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1. Introduction

The main purpose of this paper is to study the existence of weak solutions of the
quasilinear elliptic problem

— At 4 a( " = h(x)u? + k(™ ', xeRY,

(1)
ue H*""(RY), u(x) >0, xeRY,

where 1 <m <N, m—1<gq<m*—1, m*=Nm/(N —m) and a,h,k : RY — R are
continuous functions.

The study of this class of problems has received considerable attention in recent
years. First, we would like to mention the progress involving the Laplacian operator,
which corresponds to the case m = 2. Benci and Cerami [8] assuming that 2=0,
k=1, a(x) is a nonnegative function and |a|;x. is sufficiently small, have proved
that problem (1) has at least one solution. Pan [24] have considered the case a=0
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and h € LP(RY) with p €[py, po] where p; < 2N/(N +2 —q(N —2)) < p, if N >3
and p, < 3 if N =3. Problems with autonomous asymptotic behavior at infinite, more
precisely, a(x) is a nonnegative function, a(x) — a9 > 0 as |x| — + 0o and h=k=1,
have been treated by Jianfu and Xi Ping [18]. Rabinowitz [25], among other results,
obtained a nontrivial solutions to the problem —Au + a(x)u = f(x,u) in R, under
the assumption that a(x) was a nonnegative coercive function, that is, a(x) — + oo as
|x] — + oo and that the potential F(x,u)= fos f(x,t)dt was superquadratic and f(x,u)
had subcritical growth. Miyagaki [23] studied this problem involving critical Sobolev
exponent namely for f(x,u) = Alul9"'u + |u|* —2u with 1 > 0. Alves et al. [4] have
considered the case when a(x) is a radial function, 2= 4 and k£ = 1. Problems involving
the m-Laplacian operator have been studied in [19] assuming autonomous asymptotic
behavior at infinite. In [5] it was obtained a existence result with 0 < g <m*—1, a=0,
he LP((RY) (1/0 + (¢ + 1)/m* = 1) and k=1. In [2], assuming also that |A|,o is
sufficiently small and 1 < ¢ <m it was obtained a multiplicity result. Ben-Naoum
et al. [9] using minimization techniques showed the existence of a nontrivial solution
under the assumption that the function a is negative on a set of positive measure and
h=0, k=1.

After the well-known results of Brezis—Nirenberg [10], problems involving elliptic
equations with critical growth in bounded domains have been studied by several authors,
see for example [7,15,11,13,17] and the references therein.

The special features of this class of problems, considered in this paper, is that it is
defined in R, involve critical growth and a nonlinear operator. To overcome these
difficulties that has arisen from these features we combine concentration compactness
principle due to Lions [20,21], appropriate estimates for the levels associated with the
mountain-pass theorem and the comparison arguments involving the Nehari manifold.
Some of these ideas we adapt from [1,3,12,15,19]. Our main result improves the ex-
istence conditions in [3,18], since we are considering here a more general class of
operator and nonlinearities. We also improve the results contained in [19], as we are
concerning a class of nonlinearity which have periodic asymptotic behavior at infinite.
Furthermore, it is not clear that an straightforward application of their arguments works
to our class of problems.

We are now describing our main assumptions in a more precise way:

(H,) There exists a continuous Z-periodic function 4 : RY — R such that
1. A(x) > ag > 0 for all x€ RY,
2. a(x) < A(x), for all x€ RV,
3. a(x) —A(x) — 0 as |x| — + .
(Hy) There exists a continuous Z-periodic function H# : RY — R such that
1. H(x) >0 for all xeR" and inme =10 >0,
2. h(x) > H(x), for all x€ RV,
3. h(x) — H(x) — 0 as |x| = +o0.
(Hs3) There exists a continuous Z-periodic function K : RY — R such that
1. K(x) > 0 for all x€ R",
2. k(x) > K(x), for all xe RY,
3. k(x) = |||, + O(Jx|NV=m/m=1) " for all x € By(0),
4. k(x) — K(x) — 0 as |x| = + oo.
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(H4) At least one of the nonnegative continuous functions
A(x) —a(x), h(x)—H(x) and k(x)— K(x)

is positive on a subset of positive measure.
Our main result in this paper is stated as follows.

Theorem 1. Assume 1 <m <N, m < q <m* — 1 and (H;)—(Hy). Then problem (1)
has a solution provided that one of the following conditions holds:
(i) N > m?,
(iily m <N <m? and m* —m/(m+1) -1 <gq,
(iii) m < N <m?, m* —m/(m+1)—1>q and inme is sufficiently large.

This paper is organized as follows: Section 2 contains some preliminary facts in-
cluding a existence result to a periodic problem; in Section 3, we proved our main
result.

2. Existence of solutions for a limit problem

In this section we will discuss the existence of a nontrivial solution for the following
problem:

—Apu+ A" = H(xu? + K(x)u’"*_1 for x e RY,

(2)
ue H"™(RY), u(x)>0 for xeRY,

where 4, H,K : RV — R are continuous Z-periodic functions with A(x) > ao > 0, H(x) >
0, K(x) > 0 for all xc€R" and inme =10 > 0.

The solutions of problem (2) will be found as the critical points of the Fréchet
differentiable functional given by

1 1 1 *
o0 = — "4+ A " - — H g+l ——/ K m
Sty = [ 09l ol = — [ et = [ Ko

where uy = max{+u,0}, defined on the Sobolev space H""(R"), endowed with the
equivalent norm

1/m
= { [ 19 Ao}

We set in the associated functional J,, the integral fRN K(x)u’f in order to obtain
nonnegative solutions.

It is standard to prove that J, verifies the mountain-pass geometrical conditions as
we state in the following result (cf. [6]).

Lemma 2 (Mountain-pass geometry). The functional J., satisfies the following
conditions:

o there exist o, > 0, such that Jo(u) > p if ||ul]| = «,

e for any uc H""(RN) with u, nontrivial, we have Jo(tu) — —00 as t — + oo.
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Now, in view of Lemma 2, we may apply a version of mountain-pass theorem
without a compactness condition such as the one of Palais—Smale (cf. [14,22]), to
obtain a Palais—Smale sequence of functional J,,, more precisely, (u,)C H"“"(R"Y)
such that

Jooltty) = C* > 0>0 and J. (u,) — 0,
where

Ccr = ylrelfl“ [nax Joo(9(1)) (3)

and
I'={yeC([0,1], H""(R")): Joo(7(0)) < 0 and Joo(3(1)) < 0}

In this work we are denoting by S the best Sobolev constant to the Sobolev embed-
ding, D""(RN) — L™ (RN), that is,

S = inf{||Vull /||l : w€ DM"(RY) — {0}}. “4)
We recall that D'™(RY) is the completion of C§°(RY) with respect to the norm
el = (V]| -

According to Lemma 2 in [26] the infimum S is attained by the functions w, given
by

(N—m)/m?

(N, myeN =min (N =m\"!
WL.(X) - [& + |x|m/(mfl)](N*m)/m’ C(Nym) - N m— 1 (5)

for any x € RY and any ¢ > 0.

As it was done in [10,15], we are using in the next lemma, the extremal functions
(5), in order to get a more precise estimate about the minimax level C* obtained by
the mountain-pass theorem in (3).

Lemma 3. There exists ve H"™(RN) — {0} such that

Joo(tv) < [|K|| S Shil (6)
max Jo(tv —
>0 > N

provided that one of conditions (i), (ii) or (iii) in Theorem 1 holds.

Proof. Consider the functions

ﬁg(x) = ¢(X)W8(x) and Ug(x) — ﬁs(x)

(fyea KGOy dx)’

where ¢ € CO(RY,[0,1]), ¢p(x) =1 if |x| < 1 and ¢(x) =0 if |x| > 2. By a similar
argument to that used in [1,13,15], we show that the functions f§, and v, satisfy the
following estimates:

(A) fys1 [VB)|™ dx = OV =mim),

B) k < f‘x|<2 K(x)ﬁg”*(x)dx < ky for ¢ sufficiently small,

* 9
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(C) fiyjcq [ NTm/=Dw () dox = O™ =),

(D) Ja Vo)™ dx < K|S 4 O =mm),

In view of Lemma 2, for each ¢ > 0 small, there exists ¢, > 0 such that
Joo(t:0:) = max{J(tv;): t > 0}.

Note that, at t =, we have (d/d¢)J(fv,) =0, that is,

tg"*/ [|va,|'”+A(x)|vg|m]dx:tg*I/NH(x)vg+1 dx — "
RN RN

From this and estimates (A)—(D), it follows that ¢, > oy > 0, for all 0 < ¢ < g, where
o is a positive constant independent of . Furthermore, by straightforward calculations
we find
Joo(t,0;) < ”KH(’” N)/m SN _|_ O(S(N m)/m) + / [cra(x ) — CZ"IOU:{JFI] dx
N lx|<2
SN/m

(m=N)/
Kl

4 g =mim | g s(’”_N)/’"/l [cra(x)v) — cznov;’“]dx] ,
x| <2

where 19 = infz—<H(x) >0 and M, ¢; and ¢, are positive constants independent

of ¢.

B1(0)

Claim 1. There is ¢ > 0 sufficiently small such that

M+ 8(m—N)/m/ [cra(x)v] — czHUgH] dx < 0.
lx[<2

From this claim we easily see that
SN/m

Joo to, :Joo 1:0;) < K (=N ’
max Joo(10:) (tve) < |IK]loa v

and taking u = t,v, we obtain (6).

Verification of Claim 1. Once more, using estimates (A)—(D), and the expression of
v, we have

g(’”*N)/’”/ [cra(x)v? — cznovZ“] dx < ®(e) + Y(e),
[x|<2

where

P(g) = gm—Nm / [c3a(x)v™ — canovd™']dx
[x|<1

<ecs (m* =N)/m K, — cono 8(q+1)[(me)/mz7(N7m)/m]+[(m71)/m]NJr(mfN)/m’

((—m)m - 1
K / (1+Sm/(m 1))N md’
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(g) = gm=Nm / [c3a(x)v" — canovd™']dx
1<Ix<2

< ng(mfN)/m/ W;”
1<[x<2

§C6/ |x|m(m7N)/(mfl)dx < ¢
1<|x[<2

for some positive constants c3, ca, ¢s5, ¢ and ¢; independent of ¢. Finally, using these
estimates and studying separately conditions (i)—(iii) in Theorem 1, we prove that
there exists ¢ > 0 such that

d(e) <cg— M.
Thus, the Claim 1 follows. [J

The next result gives an important aspect of the behavior of Palais—Smale sequences
associated to the functional J, at level b < ||[K ||~ /"sNim/N

Lemma 4. Let (u,) CH""(RY) be a (PS), sequence associated to the functional Ju,
such that u, — 0 in H""(RV) and b < ||K||g_N)/mSN/’”/N. Thus, one of the following
conditions holds:

(a) u, — 0 strong in HV"(RV),

(b) there is a sequence (y,) C RN, and p,n > 0 such that

lim sup/ |un])™ dx > 1.
B/ﬁ(yn)

n—+ 0o
Proof. Suppose that condition (b) does not hold. Using Lemma 1.1 in [20], it follows:
/[RN(un)(_frl dx -0 asn— +o00
for m < g+ 1 <m*. From J/_(u,)u, = 0,(1), we conclude
" = [ K dx+ o, (1)

Assume that ||u,|” — 7 (£ > 0). Since Joo(u,) — b it follows that b = //N. Now,
according to (4),

m/m*
lua||” > S (/ ul dx)
RV
(N—m)/N
25 ([ o)
RV

m/m*
> S|K||S ( /R K@) dx) :
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Thus, passing to the limit we achieve
SN/m
N b
which is a contradiction with our assumption, then (a) holds. [J

—N)/N
b> |k

Now we are ready to state the following existence result.

Theorem 5. Assume that A,H,K : RY — R are continuous Z-periodic functions with

A(x) > ag >0, H(x) > 0, K(x) >0 for all xRN and infg 5y H = 1o > 0. Then,

problem (2) has a nontrivial solution provided that one of the conditions (i), (ii) or

(iii) in Theorem 1 holds.

Proof. We know that there is a bounded sequence (u,) C H""(R") such that
Joo(y) — C*, 0 < C* < K| V/mgNmN - and  J!_(u,) — 0.

Then, up to the subsequence, u, — uy weakly in H'"(R"). Now, using the same kind
of ideas contained in [1,15], we can prove that, for all ¢ € H'"(R"),

/ |V, |"*Vu,Vpdx — / |Vuo|" > VuyV ¢ dx,
RN RN

/ A" up dx — / Aol 2upep dx,
RN RA/

/ H) Y] ¢ dx — / H)(wo), ¢ dx,

RN RN

/ K" ' pdx — / K wo)™ ' d.
RN RV

From this, together with J'_(u,) — 0, passing to the limit, it is easy to prove that
/ [[Vuo|" > VuoV ¢ + Aluog|" o] :/ H(up)’ ¢ +/ K(uo)! ~'¢  (7)
RN RN RN

for all ¢ € H""™(RN). Let uo = (up)+ + (up)_ and taking as test function @(x) = (uo)_
in (7) we have

/RN [V (uo)—|™ + A(x)(up)"]dx = 0.

Hence (up)_ =0, thus uy > 0. If uy is nontrivial we have finished, otherwise, that
is up=0, from C* >0 we see that u, does not go to zero strongly in H""(RV).
Therefore, from Lemma 4, there are p,n >0 and (y,) C RY (which without loss of
generality, we may assume that (y,)C Z") such that

lim sup/ |u,|" dx > 5 > 0. (8)
n—+ 00 Bp+l(yn)

Note that, if we set v,(x) =u,(x — y,), since 4, H and K are Z-periodic functions, by
a simple change of variable we can show that

HUVI”:Hun”’ Jéo(vn):Jéo(un)JFOn(l) and  Joo(v) = Joo (un).
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Therefore, v, —v in H""(RY) and J/ (v)¢ =0, for all € H""(RY). Thus, v is
a weak solution of problem (2). Furthermore, from the weak lower semicontinuity
of the norm and (8) (taking a bigger ball if necessary) we conclude that v is non-
trivial. [

3. Proof of Theorem 1

In this section we are going to prove the existence of a solutions to problem (1) as
critical point of the associated Fréchet differentiable functional given by

_ l m my _ 1 g+l i m*
sy = [ 09l el = — [ ot = [ ko

defined on the Sobolev space H'"(RY), with the equivalent norm

1/m
ol ={ [ 09+ acoluiax}

Some arguments used here were adapted from [3,12,19]. By M., we denote the
following Nehari manifold:

My ={ucE —{0}: J (wu=0}
and we consider the constrained problem

Coo =Inf{Joo(u): u€ My }. 9)
Note that M, is non empty from Theorem 5.

We begin stating the following fundamental result.

Proposition 6. (a) C, > 0.
(b) There exists u € My, such that Joo(u) = Coo.

Proof. Assume for the sake of contradiction that C,, =0, then there exists (z,) C My
such that J.(z,) — 0. Since z, € M, it follows that

lzall” = /R CHE)E + /R K@@ (10)
and
(Lo b L "
st = (= iy ) [ @ [ K@ - o

as n — +o00. Since m < g+ 1 and H,K are nonnegative functions we have that

/ H(x)z)?' — 0 and / K(x)(z,)" —0
RV RN
as n — + 0o, which together with (10) implies that
[EA (11)
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On the order hand, dividing (10) by ||z,||" and using the Sobolev inequality, we achieve
1< Gillaal ™" 4 Coflaal™

which proves that (11) does not occur. Therefore (a) holds.
To prove (b), first we observe that, adapting an argument used in [12, p. 288], we
have

1}122184 Joo(tu) = Joo (1)
for each ue M. In view of Lemma 2, we can choose f; € (0,4 oc0) such that
Joo(tou) < 0 and we set u = fou. Note that y(¢) =fu el and

Joo(u) = max Joo(7(1)) 2 cr.
Therefore,

Coo > C*. (12)

Now, as in the proof of Theorem 5, we consider (u,) C H""(R") such that
Uy — g, Joo(tty) — C* and J. (u,) — 0.

For each u, consider ¢, € (0,+ co) such that t,u, € M., that is,

Jéo(l‘nun)(l‘nu,,) =0. (13)
Thus,
Hunnm::rz+“ﬂ"j/ 1JCrXun)i+ldx‘+tf*’mb/m KoY dx. (14)
RN RN

Since J/_(u,)u, — 0 as n — + oo, we have
lua||” = / H(x)(u,,)‘frl dx + / K(x)(u,,)’f dx + 0,(1). (15)
[RN RN

Claim 2. ¢, — 1 as n — + 0.
Verification of Claim 2. First we prove that (¢,) is bounded. Assume by contradiction
that #, — + oo. Dividing (14) by " ~", we obtain

Jeeal” _

1 .
—_ = — H(x u,,qﬂdx—l—/ KO ()" dx.
= g [ O R

Since (u,) is bounded in H“”(IRN) and ¢, — +00 as n — + oo, we conclude that
/ K(x)(u,)" dx — 0 as n — + oo. (16)
RN

Since K is a Z-periodic continuous functions and K(x) > 0, for all x € RV, it follows
that K(x) > ko > 0, for all x € RV, which implies that

/ (u,,)’f dx —0 asn— +oo.
RN
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Using the interpolation inequality, we prove that
/ (un)‘f] dx —0 asn— +ooc.
RY
Since H is Z-periodic, we obtain
/RN H(x) () dx — 0 asn — 400,

which together with (15) and (16) imply that
llun|| = 0 asn— + o0,

which is a contradiction with Jo(u,) — C* > o > 0. Therefore, up to subsequence,
we have ¢, — t;. Now, subtracting (14) from (15), we achieve

0n(1) = (451" 1) / H(x) ()4 dox + ("~ — 1) / K(x)(u,)" dx.
RV RN

Passing to the limit we obtain that

0= — )l + @ " = Dy,
where

L= lim/ H(x)(u,,)ffH dx>0 and 5 :/ K(x)(un)f dx > 0.

RY RY

Therefore, t; =1 and Claim 1 holds.

Note that

Coo < Joo(tpty)

m 1 —m
= tn |:Joo(un) + qﬁ(l — tZ+l )/RN H(x)(u,,)fl dx

1 " X
—|—%(1 -t _’”)/RN K(x)(un)? dx}

= 1 Joo(un) + 0(1)
= (t; — DJoc(un) + Joo(un) + 0n(1).
Once more passing to the limit we get
Cx < C7,
which together with (12) imply that
Coo =C".



C.O. Alves et al. | Nonlinear Analysis 45 (2001) 849863 859

Finally, we are going to prove that minimization problem (9) has a solution, more
precisely, we shall prove that J..(u) = Cs. Note that

Coo = oo(un) + On(l)

= oo(un) - % Jéo(un)”n + On(l)

1 1 1 -
_ (m - q+1) @) s 5 [ K s o)

Thus, using the Fatou’s Lemma, we conclude that

1 1 1 *
Coz (- oy ) [ et axs [ keowo ax

1
= Oo(uo) - % Jéo(uo)u() :Joo(u())
Therefore,
Coo = Oo(uo)s
since uy € M. Thus (b) holds. [

It is easy to check that the functional J has a geometry of the mountain-pass theorem.
Therefore, applying the mountain-pass theorem without Palais—Smale condition together
with the arguments from Section 2, we obtain a bounded sequence (v,)C H“™(R")
such that

N SN/m
J(vy) = C*, 0.< C™ < |||/ " and J'(v,) >0 asn— +oc.

Furthermore, v, — vy weakly in H"(R"). Arguing as in the proof of Theorem 5, we
conclude that vy is a critical point of functional J and vy > 0.

Claim 3. v is nontrivial.
Verification of Claim 3. Assume for the sake of contradiction that vy =0. Thus, from

the fact that A(x)—H(x) — 0 as |x| — oo and the Sobolev compact embedding theorem,
we find

/ [h(x) — H@x)(0) dx — 0 asn — + o0 (17)
RN
and
/ [A(x) — a(x)]|v,|" dx as n — + . (18)
RN

Next, we assume the following result, which will be proved later.
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Claim 4.
/ (k(x) — K(xX))(w)" — 0 asn— + oo (19)
RN
Note that
1
act) =T < o [ 1A — a1 da
IRN
1
o [ T = HE@Ie) dx

1 «
b [ - K@l dx
m RN
Using Hoélder and Sobolev inequalities, we have that

(TLa(on) = T )] < / [A(x) — a(o)][on]" dx
RV
4O / [h(x) — HOoIon)? ! dx
RN

4 [ ke~ KGN dx
RN
for all ¢ € HV™(RY) with ||¢|| < 1, where C;, C, and C; are constants independent
of n. This estimate together with (17)—(19) imply that
|Joo(Un) _J(Un)| — 0 and ”Jc;o(vn) _J/(Un)H —0 asn— +oo

Therefore,

*k *k (m—N)/m SN/m !
Joo(Vp) = C™, 0 < C™ < ||k||o N and J. (v,) — 0asn— +o0.

Repeating the same idea in the proof of Proposition 6, we conclude that
Cx < C™.
On the other hand,
c < max J(1uo) =J(t"up) < Joo(t"up) < max Joo(ftg) = Joo (o) = C* = Ceo:

which it is a contradiction. Therefore, Claim 3 holds. [

Verification of Claim 4. Taking a subsequence, we may suppose that
k(v,,)’f —v and |V(v,)4|" — 1 (weak™-sense of measure). (20)

Using the so-called Concentration-Compactness Principle II, due to Lions (cf. [21]),
there exists an at most countable index set Y, sequences (x;) C RY, (v;), (1;) C(0,00),
i €T such that

y= Z vy, and u> Z UiOx,

ieY ieY
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where J,, is Dirac mass at x; € RV. Furthermore,

v m/m*
s () <. 1)
1] oo

Let W, (x) = U((x —x;)/e), x €RY, & > 0, where ¥ € C$*(RV,[0,1]) is such that ¥ =1
on B1(0), =0 on RY — B,(0) and |V¥| < 2. Using that

JI(Un)(\IJc(Un)Jr) —0 asn—+o0
and (20), we obtain

lim IV (0" 2(0,) VI, V(0,) 1 dx

n—-+ oo R

:/ hng\I!de—}-/ \If,;dv—/ U, dpu.
RN RN RN

Taking the limit in this last expression as ¢ — 0 and using that

lim { lim / IV (04" 2(0,) L VI,V (0,) 1 dx} =0,
RY

£—0 | n—+ 0o
we conclude that

Wi =v;.
Thus, from (21), we have

vy > [[k]| S MmN, (22)

Therefore, Y is at most a finite set, that is, there are at most a finite number of
singularities, because v is a bounded measure. Now we shall prove that (22) does not
occur and consequently we have that T = (). Assume for the sake of contradiction that
we have (22) for i €Y. Since

C** :J(Un) + On(l)
=J(v,) — lJ’(v,,)v,, +0,(1)
m

1

1 : I
-+ /R kG)(0) dx + <m - q+1> /R hG)(w) dx + 0,(1)

1 .
>— [ k@()(v,)} dx+ox(1)
N Jo

> % /R ) (X )k(x)(0,)" dx 4 0,(1),

taking the limit as n — oo, we obtain

SN/m

ok 1 _ 1 (m—N)/m
c > N ier We(x;)vi = N ier vi > HkHoo N
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which is a contradiction. Therefore,
/ ‘/J)(x)k(x)(vn)ﬂ* dx — 0 asn— +oo forall ¢ € CS(RY),
RN

that is,
k(o))" — 0 in LL(RY) as n — + oo.

This fact, together with assumption (H;) and the estimate

[ ) = ke

<\ ke |+ [ e - ke,
x| <R [x| >R
implies that Claim 4 holds. [J

Using elliptic regularity theory, as it was done in [28], we may show that
uc L (RV) (see also [13,16], for an adaptation of the results by Trudinger to quasi-

loc
linear equations). Finally, by the maximum principle or Harnack’s inequality, it is

standard to prove that # > 0 in RV (see Theorem 1.2 in [27]).
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