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Abstract

In this paper, we study multiplicity of weak solutions for the following class of quasilinear elliptic
problems of the form —Apu — Au = g(u) — Mu/7?u in Q with uw =0 on 09Q, where Q is a
bounded domain in R"™ with smooth boundary 092, 1 < ¢ < 2 < p < n, A is a real parameter,
Apu = div(|Vu|P~2Vu) is the p-Laplacian and the nonlinearity g(u) has subcritical growth. The proofs
of our results rely on some linking theorems and critical groups estimates.
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1 Introduction
In this paper we look for multiple solutions of a class of quasilinear elliptic equations of the form

g(u) = AMul?2u  in  Q,
0 on 0,

(Py)

{ —Apu— Au

u

where 2 is a bounded domain in R™ with smooth boundary 02, 1 < ¢ < 2 < p < n, A is a real parameter,
Apu = div(|]Vu|P~2Vu) is the p-Laplacian and the nonlinearity g(¢) enjoys the following conditions:

(90) 9 € CH(R), g(0) = 0;

(g1) there are constants C7 > 0 and « with p < a < p* such that
lg(s)| < C1(1 4 |s|*™1) forall s€R,

where p* = np/(n — p) when p < n and p* = oo when p = n is the critical Sobolev exponent, and
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(g2) there are constants Cz > 0 and > 2 such that

lg'(s)] < Co(1+|s|?) forall seR.

In what follows we will denote by A1 (p) the first eigenvalue of the following nonlinear eigenvalue problem

—Apyu = Ap)uP2u in Q, (1)
u = 0 on 01},

and A\g(2), k= 1,2, ..., the k-th eigenvalue of the laplacian with homogeneous Dirichlet boundary condition,
which corresponds to problem (1) with p = 2.

On problem (Py), our main results concern the multiplicity of weak solutions when the nonlinearity
g(t) satisfies some additional hypotheses. Our first and second theorems treat the case when the g(t) has
“p-sublinear” growth at infinity, more precisely, we assume that

pG(s)
|s|P

(g93) limsup < M (p),

|s]— o0
where G(t) = fg g(s)ds. They are formulated as follow.

Theorem 1. Assume that g satisfies (go) — (g3) and suppose that ¢’(0) > A\1(2). Then there exists \* > 0
such that problem (Py) has at least four nontrivial weak solutions for X € (0, \*).

Next we consider the case when the associated functional of problem (Py) has a local linking at origin.
This geometry structure implies the existence of another nontrivial weak solution.

Theorem 2. Assume that g satisfies (go) — (g3). Moreover, we assume that ¢'(0) € (Mg (2), Ae+1(2)], k > 2,
and

1 1
|G(s)] < 5)\;%1(2)\8\2 + 5)\1(]))|s|p for all seR. (2)
Then there exists \* > 0 such that problem (Py) has at least five nontrivial weak solutions for A € (0, A*).

In our next results we consider the case when G(u) has “p-superquadratic” growth at infinity, that is, we
assume the following version of the Ambrosetti-Rabinowitz condition:

(ga) there are constants 8 > p and sg > 0 such that for |s| > s,

0 <0G(s) < s9(s).

In the “p-superquadratic” case our main results are formulated as follow.

Theorem 3. Assume that g satisfies (go) — (92), (94) and ¢’(0) > A\1(2). Then there exists \* > 0 such that
problem (Py) has at least two nontrivial solutions for A € (0, A*).

Finally, we consider the case A < 0. This case is similar to the concave-convex problems studied in [2].

Theorem 4. Assume that g satisfies (go) — (g2), (ga) and, in addition suppose that, ¢’(0) < A1(2). Then
there exists M. < 0 such that problem (Py) has at least two positive solutions for A € (A, 0).

There has been recently a good amount of work on quasilinear elliptic problems. Some of these problems
come from a variety of different areas of applied mathematics and physics. For example, they can be found in
the study of non-Newtonian fluids, nonlinear elasticity and reaction-diffusions, for discussions about problems
modelled by these boundary value problems see for example [15].
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The study of multiple solutions for elliptic problems has received considerable attention in recent years.
First, we would like to mention the progress involving the following class of semilinear elliptic problems
—Au = Mul|"%u + g(u) in Q and v = 0 in 9, where 1 < ¢ < 2. Ambrosetti at al. in [2], studied the case
g(u) = Au|""2u, 2 < r < 2*. Among others results, they proved the existence of two positive solutions for
small positive . Perera in [18] proved the existence of multiple solutions when g(u) is sublinear at infinity
and A is small and negative(see also [14] for assymptotically linear and superlinear cases). Multiplicity results
involving the p-Laplacian of quasilinear problems of the form —Aju = Mu|*"2u + g(u) in © and v = 0 in
09, where 1 < s < p, has been studied in [3] and [17], when g(u) = |u|""2u, p < r < p*.

Recently, critical groups computations via Morse theory for a functional like

J(U)zl/ |vu|pdx+1/ |Vu|2da:—/ G(u) da, u e WEP(Q) 3)
PJa 2 Ja Q

has been studied in [10], where the authors obtained a version of Shifting Theorem in the case |¢'(u)| <
C(1 + |u|"), with 0 < r < p* — 2. Cingolani and Degiovanni [11], has proved a existence result for the
functional (3) when g(u) has p-linear growth at infinity, that is, limy_ g(u)/|ulP"?u = p. In fact, they
proved a version of the classical existence theorem by Amann and Zehnder [1] for the semilinear problems.
Benci at al. [6], [7] have studied a problem that involves operator like in left-hand side of (Py), which
are motivated by problems from physics, in fact arising in the mathematical description of propagation
phenomena of solitary waves. Finally, we refer to [16] and [25] where the authors proved multiple solutions
for a problems involving more general class of operator than in left hand side of (Py).

The rest of this paper is organized as follows. Section 2 contains preliminary results, including a result
of Sobolev versus Holder local minimizers. Section 3 is devoted to proving ours main results.

2 Preliminary results

In this paper we make use of the following notation: C, Cy, Cy, Cs, ... denote positive (possibly different)
constants. For 1 < p < oo, LP(£2) denotes the usual Lebesgue space with norm |ul, = [ [, u|? dm]l/p and
WP () denotes the Sobolev space endowed with the usual norm |1, = |Vul,.

Here we search for weak solutions of problem (Py), that is, functions u € W, () such that

|Vu|p72VuV<pdx+/ Vchpdx—F)\/ |u|q72u<pda:—/g(u)<pdx20,
Q Q Q Q

It is well known that under conditions (go) — (g1) the associated functional of (Py),

for all o € WyP(Q).
— R, given by

I : Wy P(Q)
1 1 9 A
I(u)=- [ |VuPde+ < [ |[Vu|"dz+ = [ |u|?de— | G(u)dx, (4)
P Ja 2 Ja qJa Q
is well defined, continuously differentiable on VVO1 P(Q), and its critical points correspond to weak solutions

of (Py) and conversely (see [12, 24]).

Remark 5. Notice that condition (g3) implies that the functional Iy is coercive and therefore satisfies the
Palais-Smale condition (see Lemma 9 in Section 3). On the other hand, under the hypothesis (g4), the
Palais-Smale condition for the functional Iy can be proved by standard arguments.

Also, it is well known that there exists a smallest positive eigenvalue A;(p), and an associated function
©1 > 0 in  that solves (1), and that A;(p) is a simple eigenvalue (see [5]). We recall that we have the
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following variational characterization

A1 (p) = inf {/Q |VulP dz : u € WyP(Q), /Q|u|pd:c = 1}. (5)

Next we show that the local minimum of the associated functional Iy in C! — topology is still a local
minimum in W,y"*(€). This result was proved by Brezis and Nirenberg for p = 2 (see [8]) and for the
quasilinear case we referee to [21, 17], we will include here a proof for the sake of completeness.

Lemma 6. Assume that g satisfies (g1) and ug € WyP(Q) N CH(Q) is a local minimizer of Iy in the C'-
topology, that is, there exits r > 0 such that

In(ug) < In(up +v), Vv e CHR) with lollca @ < - (6)

Then ug is a local minimizer of Iy in Wol’p(Q), that is, there exists a > 0 such that
In(uo) < In(ug +v), ¥ v € WyP(Q) with ||v]1, < o

Proof. If ug is a local minimizer of I, in the C'-topology, we see that it is a weak solution of (Py). By
regularity results in Tolksdorf [20], ug € C1*(Q2) (0 < o < 1). Now, suppose that the conclusion does not
holds. Then

Ve > 0,3 v, € B, such that I(up + ve) < In(ug), (7)

where B, := {v € W} P(Q) : |lv|l1, < €}. It is easy to see that I is lower semicontinuous on the convex
set B.. Notice that B, is weakly sequentially compact and weakly closed in VVO1 P(Q). By standard lower
semicontinuous argument, we know that I is bounded from below on B, and there exists v. € B, such that

In(ug +ve) = inf Iy(ug +v).

vEB.

We shall prove that v. — 0 in C* as € — 0, which is a contradiction with (6) and (7). The corresponding
Euler equation for v, involves a Lagrange multiplier p. < 0, namely, v, satisfies

I (ug + ve)(h) = ue/ IV [P~2Vu Vh, Yh € W, P(Q),
Q

that is,
—Ap(up + ve) — A(ug + ve) — g(uo + ve) — Juo + vé\q’2(u0 + ) = —peApve.

Thus,
_ApuO — Aug — [AP(UO + Ue) - Apuo + Ave] + /ueAp'Ue = 9(“0 + Ue) + |u0 + Ue|q72(u0 + Ue)'
This implies that

_[AP(UO +ve) — APUO] + peApve =
9(uo + ve) — g(uo)+|uo + ve| > (ug + ve) — |l up.

Notice that we can write (8) as
—div(A(ve)) := — div (|V(uo + ve)[P 72V (uo + ve) — |Vuo|P 2Vug + Voe — p1e| Vo [P2Vo,)

=g(uo + ve) — g(uo) + |uo + ve|972 (ug + ve) — |uo|? *uo
=¢"(&) + |uo + ve|? (o + ve) — |uo|?*ug
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where ¢ € (min{ug, ug + v, }, max{ug, ug+v:}). We know (see Tolksdorf [20]) that for p > 2 there exits p > 0
independent of ug and v, such that

[V (uo + ve) P2V (ug + ve) — |Vuo [P *Vug| > p|VuelP.

Thus,
Ave).Voe > (p = pe) Vel + [Vo > > C|Vu [P,

since pe < 0. Using the growth condition (g2) we have
19" (€)1 < C1 + Calfuol”™ + Jvel "~ 4 Juo| ™" + [ve|*71).

Since f—1 > 0 and ¢ — 1 > 0, by regularity results obtained in [22], we have that for some 0 < o < 1, there
exists C' > 0 independent of € such that

[vellca (@) < llvellrp < C.
By the regularity results in [23], we also have that
||Ue||céva(§) < Ch.

This implies that ve — 0 in C! as € — 0. Since ||v¢||1,, — 0, we have vy = 0. This completes the proof. [

Now, for u € W, () we define
1 1
I (u) = f/ \Vu|pdm+f/ |vu|2dx+5/ |ui\qu—/ Gu*) de, )
PJa 2 Jo qJa Q

where u* = max{u,0} and v~ = min{u,0}. Since g(0) = 0, I € C' and the critical points us of
I;\—L satisfy +uy > 0, we conclude that uy are also critical points of I. In fact, (If)’(ui)[(ui)ﬂ =
Jo IV (u)FPdz + [, |V(us)F|?dz = 0.

Lemma 7. The origin u =0 is a local minimizer for I and Ii[, for any A > 0.

Proof. By Lemma 6, is sufficient to show that u = 0 is a local minimizer of I in the C' topology. First we
observe that from (g;) and the regularity of g, we have

G(s) < C|s|* + C|s|¥, for s € R,

for some positive constant C. Then, for u € C () we have

1 1
I(u) :—/ |Vu|pdx—|—§/ |Vu\2dx—|—é/ |u|qu—/ G(u) dx
pJa Q 4 Jo Q
25/ \u|qdm—/G(u)dx
q4.Ja Q

A
27/ \u|qu—C’/ \u|2dx—0/ |u|® dx
q.Jja Q Q
A
> (2 - clultar - clulza) [ furas 2o,
Q

if C\u|ggq + C\u|g‘é_q < %. The same argument works for I3 O

We do not include here the proof of next lemma because it follows using the same ideas of [18, Lemma
2.1].

Lemma 8. If uy is a local minimizer for If\[, then it is a local minimizer of Iy, for any A > 0.
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3 Proofs of Main Theorems

Proof of Theorem 1

We already know that the origin is a local minimum of the functional I . In the next two lemmas we prove
+

that If is coercive and min,ewa () I3 £(u) < 0. Thus, I3 £ has a global minimum vy with negative energy.
Finally, by applying the Mountain Pass Theorem, we get critical points ul with positive energy.
Lemma 9. The functional I;‘L is coercive, lower bounded and satisfies the (PS) condition.

Proof. By (g3) there exists € > 0, small enough, and a constant C' such that
pG(s) < (AM(p) —¢€)|s|P + C, forall seR.

Then )
E(u) 27/ |Vu|pdw—/G(u)dx
/|v P da: — Al /|u|pdx
21 (Mi(p) —€ ))
(S L2 NPT e
p ( Al(p) H ||1,p
Thus I3 (u) — oo as [[u][1, — . O

Lemma 10. Let p; be the first eigenfunction associated to A\1(2). Then there exists to > 0 such that
I (£topr) < 0, for all X in a limited set.

Proof. Since g(0) =0, ¢’(0) > A1(2) and (g1) holds, for each € > 0, there exists C' > 0 such that
A1(2
G(s) > %52 —Cls|¥, forall s€eR.

Then, for ¢t > 0 we obtain

Ii(ﬂ:t@l)

A1 (2) + €)t? o o
< */ Vi |Pde + — /|V<P1|2dx+f/ 1|7 dz — %/ lp1?dz + Ct /|%01| dz
Q Q

=5 (1 22D ot + Sl

Since a > p > 2 we can conclude the lemma. O

+ 7|<P1|g + Ct% 1 g

Flmshlng the proof of Theorem 1: By the Mountain Pass Theorem, I3 £ has a nontrivial critical point
ui with I (ui) > 0. Since I3 is bounded bellow, it also has a global minimizer u3 with I3 (uF) < 0. O

Proof of Theorem 2

In what follows we assume that the reader is somewhat familiar with Morse theory (see [9] for necessary
prerequisites). In particular, we recall that the critical groups of a real C* functional ® at an isolated critical
point uy with ®(ug) = ¢, are defined by

Co(®,ug) = Hy(®.NU,(®.NU)\ {ug}) for ¢geN.
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Here @, := {u: ®(u) < ¢}, U is a neighborhood of ug such that ug is the only critical point of ® in ®.NU,
and H,(-,) denote the singular relative homology groups with coefficients in Z.

By the proof of Theorem 1, Iy has four critical points u¥, with Iy(uf) > 0, and ug, with IA(U(?) < 0.
By Lemma 8, we have that u(jf are local minimum of [ since they are global minimum of Ai Then

Cj([)\, Uoi) = on.

Now, in order to prove the existence of another nontrivial solution we will apply the following abstract
theorem due to Perera (see [19, Theorem 3.1]):

Theorem 11. Let X = X1 ® X3 be a Banach space with 0 < k = dimX; < oo. Suppose that ® € C(X,R),
has a finite number of critical points and satisfies the Palais-Smale compactness condition (P. S). Moreover,
assume the following conditions:

(Hy) there exists p > 0 such that Supg: P <0, where S} = {u e X1 ; |Jul| = p},

(Hz) ® >0 in Xo,

(H3) there is e € X1 \ {0} such that ® is bounded from below on {se + x5 ; s >0, xo € Xo}.
Then ® has a critical point ug with ®(ug) < 0 and Cr_1(P,ug) # 0.

First we consider Hy := @?zlker(fA — )j(2)I) and W), = W, P(Q) N Hj-, where Hj- denotes the
orthogonal subspace of Hy in H{(2). Thus we have

W()l’p(Q) =H,® Wk,
ull3 = Aeg1(2)ul3, ¥V ue Wy

The next lemma is a verification of the hypotheses of Theorem 11.

Lemma 12. The functional I enjoys the following properties:

(I1) there exist \* > 0 and p > 0 such that supgi In <0, for0 <A < X", where Sk ={ue Hy; |lullyp = p};
(I2) In >0 in Wy;

(I3) Ix is bounded from below.

Proof. Verification of (I1): Since g(0) = 0, by (g1) given € > 0 there exists C' > 0 such that

/ —
G(s) > WSQ — Cls|*, for all s¢€R.

Since the norm are equivalent in Hy, for each u € Hj we have

/ —
I (u) §1/ |Vu|pdx+1/ |Vu|2dz+i/ |u|qu7w/u2dx+0/ |u|® dx
P Jo 2 Ja qJo 2 Q %

L @O=\,
<z - q P a
=2 <1 @) 1l A+ Ol + lull + llull)

el @O=)\,
<s5{l=—=7% q P o
=2 (1 @) 1l + Ol + [[ully + [lull3),
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where, in the last inequality, we use that the norms are equivalent in a finite dimensional space. Since, we
can choose € such that ¢’(0) — e > A\;(2), and using that o > p > 2 then we can take p and \*, small enough,
such that (I7) holds.

Verification of (I2): If w € Wy, by (2), we have

2
/|Vu|pdx—|— /Vu|2dx+)\/|u|qu—/\k—|r21()/u2dx—/\lp®/|updx20.
Q Q

We notice that (I3) already was proved. O

Finishing the proof of Theorem 2: Thus I\ has a critical point us with I (u2) < 0 and Cy—1(Ix, u2) # 0.
Then we can conclude, using k > 2, that wusy is different of uojE and uljE

U
Proof of Theorem 3
This theorem is a direct application of the Mountain Pass Theorem (see [4, 24]).

Lemma 13. Let ;1 be the first eigenfunction associated to A1(2). Under the above conditions, there exist
to >0 and \* > 0 such that Iy (£topr) < 0, for all X € (0,\*).

Proof. By ¢g(0) =0, ¢’(0) > A\1(2) and (g1) we have that, given € > 0 there exists C' > 0 such that

A1(2
G(s) > wg —C|s|*, forall seR.
Then, for ¢ > 0,

I (£ter)

)\ +
—/\wl\pdx+f/|vso1|2dx+f/Wd @) + )7 /w |2dx+ct“/|w1|“dx

(u(2) +9
=2 (- BB i, + Ll

£ A (2 - B o
<q{(1_( 1/\(12) )> 1]l 5 + 27 2H<P1||If}p+tq 2)\|<p1\g+01t 2¢1|a}.

|<P1|q + Ct%|p1la-

Since a > p > 2 > ¢ > 1, we can choose \* > 0 such that I)\i(:l:togal) < 0, for all A € (0, \%).

Now, the proof of Theorem 3 follows from standard argument using the Mountain Pass Theorem.

Proof of Theorem 4

We will look for critical points of the C' functional

:1/ |vu|pdx+1/ |w|2da;+5/ |u+\qu—/G(u+)dx, u e WyP(Q).
P Jo 2 Ja q Jo Q

The proof of this theorem is similar in spirit to that of Theorem 2.1 in [13]. We will shown that the functional
I;r has the mountain-pass structure which together with the compactness condition will give us a positive
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solution in a positive level. After that, we will proof that I :\" has a positive local minimum in a ball around
the origin with negative energy.
We made it in three steps.

Step 1: There exist 7 > 0 and a > 0 such that I, (u) > a if ||ul|1, = r. Indeed, using condition (g;) and
g’ (0) < A1(2), for € small and s € R we have

(M(2) —€)|s|? +C|s|*, VseR.

Thus, (remember that A < 0)

/ [VulP de + = / |Vul>de + = / |ul? de — / lul? da — C/ |u|® dz
Pl e / 2 / /
> P q «
/Q| ulP da 3 (1 WE) |Vu|® dz |u|fdx — C | |u|*dx

>Allullf , + AB]lull{ , — Cllullf,
By [13, Lemma 3.2] there exists A, < 0 such that if A € (A, 0), I;' satisfies the property above.

Step 2: There exists tpr > 1 such that Ii(tMgol) < 0. Indeed, let ¢; the first eigenfunction associated to
A1(p). For t > 0 we have

I+ (tp1) = /|V<p1|pdx—|— /|Vg01|2dm+—/ |g01|qdm—/Gt<p1

tI7P ) G(t
—tp{/ [Vr|P dz + 7/ |V<,01|2dx+ /|g01|qdm—/ (W)dx}
P Ja 2 Ja a Ja o tP

Follows from condition (g4) that there exists a positive constant C' such that G(s) > Cs?, for all s > sq.
Thus

N 1 2P 5 t97P X o— 0
IV (ter) <tP < — | |VeilPde + — [ [Ver[da + lp1|7de — Ct°7P | Jp1|"dx .
P Ja 2 Q q Q Q

Now, observing that

t2—p 9 ta—P )\
lim — |V<p1\ dz = lim / pldr =0,
t—+4oo 2 t—4oc0 ¢ Q

for all A € (A4,0) and 6 > p, we obtain I;\r(tMcpl) < 0 for some tp; > 0. Thus, we can apply the Mountain
Pass Theorem to obtain a critical point u; such that Iy (uy) > 0.

Step 3: There exists 0 < t,, < r such that I;r(tmgal) < 0. Indeed, let ¢ the first eigenfunction associated to
A1(2). We have that

P2 1 112 ) G(t
Ij(upl):ﬂ{ /|V<p1|pdx+ f/ V1| dz + /|@1|de—/ (fl)dx}.
P Ja 2 Jo q Ja Q ¢t

Since ¢ < 2, A < 0 and G(t)/t? is bounded next to ¢ = 0, our claim follows.
Now, the minimum of the functional I} in a closed ball of W, P (€2) with center in zero and radius r such
that

IH(u) >0 Vu with |[|ul|;, =,

is achieved in the correspondent open ball and thus yields a nontrivial critical point ug of T ;, with 1 ;‘ (ug) <0

and ||ug||1, <.
O
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