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Abstract

Let (M, g) be an N-dimensional compact Riemannian manifold without boundary. When m is a
positive integer strictly smaller than N, we prove that

sup f P NP
g 9
lleelln,v/m<1 < M

where ||ull,nn/m is the usual Sobolev norm of u € WmNmM), and an,» 1s the best constant in
Adams’ original inequality (Ann. Math., 1988). This is a modified version of Adams’ inequality
on compact Riemannian manifold which has been proved by L. Fontana (Comment. Math Helv.,
1993). Using the above inequality in the case when m = 1, we establish sufficient conditions
under which the quasilinear equation

—Anu + T|u|N72u = f(x,u)

has a nontrivial positive weak solution in W'"¥(M), where —Ayu = —div(|Vu[N">Vu), 7 > 0, and
f(x, u) behaves like " ag |u| = oo for some y > 0.
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1. Introduction and main results

Let (M, g) be a compact Riemannian manifold of dimension N (N > 2) without boundary.
Assume m is a positive integer strictly smaller than N. Take W"N/"(M) the usual Sobolev space,
the completion of C*(M) under the norm

m/N
”M”m,N/m = (f (|le,{|N/m + |M|N/m) dvg) s (]])
M

where V"'y = A;”/ 2uifmis even, VAi,m_l)/ 2uif mis odd, V, A, are the gradient operator and the
Laplace-Beltrami operator respectively, dv, is the volume element of (M, g). Precisely in local
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coordinates {x'}Y |, g = g;j(x)dx'dx/, dvy = \/gdx"---dx",

Vf= ija_fi

1 0
T 9 ox’

v

for all f € C*(M), where (g") = (g;))"', the inverse of the matrix (g;;), and g = +/det(g;)).
Here we have used the repeated summation convention.
In a celebrated paper [10], L. Fontana obtained the following estimates:

L 0
Agf = (g‘J ‘/ga_;)

N/(N-m)
sup f et gy < oo, (1.2)
oy v =0, V" ullyjm<1 <M

where || - ||ly/m denotes the LY /m(M) norm and

N
aNI2omp( mel) \ Nom . .
N (#) if mis odd

N1 (=)
aNm = B 2( s (1.3)
N [#P2rr(2)\F-m . .
pa (—r(’%’") ) if m1is even.

If @y, is replaced by any larger number, the integral in (1.2) is still finite, but cannot be bounded
uniformly by any constant. Inequality (1.2) is a manifold case of the well-known Adams in-
equality [1], which is the generalization of the Trudinger-Moser inequality [13, 15, 16]. Adams’
approach to the problem is to express u as the Riesz Potential of its gradient of order m and then
use the symmetrization to reduce the problem to one dimensional case. By estimating the asymp-
totic express of the Green function of Ay', Fontana was able to find the counterpart of Adams’
approach on (M, g).

Replacing the hypothesis fM udvg = 0, [[V"ully/m < 1 by |[ullyn/m < 1, we will show (1.2) is
still valid. More generally, if (1.1) is replaced by an equivalent Sobolev norm

m/N
lulls,, = ( f (1v"ul™/m + T|M|N/m)dvg) (1.4)
M

for any 7 > 0, we have the following:

Theorem 1.1 Let (M, g) be a compact Riemannian manifold of dimension N without boundary
and m a positive strictly smaller than N. Then for any T > 0

N/(N—m)
sup f el dvy < o0, (1.5)
M

ueW™ i (M), llulls,, . <1

where an  is defined by (1.3). Furthermore this inequality is sharp: when ay,, is replaced by
any larger number, the integral in (1.5) is still finite, but the supremum is infinity.

Theorem 1.1 is a modification of Fontana’s result. But nevertheless, the inequality (1.5) will be

more natural when we consider related partial differential equations. We remark that Theorem

1.1 is a generalization of our recent result [18]. The proof of Theorem 1.1 is based on (1.2)

and the Young inequality in a nontrivial way. Similar idea has been used by Adimurthi and the

second named author [3]. A special case of Theorem 1.1 is m = 1, which is also known by Li
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[11], namely

Theorem 1.2 Let (M, g) be a compact Riemannian manifold of dimension N without boundary.
Then for any T > 0
sup f eaN\uIN/(N’I)dVg < 00, (1.6)
M

uEW'N (M), lulls <1

where ||ulls, , is defined by (1.4), ay = ay; = Nw]]\l/fjf_l), wWn-1 IS the volume of the unit sphere

SN=1. Furthermore this inequality is sharp: when ay is replaced by any larger number; the inte-
gral in (1.6) is still finite, but the supremum is infinity.

Next we study the existence of solutions to the following quasi-linear equation:

—Ayu+tuNu=f(x,u) in M
(1.7)
u>0 in M,
where —Ayu = —divg(IVuIN Vu), the nonlinearity f(x,u) has the maximal growth on u which

allows us to treat problem (1.7) variationally in the Sobolev space W'¥(M). Motivated by pi-
oneer works of Adimurthi [2], de Figueiredo et al. [7, 8], do O [9], we say that a function
f 1 M xR — R has subcritical growth on M if for any @ > 0

m M =0 uniformly for xe€ M, (1.8)

s]—o0 galsIN/N=D

and f has critical growth on M if there exists ap > 0 such that

If(x, 5)| { 0 uniformly for x € M, Ya > ay
AL (1.9)

|s|—00 e(l|S‘N/(N71)

oo, VYa < q.

In order to study the existence of solutions to equation (1.7), we assume f satisfies the following:

(Hy) f: M xR — R is continuous.
(H») There exist R > 0 and A > 0 such that for all s > R and all x € M,

0< F(x,s) = fsf(x, ndt < Af(x,s).
0
(H3) f(x,s) > 0forall (x,s) € M x[0,00)and f(x,0) =0 for all x € M.

The existence results of equation (1.7) in the subcritical case and critical case can be stated
respectively as below.

Theorem 1.3 (The subcritical case) Assume (Hy), (H,), (H3), and that f has subcritical growth.
Furthermore suppose that

(Hy) lim sup,_, - Ni(ﬁf’s) < 7 uniformly for x € M.

Then equation (1.7) has a nontrivial solution.



Theorem 1.4 (The critical case) Assume (H,), (H,), (H3) and that f has critical growth. Fur-
thermore suppose (Hy) and

N/(N-1)

(Hs) sf(x, s)em** — 400 as s — +oo uniformly for x € M.

Then equation (1.7) has a nontrivial solution.

Let us explain the relation between Theorem 1.2 and Theorems 1.3 and 1.4. Solutions to
equation (1.7) are critical points of the functional

J(u)::% fM (1vul™ + 7lud) dv, — fM F(x, u)dv,, (1.10)

where F(x, s) = fos f(x,t)dt for all x € M and s € R. In view of the structure of J, particularly its
first term fM(IVulN + 7ulV )dv,, it is reasonable to use Theorem 1.2 instead of Fontana’s original
inequality (1.2) to study the compactness of the Palais-Smale sequence of J. This is exactly our
motivation of establishing Theorem 1.2, more generally Theorem 1.1.

The proofs of Theorems 1.3 and 1.4 are based on the Mountain Pass theory. Similar idea
has been used by de Figueiredo et al. [8] to establish the same results in the case when (M, g) is
replaced by any smooth bounded domain in R?.

The remaining part of the paper is organized as following: In Section 2, we prove Theorem
1.1, particularly Theorem 1.2. As an application of Theorem 1.2, Theorems 1.3 and 1.4 will be
proved in Section 3. In Section 4, we will give an example of critical points not satisfying (Hy).

2. Proof of Theorem 1.1

In this section we will prove Theorem 1.1. The method we used here is combining Fontana’s
inequality (1.2) and the Young inequality. The proof is straightforward and divided into two
steps:

Step 1: For any 0 < m < N, ay,, is the largest possible constant such that the integrals in (1.5)
are uniformly bounded.

Based on Fontana’s result, the integral in (1.5) in our case is still finite if ay,,, is replaced by any
larger number. However we are left to prove ay, ,, is the largest possible constant such that the
integrals in (1.5) are uniformly bounded under the hypothesis ||u||s, = < 1. Following Adams [1]
and Fontana [10], we distinguish two cases:

1

mT

Case 1: m = 1. In this case, ay,| = Na)fl. For some point p € M, let r = r(x) = dy(p, x) be the
geodesic distance between x and p. Without loss of generality we assume the injective radius of
(M, g) is strictly larger than 1. Set

1, when r<§

a1
Ps(x) = (log %) logl, when 6<r<1I

0, when r> 1.
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Then ¢s € W'N(M) and for any 7 > 0

1 1-N 1
fM (1Vasl" + 7lgol") dve =(10g g) ‘“Nl(l +0(@))'

Denote 55 = ¢s/ll¢slls, .. Then we have on the geodesic ball B,(6) C M,

— N 1\ - 1
o e ol

1/(N-1)
N-1

N N
f ECILEFIRN f I gy s oo,
M B, (9)

Case2: m > 1. Let ® € C*[0, 1] be such that

It follows immediately that for any y > Nw ,as0 — 0,

OO)=d'0)=---=0"D)=0, O)=d'(1)=1

and if m > 2,
O’(1)=---= 0" V(1) =0.

For any fixed small € > 0, we set
efl)(é) when 0<t<e
t when e<t<l1-¢€
H(@) =
l—etb(%) when l-e<t<1

1 when 1> 1.

For0 <8< 1,0<1t<1, we define

N
Y(r) = H((log 5) log ;J

For any fixed point p € M, denote the distance between p and x by r = r(x) = d,(p, x), then the
function

¢s(x) = ¥(r) € C"(By(1)).
By a delicate calculation of Fontana ([10], pages 441-443),

n N 1 1 —(N-m)/m
V" hs|m < mov_ |1 — 10e =
fM| gl dvy < clm, N wy 1( +C6+0(10g6))(og6) ,
where
25T (2) (N = m)(N —=m+2)---(N-2) for m even
c(m,N) .
25T (2 ) (N =m+ DN =m+3)---(N=2) for m odd.
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We are left to estimate

f|¢5| dv, = f( (igg;)) wn15N1 (1 + 0(s))ds.

Since H(t) < Ct, we obtain
N
f |¢5|m dvg = (log ) ]

Define 55 = ¢s/ll¢slls,..- Then we have on the geodesic ball B,(9),

. 1 1—Ce+0(l%5) 1
¥ > (log = | ———— %% [ —1).
% = (o) 1+ 03]

It is easy to see that for any y > Nw} " c(m, N)¥a = = an, m»

f ey‘d’ﬁlﬂdvg > f eyl%‘mdvg — +00
M B, (9)

as 0 — 0, provided that € is chosen sufficiently small. This completes the proof of Step 1.

wN lc(m N)N n

Step 2: The modified Adams inequality (1.5) holds.

In view of Fontana’s inequality, to conclude (1.5), one only needs to prove

N/(N—m)
sup f Nl dvg < c0.
ueW’”*% (M), lls <1 |lu—u|>u>0

Assume ||ulls,,, < 1. Denote u = udv, and write u = (u — u) + u. Clearly u is bounded.

1
Vol(M) fM
Using an elementary inequality (a + b)”? < b? + (2P — 1)b’~'afor 0 < a < b and p > 1, one has
by employing the Young inequality
P
(@+bP < (1+y)b°+ C(p)%, Yy >0,
Y

where c(p) is a constant depending only on p. Takinga = u, b = [u—1u|, p = N/(N —m), y

satisfies
N 1_[7
l+y= (f IVmuImdvg)
M

andw = (1 + y)l/p(u —u). Then one can see

f V"Wl dvg = 1, f wdv, = 0.
M M
N 17[7 N
y = (1 - Tf Iulmdvg) -1>7(p- l)f [ul"dv,
M M

and on the set {x € M : |u(x) —u| > u > 0},

Since

74

ul” < Wl + c(p)— T

one ends step 2 by using Fontana’s inequality and completes the proof of Theorem 1.1. (I
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3. Applications of Theorem 1.1

In this section we will use the Mountain Pass theory to establish Theorems 1.3 and 1.4. To
this end, we begin with constructing a functional closely related to equation (1.7).

Form e N,0 <m < N, we assume f : M X R — R is a continuous function and there exist
constants 8 > 0, C > 0 such that

If(x, $)| < ceﬁlf'”%”, Y(x,s) € M xR. (3.1)

Let F(x,s) = fos f(x,)dt. For 0 < m < N and 7 > 0, we define functionals
Jnei) = 5 f (1v" ™' + 2N dvg — f F(x,u)dvg, Yu€ W™n(M).
’ N M M

In view of Theorem 1.1, J,, ; is well defined on Wm’%(M). When m = 1, J; ; is exactly J defined
by (1.10). Clearly J € C'(W'"N(M),R) and (3.1) becomes

If(x, $)| < Ceﬁlsl%, Y(x,s) e M xR. (3.2)

3.1. The geometry of the functional J

Define two functions
— f(x,s) when (x,5) € M x (0, )
flx,5) =
when (x,8) € M X (—00,0]
and F(x, s) = fos F(x, f)dr. If f satisfies (H,) — (Hs), then so does f. Moreover if u € W'"N(M) is

a solution of _
{ —Ayu+tuNu = f(x,u) in M

u>0 in M,
then it is also a solution of (1.7). Without loss of generality, we can assume henceforth that

f(x,s) =0forall (x,5) € M X (—0,0].

Lemma 3.1 Assume (H,), (H,), (H3), and (3.2). Then J(tu) —» —o0 as t — +oo, for all
u e WHY(M) \ {0} with u > 0.

Proof. Assume u € W"N(M) \ {0} with u > 0. By (H,), for p > N, there exist two positive
constants ¢; and ¢, such that
F(x,u) > ciu” — ;.

Hence

lN
J(tu) < — f (Vul™ + u™Mdvy — 1t f lulPdvg + 5.
N M M

Since p > N, J(tu) —» —oo as t — +oo. ([



Lemma 3.2 Assume (H,), (Hy), and (3.2). Then there exist 6 , o > 0 such that

Jwy =6 if |luls,, = o

Proof. By (H), (Hy4), and (3.2), there exists some A < 7 such that for g > N
L | ¥-T
F(x,u) < Nﬂqm + Clulé? for all (x,u) € M x R. (3.3)

By Theorem 1.1 and the Holder inequality,

L 1
g BT PR g | ar gy |
|2 dv, e dv, |ul?” dv,
M M M
1
c( [ Iul‘”’dvg) , (3.4)
M

provided that [[uls, . < o, where p'ﬁQ% < ay and 1% +

IA

IA

1—17 = 1. Obviously

1
f N dv, < ;||u||§ﬂ‘f, Vu e WV (M) \ {0}.
M

This together with (3.3) and (3.4) implies that

1 A
T = < (1= Sl - cln,
Thus we can further choose o < o and 6 > 0 such that J(u) > ¢ if ||ulls,, = 0. U

3.2. Minimax level

To get a more precise information of the minimax level obtained by the mountain pass theo-
rem, we employ the Moser function sequence

(log n)N=D/IN when r < R/n,

1
M, (x,r) = —5 1 (log n)"YNlog(R/r) when R/n<r<R,

w
N-1
0 when r >R,

where 0 < R < inj(M), inj(M) is the injective radius of (M, g), and r = r(x) denotes the geodesic
distance between x and a fixed point O € M.

Lemma 3.3 Assume (H,), (H,), (H3), and (Hs) hold. Then there exists n € N such that

1 fan V!
max J(tM,,) < — (—N) .
20 N\

Proof. Suppose not. Then we have for all n

1 fay\V!



By Lemma 3.1, there exists ¢, > 0 for any fixed n such that

1
J(t:M,) = _r;iv”Mn”g - f F(x, tnMn)dVg = max J(tM,,). (3.6)
N Lt M >0
Since F(x,s) > 0 for all (x, s) € M X R, we get by combining (3.5) and (3.6) that
an V!
o IM,[IY, > (—N) . 3.7)
- a0

By (3.6), we arrive at %J(tMn) =0 att =1t,, or equivalently

NIMLIY, = f 1M, f(x, 1, M, )dv,. (3.8)
M
By (Hs), Yp > 0, AR, > 0 such that for all s > R,, there holds
_N_
sf(x,s) > pe™ " (3.9
Choosing a normal coordinate system near the point O, we calculate
1 R wy-
f VM, [Vdv, = f ONL (1 + O(2))dr
M WN-1 lOgI’l % r
O(R?
1+ ( ),
logn
and similarly
1
f 1M,V dve = —— (0,(1) + O(RY)),
M logn
where 0,(1) — 0 as n — oo and |O(R?)| < CR?. Hence we get
1
IMLIIS,, =1+ — (0n(1) + O(R?)). (3.10)
; ogn
Thus (3.7) becomes
N-1 2
(1) + O(R
> (“—N) (1 + w) 3.11)
o) logn
This together with (3.8) and (3.9) implies
_N_
tyllVHMn”g‘VlT > pf eaOlann|N—l dVg
' Brin(0)
N N L 2
= pt (5) g0 oen (14 o X (3.12)
N \n n?

for sufficiently large n. The power of this inequality is evident. Since ||Mn||]SV] ] is bounded and

p > 0, it is easy to see from (3.12) that ¢, is a bounded sequence. Notice that tnN/ w=0

implies oty " Pw Y > N, then it follows from (3.11) and (3.12) that

> ay/ao

i tN ~ (CYN)NI
im & = [2¥) . (3.13)

nooo o)



It follows from (3.11) and (3.12) that

WN-1
N
WN-1 ,N 2

p—y R (14 04(1) + OR)).

R N
MY (;) 92 (14 0,(1) + O(RY))

By (3.10) and (3.13), letting n — oo in the above inequality, we obtain
an N WN-]
—| =2p——R"(1+0®RY).
(ao ) Y ( ( )>

This is impossible when p is chosen sufficiently large and completes the proof of the Lemma. []

3.3. Palais-Smale sequences

We state a manifold version of Lemma 2.1 in [8] as below. Since the proof is almost the
same, we omit the details.

Lemma 3.4 Let u, — u in L'(M). Assume that f(x,u,(x)) and f(x,u(x)) are also L'(M) func-
tions. IffM | f(x, up(X)up(X)ldve < C, then f(x,u,) — f(x,u)in LY(M).

The following result can be found in [5, 6].

Lemma 3.5 (Cherrier) Let W be any compact N-dimensional Riemannian manifold with smooth
boundary OW. Then for any a < ay /2",

N
alv| N-T
sup f e dv, < o0,
9Vl gy <1, iy vdve=0 W

Moreover when a > ay/2Y/N=V, the above integral is still finite, but the supremum is infinite.

We remark that the significance of Lemma 3.5 is that the best constant ay/2!/V~1 depends
only on the dimension of W. When N = 2, this result has been strengthened by the second author
in [17].

Lemma 3.6 Assume f satisfies (H,), (3.2), and there exist Ry > 0, u > N such that
0 <uF(x,s) <sf(x,s), V|s|>Ry, Yxe M. (3.14)

Let (u,) € WWWN(M) be a Palais-Smale sequence of any level, i.e., J(u,) — ¢, J'(u,) — 0
N

in W L3 (M) as n — oo. Then there exists a subsequence of (u,), still denoted by (u,), and

u € WYN(M) such that

FOun) = f(x,u) in  L'(M)
Vu,(x) = Vu(x) for almost all x € M

Vi, N 2Vu, — |[VulV2Vu  weakly in (LNN=D(n)N.
10



Proof. Assume (u,) € W"N(M) be a Palais-Smale sequence of any level, i.e.,
1
¥ f (1V2tal™ + V) v — f F(x,u)dvy — c, (3.15)
M M

K ), 9| < Tallglls,,. Vo € WHY (M), (3.16)
where 1, — 0 as n — oo. Multiplying (3.15) by u and subtracting (3.16) with ¢ = u,, we obtain

(& = 1)t - f (UF (X, 1) =t f O, )by < €+ Tlligls,,
M

for some constant C. By (3.14) and (H;), the second term in the above inequality has lower
bound, and thus u, is bounded in W'V (M). It then follows that

N
f Vit |N 2V, | v, < C, f F(x,u,)dvg < C, and f Fx, uupdvy < C.
M M M

Moreover, up to a subsequence, we may assume

u, — u weakly in W'"N(M), u, —» u a.e. in M

u, — u strongly in LY(M), Yq > 1.

The assumption (3.14) implies that s f(x, s) = |sf(x, s)| for all s > Ry, and thus
[ e, < c
M

It then follows from Lemma 3.4 that f(x,u,) — f(x,u)in L'(M).
Next we will prove Vu,(x) — Vu(x) almost everywhere. Up to a subsequence, we can define
an energy concentration set for some § > 0 to be determined later,

Ts = {x € M : lim lim ViV + 7lunNdvg > 5}.

r—0n—oo B.(x)

Since (u,) is bounded in W'V (M), £5 must be a finite set. For any x* € M \ I, there exists
r:0<r<dist(x*,Zs) such that

lim (VN + Tl [V ydvg < 6.
"o JB ()

It follows that for large n,
f (VN + Tl [N )dvy < 6. (3.17)
B,(x*)

Letu, = fB (x+) Undvg. Tt is easy to see from (3.17) that [i,] < SYN(Vol(M))' =N and thus

N
[ oa,
B, (x*)

IA

N _ N N N
f 2V Bluy =Ty NT +2 8T i, | N1 dv,
B, (x*)

N — N
C f VT B I g,
By(x")
11
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Now we choose & such that 271 35¥1 < ay/2¥1. Then AT is bounded in L4(B,(x")) for
some g > 1, thanks to Lemma 3.5. By (3.2), f(x,u,) is also bounded in L9(B,(x*)). For any
n > 0, denote

An ={xe Br(-x*) su(x)| = 77}

1/q ) 1/q'
[ f |f<x,un>—f(x,u>|‘fdvg] ( f W)
4, A,
1/q
c( f |u|q'] ,
A

n

We estimate

IA

fA G t) = fCr w)lluldv

IA

where 1/g + 1/q’ = 1, since f(x, u,) is bounded in LI(B,(x*)). Hence for any v > 0,

f |f G, un) — f(x, w)lluldvy < v, (3.18)
Ay
provided that 7 is chosen sufficiently large. Since f(x,u,) — f(x,u)in L'(M),
lim f |f(x, u,) = f(x, wlluldv, = 0. (3.19)
n=0 B (x)\A,

Combining (3.18) and (3.19), we have

lim |f (e, un) = f(x, wlluldvy < v.

n—oo Br(X*)

Since v > 0 is arbitrary, we obtain

lim FCxs ) — f£(x, w)lluldvg = 0. (3.20)

= JBy(x)

On the other hand, we have by using the Holder inequality,

f Lf O, wn)llun — uldvg < || f(x, un)”Lq(B,(x*)) et — M”Lt/’(M) -0, (3.21)
B(x*)
where 1/q + 1/q’ = 1. Combining (3.20) and (3.21), we immediately get

lim [fOx, u)u, — f(x, wuldvgy = 0.

= JB, ()

A covering argument implies that for any compact set K cc M \ Zs,

lim |f(x, up)uy, — f(x, Wuldvy = 0.
K

n—oo

Now we are proving for any compact set K cc M \ Z;,

lim | |Vu, - Vul"dv, = 0. (3.22)
n—oo K
12



It suffices to prove for any x* € M \ s, and r : 0 < r < dist(x*, Zs) given in (3.17), there holds

lim Vi, — VulVdx = 0. (3.23)

=% JBp(x*)

For this purpose, we take ¢ € C7’(B,(x")) with 0 < ¢ < 1 and ¢ = 1 on B,/2(x*). Obviously ¢u,
is a bounded sequence in E. Inserting ¢ = ¢u, and ¢ = ¢u into (3.16) respectively, we have

(Vi N Vu, — [VulN > Vu)(Vu, — Vu)dv,

B(x*)
< f IVt N2V, Vop(ut — up)dv,y + f IVul" 2 Vu(Vu — Vu,)dv,
B,(x*) B, (x*)
+ AUy — ) f(x, up)dvg + Tillpunlls, . + tallgulls, . (3.24)

B (x*)

The integrals on the right side of this inequality can be estimated as below. Since u, — u in
LP(M) (¥p > 1), we have by the Holder inequality

lim VetV "2V, V(s — w4 )dx = 0. (3.25)

% JB(x)

Since Vu, — Vu weakly in (LN (M))", there holds

lim S|Vul"2Vu(Vu — Vu,)dx = 0. (3.26)

e JB,(x)
From (3.21) we see fB o) d(u,—u) f(x,u,)dv, — 0 as n — oo, which together with (3.25), (3.26),

and 7, — 0 implies that the first integral sequence of (3.24) tends to zero as n — oo. Therefore
we derive (3.23) from (3.24) and an elementary inequality

227N —al¥ < (pIV2b - 1oV 2a,b—a), VYa, beRN.

Since x* € M \ X is arbitrary, a covering argument and (3.23) implies (3.22), which yields that
Vu,, up to a subsequence, converges to Vu almost everywhere in M.

Let (u,) be a sequence such that Vu,(x) — Vu(x) for almost every x € M. Recall that
IV, [N"2Vu,, is bounded in (L1 (M))", we can assume |Vi,|V"2Vu, — V weakly in (L¥1(M))V.
Then V must be [Vu|N-2Vu, thanks to the almost everywhere convergence of Vu,,. This completes
the proof of the Lemma. g

3.4. Proof of Theorems 1.3 and 1.4

From Lemma 3.1 and Lemma 3.2, we can see that J satisfies the following properties:
(i) J € C' (W' (M), R), J(0) = 0;

(i1) There exist ¢, o > 0 such that J(u) > ¢ if [|ulls,, = 0.
(iif) There exists ¢ € W'V (M) such that J(p) < 6.
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Now we can apply the Mountain Pass Lemma [4] to obtain a positive level ¢ and a Palais-Smale
sequence (u,) satisfying (3.15) and (3.16), where

max J@) > 6, T ={yeC([0,11, WN(M)) : (0) = 0,%(1) = ¢}.

¢ =inf
T uey

YE

Thanks to Lemma 3.6, (u,) is bounded a sequence in W' (M), and

f F(x,u,)dvy < C, f S u)udv, < C.
M M

Up to a subsequence we can assume that

u, — up weakly in W'"N(M), u, = up a.e. in M
u, — ug strongly in LY(M), Yq > 1.

From (H,) and Lemma 3.6, we have
F(x,u,) = F(x,up) in L'(M), (3.27)

thanks to the generalized Lebesgue dominated convergence theorem, namely assume (g,), (h,)
are two measurable function sequences on (M, g). Moreover |g,| < h,, ae. (n = 1,2,--);
gn— g a.e; h, = h ae; fM h,(x)dve — fM h(x)dv, < oo. Then there holds

n—oo

lim gn(x)dvngg(x)dvg.
M M

Thus we obtain by (3.15) and (3.27)

lim f |Vu,,|Ndvg:N(c+ f F(x,uo)dvg). (3.28)
M M

n—oo

Notice that (3.16) and Lemma 3.6 lead to
f |VMQ|N_2VM0VVdVg - f f(x,up)vdvy =0, Vv e C™(M).
M M

Since C®(M) is dense in W'V (M), the above identity holds for all v € W'V (M). Hence uy is
a weak solution of problem (1.7). Finally we will prove that 1 is nontrivial. Suppose uy = 0.
Then (3.28) gives

lim f ViV dvy = Ne. (3.29)
n—oo M
To proceed, we distinguish two cases:

Case 1: f is subcritical.

an

By definition of subcritical function (1.8), Va : 0 < a < Ve there exists a constant C such that

_N_
If(x, un)| < C + ™™ for all n.

14



Take g > 1 such that gaeNc < ay. Then

N
F o, un()edv, < C+C | et ™ gy
. 8
y M
N &4
qa\lun”SAH llunll‘\” "
< C+C | e bl gy,
M
< C,

thanks to Theorem 1.1. Let v = u, in (3.16), we have by using the above estimate and u,, — 0 in
LP(M)forallp > 1,

A

N
lualls, . < Tnllunllsl,,+f |f (x, ununldvg
’ M

Loy
< rn||un||sl,,+( f |f<x,un<x>>|"dvg) ( f |un|qdvg)
M M

< Tlluglls,, + Cllunlly =0 as n— oo,

A

A

where ;1] + % = 1. This contradicts (3.29). Hence uy % 0.
Case 2: f is critical.
By definition of critical function (1.9), Ve > 0, AC, such that

If(x, )| < Ce + @ for all (x,5) € M xR.

By Lemma 3.3, ¢ < % (%). Clearly llu,lls,, — Nc thanks to (3.29) and u, — 0 in L"(M)

for all p > 1. We choose € > 0 sufficiently small and ¢ > 1 sufficiently close to 1 such that
N

N-1

q(ap + e)llunllsI P <ay for sufficiently large n. Then

N
f |f(x, un(x))fdvy < 29CT+ 29 f edleorlal™ gy
M M

N
N-1

dv,

n
il
Tanls

IA

N
N-1
21CY + zqf Pt
M
< C

As in Case 1, we obtain ||u,|ls,, — O which contradicts (3.29). Hence up # 0. This completes
the proof of Theorems 1.3 and 1.4.

3.5. An example of maximizer

In this subsection, we will give an example of maximizer. In view of Theorem 1.1, one has
foralla < aw,,

N
Ay = sup f e gy, < 0.
M

llulls e <1

Furthermore we have the following:

15



Proposition 3.7 Assume 0 < m < N. For any a: 0 < a@ < apn.m, there exists a function
g € WNIM(M) with |ulls,,. < 1 such that

N N
Q| N-m _ a|u| N=m
f e dy, = sup f e dv,
M llell s e <1 I M

Moreover u, is a weak solution of the equation
—A (div (VAR g |52V A 1)) + Tl |72, =
/li”Iuc,lﬁ‘zuaea”‘w'ﬁ when m=2k-1,k=1,2,---,
AF (1A g | n 2 N1y ) + Tl n 2ty = (3.30)

N
1 N__> @iy | N-m — —
/l_”|ua|N'm Upe™ ™ when m =2k, k=1,2,--,

N N
A = fM |t | = el ¥ dVg, “u(YHSm,r =1

In particular, when m = 1, u, can be further chosen nonnegative and thus satisfies

N

_ | R =
~Antty + Tl N = —ul T ™ in M.
(2

Remark 3.8 In the case when m = 1, it is easy to see that 0 < 1, < ay forany 0 < @ < ay.
Proposition 3.8 particularly gives a positive solution of the N-Laplacian equation

—Anu + TIuIN’Zu = f(x,u(x)) in M,

N
where f(x,u) = tlulﬁ‘luea'”‘ ¥ is critical, A, is defined by (3.30). We calculate for all s > 0,

s N-1( .,
F(x,s):ﬁf(x,t)dt: N(e —1).

ad,

It can be easily checked that f satisfies (H;), (H,), and (H3). But when N > 3,

NF(x,s)

— 400 as 5§ — 0+,
N

thus (H4) does not hold. This possibly yields a new method of studying positive solutions of the

|N-T

above N-Laplacian equation with f(x, u) behaves like ™" as |u| — co.

Remark 3.9 For compactness analysis of the above equations, particularly for extremal functions
of the Trudinger-Moser inequality on manifolds, we refer the reader to [11, 12].

Proof of Proposition 3.7: It is easy to see that

N N
sup f eV gy, = sup f MV dy, = A, (3.31)
M M

lleel 5. =1 lleell s, <1

Take a function sequence uy with [lulls,,, = 1 such that

_N_
f eI dvg > Ay as k— oo
M
16



Up to a subsequence, we can assume

uy — u, weakly in W’"’%(M)
uy — u, strongly in LP(M), Vp > 1

U, —> u, a.e.in M.

It follows that

N
f V™ uq|m dv,
M

. N_
lim [V i |m 2Vmuanukdvg
k—oo Jas

n
(f |V'"uk|zdvg)
M

N-m

N N
lim sup (f IV’”ualmdvg)
k—o0 M

N-m

&
(meualzdvg) .

Hence we obtain [lu,lls,,, < 1, thanks to ux — u, strongly in LP(M) for all p > 1. On the other
hand, the mean value theorem implies that

IA

IA

N N N N
eﬂf|uk|N—m _ ea\uaw-m — €§CZ (|uk|ﬂ _ |ua|m>

for some £(x) lies between |u;(x)| and |u,(x)|, and that

N N N m
g T — |ug| ¥ = _mgN”"(|”k| = lual)

N

for some {(x) lies between |ui(x)| and |u,(x)|. Notice that u; is bounded in LY(M), up — u,

N
in LY(M) for all g > 1, and e®™!™" is bounded in L"(M) for some r > 1, applying the Holder
inequality to the above two equalities, one can derive that

N N

Nom . | N

el T dvy = lim el T dvg = A,.
M k—o00 M

Hence we obtain by (3.31)

fealul,\ﬂdvgz sup fea\ulﬂdvg (3.32)
M lledll s - <1 I M

mr =

and |luylls,, = 1. Clearly u, is a critical point of the functional J,(u) = fM e"‘”'ﬁdvg under
the constraint |ju|ls, - = 1. A straightforward calculation shows u, satisfies the Euler-Lagrange
equation (3.30).

When m = 1, notice that u € W"N(M) implies [u| € W'"N(M) and |[lullls,, < llulls,,. If u,

mzr

satisfies (3.32) and |ju,|ls,, = 1, then so does |u,|. Hence u, can be chosen such that u, > 0. [
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