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Abstract. The goal of this paper is \0 study the existence of solutions for the following class of 
problems for the N -Laplacian 

u E Wci ,N (Q) , u:::: 0 and - /':,.,yu == -div(I'VuI N
- 2 'Vu) = f(x, u) in Q, 

where Q is a bounded smooth domain in ~,y with N :::: 2 and the nonlinearity f(x, u) behaves like 
N 

exp(alulw=T) when lul--> 00. 

1. Introduction. Let Q be a bounded smooth domain in ~N with N :::: 2. In this 
paper we study the existence of solutions for the following class of semilinear eJliptic 
problems: 

u E W~,N(Q), u:::: 0 and 
(1) 

-flNU == -div(IVuI N
-

2 Vu) = I(x, u) in Q, 

where the nonlinearity I (x, u) has the maximal growth on u which allows us to treat 
problem (1) variationally in the Sobolev space W~' N (Q). Here this maximal growth is 
given by Trudinger-Moser inequality (cf. [13], [17]) which says that 

exp(aluIN~') ELI, Vu E W~ , N(Q), Va> 0 

and 

sup f exp(alul N~') .:s C(N) E R if a.:s aN, 

lIullwl.N < I 
o 

1 

where aN = Nw~~\ and WN-\ is the (N - I)-dimensional surface of the unit sphere. 
Therefore, from this result we have naturally associated notions of criticality and sub
criticality, namely: we say that a function I : Q x ~ ---+ ~ has subcritical growth on Q 
if 

. I/(x, u)1 . 
hm N = 0, umformlyon x E Q , Va > 0 (2) 

lul-> oo exp(alulN=T) 
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and I has critical growth on Q if there exists ao > 0 such that 

. I/(x,u)I_
hm N - O, uniformly on x E Q, Va > ao (3) 

lui-+oo exp(alul N=T ) 

and 
. I/(x, u)1

hm N = +00, Va < ao . (4) 
lui-+ oo exp(alul N=T ) 

Here we will consider problems where the nonlinearities have critical growth. There 
is an extensive bibliography on this subject. See for example, Atkinson-Peletier ([7]), 
Carleson-Chang ([8)) , Adimurthi et al. ([1-4]), de Figueiredo et al. ([10-11]) and ref
erences therein. Our paper is closely related to works of Adimurthi ([ 1-2]) and to the 
recent work of de Figueiredo et al. ([10)) . Indeed, by using the Mountain Pass Lemma 
without the Palais-Smale condition, we improve the existence conditions in [l, 2, 10] 
and therefore extend the results to more general nonlinearities. We observe that prob
lems involving nonlinearities with subcritical growth, have been studied recently in [10] 
and by the au thor in [12]. 

In order to study the existence of solutions of problem (1) we are going to impose 
the following conditions on the function f. 

(Fd I: Sl x ~ ~ ~ is continuous. 
(F2) 3 R > 0, 3 M > 0 such that Vu :::. R, Vx E Sl, 

r0 < F(x, u) = Jo I(x, t)dt ::: MI(x, u). 

(F3) I(x, u) :::. 0, vex, u) E Q x [0, +00) and I(x, 0) = 0 Vx E Sl. 
Consider the following nonlinear eigenvalue problem: 

2-t-..pu = Alul p- u , u E Wci ,p(Q) . 

It is well known (cf. [6]) that there exists a smallest eigenvalue Al (p) > 0 and an 
associated eigenfunction 0/1 > 0 in Q that solves this problem. Moreover, we recall 
that AI (p) can be variationally characterized as 

AI(P) = inf{! IVul P dx : u E Wci 'p(Sl), ! lul P dx = l}. 

We define 

1
1 

N

M = lim n expn(t N=T - t) dt. 
n-+ oo 0 

We see, after some computation, that M is a real number greater or equal to 2. We 
denote by d the inner radius of the set Sl; that is, d equals the radius of the largest open 
ball contained in Sl . 

Now we state the main results of this paper. 
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Theorem 1. Assume that f has critical growth on Q and satisfies (Fd, (F2 ) and (F3). 
Furthermore assume that 

N F(x, u)
(F4) lim sup ., < Al (p), uniformly on x E Q, 

u-> o+ lui 

(F5) 
• 	 N N)N 1

11m uf(x, u) exp (- aolulN=!) ::: fJo > (- - uniformly on x E Q. 
u-> +oo 	 d Ma~o 

Then, problem (1) has a nontrivial solution. 

Remark. In [1], results analogous to our Theorem 1 have been proved, but under more 
restrictive conditions. For instance (among other), it was assumed that f is C I and 
satisfies 

af ( ) f(x, u)
-xu>-- Vu E lR\ {o}, "Ix E Q.
au' u 

In [10], studying problem (1) to the Laplacian, instead of this last condition they assumed 
the following less restrictive hypothesis : 

1 
0 < F(x, u)::: "2uf(x, u) Vu E lR\ {o}, "Ix E Q . 

It should be noted that these last two assumptions do not seem natural in the context of 
critical growth in bounded domains, since they imply restrictions on the growth of the 
nonlinearities in the whole line. 

2. The variational formulation. Under the hypothesis that f is continuous and has 
critical growth, as defined in (3) and (4), we see that given fJ > ao , there exists C > 0 
such that 

N 

If(x, u)l::: Cexp(fJlulN=!), V(x, u) E Q x 	lR. (5) 

Consequently, using the Trudinger-Moser inequality and standard arguments (cf. [16]), 
we see that the functional/ : W~,N (Q) ---+ lR given by 

N
/(u) = ~ f IVul - f F(x, u) dx 	 (6) 

is well defined and belongs to C1(Wci ,N (Q), lR) with 

2i'(u)v = f IVuI N - VuVv - f f(x , u)vdx, "Iv E Wci,N (Q) . (7) 

We remark that, since we seek nonnegative solutions, it is convenient to define 

f(x, u) = 0 on Q x (-00,0]. 

Thus, conditions (Fd, (F2 ) and (F3) imply that 
(a) F(x, u) ::: 0, V(x, u) E Q x lR; 
(b) 	 there is a positive constant C such that Vu ::: R, "Ix E Q 


1 

F(x, u) ::: Cexp(Mu) ; 	 (8) 

(c) 3 Ro > 0,3 e > N such that for Vlul ::: 	Ro, "Ix E Q 

eF(x, u) ::: uf(x, u). 	 (9) 
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Lemma 1. Assume (Ft>, (F2 ), (F3) and (5). Then I (tu) ---+ -00 as t ---+ +oo,/or all 
u E W~·N($1)\{O} withu ~ O. 

Proof. It follows from (8) that, for p > N, there exists a positive constant C such that 
Vu ~ 0, 

F(x, u) ~ cuP - d. (10) 

Choosing any u E W~·N ($1)\{O} with u ~ 0, (10) leads to 

I (tu) S ~ j l'Vul 
N 

- Ct P j lul P + C. 

Since p > N, we obtain I (tu) ---+ -00 as t ---+ +00. 


Lemma 2. Suppose (FI), (F4) and (5). Then there exist 8, p > 0 such that 


l(u)~8 if IlullwIN=p.
o 

Proof. Using (FI), (F4) and (5) we can choose A < A I (N) such that 

1 v N
F(x,u) S NAlull +Cexp(tllulN=T)lul q

, V(x,u) E $1 x~, 

for q > N. Now, using the Holder inequality and the Trudinger-Moser inequality we 
obtain 

j exp(tlrIUIN~I)lulq S {jexp[tlrllull~IN( lui )N~']}llr{j lulsq}IIS 
o IlullwlN 

o 

s C(N){j lul sq } lis 

N ---'--

if IlullwlN S a, where tlraN=T < aN = NW~~I and l/r + lis = 1. Thus, using the 
o 

variational characterization of the first eigenvalue and Sobolev embedding, these last 
two estimates imply 

1( A) N q
I(u) ~ N 1 - AI(N) Ilullw~N - Cllullw~N' 

Since A < Al (N) and N < q we may choose p > 0 such that I (u) ~ 8 if Ilu II WiN = 
o 

p. D 

Now consider the following sequence of nonnegative functions: 


(logn) N,;' if Ixl s ~ 


M,,(x) = W~~I log Ixl-I/(logn)* if ~ S Ixl s 1


1o if Ixl ~ 1. 


Let Xo E $1 and r > 0 be such that the ball B(xo, r) of radius r centered at Xo is 
contained in $1. Therefore the functions M,,(x, xo, r) = MI1(X~XO) belong to W~·N ($1), 
II Mn (-, xo, r) II WiN = 1 and the support of Mil (x, xo, r) is contained in B(xo, r). 

o 
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Lemma 3. Assume (F1), (F2), (F3) and suppose there exists r > 0 such that 

N N N 1 
lim uf(x,u)exp(-aolulN=T)::: {30 > (-) M /I' " (11 ) 

u_+oo r 0'0 

uniformlyforalmost every x E QandB(xo,r) C Qforsomexo E Q . Then there exists 

n such that 

max {I (tMn) : t::: O} < ~(N(-I,
N 0'0 

where Mn(x) = Mil (x, xo, r). 


Proof. Suppose for the sake of contradiction that for all n we have 


max {I (tMIl ) : t ::: O}::: ~(N(-I.
N 0'0 

In view of Lemma 1, for all n there exists til > 0 such that 

[(t"Mn) = max {I (tMn) : t ::: O}. 

Thus, 
1 N 1 (aN)N-1J[(t"MIl ) = -tn - F(x , tnMIl) ::: - - ,
N N 0'0 

and using that F (x, u) ::: 0 we obtain 

t N > (aN )N-I
n - (12)

0'0 . 

Since 11 [ (t Mn) = 0 for t = tn, it follows that 

t:' = JtnM,J(x, tnMn) . (13) 

/
On the other hand from (11), given E > 0 there exists RE > 0 such that 

uf(x, u) ::: ({30 - E) exp(aolul /-1), Vu ::: RE • (14) 

Thus, from these last two facts we obtain 

t:'::: ((3o-E) [ exp(aoltIlMnl::l)
JB (xo.r/n) 


WN-I (r)N ( A - tf--r )
= ({30 - E)------;:;- -;; exp aotn - wN _1 logn 

N 
N-I

t 
= ({30 - E)--rWN-l N exp [(0'0--n - 1) N logn ] 

N aN 



972 JOAO MARCOS B. DO 6 

for large n, which implies that (tn) is a bounded sequence. Moreover, using (12) we 
obtain 

t N --+ (aN )N-I as n --+ 00. (15)" ' ao 

Let 

An = {x E B(xo, r) : tnMn :::: RE } and Bn = B(xo, r)\An. 

Using (13) and (14), we can estimate 

t,~ :::: ({30 - E) 1 exp(aolt"Mnl N'~I) +1 tnMnf(x, tllMn) 
B(xo,r) Bn 

- ({30 - E) 1exp(aoltnMIlI ,..:'-1). 
Bn 

Note that MI1 (x) --+ 0 for almost every x E B(xo, r) and the characteristic functions 
XB" --+ 1 almost everywhere in B(xo, r). Therefore, in view of the Lebesgue Dominated 
Convergence Theorem, we have 

WN-I N1tnMnf(x, tnMn) --+ 0 and 1exp(aoltnMnl/- ' )--+ --r , as n --+ 00. 
NBn B" 

Note also that 

N{ exp(aoltI1MI1IN~I):::: ( exp(aNIMIlIN~I) = r ( exp(aNIMnIN'~I) 
1B(xo,r) 1B(xo,r) 1B(xo,l) 

and denoting the last integral by In, we have 

1 N 

aN aN (10glxl-1);V=-;
In = exp[-I-(logn)] + exp[-,- I][ 

Ixl:::.!. /.,;v=-;- 2.:::lxl:::1 /.,;v=-;- (logn);v=-;
n LUN_I n LUN_I 

N 

WN-I 1 (log Isl-I);V=-;II 
=--Nexp[N(logn)]+WN-I sN-lexp[N 1 ]ds

N n ~ (log n);V=-;

= WN-I {I + r' Nlognexp[Nlogn(rN'~' - r)]dr}, 
N 10 

where in the last integral we have used the change of variable r = log Is 1-1 / log n. Thus, 
passing to limits and using (15), we obtain 

aN N-I WN-I N11
(-) :::: ({30 - E)--rN lim N logn exp[N logn(r;v=-;- - r)] dr 

ao N /1-+00 0 

WN-I N 
= ({30 - E)--r M, 'VI" > 0,

N 
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which implies 
N N 1(-;) -,I'Mao " f3o::: 

but this contradicts (11). 

Remark. In order to prove that a Palais-Smale sequence converges to a solution of 
problem (I) we need to establish the following preliminary lemma. We observe that 
an analogous result to our next lemma has been proved in [18, 19, 14], where f is 
assumed to have polynomial growth. Recently in [15] a similar result has been proved 

,v 

for nonlinearities f that behave like exp(alul N=I) as lui ---+ 00, under the further 
assumption that f(x, u)u ::: N F(x , u) . Inspired by the results mentioned, we have 
achieved the following version which does not use this further assumption . 

Lemma 4. Let (un) C W~,N (Q) be a Palais-Smale sequence; i.e. , 

I(u n) ---+ c and I'(un) ---+ 0 in W-I. N ' (Q) as n ---+ 00. 

Then (Un) has a subsequence, still denoted by (un), and u E W~ ,N (Q) such that 

If(x, un) ---+ f(x, u) in LI (Q) 
NIVu n l - 2vun ->.. IVuI N - 2VU weakly in (LN/(N-I)(Q)(. 

Proof. Let (un) C W~ ,N (Q) be a Palais-Smale sequence; i.e., 

N~ f IVu"I - f F(x, un) ---+ c, (16) 

If IVun I
N

-
2vu" .Vv dx - f f(x, un)v dx I ::: E'l1llvll wci,v, "Iv E W~,N (Q), (17) 

where E'n ---+ 0 as n ---+ 00 . Multiplying (16) bye, subtracting (17), with v = ul1 , from 
the expression obtained, we come to the conclusion that 

f IVul1 lN 
- f (eF(x, un) - f(x, Un)Un ) ::: C + E'nl!u"l!wci N • 

From this inequality, using (9) we easily find that (Un) is a bounded sequence in W~ ,N (Q). 

NConsequently IVu n1 - 2Vun is bounded in (LN / (N-I)(Q)( and J F(x, un) ::: C, 
J f(x, Un)U n ::: C. Moreover, passing to a subsequence, we may assume that 

Un-'>..U in W~ ,N(Q), Un---+U in Lq(Q), Vq::: 1, 
(18)

un(x) ---+ u(x) almost everywhere in Q. 

Now we have that f (x, un) ---+ f (x, u) in L I (Q), as a consequence of the following 
result of convergence, whose proof can be found in [10]. 
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Lemma 5. Let (un) in L I (S1) such that Un -+ U in L I (S1) and let I be a continuous 

function. Then f(x, un) -+ I(x, u) in L I (S1), provided that I(x, ull(x» E Ll(S1) "In 

and J I/(x, ulI(x»ull(x)1 :::: C I · 

Now we are going to prove the second assertion in Lemma 4. Note that without loss 
of generality we may assume that 

IV'ulll N -+ p, in '[)'(S1) and 

IV'u Il I
N- 2V'un -'>. V weakly in (L N/(N-I)(S1)t, 

where p, is a nonnegative regular measure. 
Let a > 0 and Aa = (x E Q : Vr > 0, p,(Br(x) n Q) ~ a} . We claim that Aa is a 

fi nite set. Suppose for the sake of contradiction that there exists a sequence of distinct 
points (Xk) in Aa. Since Vr > 0, p,(Br(Xk) n Q) ~ a, we have that p,({xd) ~ a , 
which implies that P,(Aa) = 00, contradicting 

P,(Aa) = lim f IV'uIlI N :::: C.
k-t oo A u 

Therefore Aa = {XI, ... ,xm}. 
Let U E WJ.N (IRN), have compact support in IRN. We know (cf. [9]) that there are 

positive constants C1, C2 depending only on N such that 

1 lui N 

exp(C1 ( )~)dx:::: C2Isupp(u)l . (19) 
n IIV'ullL N 

Assertion 1. Using estimate (5), ilwe choose a > 0 such that al/(N-I) fJ < CI, then 

lim ( I(x , UIl(X»UIl(X) = ( I(x, u(x»u(x),
lI-t oo jK jK 

lor any relatively compact subset K 01 Q\Aa. 

Proof. Let Xo E K and ro > 0 such that p, (Bro(xo) n Q) < a. Consider <p a Coo function 

such that 0:::: <p(x) :::: 1, <p == 1 in Bro/2(xo) n Q and <p == 0 in Q\(Bro(xo) n Q). Thus 

lim { IV'ulll N<p = ( <p dp, < p,(Bro (xo) n Q) < a. 
IHOO j B.o(xo)nf2 j B.o(xo)nf2 

Therefore 


1 IV'ulllN :::: (1 - E)a , 

8'0 /2 (xo) nn 

for large n, if we take E sufficiently small. Now using this last estimate and the Trudinger
Moser inequality given in (19), from (5) we obtain that 

{ I/(x, ulI(x)W dx :::: C, (20)
j B'o /1 (xo)nf2 
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if we choose q > 1 sufficiently close to 1. Notice that 

r I/(x, un)u/J - I(x, u)ul dx
J8'012 (xo)nQ 

S r ( I/(x, un) - I(x, u)llul dx + r I/(x, un)llun - ul dx. 
J8'0/2 xo)nQ J8rO/2(xO)nQ 

Since I(x, un) --+ I(x, u) in LI (Q), then I(x, u,,)v --+ I(x, u)v in Ll (Q), "Iv E 

V(Q) and consequently using the argument of density we obtain 

lim r I/(x, un) - I(x, u)llul dx = O. 
n-+ 00 J8'0/2 (xo ) nQ 

On the other hand, using Holder's inequality and estimate (20) we have 

ul qlr _I/(x, u/l)llu ll - ul dx s C r _IUn - --+ O.
J8'o!2(xo)n0. J8'of2(xo)n0. 

Thus 

r _I/(x, un)un - I(x, u)ul dx --+ 0,
J8'0/2 (xo)n0. 

and Assertion 1 follows by compactness. 
Let co > 0 be fixed small enough such that B(x;, co) n B(xj' co) = ¢ if i -=f. j and 

Qco = {x E Q : Ilx - Xj II ~ co, j = 1, ... ,m}. 

Assertion 2. J0. (IVun IN -
2 VU" - IVuIN-2Vu)(Vun - Vu) --+ 0 as n --+ 00. 

'0 

Proof. Let 0 < c < co, <p E COO(JRN, [0, 1]) such that <p == 1 in BI/2(0) and <p == 0 in 

BI (0) and we define o/c(x) = 1 - L;~J <pC~Xj). Notice that 0 S o/c s 1, O/C == 1 in 

Qc = Q\ U7=1 B(xj, c), O/C == 0 in U7=1 B(xj' c/2) and o/cun is a bounded sequence 

in wci· N (Q), for each c. 
Using (17) with v = o/cUIl we have 

r[IVu/lI N o/c + ulllVu n IN-
2 Vu l1 Vo/c -o/c/(x, un)u ll ] S Cn Ilo/cul1llwlN. (21)J0. 0 

Similarly, using (17) with v = o/cu we obtain 

Nl[ -IVull IN -
2 o/c VU n . Vu - IVun 1 -

2uVull Vo/c + o/c/(x, un)u] 

S cnllo/fUllw l .N. (22) 
° 

Now, since the function g : JRN --+ JR, g (v) = IvIN is strictly convex we have that 

Os (IVu nIN- 2VU n -IVuIN-2Vu)(Vun - Vu) 
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and consequently 

0.::: ~ (IVu nIN- 2VU n -IVuI N- 2Vu)(Vun - VU)
ituo 

s 1 (IVunIN-2VU n - IVuI N-2VU)(VUn - VU)o/e, 

which can be written as 

Os l[,VUn,No/e -IVuIIIN-2o/eVUnVU - IVuI N- 21/feVUVUn + IVulNo/e]. 

Thus, from (21) and (22) we obtain 

20.::: 1 [-IVunIN- U nVUn Vo/e + o/e f (x, Un)U n ] + cnllo/eun II W~ ·N 

+ [1,VUn,N-2UVul1 Vo/e -o/ef(x, un)u] + cllllo/e ullw~ · N 

+ l[,vu, No/e - IVu1 N-2o/e vuVun]; 

that is, 

Os 1,vun,N-2Vun\'o/e(U - un) + lo/e,VU,N-2Vu(Vu - VU n) 

+ [o/ef(x,un)(Un-u)+cnllo/eunllwI.N+Cnllo/eullwI N. (23)in 0 0 

Now we estimate each integral in (23) separately. Note that for arbitrary 8 > 0, using 
the interpolation inequality ab S 8a N/N- J+ CobN, with Co = 81- N, we have 

1,Vun,N-2VunVo/c(u - un) .::: 8ilVUIlIN + CoilVo/elNIU - UnlN 

.::: 8C + C8(1,vo/e,rN )J/I'(1'u - unISN)I/S. 

Thus, since Un ~ Uin UN (Q) and 8 is arbitrary we obtain that 

lim sup [ IVUIlIN-2VUnVo/e(U - Un) .::: O. (24) 
" ..... 00 in 

Now, using that Un --'- Uo in Wci· N(Q) we have 

lo/c,VU,N-2VU(VU - Vu n ) ~ 0 as n ~ 00. (25) 
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On the other hand 

l1/ld(X, Un)(Un- U) -+ 0 as n -+ 00, (26) 

since 

l1/lcf(X, Un)(U n - U) = l1/ld(X, Un)Un-l1/ld(X, U)U 

+ l1/ld(X, U)U -l1/ld(X, UI1 )U, 

and applying Assertion I to the function g(x, u) = 1/Ic(x)f(x, u) and K = Qe/ 2 we 
have that 

[ 1/Id(x, Un)Un= ~ 1/Id(x, Un)Un -+ ~ 1/Icf(x, u)uJo J~~ J~~ 

= l1/lef(X, u)u as n -+ 00, 

and using that f(x, Un) -+ f(x, u) in 0 we obtain 

l1/ld(X, ul1 )u -+ l1/lcf(X, u)u as n -+ 00. 

Therefore, from (23) using (24)-(26), we come to the conclusion that Assertion 2 holds. 
Finally using Assertion 2, because EO is arbitrary, we obtain that 

\lu n -+ \lu almost everywhere in r2. 

This result and the fact that the sequence (I \lUn IN- 2 \lun ) is bounded in LN /(N-l) (r2), 
imply, passing to a subsequence, that 

l\lu
I1 

IN- 2\lun ----'. l\luI N- 2\lu in L N/(N-l)(r2). 

Thus, we have completed the proof of Lemma 4. 

3. Proof of the existence result. First we recall the following version of Mountain 
Pass Lemma (cf. [5]). 

Theorem 2. Let E be a real Banach space and lEe I (E, JR). Suppose there exist 
a neighbourhood U of 0 in E and a positive constant ex which satisfy the following 
conditions: 

II) 1(0) = 0, 
12) I (u) ::: ex on the boundary of U, 
h) There exists an e fj. U such that I (e) < ex. 
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Then, lor the constant 
c= infmax l(u) ~a 

y Er UEy 

there exists a sequence (u ll ) in E such that 

/(ull)---+c and l ' (un)---+O, 

where r = (g E C([O, 1], E) : g(O) = 0, g(1) = e}. 

In view of Lemma 1 and Lemma 2, we can apply the Mountain-Pass Lemma to obtain 

a positive level c and a Palais-Smale sequence (u ll ) in wci ·N(Q), i.e. , satisfying (16) and 

(17). Thus, as in Lemma 4, we have that (un) is a bounded sequence in Wci ,N (Q) and 
consequently 

f F(x, un) .::: C and f I(x, Un)Un .::: c. 

So for a subsequence still denoted by (un), we may assume that 

un -->0. Uo in Wci,N (Q), Un ---+ Uo in U (Q), Vq ::::: 1, 

Un (x) ---+ Uo (x) almost everywhere in Q. 

Now from (F2) and Lemma 4, using the generalized Lebesgue Dominated Convergence 
Theorem, we have 

F(x, UIl) ---+ F(x, uo) in LI (Q). (27) 

So, from (16) and (27) we obtain 

N
lim f lV'unl = N(c + f F(x, uo»). (28) 

11-+00 

Notice that (17) and Lemma 4 impl y that 

f lV' uoI N- 2 V' uo . V'w - f I(x, uo)w = 0, Vw E v(Q). 

NBy using an argument of density, this identity holds for all win wci · (Q). Hence uo is 
a weak solution of problem (1). 

Finally it only remains to prove that Uo is nontrivial. Assume for the sake of contra
diction that Uo == O. From (28) we get 

N
lim f lV'unl = Nc. 

11----;..00 

Thus given E > 0, we have Ilul1ll~I N .::: Nc + E, for large n . Since from Lemma 3 the 
o 

N 

level c < ~ (:~ ) N-I we have qao II Un II ~[,IN < aN if we choose q > 1 sufficiently close 
o 
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to 1 and E sufficiently small. Then, from the Trudinger-Moser inequality using estimate 
(5) with f3 = qao, we obtain 

f If(x, un(x))l q dx :s c f exp(qaolunl :'-1) dx 

NN I 	 ( ),!!-]Un:s C exp qaollunllw~. N ,\ -1 dx:s C. 
o 	 IlunllWI Nf [ 	

o 

Now using this estimate, from (17) with v = Un we have Un ---+ 0 in W6,N (S1). But this 
is impossible in view of limn.... oo .f I\1Un IN = N c and colO. Consequently Uo =1= O. 
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