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Abstract. We prove some existence results for the problem (15 ,) with 0 < ¢ < 1 < p depending
on the range of parameters A and p. To establish the existence of solutions we use the method of
successive approximations and the monotone method of sub and supersolutions. The cases where
(i) a(z) is bounded from below by a positive constant and (ii) a(z) is bounded below by a positive
constant outside a ball are considered. We also discuss the case where yu = 0 and ) is replaced by a
positive or negative function. In this situation we use the variational method based on a constrained
minimization combined with concentration—compactness principle at infinity.

1. Introduction

The main purpose of this article is to construct solutions to the problem

<1>\7u)

—Au+a(z)u = Iud+pu? in RY,
u(z) > 0 on RY,

where 0 < ¢ <1 <pand A >0, u > 0 are parameters. The coefficient a(x) is positive,
locally Holder continuous and bounded on IRY.
In the case of the Dirichlet problem in a bounded domain Q ¢ RY

—Au = Mul"%u+puP?u in Q,

D) u(z) = 0 on 09,

with 1 < ¢ < 2 < p, there are a number of existence results. In particular, problem (D)
admits infinitely many solutions for some values of parameters A and p [ABC], [BW]
and at least two positive solutions for A > 0 small and p = 1 [RU] in the case where
Q is a ball and exactly two solutions if 2 < p < 285 [APY]. Some existence results
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(infinitely many) for problem (1, ,) can be found in the papers [CH3], [GM] and [ST].
However, in these papers the nonlinearity is replaced by h(z) |u|7%u + k(z) |u|P~2u,
with k and & satisfying some integrability conditions.

In Sections 2 and 3 we present some existence results based on the method of suc-
cessive approximations with no restrictions on p.

Section 4 is devoted to a purely concave nonlinearity. Solutions obtained by the
method of successive approximations in Sections 3 and 4 are bounded from below
by positive constants. Section 5 contains some existence results for problem (1 >\7H)
obtained by the use of the method of sub and supersolutions under less restrictive
conditions on A and p and we derive some estimates from below. In general solutions of
problem (1,,,), whose existence have been established in Theorems 3.1 and 5.1 exhibit
the following behaviour when A or u tend to 0: (i) if A — 0, then solutions converge
uniformly to 0 on RY, (i) however, if y — 0, then there exists a nonzero limit which is
a solution of problem (15 0). In Section 6 we relax some assumptions on the coefficient
a(z) and we allow the nonlinearity to interfere with the first eigenvalue Aj(a) of the
operator —Au+a(z)u on IRY. We give some existence results in two cases: A (a) > 0
and A1(a) < 0. In both cases we use the method of sub— and supersolutions. Finally,
in Section 6 we again consider the purely concave nonlinearity. Here we give some
existence results for A = 1, —1 and u = 0. Problems <1>\7u) withA=1,—-1land u =0
stem from the problems in scalar curvature of warped products of semiriemannian
manifolds [DL]. In the case A = —1, u = 0 we offer a very simple proof of the existence
of a solution based on a constrained minimization. To obtain relative compactness of
a minimizing sequence we apply the concentration—compactness principle at infinity
[CH2], which generalizes slightly the result from the paper [LI].

2. Preliminaries

Let ap = inf cr~ a(x) and A = sup, g~ a(z). We shall always assume, except in
Sections 6 and 7, that ag > 0. Let 0 < a1 < ag and set

N
H(z,9) = H cosh dx;
j=1

for z € RY, where § > 0 is a small parameter. By straightforward calculations we
check that there exists a number dg > 0 such that

(2.1) —AH +a(x)H > ayH on RY

for all 0 < § < Jy.
Using the function H it is easy to show the following version of the maximum
principle in RY for the operator —Au + a(z)u [CHI1].

N
Proposition 2.1. Suppose that u(x) < ce’ Dy lail on RN for some constants
C>0and0< < and that

—Au+a(z)u < 0 in RV,
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Then u(z) <0 on RY.

From this we easily derive the following lower and upper estimates:

N
Corollary 2.2. Suppose that |u(z)| < 0 2z il o RV for some constants
C>0and0<9 < and that

—Au+a(z)u = f on RY,
where [ is a bounded function. Then

infxEIRN f(.l?) < ’U,(J?) < SUPgeRrN f(.l?)

RY.
A - agp on

This result will be frequently used in Sections 3 and 4 to construct a solution to
problem (1 A, u) by a method of successive approximations.

3. Successive approximations
In this section we construct a sequence of successive approximations to problem
Let ug(x) = M, where 0 < M <1 is a constant. We define u; for j > 1 by

(Zj) —Auj +a(z)u; = )\u?_l —l—uu?_l in RV.

Equations (2j) have unique bounded solutions on IR” .

Theorem 3.1. Suppose that A\ + p < ag. Then problem <1>\7u) admits a solution
satisfying

(3.1) (%)f < u(z) < (:Z”)ﬁ on RY.

Proof. Since 0 < M < 1, we have

—Aui+a(z)uy < A+p)M? in RY
and by Corollary 2.2 we have

(A +p)M?
ag

up(z) < on RY.

Similarly, we have

A+ )M LB MY (O ) e

7 > in RY
a a
0 0

—Aug 4+ augy <

ag
and by Corollary 2.2

(A + p)tHaMe

N
T7q on IR".
Qg

ug(z) <
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Using mathematical induction we show that

(A + M)1+q+...+q”‘1 .

(3.2) up(z) < T MY on RY.
0

We now derive lower bounds for the sequence {u,}. First, we observe that
—Auj +au; > AM9Y in RY.

Hence by Corollary 2.2 we have

on RY.

We easily show using mathematical induction that

Al+gt ™t .

Let Q1 C Q9 C Q3 be bounded domains in ]RN, with Q7 € Qs and Qs C Q3. Tt follows
from Theorem 8.24 in [GT] that

K, n=1,2,...

?

Huana(ﬁZ) <

where K = K (ﬁg, A ap, A\, i, M ) Using this estimate we deduce from Theorem 6.2
in [GT] the following estimate

[Dunll ca g,y ||D2“"||ca(§1) < K

for some constant K; > 0 independent of n. By standard arguments involving the
Ascoli-Arzela theorem, we can choose a subsequence of {u,}, denoted again by {u,},
such that

U, — w, Du, — Du and D?*u, — D%u

uniformly on each bounded domain of IRY. Obviously, u(x) satisfies (1 Mi) and the
estimate (3.1). O

As an immediate consequence of Theorem 3.1 we obtain the following existence
results:

Corollary 3.2. Suppose that ag > 2. Then problem

—Au+a(z)u = ul4+u? in RV,
(11,1)

u(z) > 0 on RY

admits a solution u(x) satisfying
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Corollary 3.3. Suppose that 1 < ag < 2. Then for each 0 < X\ < ag — 1 problem

—Au+a(@zu = i+u? in RY,
(Ix1)

u(z) > 0 on RN

admits a solution u(x) satisfying

A\TT A1\ N
— < < .
(A) < u(z) < ( 2 > on TR

Corollary 3.4. Suppose that 1 < ag < 2. Then for each 0 < u < ag — 1 problem

(117u)

—Au+a(z)u = w4 puP in RY,
u(z) > 0 on RN

admits a solution u satisfying

(37 == ()7

If u is a bounded solution of problem (1,,) with K = inf, g~ u(z) > 0, then by
Corollary 2.2

AK1 KP
u(x) > % on RRY

and hence
K9 + yKP
K > 7)\ .

This inequality will be used to derive some nonexistence results.

Proposition 3.5. (a) If A > A and p > A, then problem (1) does not have a
bounded solution which is bounded from below by a positive constant on IRY .

(b) Let u > 0 be fized. Then for A > /frl’%gA£+g problem (1, ,,) does not have a
bounded solution which is bounded from below by a positive constant. Similarly, for
A > 0 fized and p > A AT problem (1x,.) does not have a bounded solution
which is bounded from below by a positive constant.

(¢) Let ap = A. If the equation At = Xt? + ut? does not have a positive solution in
t, then problem (1y,,) does not have a bounded solution which is bounded from below
by a positive constant.

Proof. (a) If K > 1, then
AK? + pKP uK?
K >
= A ~ 2
which implies that u < AK'~? < A. On the other hand, if 0 < K < 1, then K > A&~
and hence A < A.
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(b) Assuming that u is a bounded solution which is bounded from below by a positive
1
constant on R™ we have K > (%) =<, Then

D

=
—Au+a(z)u = Al + puP > puP > u(%) in RY

and by Corollary 2.2 we have
A\ Tor =]
u(z) > ﬁ(—) - AT on RM.

A\A AT

These inequalities can now be iterated in the following way. Since

2%
—Au+alx)u > pu? > % in RV,
—q
we deduce from Corollary 2.2 that
L4p ) s
u(x) > % on RY.
—q

By induction we check that

M1+p+...+p"_1)\% B M_P% (uf’%)\ﬁ)pn

>
u(@) 2 (A=@)(tpt. +pn=l)+pn
1—q

— i g (i)

on RY for each n > 1. This shows that if /u’+1)\ﬁ > A7 TtT4 | then u(z) = 0o on
IRY, which is impossible. The last inequality justifies the assertion (b).
(¢) This is a direct consequence of the inequality AK > NK? + puKP. O

The choice of M satisfying 0 < M < 1 in the proof of Theorem 3.1 ensures that the
sequences of upper and lower bounds are bounded. If M > 1 and A+ u < ag, then
using the above method we can show that

n—1
(A + ) ot . N
un(z) < TG M7 on RT.
o

Similarly, if ag < A+ p and 0 < M <1, then

A Tbptotp™ ™t
up(z) < ( +M> MY on RY.
ag

Both sequences are unbounded.

It is worth pointing out that if ayg = A, that is, a is a constant function, by Theo-
rem 3.1 each successive approximation must be a constant function. Therefore in this
case this method leads to a constant solution. We can also start successive approxima-
tions from ug = f(z), where f is a locally Holder continuous function on IR” such that
6 < f(z) <1 onIRY for some constant 0 < §. Inspection of the proof of Theorem 3.1
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shows that we also obtain a solution satisfying the estimate (3.1). However, it is not
clear whether different first approximations lead to distinct solutions. It is easy to see
that if fi(x) < fa(x) on RY and u! and u? are solutions corresponding to fi and fa,
respectively, then u!(z) < u?(z) on RY.
Theorem 3.1 can be easily extended to the problem
(1a,n1) —Auta(z)u = Z?:l Ajut - Zé’:l pjuPi in RY,
AM
u(z) > 0 on RV,

where 0 < ¢1 < @2 < ... <@ <1 <p; <p2<...<p and A; and p; are positive
parameters.

Proposition 3.6. Suppose that Z?zl Aj+ 25:1 i < ag. Then problem (1 ar)
admits a positive solution u satisfying

1 k l =
T—q1 D PR L ; a
()\1> < uz) < (Z]_l J Z]_1MJ> on RN
A ap

4. Purely concave nonlinearity

In the case where p = 0 the successive approximations
wo(x) = M, M > 0,
—Aw; +a(z)w; = Iwi_ | in RY, j =1,2,...
satisfy the estimates

Algt ™ e
n—1
a(1)+q+...+q

wy(x) < on RY

and
ALFat4a" T ppa”

N
Al+at..+gnt on IR

wp(x) >
Therefore we can formulate the following result

Theorem 4.1. Suppose that 0 < ag = inf, ey~ a(z) and sup,ecg~y a(z) = A < co.
Then for each A > 0 problem (1) has a solution w(z) satisfying

) <= ()

In Proposition 4.2 below we show that a solution of problem (1) provides a lower
estimate for a solution of problem (1 ,).

Proposition 4.2. Suppose that A+ p < ag. Let u be a solution of problem (1>\7u)
from Theorem 3.1 and w a solution of problem (1 o) from Theorem 4.1. Then w(zx) <
u(z) on RY.
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Proof. For a fixed 0 < M < 1 we compare successive approximations for problems
(1x,.) and (1x). As in the proof of Theorem 3.1 we can establish the inequality

" Lbptotp™t
Up(z) > (Z) MP" on RN

for each n. This inequality will be used to estimate u; — w;. Since
~A(ug —wy) +alug —wy) = AMT+ puMP —AM? = uMP in RY,

by Corollary 2.2 we have u; —wy > % on RY. Similarly,

plte P N
—A(uz —w2) + aluz —we) = Muf + puf — I wi > pud > — in R
and by Corollary 2.2 we get
1+p .
U — W Z <ﬁ> ]\4pz on IRN.
A

It easy to see that

" Lbptotp™ ™t

Uy — Wy > (—) MP" on RN

A

for each n. Letting n — oo the result readily follows. a

For a fixed A > 0 and p > 0 satisfying A + 1 < ag we denote by u) , a solution of
(1) from Theorem 3.1. As an immediate consequence of the estimate (3.1) and the
interior Schauder estimates we get

Proposition 4.3. Suppose that A\ + pu < ag. Then for a fized X > 0

1ir%u>\7u(x) = wy(z) on RY,
n—

where wy is a solution of problem (1) satisfying

A\ A\ N
— < < — .
(A> < wyr(z) < (a0> on R

Proposition 4.4. Suppose that A+ u < ag. Then for each fixred 0 < p < ag we
have limy_.o ux ,(z) = 0 uniformly on RY.

Proof. Let Sy, = sup,cg~ ux,u(2). Since A 4 p < ayg, it follows from the estimate
(3.1) that Sy, < 1. By virtue of Corollary 2.2 we have
ASY 4+ pSY
U u(r) < D2 T oy RN
ao
Hence

apSxu < ASY, +uSy .
Letting A — 0, we get
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P
aplimsup Sy, < u(limsupSA7H> .
A—0 A—0

If lim supy _,¢ Sx,, > 0, then we must have lim sup,_,5S),, > 1, which is impossible.
O

It should be emphasized that problem (1 >\7u) may have a solution uy , for which
limy_,o uz,,(z) # 0. Here we give an example of problem (1>\7u) having a solution uy ,
with limy o, (@) = (), where u,, is a solution of problem (1o,). However, we
were unable to establish this fact in a general case. As an example we consider the
problem

1 .
—Au+u = )\u%+§u% in RY,
u(z) > 0 on RV,

with 0 < A < % Successive approximations are given by ug = 1 and
L 1 3 . N
—Auj +u; = )\uj_l + 5 uj_l in IRY.

By the uniqueness of bounded solutions for the corresponding equations on IRY we
get the following relation

3

2

1
o~ Az Z
uj = Aui_q+ 5 Uj-1

and all successive approximations are constant functions. It is easy to check that {u]}
is a decreasing sequence for A > 0 small enough and lim; .. u; = (1 V1= 2)\)2 =
Uy 1. The constant function (1 —V1- 2)\)2 is a solution of our problem satisfying
estimate (3.1) of Theorem 3.1. We now notice that this problem has a second solution
u>\7%(x) = (1 + V1 - 2)\)2, which has a property limy_.q uy 1 = 4 and a constant
function 4 is a solution of the limit equation
1 3 . N
—Au+u = §u2 in IRY.

We observe here that a solution (1 + V1 - 2)\)2 does not satisfy the corresponding
estimate (3.1), that is, it is not determined by the method of successive approximations
from Section 3.

Theorem 4.1 continues to hold if A is replaced by a function b(x) which is locally
Holder continuous and satisfies

0 < b <blx) <B on RV

for some constants by and B. In this case we can show the existence of a solution u(x)

satisfying
bo \ T B\T7
0 —q —q
— < < | — .
(A> = wle) = (a0>
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The maximum principle given by Proposition 2.1 is also valid for the operator
—Au + Zi\il bi(z)us, + a(x)u, where b; are bounded functions on IRY. Therefore
Theorems 3.1 and 4.1 can be extended to this more general operator. Obviously in
order to obtain C?-solutions we need to assume that b; are bounded and locally Holder
continuous. These observations will be used to show the existence of a solution of the
problem

= 9 in N
1) {—Au—l—a(x)u = b(z)u RY,

u(z) > 0 on RN,

with b(x) satisfying suitable growth or decay conditions for large |z|.

Let H(xz,0) be a function defined in the Introduction, which for a given a; < ag
satisfies (2.1) for 0 < § < dp. Similarly, given 0 < a1 < ag there exists d; > 0 such
that

AH(z,5) _|VH(z,0)?

(4.1) a(z) + -2

. RN
H(z,0) H(z, 02 = ™™

V

for each 0 < § < 4;.

Theorem 4.5. Suppose that b(x) is locally Holder continuous on RY and such that
(4.2) boe” 170 2L < b(x) < Be~(1m0% o, Ll on RN

for some constants bg > 0 and B > 0. Then problem (1) admits a solution u(x)
satisfying

cH(z,6)™ < u(z) < C1H(z,61)"" on RN
for some constants ¢y > 0 and C7 > 0.

Proof. We introduce a new unknown function w by

_w(@)
= Hen
Then w satisfies the equation
2 AH _|VHP? l—gq - N
—Aw+EVHVw+<a+?—2 7z v = b(x)H ~%w? in R"™.
It follows from (4.2) that
bo _
m S b(.l?)H(J?, 51)1 q S B on IRN .
The assertion follows from Theorem 4.1. O

In a similar manner we can establish the following existence result

Theorem 4.6. Suppose that b(x) is locally Holder continuous on RY and such that

boel 00 T 5l < ppy < B0 XL lnil o RN
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for some constants bg > 0 and B > 0. Then problem (1,) admits a solution satisfying
c1H(z,80) < u(z) < CiH(x,89) on RN

for some constant ¢; > 0 and Cy > 0.

5. Method of sub and supersolutions

In this section we construct a solution of the problem (1 A, u) by a monotone method
based on the use of sub and supersolutions. Applying this method we obtain the
existence of a solution in the case where A + p > a¢ may not be satisfied.

We recall that a positive C2—function U on IR is a supersolution for (1 >\7u) if

~AU 4 a(z)U > ANU?+pUP in RY.

A positive subsolution is obtained by reversing this inquality. In the next section we
shall use the definition of sub— and supersolution in a weak sense. Throughout this
section we assume that ag = inf,cg~ a(z) > 0 and A = sup,cg~ a(z) > 0.

Theorem 5.1. (i) For each pg > 0 there exist \g > 0 and M > 0 such that for
each 0 < X < Xy and 0 < pu < pg problem <1>\7u) admits a minimal solution u and a
maximal solution v satisfying

N
Cle—alzizl il < wz) < v@) < M on RY

for some constants 61 > 0 and Cy > 0.
(ii) For each \g > 0 there exist ug > 0 and M > 0 such that for each 0 < X\ < Ao
and 0 < u < po the assertion from part (i) remains valid.

Proof. (i) Given pg > 0 we can find M = M (o, ag) > 0 such that Ma(z) > Mag >
poMP on R . Then we choose A\g = Ao (M, 110) such that

Ma(x) > Mag > poM?P 4+ NM? > pMP +AXM? on RN

forall0 < A < Xgand 0 < p < po. This means that U(z) = M is a supersolution. We
now proceed to the construction of a subsolution V such that V(z) < U(z) on IRY.
We set V(x) = W, and H(x,d) is a function defined in Section 2, where § > 0
and K > 0 are constants to be determined. Let A; > A. We choose d; > 0 so that

N
—AV +aV = V<a —282H?V?* " tanh’® dx; + 62HV> < A4V on RV
i=1
for all 0 < § < ¢; and K > 0. We now select K > 0 large enough so that A;V (z) <
AV (2)? on IRY, which means that V is a subsolution for (1>\7u)- Taking K > 0 larger,
if necessary, we may assume that V(z) < M on R” for all 0 < § < §;. We now follow
a standard method [DL] to construct minimal and maximal solutions. Let ug = V
and define u;, j > 1, to be a unique bounded positive solution of the equation
—Auj+a(x)u; = Ml +pud_; in RV,

Since
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—A(ul—V)—l—a(ul—V) >0 in RV,

we derive from Proposition 2.1 that ui(x) > V(z) on RY. In a similar manner we
check that u;(z) < U(z) on RY and that

V(z) < uj_1(z) < uj(z) < U(x) on RN
for each j > 1. Using the interior Schauder estimates we show that

lim u(z) = wu(x)

J—00
on RY and u is a solution of (1 A, u)- It remains to prove that u is minimal among all
solutions in the order interval [V, U]. This follows from the fact that if w is any such
solution then, repeating the above argument, we get u;(z) < w(z) on RV for each
j. Letting j — oo, the claim readily follows. To construct a maximal solution in the
order interval [V, U] we set vg(z) = U(x) on RY and define v; for j > 1 to be a unique
positive and bounded solution of the equation

—Av; +av; = )\’U?_l—l-/u)?_l in RM.
Applying Proposition 2.1 we demonstrate that
V(x) < @) < ve) < voa(@) < U) on RY

for each j and that v(z) = lim;_o v;(2) is a maximal solution of (1,,) in the order
interval [V, U]. Obviously the maximal and minimal solutions may well coincide. We
point out here that since we can take pug > 0 large the condition A\ 4+ p < ag, used in
the proof of Theorem 3.1, may not be satisfied for all 0 < A < \g and 0 < p < pg.

(i) We construct a supersolution by starting with Ag > 0 and selecting M =
M (ag, Ao) > 0 so that

a(z)M'~7 > qogM'~™7 > Xy on RY.

In the next step we choose g = po(M, \g) such that agM*=7 > g + puogMP~%. This
implies that U(z) = M is a supersolution for <1>\7u) forall0 < A< Xgand 0 < p < pg.
The construction of a subsolution and the remaining part of the proof are the same
as in the case (i). O

Let us denote for each 0 < A < Xg and 0 < pu < po by uy,, and vy, minimal and
maximal solutions, respectively. The next proposition contains asymptotic properties
and estimates of minimal and maximal solutions which are similar to those obtained
in Section 4.

Proposition 5.2. (i) Let pg > ag and Ao be chosen as in the part (1) of Theorem 5.1.
Then for each fixred 0 < p < po

}\ii%uku(x) = }\ii%vhu(x) =0

uniformly on RN .
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(ii) Let Ao > 0 and po > 0 be chosen as in the part (i) of Theorem 5.1. Then for
each 0 < XA < Ag and 0 < p < po the mazimal solution vy, satisfies

A\T-¢
vapu(z) > (Z) on RY.

If Ao > A and po be chosen as in the part (ii) of Theorem 5.1, then for each 0 < A < Ag
and 0 < p < po satisfying A+ p > A the mazimal solution vy, satisfies the estimate

1
A =}
() > (%) on RN.

Moreover if A > A, then

lin%)vA7H(x) = oz(z) on RY,

n—
where vy s a solution of problem (1x o). For each fized 0 < p < po we also have

}\ii% uxpu(®) = )1\{% vau(z) = 0
uniformly on RY.

Proof. (i) Since pg > ag, then a supersolution U(x) = M from the part (i) of

_1
Theorem 5.1 satisfies Ma(x) > Mag > poMP, that is, M < (%) P~ < 1. Hence

ux . (z) < vau(z) <1 on RY. Repeating the argument from the proof of Proposi-
tion 4.4, we obtain the assertion.

(ii) The first estimate can be established as in the proof of Theorem 3.1. To establish
the second estimate, let {vj} be a decreasing sequence converging to vy, from the
proof of part (ii) of Theorem 5.1. Tt also follows from the proof of Theorem 5.1 that

Ao\ T Ao \ ™7
Mo (2) " s (2 1.
2@ =)

—Avi +avy = AM?+puMP > (A+p)M? in RY

Therefore

and from Corollary 2.2 we have

A M9
vi(z) > A+ pmM? on RYN.
A
If \+ pu > A, then by induction we show that

n—1

\ T+g+...+q" .
vp(x) > (%) MY on RY.

Letting n — oo the estimate readily follows. According to the choice of Ag and pg we



68 Math. Nachr. 233-234 (2002)

1

tl}elwe a(z) > agM > pMP on RY. Hence M < (%l)”Tl If Sy, = sup erny Uau(),
en

apSxu < ASY, +uSy .

Letting A — 0 we get
P
aplimsup Sy, < u(limsupSA7H> .
A—0 A—0
If limsupy_,o Sx,; > 0, then

1 1
p—1 p—1
(“—°> < limsup Sy, < M < (“—°> :
H A—0 H

which is impossible. O

6. Resonance case

In this section we relax the assumptions on the coefficient a(x). We assume that a
is bounded and locally Holder continuous on RY and that

(a) a(x) >8>0 for all z € RY — B(0,R)

for some constants 6 and R > 0.
The first eigenvalue of the operator —Au 4 a(z)u in IR is defined by (see [BD])

Ai(a) = inf{/IRN(|Vu|2+a(x)u2) dx ; uEC’(‘)X’(IRN),/

wdr = 1} .
IRN

Let {Rj} be an increasing sequence of numbers such that R; — oo, as j — oo and

R; > R for each j. For a given bounded domain @ C RY we denote by H}(Q) a
Sobolev space on €2 equipped with the norm

ity = [ VuPds.
By H! (IRN ) we denote a Sobolev space on IR with norm
lalZ oy = /IRN(|Vu|2+u2) d.

Let Ag, be the first eigenvalue of the operator —Au + a(z)u in B(O, Rj) with the
Dirichlet boundary conditions, that is,

Ar, = inf / (IVul® + a(z)u?) dz; uwe Hy(B(0,R)), / wdr =15 .
B(0,R;) B(0,R;)

It follows from these variational definitions of A;(a) and Ag, that

(6.1) A(a) < Ag;, < Ag; for all j.
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In this section we establish the existence of a solution of problem (1 A, u)- We shall
use the method of sub— and supersolutions,

We recall that a function u € Hp.. (IRN) is a supersolution (in a weak sense) for
problem (1, ) if for every ¢ € C§° (IRN), ¢ >0 on RY, we have

/ (VuVe + a(z)uep) dz > / (Mu? + puP) ¢ dx
IRN IRN
The definition of a subsolution is obtained by reversing the above inequality.

Theorem 6.1. Suppose that (a) holds and that \y(a) > 0. Then

(i) for each Ao > 0 there exists po > 0 such that for 0 < A < Ag and 0 < pu < g
problem (1) has a solution;

(ii) for each pg > 0 there exists Ag > 0 such that for 0 < A < Ag and 0 < pu < g
problem <1>\7u) has a solution.

Proof. We start by constructing a supersolution. For each j > 1 we consider the
Dirichlet problem
) —Auj +a(z)u; = 1 in B(0,R;),
! uj(z) = 0 on OB(0,R;).

For each j problem (7j) has a solution u; in C? (B(O, Rj)) which is Holder continuous
up to the boundary of B(O, Rj). Let ¢; be the eigenfunction corresponding to Ag; .
We assume that ¢; are normalized so that 0 < ¢;(x) < 1 on B(0, R;). It follows from
the Harnack inequality that there exists a constant & > 0 such that ¢;(z) > k for all

x € B(0, R) and for each j. Next we choose a constant C' > 0 such that

(@)

(6.2) 1= Chr,dy(a) === < 0
for all x € B(0, R) and each j. We obviously have
a(x) a(x)

for all z € B(0, R;) — B(0, R). It follows from (6.2) and (6.3) that

1 1
—A(uj—Cqu—g>+a<uj—Cqu—g> = 1_0)‘Rj¢j_% <0

in B(0, R;). Since (5.1) holds and A;(a) > 0 we can apply the maximum principle to
obtain

1 1
S < C+s

uj(r) < C¢j($)+5 3

for x € B(O, Rj). We now extend each u; by 0 outside B(O, Rj) and this modified
sequence is denoted again by {u]} Since the sequence {u;} is uniformly bounded we
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can apply the interior Schauder estimates to obtain a subsequence, denoted again by
{uj}, such that

u; — u, Du; — Du and D?u; — D?u

as j — oo uniformly on each bounded subset of R™. By the Harnack inequality we
can assume that v > 0 on IRY. As in in the proof of Theorem 5.1 given pp > 0 we
can find A\g > 0 and M such that for each 0 < A < A\g and 0 < p < pg we have

M = AMY [|ulld, + pMP ||ull% -
Consequently, letting U = Mu, we see that
M = —A(uM)+a(Mu) > AM%?+ MPu? in RV,

which means that U is a supersolution for (1 1). We now proceed to the construction
of a subsolution. Here we follow the method from the paper [BD]. We fix A € (0, Ag]
and let w be a solution of the problem

—Au+a(z)u = ! in B(0,1),
u(z) = 0 on 0B(0,1).

According to [BO] this problem has a solution w € C*(B(0,1) N C*#(B(0,1)) for
some /3 € (0,1) and 3—“; < 0 on 9B(0,1), where v is an outward normal on 9B(0,1).
We now define

B w(z) for x € B(0,1),
vw) = 0 for xRN —B(0,1).

We now check that v is a subsolution. Indeed, let ¢ € C§° (IRN), ¢ > 0on RY. Then

/ (Vqub + avp — )\qub) der = / (Vqub + awe — )\wqu) dx
IRN

B(0,1)
= / (—Aw—l—aw—)\wq)qbdx—l—/ 8_w¢de
B(0,1) 8B(0,1) ov
- [ S,
8B(0,1) OV
<0.

We now choose v € (0,1) so that yv < U on IRY. Tt is easy to check that v is also
a subsolution. As in [BD] we show that problem (1 ,), for A € (0, Xo], has a solution
u(x) satisfying

w(z) < u(x) < U@) on RY. O

In the final part of this section we consider the case \1(a) < 0. We assume that the
coefficient a(x) is bounded and locally Holder continuous on RY and

(e) a(z) >0 on RY — B(0,R) for some R > 0.



Chabrowski and Bezzera do O, On Semilinear Elliptic Equations 71

If A1(a) < 0, then without loss of generality we may assume that Ag, < 0 for all j,
where {Rj} is a sequence from the first part of this section. Using the method of sub-
and supersolutions we can establish the existence of a solution to the problem

<1>\7u)

—Au+a(z)u = yu+ Il +puP in RY,
u(z) > 0 on RY,

where v < Ay(a).
A supersolution can be obtained by considering the sequence of solutions {u]} of
problems

—Au+a(z)u—yu = 1 in B(0,R;),
u(z) = 0 on OB(0,Rj).

To obtain a uniform bound for {u;} we choose constants C' > 0 and K > 0 such that
l—aK = Ag;Coj +7Co; + 7K < 1—aK+vyK < 14+9K <0

on B(O, Rj) — B(0, R) and
1—aK — \g,Cj+7C¢; +7K < 1—aK + (y—Ag,)C¢; < 0

on B(0,R). This is possible as we may assume that ¢,(x) > k on B(0, R) for some
constant k > 0 and for each j. It follows from the last two estimates that

—A(’U,j — C(b] — K) + a(uj — C(b] — K) —'y(uj — C(b] — K) <0
in B(O, Rj). From this we deduce by the maximum principle that
uj(z) < Coj(x)+K on B(0,R;).

As in the proof of Theorem 6.1 we show that a subsequence of {u]} converges to a
function v and a multiplication of u by a suitable positive constants gives a superso-
lution for (1)\%7).

To construct a subsolution let, u be a solution to the Dirichlet problem

—Au+a(x)u—~yu = Mu? in B(0,1),
u(z) = 0 on 9B(0,1).

As in the proof of Theorem 6.1 we extend u by 0 outside B(0,1) and multiply the
extension by a suitable constant « € (0,1). The resulting function is a subsolution on
RN

We are now in position to formulate the following existence result.

Theorem 6.2. Suppose that (e) holds and that A\1(a) < 0 and v < Ai(a). Then the
assertion of Theorem 6.1 holds for problem (bww)-
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7. Concave nonlinearity at resonance

This section is devoted to the problem

(1p-)

—Au+a(z)u = —b(z)u? in RV,
u(z) > 0 on RV,

where 0 < ¢ <1, N >3 and b(z) is continuous function on IRY satisfying 0 < by <
b(z) < B on RN for some constants by and B. Throughout this section it is as-
sumed that the coefficient a(x) is continuous and bounded on IRY and moreover
a”eLr RY).

One can also consider the problem

(1p+)

—Au+a(z)u = b(x)u? in RV,

u(z) > 0 on RM.
It was observed in [BD] that for the solvability of problem (1,-) (respectively (1,+))
the assumption Aj(a) < 0 (respectively Ai(a) > 0) is needed. The authors of the
paper [BD] established the existence of solutions of problems (1;,_) and (1b+) in the
case where b =1 on R". As in [BD] the existence of a solution of problem (1+) can
be obtained by the method of sub and supersolutions and will be given at the end
of this section. First, in this section we construct a solution of problem (1;,_) using
a variational method based on a constrained minimization. To establish the relative
compactness of a minimizing sequence the authors of [BD] used the concentration—
compactness principle [LI]. In order to apply this method in our case some assumptions
on a behaviour of b(z) for large |z| are needed. In this paper we avoid this by using
the concentration—compactness principle at infinity [CH2] which can also be extended
to the case considered in [BD].

To use a variational technique we introduce a Sobolev space E defined as the closure
of C§° (IRN ) with respect to the norm

ol = llgllg+r + 1Vl

Here || - ||, denotes the norm of the Lebesgue space L? (RY), that is, ullb = [Ra [ul? dz,
1 <p < co. As in [BD] we observe that

(7.1) ull3 < ClIVull3” + [lullfh
for allu € E, where 2* = ﬁ—g This inequality shows that F is continuously embedded
in H*(RY).
Let
M = {u €E; / (IVul® + au®) da = —1}
IRN
and set

m = inf{/RN b(@) u(@)| " da uEM}.
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If A\i(a) < 0, then M # (.
Theorem 7.1. Suppose that A1(a) < 0. Then problem (1;,_) admits a solution.

Proof. A solution of problem (1;,-) will be obtained as a minimizer for m. Let
{un} C E be a minimizing sequence for m. We commence by showing that {||Vuy,|2}

is bounded. In the contrary case we assume that |Vu,||2 — oo and set v, = T,

Then [~ b(x) |va]|?" dz — 0 as n — oo and we also may assume that v, — 0 in
H'(R™). We also have

1+/ at v, P dr = / a” |va)*dx +o(1).
RV RN

Using the fact that a= € L= (IRN), we see that [y a™ [vp|?dz — 0 and we get
a contradiction. Since {||Vuyll2} is bounded, the inequality (6.4) yields that {u,} is
bounded in H! (IRN ) Therefore we may assume that u, — v in H' (IRN ) and u, — u

in LP (IRN) for 2 < p < 2*. As before we have [~ a ulde — [~ a u?dz. We

loc
now show that u % 0 on RY. In the contrary case u,, — 0 in H! (IRN ) and obviously
S~ a”u} dz — 0. Hence

/ |Vun|2dx+/ atuldr = —1—|—/ a uldr — -1,
RN RN RN

which is impossible. We claim that

(7.2) m = /1RN b(x) |u|? dx .

To establish this claim we introduce, as in [CH1], a quantity as defined by

0 = lim limsup / b(@) [un(2)] 7 dx .
[z|>R

—X0 n—oo

This quantity measures the loss of mass at infinity of a weakly convergent sequence in
HY(RY). As in [CH2] by the Sobolev embedding theorem we have

m :/ b(x) |u(z)] " de + am .
RN

It is sufficient to show that a,, = 0. Arguing indirectly we must have

(7.3) 0 < /1RN b(x) |u(z)|T M de < m.

Since
/ |Vun|2dx+/ atu?dr = —1—|—/ a~u? dz,
RV RN RN

by virtue of a lower semicontinuity of norm with respect to a weak convergence we see

that
/ |Vu|2dx+/ atutdr < —1—|—/ a”u?dx,

that is,
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/ |Vu|2dx+/ au® dx
RV RV

Due to (7.3), we cannot have

/ |Vu|2dx+/ auv?dr = —1.
RN RN

/ |Vu|2dx+/ auv?dr < —1.
RN RN

Thus there exists s € (0, 1) such that

/ |V(su)|2dx+/ a(su)?dr = —1.
RY RN

Consequently, according to (7.3)

IN
|
—_

Therefore

m < / s b(x) JuliT dz < / b(z) |ultTdr < m
RN RN

which is impossible. This means that a = 0, that is, m = [~ b(x) [u|?"! dz and by
the previous part of the proof u € M. Since |u| is also a minimizer, we may assume
that v is nonnegative on RY and the strict positivity of w is a consequence of the
Harnack inequality. O

We close this paper with an existence result for the problem (1b+) under the as-
sumption that (a) holds and A;(a) > 0. In Section 4 we already pointed out that this
problem has a solution which is bounded from below and above by positive constants.

Theorem 7.2. Suppose that (a) holds and that Ay (a) > 0. Then problem (1,+) has
a solution.

Proof. We use the method of sub— and supersolutions and follow some ideas from
the paper [BD]. Let 0 < A < A(a) and v € H'(RV)NC*(IRY) be a positive function.
By u(z) we denote a positive solution of the equation

—Au+a(z)u—AIu = v in RY

(see [BD]). We look for a supersolution of the form w = pu + v, where p > 0 and
v > 0 are sufficiently large constants. The function w is a supersolution if and only if

Mo+ v +av > blpu+v)? on RY.
We choose v > 0 such that
Bv? > Bv+t)?— At

for each t > 0 and v > v, where B = sup, g~ b(z). Taking v larger, if necessary, we
may assume that a(z)v > Br? for each v > 7 and 2 € RY — B(0, R). It then follows
that

(74)  a(z)v > Br? > By +u(z)w)? — duu(z) > b(z)(v + pu(x))? — Apu(z)
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for all v > 7 and 2 € RY — B(0, R). Since u > 0 on IRY, there exists d; > 0 such
that u(x) > 61 for x € B(0, R). Therefore there exists i > 0 such that

b(@) (1t |ulloo,Bo,r) +7)* + P )la ||, B0,r) < 1A

for all u > . Hence for all x € B(0, R) and pu > i we get

b(x)(pu+ )" — va(z) < b() (1 l|ullos,po.r) +2)" + 70"l p0.R)

< pdr A
< Apu(z),
which means that
(7.5) Apu(z) +va(z) > bx)(pu(z) + v)?

for each z € B(0, R) and all ;> fi. Thus by virtue of (7.4) and (7.5) a = fju+ v is a
supersolution. A construction of a subsolution w such that w < @ on IR" is the same
as in the proof of Theorem 6.1 and is omitted. O
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