dr] ds.

If a(t) is a constant, say equal to o, then

u(t) < aexp /tﬁ(s) ds.

If B(t) is a constant, say equal to 3, then
u(t) < aelt=9,
Proof. Left as an exercise. O

Proposition 8.5 (Itd’s isometry for a multi-dimensional stochastic integral). Let
By = (Bl,...,B™) be an m-dimensional Brownian motion, and let the function
v [S,T] x Q — R™™ be such that v;; € O(S, T, F™), 1 <i<n,1<j<m, with
respect to the filtration F[". Then,

2 T
= E/ lo(t, w)|*dt.
s
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Proof. Left as an exercise. n

Proof of Theorem 8.3. Uniqueness. The uniqueness follows from [to’s isometry and
Lipschitz property (ii). Indeed, let X; and X, be two solutions with initial values Z
and resp. Z Jie Xg= 2, X, = Z.In the proof of uniqueness we are only interested in
case Z = Z. The following more general estimate which also holds when Z # Z will
be useful later. Define a(s,w) = b(s, X,) —b(s, X,) and v(s,w) = o (s, X,) — (s, X,).
Then,

E[X, — X Z]E[(Z_Z+/Ota(s’ .)d3+/0t7(5, .)st)z}

<3E[|Z — 2| +3E[</Ota(s, -)dsﬂ +3E[</0t7(s, -)stﬂ
<3E[|Z - 2] +3tE[/Ota2(s, -)ds} +3E[/0t72(3, -)ds] (52)

t
<3E[Z - Z) +3(1+1) D2/ E|X, — X,|*ds. (53)
0

Denote v(t) = E|X; — X;|?, t € [0,T]. Let F = 3E[|Z — Z|*] and A = 3(1+T) D2
In this notations the above inequality can be written as follows:

t
v(t) <K F+A / v(s)ds.
0
By Gronwall’s lemma,
v(t) < Fexp(At).

Now we assume that Z = Z, and therefore F' = 0. Hence v(t) = 0 for all t > 0.
This implies that for all t > 0, X; = X, a.s. This means that for every t > 0, there
exists a set  of full P-measure (P(€;) = 1) such that X, = X, everywhere on .
Now since the set of rational numbers is countable we conclude that there exists a
set ' of full P-measure such that X; = X, for all t € QN [0, T] everywhere on (V.
By continuity of the map ¢ — | X; — X/,

X, =X, foralltel0,T]

everywhere on €. This proves the uniqueness.
Existence. Define Y;(O) = Xy, and Y;(k) inductively as follows:

t t
Yt(k+1) — X, +/ b(s, YH) ds +/ o(s, Y ¥ dB,. (54)
0 0
Hence,
. t
0 0
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Performing a similar computation as in (53) but with Yt(kH) and Yt(k) instead of X,

and resp. X, on the left-hand side, and with Yt(k) and Y;(k_l) instead of X; and resp.
X, on the right-hand side we obtain:

t 2
By, - v, < 2R ( / (b(s, Y.) = b(s, Y1) ds )
0

t t
+ 2E(/ (o(z,YP) — o2, Y*)) dB ) <201+7) D?/ E|Y® — y -2 s
0 0
(55)
for k > 1 and ¢t < T. Now recalling that Y(© = X, and taking into account condition

(i) of the theorem saying that the functions b and ¢ have no more than the linear
growth we obtain:

0 vop_of ' 2
E|Y, YV, VF=E b(s, Xo)ds + [ o(s,Xo)dBs
0 0

t

< 2]E(/tb(s7X0)ds>2 +2]E</ (5, Xo) dBS)Q

<4C° (14 E|X]]) +4C°t (1+EIXG|) < Agt
where A; = 4C? (1 + E|X2|)(1 + T). By induction on k and inequality (55) we
obtain that there exists a constant A, depending on C, D, T, and E|X;|? such that
ARFL pht1
EY,"" -y PR < —— k>0,teo,T).
’t t‘ (k—i—l)' 76[7]

By Chebyshev’s and Doob’s maximal inequalities,

P|sup v, — v ®) >2—ﬂ <AFE[ sup VTV — vE]

o<t<T o<t<T
(4A2)k+1 Tk+1

< AR y k) y (k)2
Yz 7| (k+1)!

The latter inequality implies that the series

Z P[ sup Y, b+ _ t(k)| > 2_k]

0<t<T

converges. Recall the Borel-Cantelli lemma that says that if Fj, are events such that

then



or, equivalently,
o0 o0
P(UNE) =1
n=0 k=n
where E = O\ Ej. In our context the latter means that
P(Eln <0, Vk>=n, sup |V;F) — Yt(k)| < 2"“) = 1.

o<t<T

This implies that the sequence

converges uniformly in ¢t € [0,7] a.s. Let X; be the uniform limit of this sequence,
ie.

X, = lim Y,™

n—o0

which exists almost surely. Then a.s. X, is continuous in ¢ as a uniform limit of the
t-continuous processes Y, n, Moreover, note that X; is FZ-measurable for all ¢ since

for all n, ¥, is FZ-measurable for all ¢ Since Y, converges to X, uniformly in
t € 10,T] a.s., then it also converges to X; with respect to the Lo(€2 x [0, 7])-norm
and with respect to the Ly(€Q)-norm for each ¢ € [0,T]. In particular, this implies
(51).

It remains to show that X verifies SDE (50). For all n we have:

t t
Yt(n+1) =X0+/ b(s,YS(”))dS-i-/ U(x7)/'s("))st. (56)
0 0

Note that lim,, . E|Yt(n+1) — X¢|*> = 0. On the other hand, by Condition (ii) of the
theorem

t ) t
E‘/ (b(s, V™) = b(s, X.) ds‘ < tE/ 1b(s, V™) — b(s, X,)|? ds
0 0
t
< DQt]E/ YW — X,|? -0 asn— oo. (57)
0
Next by It6’s isometry and again Condition (ii) of the theorem, we obtain:

t 2 t
E‘/ (0(s,Y.") = o(s, X,)) dB, :]E/ (s, Y.7) = o(s, X,)?? ds
0 0

t
< DQ]E/ YW — X, -0 asn—oco. (58)

0
Now (56), (57), and (58) imply that X; is a (strong) solution to SDE (50). O
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Definition 8.6. We say that a solution (X;, B;) to SDE (50) is weakly unique if
for any other weak solution (X, By) to (50) it holds that (X, By) and (X, B:) are

identical in law.

Theorem 8.7 (Weak uniqueness). Let o and b satisfy assumptions of Theorem 8.5.
Then a weak or strong solution to SDE (50) is weakly unique.

Remark. Clearly, every strong solution to (50) is also a weak solution. When we
say a strong solution X; is “weakly unique” we mean that the solution (X;, By) is
weakly unique.

Sketch of proof. We prove the theorem for the case when o(t,z) and b(t,x) are
bounded and continuous for all (¢,z) € [0,T] x R™ Let (X,, B;) and (X, B,) be
two weak solutions on probability spaces (€2, P, H;, H) and (Q, ﬁ,ﬁt,ﬁ), respec-
tively. Further let Y; and Y; be strong solutions on (€, P,H,;, 1) and (Q, P, H,, H)
constructed with the help of B; and resp. B,. By the uniqueness of a strong so-
lution, X; = Y; and X, = Y, for all t, a.s. Therefore it suffices to prove that Y;
and Y, are identical in law. We prove that by induction using iteration procedure

(55). Note that the processes (Y, "), B;) and (f/t(k), B,) are identical in law for all k.
Indeed, (Yt(o), B;) and (YQ(O), B,) are identical in low because Y9 =v” = Z, and
on the other hand, B, and B, are identical in law. Suppose we know that Y;(k_l)
and fft(k_l) are identical in law. Also, Y;(k_l) and Yt(k_l) are t-continuous. Then
o(t, Y;(kfl)), b(t, Y,;(k*l))7 o(t, f/;(kfl)), and b(t, fft(kfl)) are continuous in t. Therefore
the integrals fg o(s, Ys(kfl)) dB, and f(f o(s, ﬁ(kfl)) dB; can be approximated by the
sums SN L o(t;, Y(kfl))(BtlJrl B,) resp. SN Lo(ty, ?(kfl))(ét ... — By,) which are
clearly identically in law. Therefore their Lo-limits, i.e. the above stochastic inte-
grals are 1dentlcal in law as well. Analogously, the integrals fo s, YD )ds and

fo ds are identical in law. The above arguments and formula (55) imply

that Y;( and Y; are identical by law and ¢-continuous. By induction, (Yt( ), By)
and gfft(k), B,) are identical in law for all k. Therefore their L, limits (Y;, B;) and
(Y:, By) are also identical in law. The weak uniqueness is proved. O

8.3 The Tanaka equation

There are stochastic differential equations which do not have strong solutions but
have a unique weak solution. The example below discusses such an SDE. Consider
the one-dimensional stochastic differential equation:

dXt = Sign(Xt) dBt, XO =0 (59)

where

. {+1 r 20,
sign(z) =

-1, z <0.

Note that here o(z,t) = sign(x) does not satisfy the Lipschitz condition (Condition
(ii) of Theorem 8.3), so Theorem 8.3 cannot be applied here.
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Proposition 8.8. SDE (59) has no strong solution.
Lemma 8.9 (Tanaka’s formula). Let B, be a I1-dimensional Brownian motion.

Then,

t
|B;| = | By +/ sign(Bs) dBs + Li(w), (60)
0
where
o1
Lt = lgl(l)Q_gA{s € [07t] . BS S (—5,5)}

and X\ is the Lebesque measure.

Remark. L, is called the local time for a Brownian motion at 0. Formula (60) is
known as Tanaka’s formula for a Brownian motion.

Proof of Lemma 8.9. Without proof. [

Lemma 8.10 (How to recognize a Brownian motion). Let B; be an m-dimensional
Bronian motion, and v : [0,00) x Q — R™ ™ satisfy the assumptions (see Section
6.3) under which the stochastic integral is well defined. Further let

t
Y, = / v(s,w) dBs.
0
Then Y, be a Brownian motion if and only if
v(t,w)o” (t,w) = I,
for almost all (t,w). I, in the above formula is the n X n identity matriz.
Proof. Without proof. O

Proof of Proposition 8.8. Let B, be a Brownian motion and let F; be its natural
filtration (i.e. o(Bs, s < t)). Define the process

A

t
Y, = / sign(Bs) dB,.
0
By Tanaka’s formula (Lemma 8.9),
Y, = |B,| — |Bo| — L,

where L, is the local time for B, at 0. Let G, = a(|BS|,s < t). Clearly G, C F,
where the inclusion is strict. Hence, the o-algebra N; = o(Y;, s <t) C ﬁt where the
inclusion is strict as well.

Now suppose X; is a strong solution to (59). Then, since (s.ign()(}))2 =1, by
Lemma 8.10, X, is a Brownian motion starting at 0. Multiplying both parts of (59)
by sign(X;) we obtain:

dBt = Sign(Xt) dXt
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Let us apply the above argument to B, = X, (since we proved that X, is a Brownian
motion) and Y; = fg sign(X,) dX, = B;. We obtain that the natural filtration F; of
B is strictly contained in M; = o(Xj, s < t). This contradicts to the fact that X,
is a strong solution since a strong solution is F;-adapted. Thus, a stong solution to
(59) does not exist. O

Let us find a weak solution to (59).
Lemma 8.11. SDE (59) has a weak solution.

Proof. Choose X; to be any Brownian motion B,. Let us define
~ t A A t
B, = / sign(Bs) dB; = / sign(X;) dX.
0 0

Again, by Lemma 8.10, B, is a Brownian motion. Finally the SDE
dB, = sign(X;)dX;

is equivalent to
dX,; = sign(X;) dB;

which can be obtained by means of multiplication of the both parts by sign(X}).
Therefore, (X;, By) is a weak solution.

Let us prove the weak uniqueness. Let (X;, B;) be another weak solution. Another
application of Lemma 8.10 shows that X, is a Brownian motion. Hence, all weak
solutions are identical in law. O

9. Application to Mathematical finance

9.1 Pricing and hedging financial options

A call option on stock is a contract that gives its holder the right to buy this stock
in the future at the price K written in the contract, called the exercise price or the
strike price.

FExample. On April we are offered the opportunity to buy shares of a company A.
Currently the shares are valued at €1 each. Suppose that except of buying shares,
we can also buy an ‘option’. Specifically, for a cost of €0.20 we can buy a ticket
that gives us the right to buy one share of company A for €1.20 on August 1st,
irrespective of the actual market value of this share. Suppose we buy 1000 of these
tickets. August 1st arrives, and the shares are now worth €1.80 each. We then
exercise our option to buy 1000 shares at €1.20 each and sell them immediately at
their market value to make a profit of €600 (€400 if you include the cost of the
options). Alternatively, suppose that the shares drop to €0.70 each. In this case, we
choose not to exercise the option to purchase the shares and throw all my tickets
away. We make then an overall profit of €0 (or a loss of €200, if I include the cost
of the tickets).
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This is an example of a European call option. Specifically, A European call option
allows the holder to exercise the contract (that is, to buy this stock at K) at a
particular date T, called the maturity or the expiration date.

Now we introduce some general options and notations. Our market (a simplified
model) consists of stock of a single type and a riskless investment such as a bank
account. We model the value in time of a single unit of stock as a stochastic process
S = (S;,t = 0) on some probability space (2, F, F;, P). We will also require S; to
be Fi-adapted. The cash at the bank account grows deterministically in accordance
with the interest formula

A= Age™, t>0.

where r > 0 is the constant interest rate.

We are concerned with the Furopean call option. One buys this option at time
0 to buy stock at the expriration time T at the exrecise price K. The value of the
option at time 7' is the random variable

Z = maX{ST — k’, O} = (ST — k‘)+

Another key concept is the notion of arbitrage. Here is an example of the arbitrage
opportunity. Suppose a stock sells in Frankfurt for €100 and in New York for $100,
and that the 1€= 1.34$. Then one can buy for $100 the stock in New York to
sell immediately in Frankfurt for €100 having a $34 profit. Thus, in this case, the
disparity in pricing stocks in Germany and the USA has led to the availability of
‘free money’.

Now suppose that a sum of money P is invested at a constant interest rate r. At
time ¢ it becomes P e". Conversely, if we want to obtain a given sum of money @ at
time ¢ then we must invest @) " at time 0. The process of obtaining @ e" from Q) is
called discounting. In particular, if S;, t > 0 is is the stock price process, we define
the discounted process S; = ¢S, t > 0.

Definition 9.1. Two probability measures P and Q) are called equivalent if they
have same null sets, i.e. for any set A with P(A) =0, Q(A) = 0 and vice versa.

In discrete time, we have the following result:

Theorem 9.2 (Fundamental theorem of asset pricing). If the market is free of
arbitrage opportunities, then there exists a probability measure QQ, which is equivalent
to P, with respect to which the discounted process Sy is a martingale.

Under additional technical assumptions, the result holds in the continuous time
setting.
9.1.1 Portfolios

The concept of a portfolio. An investor holds his investments as a combination of
risky stocks and cash in the bank. Let a; and 3, t > 0, denote the amount of each of
these, respectively, that the investor holds at time ¢t. The pair of adapted processes
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(a, By) is called a portfolio or trading strategy. The total value of all our investments
at time t is

Vi = oSy + BiAs.

One of the aims of the Black—Scholes approach to option pricing is to be able to
hedge the risk involved in selling options, i.e. to be able to construct a portfolio
whose value Vi at the expiration time T equals to the value

Z = (Sr — k)t = max{(Sr — k),0}
of the option. A portfolio is said to be replicating if
Vip=Z.

A portfolio is said to be self-financing if any change in wealth V; is due only to
changes in the values of stocks and bank accounts and not to any injections of
capital from outside. Assuming that the stock price process S; is a semimartingale,
we give the following precise definition.

Definition 9.3. A portfolio (ay, B;) is called self-financing if

t t
W - 05050 + BOAO + / asdss + / BsdAs -
0 0

Taking into consideration the formula for the bank account growth, we obtain:
d‘/t = OétdSt + TﬁtAtdt.

A contingent clatm with maturity date T', is a non-negative Fr-measurable random
variable. Furopean options are examples of contingent claims. Another example of
a contingent claim is the American call option, where stocks may be purchased at
any time within the interval [0, T], not only at the endpoint. A market is said to be
complete if every contingent claim can be replicated by a self-financing portfolio.

9.2 The Black-Scholes model

The Black-Scholes Model is one of the most important concepts in modern financial
theory. It was developed in 1973 by Fisher Black and Myron Scholes and is still
widely used today. The stock price process .S; is assumed to satisfy the following
SDE:

dSt = U St dt + UStdBt, (61)

where B; is a standard Brownian motion, ¢ > 0 and o > 0 are constants where the
latter is called wolatility of the stock. The cash at the bank account is assumed to
grow in accordance to



Theorem 9.4. SDE (61) has a unique solution with the initial condition Sy. The
solution s given by

1
Sy = Sy exp{oB; + (ut — 50%)} (62)
Proof. We have to apply 1t6’s formula to u(t, B;) where
o’t
u(t,z) = exp(az -5 ut).
The uniqueness of solution follows from Theorem 8.3. m

We would like to prove the existence and uniqueness of a measure ) which is
equivalent to P and possesses the property that the discounted process S, = A7LS,
is a Q-martingale. We will call such a measure the equivalent martingale measure.
Define the measure @) by its density with respect to P:

_dQ bBr—Y T
Aw) = ap = °© (63)
with b = £,
Theorem 9.5 (Girsanov’s theorem). Let (€2, F, P) be a probability space, and let F;
be the natural filtration of the Brownian motion B;. Then, for each t, the measure
Q, defined by (63) and restricted to Fy, is equivalent to the measure P restricted to
Fi. Moreover, the process

Wt - Bt + bt
1$ a Brownian motion under ().
Proof. Without proof. O]

Theorem 9.6. The equivalent martingale measure Q) is unique. The SDE for S,
under () becomes

dSy = r Sydt + 0 SpdWy, (64)
where Wy is QQ-Brownian motion.
Proof. By Girsanov’s theorem W; = B, + #-* is a Brownian motion under ¢). We
have:
ds, = d(e™"S;) = e " (u Sydt + oS dBy) —re Sy = e_TtSt((,u —r)dt + adBt)
= 0S5, dW,.
The process S; satisfying this SDE has the form

Sy =Wt (65)
and it is a @)-martingale. On the other hand,
2

S’t = S(] eXp{O'Bt + (u — T)t — % t} (66)

Therefore, the process S, is a P-martingale if and only if = r which implies that
P = (). Therefore, the measure () is unique. Now, the SDE dS; = 0.5;dW; becomes
(64) if we substitute S; = e™"S,. The theorem is proved. O
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9.2.1 The Black-Scholes portfolio

Now our goal is to construct the Black-Scholes portfolio. The Black-Scholes strategy
is to construct a portfolio V; which is both self-financing and replicating, and which
effectively fixes the value of the option at each time ¢. Let Eg be the expectation
with respect to the measure (). Define the Q)-martingale Z;, 0 <t < T, by

Z, = A7 'Eq[Z|F]. (67)
Then Z; is an Lo-martingale, since, by Jensen’s inequality, we have:
Eq [EqlZ|F)?] < Eq[Eq[Z*|F]] = Eq[Z%] < co.

We can apply the martingale representation theorem in the probability space
(Q, F,Q) to conclude that there exists a square-integrable process d;, 0 < t < T,
such that

dZt = (515 th =t dgt, (68)

where v; = since dS; = S; dW,. Define the portfolio (o, ;) by the formulas:

O
oS’

Qr = Mt By =2 — %gta (69)
for all ¢ € [0, T]. We call this the Black-Scholes portfolio. Its value is

Vi = uSi + BiAy = 1Sy + (Zy — 1Sy Ay
for each t € [0, 7.
Theorem 9.7. The Black-Scholes portfolio is self-financing and replicating.
Proof. Since S, = A;1S,, then
Vi = AiSi + (Z — %gt>At = Z; Ay (70)

To see that this portfolio is replicating, we observe that
Vi = ApZyp = Ap AL B[ Z|Fr) = Z

since Z is Fr-measurable. To see that the portfolio is self-financing, we apply formula
(68) and Itd’s formula:

d‘/% = d(ZtAt) = thAt + AtdZt = At’}/tdstt + thAt'
By (69), Z; = B; + 7:S;. Therefore,

AV, =7 AidS; + (B, + 1 Se)d A,
:5tdAt + ’)/t(AtdSt + StdAt) = 5tdAt + ’)/td(StAt)
:6td"4t —+ O{tdSt

since a; = y; by the definition. The theorem is proved. O
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9.2.2 The Black—Scholes pricing formula

We can now derive the celebrated Black-Scholes pricing formula for a European
option. Note that formula (70) and the definition of the martingale Z; (see (67))
allows us to obtain the value of the portfolio at any time ¢ € [0, T):

Vi = AiZy = AL B[Z)F] = e TV 2| F). (71)
In particular,
Vo =e "TEglZ] = e TEg[(Sr — k)] (72)
Note that, by (65), at time T'

o2

ST = S() 60WT_7T.
Hence,
ST == A ST S €WT+( QT).

Since Wr ~ N(0,T), then, by the scaling property of a Brownian motion,

o’T o’T o’T
Wy — 22~ ALY N Y
? 2 *T T 79 (==0T)

This and (72) imply that
Vb — efrT]EQ[(SeUJrrt _ k)+]7

where s = Sy and U is a random variable with the distribution N (—C’QTT,GQT)
Computing the expectation, we obtain:
e~ T oo 02T
Vo = (se™™ T — k)T e 7 da
2n’T
1 . B +o 27
= se* — ke e 2 du
(oY 2nT Jsewtrr — k>0( )

+o‘T

(se” — ke ™M™ 2o2r da 73
0\/ 2nT /(log (£)+rT) ) (73)

/ _ y22 d ke™T o _ y22 d
e 2027 dy — e 2727 dy.
(T\/ 27T J —(log(2)+rT+22T) oV 21T J—(log(2)+rT—22L)

(74)

Passing from line (73) to line (74), in the first summand we rearranged the product
of two exponential functions into one, and made the substltutlon y=x— , and
in the second summand we made the substitution y = « + <L. Finally, taklng into
account that for any a > 0,

e 202T dy

oVvV2rT J_q
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where @ is the distribution function of a standard normal random variable, we obtain
the Black-Scholes pricing formula for European calls:

log(%) +rT + ‘#TT> B ke—rT@(log(%) +rT — "ZTT>
ovVT ovT '

The Black-Scholes pricing formula allows one to make a profit by buying or selling
options. Suppose that the option sells for a price P > Vj. Then one can sell options
and invest the value Vj in g units of stock and in Sy units of the bank account,
where (ay, f;) is the Black-Scholes portfolio. Using the fact that the Black-Scholes
portfolio is replicating, we know that at time T the value of the option will be V.
Therefore, one makes a profit of P — V. Suppose now that P < V;. Then one sells
«p units of stock, borrows fy units of the bank account, and spends the amount P
to buy options. At times 7T he gets the value of the option Z by means of buying
stocks and selling them immediately. Since the portfolio is replicating, Z = V. He
returns then the borrowed value Sr of units of the bank accounts and buys a7 units
of stock. In this case, one makes a profit of V, — P.

Vo = s<1>( (75)

9.2.3 The Black-Scholes PDE

Formula (71) implies that
V= "B [(Srk) | A

where F; is the natural filtration of W;. By (62) F; coincides with the filtration
Gy = 0(5s,0 < s < t). Remind that for a Markov process X; with the transition
function P;; by the definition and Theorems 4.5 and 4.6 we have:

(Pouf)(X.) = Eolf(X))|o(Xuu < 5)] and
E.[f(X0)] = (Posf)() = / Pyl dy) £(y).

n

where E, is the expectation with respect to the measure Ps  defined in Theorem
4.6. These formulas imply:

Eolf (Xi)lo(Xu, u < )] = Ex,[f(X)].
Applying to our case, we obtain:
Vo= e "B [(Sr — k)TIG] = e T VEs [(Sr — k).
Define
Clx,t) = e " T D Eg,[(Sr — k). (76)
Note that V; = C(S;,t). Therefore, we have:

dC(St, t) = O{tdSt + BtdAt = OétdSt + TBtAt dt (77)
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where A; = €. On the other hand, assuming that C(xz,t) belongs to the class Cs,
we can apply Ito’s formula. Taking into account that, by (61), d(S); = 0252, we
obtain:

_9C (S, t) 9C (S, t) 1 02C(Si,t) o o
dC(St, t) = at dt + a$ dSt + 5 T g St dt.
Comparing with (77), we obtain:
0C (S, t) B OC(Si,t) 1 9?C(Si,t) 50
= o Jasi = (r A - e R ki $2) dt.

Note that if at—% = 0, then the left-hand side has a positive quadratic variation

while the right-hand side has zero quadratic variation. This implies that

o — 0C (S, 1)
T o
Consequently,
1 70C(S,t)  1.9*C(S;,t)
_ 1 ) - ) 2q2
fud= 17t (TS 4 5 S5 7S
Finally, we obtain:
OC(Sy, t) _,/0C(Si,t) 1 9*°C(S,t)

C(St,t) :‘/t:OétSt‘i‘ﬁtAt: TSt‘i"f’ 1( at +§ axQ O'ZSE).

In the above equation, we replace S; with x to obtain the Black-Scholes PDE.

Theorem 9.8 (The Black-Sholes PDE). The function C(x,t) satisfies the Black-
Scholes PDE:
IC (z,t) oC (z,t)  o?x* 9*C(x,t)

=0 78
ot " Tor T2 an? (78)
with the final condition C(x,T) = (x — K)*. The function C(x,t) solving the above
SDE can be explicitely given by the formula:

—rC(z,t) +

Ola.t) = x@(log(%) ;r (r(;r jét))(T — t)> T q)(log(%) +(r— )T - t)>’

where ® is a function of standard normal distrbution.

Proof. Note that we can apply the argument that we used to obtain the Black-
Scholes pricing formula (75) to C(x,t) given by (76) with

Sy — 7 0@ Wr=Wi)t(r=%)(T—t)
o2
since we replaced S; = Sy e”Vt+ =)t by x. We obtain then (79). O
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9.3 Bonds and interest rates

To avoid arbitrage between bonds and savings account, a certain relation must hold
between bonds and the spot rate:

P(t,T) = ¢~ Ji r()is

Let (2, P, F) be a proability space with the filtration F;, 0 < ¢t < T, and that the
process t — P(t,T) is Fi-adapted.

We make the assumption of the existence of the equivallent martingale measure,
i.e. that there exists a probability measure () which is equivalent to P and such that
simultaneously for all T" < T*, the process t — (t T) , 0 <t <T,is a martingale.
The martingale property and the fact that P(T, T) = 1 imply that

1 __ /P(T\T) _ P(t,T)
Eq( 5170 =Ba(— 4 17) = =1~ (80)
From this we obtain:
At T
P, T)=FEo( =L | F) =Eg(e Je % | F 81
(1.T) = Eq( - | ) = Eof |7) (s1)

9.3.1 SDE for the bond price

Let (92, P,F) be a probability space with the filtration F;. Further let B; be a
Brownnian motion under P. We assume that the spot rate process r; generates the
filtration F;, and that for all 7' < T*, the process t — T is Fi-adapted. By (80),

AT'P(t,T) = Eq (e- Jo reds | ]—}).

By the martingale representation theorem, there exists a process h; so that
t
A;1P<t,T> :/ htth
0

where W, is a Q-Brownian motion. Now let o(t,T) = hyA,P(t,T)"'. Then
d(P(t,T)A; ') = o(t, T)P(t,T)A; *dW;.

Note that since A; = elo "sds then dA, = A;r.dt, and, therefore d(A; ') = —A; 'rydt.
This implies that

A7YdP(t,T) = P(t,T)A; 'rydt + o(t, T)P(t, T)A; ' dW;.

Canceling the factor A; ! in the both sides of the above SDE, we obtain the SDE
for the bond price P(t,T") with respect to the equivalent martingale measure Q:

dP(t,T) = P(t,T)r,dt + o(t, T)P(t, T)dW,. (82)

To find the SDE for P(t,T) with respect to the original measure P, we will need
the following version of Girsanov’s theorem:
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Theorem 9.9. Let P be the Wiener measure, By be a P-Brownian motion. Further
let Q) be equivalent to P. Then there exists a predictable process q;, such that

d_P — efoT qidBt—%foT qfdt'
dQ
Moreover,
t
B, =W, + / qs ds (83)
0

where Wy is a QQ-Brownian motion.

Girsanov’s theorem implies, therefore, the existence of a predictable process ¢,
such that relation (83) holds. After substituting dWW; = dB; = ¢ dt into (82) we
obtain the SDE for the bond price P(¢,T") under P:

dP(t,T) = P(t,T)(r, — o(t,T)q,) dt + o(t, T)P(t, T)dB,.

The process —gq; is known as the market price of risk.

9.3.2 Model for a spot rate
Let (€2, P, F) be a probability space. The spot rate 1, is assumed to satisfy the SDE:
dry = m(ry)dt + o(ry) dBy (84)

where B, is a P-Brownian motion, m and o are functions of a real variable. The bond
price satisfies (81). Remark that SDE (84) is under measure P, but the expectation
in (81) is under measure Q). Let us find the SDE for r, under @. By Girsanov’s
theorem, we have:

th = dBt — qtdt
From this, we obtain the SDE for r;, under Q).
dry = (m(ry) + o(ry)q) dt + o(ry) dW;. (85)

Using the same argument that we used to derive the Black-Scholes PDE and taking
into account that the filtration JF; is generated by r;, we obtain that

]EQ <6_ ftT reds | ft) _ ]Ert (6_ ftT Ts dS) )
Define
C’(x7 t) — EZ‘ (6_ ftT Ts ds) .

This function satisfies a certain PDE which can be obtained by applying Ito’s formula
to C'(ry,t), substituting the right-hand side of (85) for dr, and obtaining a coefficient
at dt. On the other hand we know that C(r;,t) = P(t,T), and therefore, by (82),
the dt-part of dC(ry,t) = dP(t,T) equals to P(t,T)r,dt = C(r,t)rdt. Finally we
substitute r, = z to obtain:

%a%x)?j%(m,t) + (m(x) + a(a:)qt)g—i(a:,t) + aa—f(x, t) —xC(x,t) = 0.
) =

Since S(rr,T) = P(T,T) = 1, the boundary condition will be C(z,T) = 1.
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9.3.3 Merton’s model and Vasicek’s model
Among well known models for the spot rate are

e Merton’s model

dry = pdt + o dB;.

e Vasicek’s model

dry = b(a —ry) dt + o dB;.

The solution for Merton’s model is
Tt :T0+Mt+UBt.

The solution for Vasicek’s model is

t
r=a—e "(a—ry) + 0'/ e =94 B,.
0

9.3.4 Heath-Jarrow-Morton (HJM) model

The model is based on modelling of forward rates. By definition, the forward rate
ft,T),t <T < T*, is defined by the relation:

P(t,T) = e S f(ts)d

This implies

Olog P(t,T)
or '
One can say that the forward rate f(¢,7") is the rate at time 7" as seen from time

t. The spot rate and the forward rate are related by r, = f(t,t). Consequently, the
savings account A; grows as

f(taT) ==

At _ ef(f f(s,s)ds'
According to the HIM model, for a fixed time T, f(¢,T) is the solution of the SDE:

where B, is a Brownian motion, u(t,7) and £(¢,T') are adapted and continuous. For
this assumption to be compatible with the assumption of the existence of martingale
measures we need the following relation to hold:

dP(t, T
ﬁ = (Tt — Oé(t, T)Qt)dt + Oé(t, T)dBt
Whereoth——ft tsdsandu(tT)—gtT(ft (t,s)ds — ;). The latter

equation is known as the no-arbitrage condition of the HJM model.
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