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Abstract. The goal of this paper is to study the existence of solutions for the following class of
problems for the N-Laplacian

wueWgN(©@), u=0 and —Ayu=—div(|Vul¥N Vi) = f(x,u) in Q.

where € is a bounded smooth domain in RY with N > 2 and the nonlinearity f(x, u) behaves like

W
exp(o|u|¥=T) when |u| — oo.

1. Introduction. Let © be a bounded smooth domain in RY with N > 2. In this
paper we study the existence of solutions for the following class of semilinear elliptic
problems:

ueWw, "), u=0 and

. No2 . (L
—Anu = —div(|Vu| Vu)= f(x,u) in £,

where the nonlinearity f(x, u) has the maximal growth on u which allows us to treat
problem (1) variationally in the Sobolev space Wg'N(Q). Here this maximal growth is
given by Trudinger-Moser inequality (cf. [13], [17]) which says that

exp(alul") e L', Yue W, M (Q), Ya>0

and
sup /exp(a|u|%)§C(N)e]R, if o <ay,

llu”WO"Nsl

!

N—I

where oy = NwyZ, and wy_ is the (N — 1)-dimensional surface of the unit sphere.
Therefore, from this result we have naturally associated notions of criticality and sub-
criticality, namely: we say that a function f : 2 x R — R has subcritical growth on

if
|f(x,u)l

—~ "'~ =0, uniformlyon x € Q, Ya >0 (2)
lul=00 exp(or|u|7-T)

Received for publication May 1995.
I'The author has been partially supported by CAPES/Brazil.
AMS Subject Classifications: 35J20, 35J60, 35J65.

967



968 JOAO MARCOS B. DO O

and f has critical growth on 2 if there exists ag > 0 such that

I |f(x, wl
im

———— =0, uniformlyon x € £, Ya > aq 3)
lel=o0 exp(arfu|*-1)

and

I Lf (x, )]
im

———— =100, Ya< o 4)
lul=o0 exp(or|u|¥-T)

Here we will consider problems where the nonlinearities have critical growth. There
is an extensive bibliography on this subject. See for example, Atkinson-Peletier ([7]),
Carleson-Chang ([8]), Adimurthi et al. ([1-4]), de Figueiredo et al. ([10~11]) and ref-
erences therein. Our paper is closely related to works of Adimurthi ([1-2]) and to the
recent work of de Figueiredo et al. ([10]). Indeed, by using the Mountain Pass Lemma
without the Palais-Smale condition, we improve the existence conditions in [1, 2, 10]
and therefore extend the results to more general nonlinearities. We observe that prob-
lems involving nonlinearities with subcritical growth, have been studied recently in [10]
and by the author in [12].

In order to study the existence of solutions of problem (1) we are going to impose
the following conditions on the function f.

(F)) f:Q xR — Riscontinuous.

(F;) 3R >0,3M >0suchthatVu > R, Vx € Q,

0< F(x,u):/uf(x,t)dthf(x,u).
0

(F3) f(x,u) >0,V(x,u) e 2x[0,+00)and f(x,0) =0Vx € Q.
Consider the following nonlinear eigenvalue problem:

—Apu = AulPu, ue Wyt (Q).
It is well known (cf. [6]) that there exists a smallest eigenvalue A;(p) > 0 and an

associated eigenfunction ¥; > 0 in €2 that solves this problem. Moreover, we recall
that A, (p) can be variationally characterized as

M<P>=inf{flwl”dx:ue Wy (S2), /‘uupdb 1.

We define

n—oo

|
M = lim nf expn(t®1 —t)dt.
0

We see, after some computation, that M is a real number greater or equal to 2. We
denote by 4 the inner radius of the set §2; that is, d equals the radius of the largest open
ball contained in €2.

Now we state the main results of this paper.
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Theorem 1. Assume that [ has critical growth on Q and satisfies (F\), (F) and (F3).
Furthermore assume that

. NF(x,u) .
(Fy) lim sup ————— < A (p), uniformlyon x € 2,
u—0t |u|N
(F5)
lim wf(x,u) exp(—a0|u|~L—1) > By > (E)N——l— uniformly on x € Q.
vt =7 Mol

Then, problem (1) has a nontrivial solution.

Remark. In [1], results analogous to our Theorem 1 have been proved, but under more
restrictive conditions. For instance (among other), it was assumed that f is C' and

satisfies
%(x u) > F&x,m)
ou "’ u
In [10], studying problem (1) to the Laplacian, instead of this last condition they assumed
the following less restrictive hypothesis:

vu e R\{0}, VxeQ.

0< F(x,u) < %uf(x,u) vu € R\{0}, VxeQ.

It should be noted that these last two assumptions do not seem natural in the context of
critical growth in bounded domains, since they imply restrictions on the growth of the
nonlinearities in the whole line.

2. The variational formulation. Under the hypothesis that f is continuous and has
critical growth, as defined in (3) and (4), we see that given > «y, there exists C > 0
such that N

[f(x,uw)] < Cexp(Blul™T), V(x,u)e QxR 5)

Consequently, using the Trudinger-Moser inequality and standard arguments (cf. [16]),
we see that the functional 7 : WOI‘N(Q) — R given by

1
[(n) = ﬁ[|vu|"v —/F(x,u)dx (6)

is well defined and belongs to C‘(WO"N(Q), R) with
1'(u)v:/|VulN_2Vqu—/f(x,u)vdx, Vu e Wy (). (7

We remark that, since we seek nonnegative solutions, it is convenient to define
f(x,u) =0 on € x (—o0,0].
Thus, conditions (F), (F) and (F3) imply that
(@ F,u)>0,V(x,u) e QxR;
(b) there is a positive constant C such thatVu > R, Vx € Q
1
F(x,u) > Cexp(ﬁu); (8)
(c) 3 Ry > 0,38 > N such that for Y|ju| > Ry, Vx € Q
OF (x,u) <uf(x,u). )
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Lemma 1. Assume (F|), (F,), (F3) and (5). Then I (tu) — —o0 ast — 400, for all
u e Wy ()\{0} with u > 0.

Proof. It follows from (8) that, for p > N, there exists a positive constant C such that
Yu > 0,
F(x,u) >cu? —d. (10)

Choosing any u € W,"" (2)\{0} with « > 0, (10) leads to
tN
I(tu) < N/|VM|N — Ctp/|u|p +C.

Since p > N, we obtain [ (tu) - —ooast — +oo.

Lemma 2. Suppose (Fl), (F4) and (5). Then there exist 6, p > 0 such that
Iw) =8 if ullyv = p.
Proof. Using (F)), (Fs) and (5) we can choose A < A;(N) such that
1 »
F(x,u) < N“”'N + Cexp(Blul™N)ul?, V(x,u)e Q xR,

for g > N. Now, using the Holder inequality and the Trudinger-Moser inequality we
obtain

[ eswteriariu < { [ explpriun ()= f ey

||u||w0'-N
y C<N>[/ )"

if ||u||W01.~ < o, where fro™7 < ay = Nwy~| and 1/r + 1/s = 1. Thus, using the
variational characterization of the first eigenvalue and Sobolev embedding, these last
two estimates imply

— Cllul}

1
I(u) > N(l - Wi

S N ’
M(N))”“”ws*

Since A < A(N) and N < g we may choose p > 0 such that / (u) > § if leell v =
p. O
Now consider the following sequence of nonnegative functions:

(logn) '™ if x| <1

— n

M,(x) = oy" { log|x|~!/(logn)®  if L <|x| <1

n

0 it |x| > L.

Let xo € € and r > 0O be such that the ball B(xo,r) of radius r centered at xo is
contained in Q. Therefore the functions M, (x, x¢, r) = M,(¥=2) belong to Wol‘N(Q),

r

| M, (-, xo, r)||W0|.~ = 1 and the support of M, (x, xg, r) is contained in B(xg, ).
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Lemma 3. Assume (Fl), (Fz), (F3) and suppose there exists r > 0 such that

(11)

i s el ) 80> () o

uniformly for almost every x € Q and B(xg, r) C 2 for some xo € S2. Then there exists
n such that
N

I _
max{l (tM,) : t > 0} < ﬁ(a—o)N g

where M, (x) = M, (x, xo, ).

Proof. Suppose for the sake of contradiction that for all n we have

max{/(tM,) :t = 0} > N(a—o

In view of Lemma 1, for all n there exists ¢, > 0 such that
1(t,M,) = max{/ (tM,) : t = 0}.
Thus,

1 1 _
[(t,M,) = Nt,f" — / F(x,t,M,) > N(ﬂ)}v !
(23]

and using that F'(x, #) > 0 we obtain

tN > (a—N)N_]. (12)
Qg

Since £ 1(tM,) = 0 for t = 1, it follows that
t,:v :/tnMnf(xstnMn)- (13)
On the other hand from (11), given € > 0 there exists R, > 0 such that

wf (e, u) = (Bo — €)explaplu|T),  Yu > R.. (14)

Thus, from these last two facts we obtain

0y = (Bo—€) exp(aolt, M, | 77)
B(xo.r/n)
WN—| /T 5 - 1.8
= (o —€) }1\:7 : (;)N exp(aoty 'y logn)

N,

WN— oot
=(fo—€) ’l‘:/erexp[( (;N —1)N logn]
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for large n, which implies that (¢,) is a bounded sequence. Moreover, using (12) we

obtain

N AN \N—1

n

t—)(

, asn — o0o. (15)
(&00]

Let
An:{xe B(XOsr):tnMn > Re} and Bn :B(XOvr)\An-

Using (13) and (14), we can estimate

Y > (Bo—€) exp(aoltuMnlﬁ)+/ taM, f (x, 1,M,,)
B(XOI") Bn

~ (Bo — 6)/ exp(a0|tnMn|NNj)-
B,

Note that M, (x) — 0 for almost every x € B(xp, r) and the characteristic functions
Xxs, — lalmosteverywhere in B(xg, r). Therefore, in view of the Lebesgue Dominated
Convergence Theorem, we have

N WN-1 N
/ t,M, f(x,t,M,) - 0 and / exp(aoltnMn|~—u) - T r, asn — oo.
BII

Bu

Note also that

N N e N
/ exp(a0|t'1Mn|N_l) > / CXP(aN|Mn|N") = er CXP(aN|Mn|N")
B(xg,r) B(xo,r) B(xp,1)

and denoting the last integral by /,, we have

— 1y R
I, :/ exp[ ai (logn)]—|—/ exp[ a/]v (log x| ) ]
[x]=

|
! Nl Lax< En =1
0 oy’ 7 Shxl=l wy” (logn)
N
/- 1 . log |s —yw=
. l—Nexp[N(logn)]—l-a)N_l/ sN_lexp[N(gI_|),—— ds
N on : (log ) ™=
WN 1|

!
=— {1—1-/ Nlognexp[Nlogn(rN'_!l——r)]a’t},
0

where in the last integral we have used the change of variable t = log |s|~!/log n. Thus,
passing to limits and using (15), we obtain

I
((Z—N)N_l > (By — G)a’ll\i’—er lirgloNlogn/ exp[N logn(r% —1)]dr
0 n— 0
— (Bo— LM, Ve >0,

N
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which implies
1

N
r Ma(l)v_l

Bo < ( )N

but this contradicts (11).

Remark. In order to prove that a Palais-Smale sequence converges to a solution of
problem (1) we need to establish the following preliminary lemma. We observe that
an analogous result to our next lemma has been proved in [18, 19, 14], where f is
assumed to have polynomial growth. Recently in [15] a similar result has been proved

for nonlinearities f that behave like exp(alulf\"—\i') as |u| — oo, under the further
assumption that f(x,u)u > NF (x, u). Inspired by the results mentioned, we have
achieved the following version which does not use this further assumption.

Lemma 4. Let (u,) C WO“N () be a Palais-Smale sequence; i.e.,
I(u,) > c and I'(u,) > 0 in W NQ) as n— oo.
Then (u”) has a subsequence, still denoted by (un), and u € WOI'N (2) such that

I fx,up) = f(x,u) in LI(Q)
Vi, |V 2Vu, = |Vu|N2Vu weakly in (LN/(NAI)(Q))N.

Proof. Let (u,) C WOI’N(Q) be a Palais-Smale sequence; i.e.,

%/|Vun|N —/F(x, un) — C, (16)

‘/|Vun|N—2Vu,,.Vvdx—/f(x,un)vdx’ 58,1||v||W0|.~, Yv € WOI'N(Q), (17)

where €, — 0 as n — oo. Multiplying (16) by 8, subtracting (17), with v = u,,, from
the expression obtained, we come to the conclusion that

/ |Vun|N - /(GF(X» u,) — f(x,up)uy) < C+8n||un”WO'-N-

From this inequality, using (9) we easily find that (,,) is a bounded sequence in WOI M.

Consequently |Vu,|"Y=2Vu, is bounded in (LN/(N_I) (Q))N and [ F(x,u,) < C,
[ f(x, u,)u, < C. Moreover, passing to a subsequence, we may assume that

uy, — u in Wy'N(Q), u, — u in LYRQ), Yg > 1,

18
u,(x) — u(x) almost everywhere in 2. (18)

Now we have that f(x,u,) — f(x,u)in L' (Q), as a consequence of the following
result of convergence, whose proof can be found in [10].



974 JOAO MARCOS B. DO O

Lemma 5. Ler (u,) in L' () such that u, — u in L'(Q) and let f be a continuous
Sfunction. Then f(x,u,) — f(x,u)in L' (), provided that f(x,u,(x)) € L'() Vn
and [ | f(x, u,(x)uy(x)| < C,.

Now we are going to prove the second assertion in Lemma 4. Note that without loss
of generality we may assume that

|Vu, ¥ - in D'(Q) and
|Vun|V"2Vu, =V weakly in (LN/(N“)(Q))N,

where p is a nonnegative regular measure.

Leto > Oand A, = [x e Q:Vr>0, M(B,(x) nQ) > a}. We claim that A4, is a
finite set. Suppose for the sake of contradiction that there exists a sequence of distinct
points (x) in Ay. Since Vr > 0, u(B,(x) N Q) > o, we have that u({x}) > o,
which implies that 41(A, ) = oo, contradicting

M(AU) = kli’r&/;l [Vt = €.

Therefore Ay = {x1, ..., Xn}.
Let u € W'V (RV), have compact support in RY. We know (cf. [9]) that there are
positive constants C;, C, depending only on N such that

||\
/Qexp(Cl(”Vu”LN) ) dx < Cy|supp(u)|. (19)

Assertion 1. Using estimate (5), if we choose o > 0 such that o'/ (N _l)ﬁ < Cy, then
lim f SO, (xX))up(x) = / S x, u(x))ulx),
n— oo K K

for any relatively compact subset K of Q\ A,.

Proof. Letxg € K and ro > O such that (B, (x0) N Q) < o. Consider ¢ a C* function
such that O < ¢(x) <1, ¢ = 1 in By,2(x0) N Qand ¢ = 0 in Q\(B,,(xo) N ). Thus

lim / |Vu Ve =/ @dp < u(B,(x0) N Q) <o.
B B G

=00 0 xo)ﬂQ 0 (.ro)ﬂQ

Therefore

/ |Vu, |V < (1-¢)o,
B,U/z(xo)ﬁﬁ

forlarge n, if we take ¢ sufficiently small. Now using this last estimate and the Trudinger-
Moser inequality given in (19), from (5) we obtain that

/ | f(x, up(x)|?dx < C, (20)
B,U/Q(X())OQ
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if we choose g > 1 sufficiently close to 1. Notice that

/ If(x, un)un - f(x, u)u| dx
B,O/g(xo)ﬂ_

Q

S/ _If(x,un)—f(x,u)lluldx%—/ _|f(x,u,,)||u,,—u|dx.
B,O/Q(XU)QQ B,-O/Z(XO ne -

Since f(x,u,) — f(x,u)in L'(Q), then f(x,u,)v — f(x,w)vin L'(Q), Vv €
D(Q) and consequently using the argument of density we obtain

n—oo nQ

lim / N f G un) = fx,w)lluldx =0.
Brn/z(xo)

On the other hand, using Holder’s inequality and estimate (20) we have

B,-()/2 (Xo)ﬂ@ B,0/2 (,\‘O)QQ

Thus
/ If(xvurz)un_f(xa u)u|dx—>0,
B,0/2 (A‘o)ﬂQ

and Assertion 1 follows by compactness.
Let &g > O be fixed small enough such that B(x;, &) N B(x;, &0) = ¢ if i # j and
Qe = {x €Q:|x—xj|| =, j=1,... ,m}.

Assertion 2. fQEO(|Vu,,IN_2Vu,, — |VuN2Vu)(Vu, — Vu) - 0asn — 0.

Proof. Let 0 < ¢ < &g, ¢ € C®(R", [0, 1]) such that ¢ = 1 in By/;(0) and ¢ = 0'in
Bl(O) and we define ¥ (x) = 1 — Z;":J go(x_gxf). Notice that 0 < ¢, < 1, ¥, = 1 in
Q. = Q\ UL B(x). ), ¥ = 0in U, B(x;, &/2) and y.u, is a bounded sequence
in WOI'N(Q), for each ¢.

Using (17) with v = ¥, u,, we have

/Q[Wu,ﬂwe + | Vitn [N VU Ve = e f (0, )] < EnllYettallypn. (21)
Similarly, using (17) with v = . u we obtain
/ [—|VM,,|N_2I//‘EVM,1 -Vu — |Vu,7|N_2uVu,1V1/f£ + Ilfgf(x, u")u]
Q
< enll ety (22)
Now, since the function g : RY — R, g(v) = |v|" is strictly convex we have that

0< (|Vun|N_2Vu,1 — |Vu|N_2Vu)(Vun - Vu)
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and consequently
0< / (1Vun " =*Vu, — |Vu|"72Vu)(Vu, — Vu)
Qeg
< /Q(qun]N"ZVun —VulN V) (Vu, — Vu)ye,
which can be written as
0< fQ[|Vu,,|Nwe — [ Vua "2 Y Vuan Vi — [Vu |V 29 VuVu, + | Va V).
Thus, from (21) and (22) we obtain
0< /Q[—|Vu,,|’v-2unw,,v¢5 + Ve f(x, un)un | + EnllWettnll yr
- [/Q Vit [N 72UV, Ve — s f (0, un)u] + enll Yere |y
+ [ 1Vl = Va2 v,
that is,
0< / Vi |V 2 VU, Ve (u — uy) +/ Vel Vul N2 Vu(Vu — Vu,)
Q Q
+ /Q Ve f (%, tn) (un — 1) + el Wettnllypr + enll Yoty (23)

Now we estimate each integral in (23) separately. Note that for arbitrary § > 0, using
the interpolation inequality ab < 8a™/N~1 4+ Csb™, with Cs = §'~V, we have

/lwuN—?wnwg(u—un)55/ IVu,z|N+Ca/ Ve |V — un |V
Q Q Q

S(SC‘{"CB([ va€|rN)l/r(/ Iu—un|3N)l/x.
Q Q

Thus, since u, — u in L*V(£2) and § is arbitrary we obtain that

lim sup/ Vi |V 2 Vu, Vipe (u — u,) < 0. (24)
Q

n—o0

Now, using that u, — ug in WO"N(Q) we have

/ Ve VulN2Vu(Vu — Vu,) — 0 as n — oo. (25)
Q
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On the other hand
/ngf(x,un)(un —u) — 0 as n — oo, (26)
since |
[ s coun)on =) = [ Vs in = [ s e
+/Qwﬁf(x,u)u—/Qwﬁf(x,u,,)u,

and applying Assertion 1 to the function g(x,u) = ¥(x)f(x,u) and K = Q./, we
have that

LWEf(x’ un)un = /fzm WEf(xv un)un i /5_2‘/2 Wfsf(xv u)u
:/ wef(x,u)u as n — 0o,
Q

and using that f (x, u,) — f(x,u)in L' we obtain

/ Ve f (%, wn)u — / Ve f(x,u)u as n — oo.
Q Q

Therefore, from (23) using (24)—(26), we come to the conclusion that Assertion 2 holds.
Finally using Assertion 2, because &g is arbitrary, we obtain that

Vu, - Vu almost everywhere in €.

This result and the fact that the sequence (|Vu,|Y~2Vu,) is bounded in LN/(N*I) (Q),
imply, passing to a subsequence, that

Vita| V2V — (V" 2Vu in LMV ().

Thus, we have completed the proof of Lemma 4.

3. Proof of the existence result. First we recall the following version of Mountain
Pass Lemma (cf. [5]).

Theorem 2. Let E be a real Banach space and I € C'(E,R). Suppose there exist
a neighbourhood U of 0 in E and a positive constant o which satisfy the following
conditions:

1) 1(0) =0,

) I(u) = « on the boundary of U,

I3) Thereexistsane ¢ U such that I (e) < a.
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Then, for the constant
¢ = inf max I (u) > «
yel uey

there exists a sequence (u,) in E such that
I(u,) = c and I'(u,) — 0,

where I' = {g € C([0, 1], E) : g(0) =0, g(1) = e}.

In view of Lemma 1 and Lemma 2, we can apply the Mountain-Pass Lemma to obtain
a positive level ¢ and a Palais-Smale sequence (u,,) in WOI‘N (Q) i.e., satisfying (16) and
(17). Thus, as in Lemma 4, we have that («,) is a bounded sequence in WO"N(Q) and
consequently

/F(x,un) <C and /f(x,un)un = ¢,
So for a subsequence still denoted by (u,,), we may assume that

wy — up in WyN (), u, — ug in L9(), ¥gq > 1,
u,(x) — uo(x) almost everywhere in €2.
Now from (F,) and Lemma 4, using the generalized Lebesgue Dominated Convergence

Theorem, we have
F(x,u,) — F(x,uy) in L'(Q). (27)

So, from (16) and (27) we obtain

lim /|vun|N = N(c—}—/F(x,uo)). (28)

11— 00

Notice that (17) and Lemma 4 imply that
/]VuOIN‘ZVuO -V — / fx upyw =0, Vw e D(RQ).

By using an argument of density, this identity holds for all w in W, " (2). Hence uq is
a weak solution of problem (1).

Finally it only remains to prove that ug is nontrivial. Assume for the sake of contra-
diction that ug = 0. From (28) we get

lim /|wn|"’ = Nc.

n—oce

Thus given € > 0, we have | u, ”]LVVI"V < Nc¢ + ¢, for large n. Since from Lemma 3 the
0
5
N—1 o=t . .
level ¢ < ﬁ(f’y—z) we have gagllu, ||}y < an if we choose ¢ > 1 sufficiently close
0
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to 1 and ¢ sufficiently small. Then, from the Trudinger-Moser inequality using estimate
(5) with 8 = gy, we obtain

/lf(xa u,(x))|?dx < C/eXp(q(X0|u,,|%)dx

e Un e
< C/exp[qao||un||a,0|.'~( A IN):\—n]dx =C
nllw,

Now using this estimate, from (17) with v = u, we have u, — 0 in W&‘N(S‘Z). But this
is impossible in view of lim, o [ |Vu,|¥ = Nc and ¢ # 0. Consequently ug 5 0.
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